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1. Consider the measure space (R, Bg, Ar), where By is the Borel o-algebra over R and
Ar is Lebesgue measure on Bg. Let f : R — R be given by

0 ifz <0

flz) =
27k ifxelkk+1),k€Z k>0.

(a) Show that f is measurable, i.e. f~!(B) € Bg for all B € Bg.
(b) Show that [, fdAg = 2.

Proof (a): By Lemma 3.2.1 it is enough to show that f~!((—o0,a]) € Bg for all

a € R. Now,
1] ifa<0
1 ((=00,a]) =4 (—00,0]U[k+1,00) ifﬁ <a< 2%, k>0
R if a > 1.

In all cases one sees that f~ ((—oo,a]) € Bg. Thus, f is measurable.

Proof (b): Let ¢, = f - 1(_n) for n > 1. Then, {¢,} is an increasing sequence of
non-negative measurable simple functions converging to f. Thus,

/ fdX\r lim gbn dAr
R n—oo
n— 1

- nlin;oZQ_kAR ([k,k+1))

k=0

2. Let {fa} be a sequence in L'(p) such that [ |fuldp = a for all n > 1, where
€ (0,00). Let

Ay ={z: |fule / fudpt] > 12},

Show that if u(E) = 1, then p (limsup,,_ ., An)



Proof: For each n > 1, |f.(z) — [, fudp| is a non-negative measurable function,
hence by Markov’s inequality (Theorem 3.2.8) one has

uan <3 [ <|fn(x) -/ fndu|) <

This shows that >~ >° | u(A,) < oo, hence by Borel-Cantelli Lemma one has

i (lim sup An) =0.

n—0o0

. Let (E,B,u) be a measure space, and f,g € L'(u), ie. [,|fldp < oo and

gldp < oo. Show that u(f # g) = 0 if and only if |, fdu = [, gdu for
1BeB ’ ’
a € D.

Proof: Suppose pu(f # g) = 0. Since f # g if and only if |f — g| > 0, then
p(|f — g > 0) = 0. By Theorem 3.2.8, this implies that [, |f — g|du = 0. For any
B € B, one has |f — g| - 1g < |f — g| and hence by Lemma 3.2.7

/Blf—g|du§/E|f—g|dM:0.

But | [, fdu — [, 9du] < [51f — gldu = 0. Therefore, [, fdu = [5gdu for all
B e B.

Conversely, suppose [, fdu= [p,gduforall Be B.Let A={z e E: f—g>0}.
Then, A € Band (f —¢g)" = (f — g) - 14. Thus,

/E(f—gﬁd/i:/A(f—g)du:O.

By Theorem 3.2.8, this implies that u((f —¢)*™ > 0) = 0. Similarly, (f — g)” =
(f —g) - 1ac and

[r=grau= | r-gau=o.
B Ae
which implies that p((f — g)~ > 0) = 0. Therefore,

u(f #g)=pu(f—gl>0) <u((f—9)" >0)+pul(f—9) >0)=0.



