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1) the QCD phase diagram, the equation of state, 
anisotropic flow results RHIC

2) how do we measure flow

exercise: do flow analysis with various methods 
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Content 
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What happens when you heat and compress matter 
to very high temperatures and densities?
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Based on Krishna Rajagopal and Frank Wilczek: Handbook of QCD
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Electroweak phase 
transition
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Electroweak phase 
transition

QCD phase transition

100,000 x Tcore sun

Non perturbative!
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Early Universe: degrees of freedom
64 Standard Cosmology 

Since the energy density and pressure of a non-relativistic species (i.e., 

one with mass m » T) is exponentially smaller than that of a relativistic 

species (i.e., one with mass m <t:: T), it is a very convenient and good 

approximation to include only the relativistic species in the sums for PR 

and pi, in which case the above expressions greatly simplify: 

71"2 

PR = 30 g•T \ 

71"2 (3.61) 
PR = PR/3 = 90 g•T \ 

where g. counts the total number of effectively massless degrees of freedom 

(those species with mass mi <t:: T), and 

( 
Ti)4 7 (Ti)4 (3.62) 

g. = ."E gi T + "8. "E. gi T 
1.==jerm1.0n6 

The relative factor of 7/8 accounts for the difference in Fermi and Bose 

statistics. Of course, it is a straightforward matter to obtain an exact 

expression for g.(T) from (3.59).5 Note also that g. is a function of T 

since the sum runs over only those species with mass mi <t:: T. For T <t:: 
MeV, the only relativistic species are the 3 neutrino species (assuming that 

they are very light) and the photon; since Tv = (4/11)1/3T-y (see below), 

g.( <t:: MeV) = 3.36. For 100 MeV T 1 MeV, the electron and positron 

are additional relativistic degrees of freedom and Tv = T-y; g. = 10.75. For 
T 300 Ge V, all the species in the standard model-8 gluons, W± ZO, 3 

generations of quarks and leptons, and 1 complex Higgs doublet-should 

have been relativistic; g. = 106.75. The dependence of g.(T) upon T is 

shown in Fig. 3.5. 
During the early radiation-dominated epoch (t ;::; 4 X 1010 sec) P pRi 

and further, when g. const, PR = PR/3 (i.e., w = 1/3) and R(t) ()( t
1

/ 
2

• 

From this it follows  

T2  
H = 1.669!/2_-

mpl 

( T \-2 _ 
._m.p, 

_ 

3.4 Entropy 65 
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Fig. 3.5: The evolution of g. (T) as a function of temperature in the SU(3)c @ 

oSU(2)L@ U(l)y theory. 

3.4 Entropy I 

Throughout most of the history of the Universe (in particular the early t 

Universe) the reaction rates of particles in the thermal bath, r inh were ij
. much greater than the expansion rate, H, and local thermal equilibrium  

(LTE) should have been maintained. In this case the entropy per comov-  ,
ing volume element remains constant. The entropy in a comoving volume 

provides a very useful fiducial quantity during the expansion of the Uni-

verse. 
ii,In the expanding Universe, the second law of thermodynamics, as ap- r

plied to a comoving volume element of unit coordinate volume6 and phys-  

ical volume V = R3, implies that ij•  
" 

TdS = d(pV) + pdV = d[(p + p)V] - Vdp, (3.64) 
I 
I

_ p and p are the equilibrium energy density and pressure. Moreover, II.

t 

E. Kolb and M. Turner: the early universe
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rough estimate: EoS and degrees of 
freedom

➡ energy density of g massless degrees 
of freedom

➡ hadronic matter dominated by lightest 
mesons (π+, π-, and π0)

➡ deconfined matter, quarks and gluons

➡ during phase transition large increase 
in degrees of freedom !

6

p = 1
3
ε = gπ

2

90
T 4ideal gas Equation of State:

ε
T 4 = g

π 2

30
ε
T 4 = 3

π 2

30

g = 2spin × 8gluons +
7
8
× 2flavors × 2quark/anti-quark × 2spin × 3color

ε
T 4 = 37

π 2

30
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rough estimate: QCD phase 
transition temperature

• confinement due to bag pressure B (from the QCD vacuum)

• B1/4~ 200 MeV

• deconfinement when thermal pressure is larger than bag pressure

7

p =
1
3
� = g

π2

90
T 4

Tc = (
90B

37π2
)1/4 = 140 MeV

crude estimate!
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QCD on the Latice
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F. Karsch, E. Laermann and A. Peikert,  PLB  
478 (2000) 447

TC ~ 170 ± 20 MeV,  εC ~ 0.6 GeV/fm3

at the critical temperature a 
strong increase in the 
degrees of freedom

✓ gluons, quarks & color!

not an ideal gas!?

✓ residual interactions

at the phase transition dp/dε 
decreases rapidlyp =

1
3
� = g

π2

90
T 4

gH ≈ 3 gQGP ≈ 37

g = 2spin × 8gluons +
7
8
× 2flavors × 2qq̄ × 2spin × 3color
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The macroscopic quantities of the QGP will give us 
better understanding of  the underlying microscopic 
theory (QCD) in the non-perturbative regime
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mechanism of confinement mass generation in the 
strong interaction
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so far only a theory view 
of the world!

10

explore experimentally the properties of this 
Quark Gluon Plasma

Heaven

Cold 
desert

Hot desertJerusalem

Europe Africa

Asiamappa mundi 
1452
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How?

study phase transition in 
controlled lab conditions 
by colliding heavy-ions

11

Quark Gluon PlasmaRHIC
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nuclear 
collisions

   chiral transition

deconfinement and

LHC
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QCD on the Latice
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4

F. Karsch, E. Laermann and A. Peikert,  PLB  
478 (2000) 447

TC ~ 170 MeV,  εC ~ 0.6 GeV/fm3

at the critical temperature a 
strong increase in the 
degrees of freedom

✓ gluons, quarks & color!

not an ideal gas!

✓ residual interactions

at the phase transition dp/dε 
decreases rapidly

dp/dε  drives the collective 
expansion of the system

p =
1
3
� = g

π2

90
T 4

gH ≈ 3 gQGP ≈ 37

g = 2spin × 8gluons +
7
8
× 2flavors × 2qq̄ × 2spin × 3color
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Collective Motion

13

x 

y 

x 

y 

z 
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  only type of transverse flow in central 
collision (b=0) is radial flow Integrates 
pressure history over complete 
expansion phase

  elliptic flow (v2) , v4 , v6, … caused by 
anisotropic initial overlap region (b > 0) 
more weight towards early stage of 
expansion

  directed flow (v1) , sensitive to earliest 
collision stage (b > 0), pre-equilibrium at 
forward rapidity, at midrapidity perhaps 
different origin
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Collective Motion

in p-p at low transverse 
momenta the particle 
yields are well described 
by thermal spectra (mT 
scaling)

boosted thermal spectra 
give a very good 
description of the particle 
distributions measured in 
heavy-ion collisions

mT

1/
m

T 
dN

/d
m

T light

heavyT

purely thermal
source

explosive
source

T,β

mT

1/
m

T 
dN

/d
m

T light

heavy

mT =
�

(m2 + p2
t )

dN

mT dmT
∝ e−mT /T
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Elliptic Flow

Animation: Mike Lisa

b

15
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Elliptic Flow

Animation: Mike Lisa

b

ε =
�y2 − x2�
�y2 + x2�

15
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Elliptic Flow

1) superposition of independent p+p:
Animation: Mike Lisa

b

ε =
�y2 − x2�
�y2 + x2�

15
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Elliptic Flow

1) superposition of independent p+p:
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Elliptic Flow

1) superposition of independent p+p:
Animation: Mike Lisa

b

ε =
�y2 − x2�
�y2 + x2�
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Elliptic Flow

1) superposition of independent p+p:
momenta pointed at random
relative to reaction plane

Animation: Mike Lisa

b

ε =
�y2 − x2�
�y2 + x2�

15
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Elliptic Flow

1) superposition of independent p+p:

2) evolution as a bulk system

momenta pointed at random
relative to reaction plane

b

ε =
�y2 − x2�
�y2 + x2�

16
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Elliptic Flow

1) superposition of independent p+p:

2) evolution as a bulk system

momenta pointed at random
relative to reaction plane

high
density / pressure

at center

“zero” pressure
in surrounding vacuum

b

ε =
�y2 − x2�
�y2 + x2�

16
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Elliptic Flow

1) superposition of independent p+p:

2) evolution as a bulk system

momenta pointed at random
relative to reaction plane

high
density / pressure

at center

“zero” pressure
in surrounding vacuum

pressure gradients (larger in-plane) 
push bulk “out”  “flow”

b

ε =
�y2 − x2�
�y2 + x2�

16
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Elliptic Flow

1) superposition of independent p+p:

2) evolution as a bulk system

momenta pointed at random
relative to reaction plane

high
density / pressure

at center

“zero” pressure
in surrounding vacuum

pressure gradients (larger in-plane) 
push bulk “out”  “flow”

more, faster particles 
seen in-plane

b

ε =
�y2 − x2�
�y2 + x2�
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Elliptic Flow
1) superposition of independent p+p:

momenta pointed at random
relative to reaction plane

N

φ-ΨRP (rad)
0 π/2 ππ/4 3π/4

17
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Elliptic Flow
1) superposition of independent p+p:

momenta pointed at random
relative to reaction plane

N

φ-ΨRP (rad)
0 π/2 ππ/4 3π/4

v2 = �cos 2(φ − ΨR)� = 0

17
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Elliptic Flow
1) superposition of independent p+p:

2) evolution as a bulk system

momenta pointed at random
relative to reaction plane

pressure gradients (larger in-plane) 
push bulk “out”  “flow”

more, faster particles 
seen in-plane

N

φ-ΨRP (rad)
0 π/2 ππ/4 3π/4

v2 = �cos 2(φ − ΨR)� = 0

17
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Elliptic Flow
1) superposition of independent p+p:

2) evolution as a bulk system

momenta pointed at random
relative to reaction plane

pressure gradients (larger in-plane) 
push bulk “out”  “flow”

more, faster particles 
seen in-plane

N

φ-ΨRP (rad)
0 π/2 ππ/4 3π/4

v2 = �cos 2(φ − ΨR)�

v2 = �cos 2(φ − ΨR)� = 0
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STAR Phys. Rev. Lett. 86, 402–407 (2001)
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ideal hydro gets the magnitude for more central collisions

hadron transport calculations are factors 2-3 off
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Aoqi Feng
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Flow at RHIC
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Fits from STAR Phys. Rev. Lett. 87, 182301 (2001)

the observed 
particles are  
characterized by a 
single freeze-out 
temperature and a 
common azimuthal 
dependent boost 
velocity

19

boosted thermal spectra
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The EoS
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RHIC Scientists Serve Up “Perfect” Liquid
New state of matter more remarkable than predicted -- 
raising many new questions
April 18, 2005

21
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RHIC Scientists Serve Up “Perfect” Liquid
New state of matter more remarkable than predicted -- 
raising many new questions
April 18, 2005
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November, 2005 Scientific American “The Illusion of Gravity” J. Maldacena 

A test of this prediction comes from 
the Relativistic  Heavy Ion Collider 
(RHIC) at Brookhaven National 
Laboratory, which has been colliding 
gold nuclei at very high energies. A 
preliminary analysis of these 
experiments indicates the collisions 
are creating a fluid with very low 
viscosity. Even though Son and his 
co-workers studied a simplified 
version of chromodynamics, they 
seem to have come up with a 
property that is shared by the real 
world. Does this mean that RHIC is 
creating small five-dimensional black 
holes? It is really too early to tell, 
both experimentally and theoretically. 

AdS/CFT

23
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highlights at RHIC
M. Roirdan and W. Zajc, Scientific American 34A May (2006)  

24
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parton energy loss

y

x

R

v2 = �cos 2(φ − ΨR)� M. Gyulassy, I. Vitev and X.N. Wang 
PRL 86 (2001) 2537

R.S,  A.M. Poskanzer, S.A. Voloshin, 
nucl-ex/9904003

25
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parton energy loss

y

x

R

v2 = �cos 2(φ − ΨR)� Yuting Bai, Nikhef PhD thesis

strong path length dependence observed!
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Summary

• event anisotropy is a powerful tool

• provides access to equation of state of hot and 
dense matter

• provides access to transport properties like 
viscosity and parton energy loss 

27
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Anisotropic Flow

28

x, b

y
z

S. Voloshin and Y. Zhang (1996)

harmonics vn quantify anisotropic flow

Azimuthal distributions of particles measured 
with respect to the reaction plane (spanned 
by impact parameter vector and beam axis) 
are not isotropic.

vn =
�
ein(φ1−ΨR)

�

Thursday, February 11, 2010



• since reaction plane cannot be measured event-by-event, 
consider quantities which do not depend on it’s orientation: 
multi-particle azimuthal correlations

• assuming that only correlations with the reaction plane are 
present

measure anisotropic flow

29

zero for symmetric detector when averaged over many events

�
ein(φ1−φ2)

�
=

�
einφ1

� �
e−inφ2

�
+

�
ein(φ1−φ2)

�

corr
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intermezzo 
• why do we define the 

correlations like this:

• easy to relate to vn

• vanishes for independent 
particles

• does not depend on frame 
Φ + α (shifting all particles 
by fixed angle) gives same 
answer for the correlation

30

�
�x�particles in single event

�

over events
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nonflow

31

• however, there are other sources of correlations between 
the particles which are not related to the reaction plane 
which break the factorization, lets call those δ2 for two 
particle correlations

v2 > 0, v2{2} > 0 v2 = 0, v2{2} = 0 v2 = 0, v2{2} > 0

ψR
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nonflow

32

• therefore to reliably measure flow:

• not easily satisfied: M=200 vn >> 0.07

particle 1 coming from the resonance. Out of 
remaining M-1 particles there is only one which is 
coming from the same resonance, particle 2. 
Hence a probability that out of M particles we will 
select two coming from the same resonance is ~ 
1/(M-1). From this we can draw a conclusion that 
for large multiplicity:

p1

p2
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can we do better?

• use the fact that flow is a correlation between all 
particles: use multi-particle correlations

• not so clear if we gained something

33

+δ4
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Can we do better?
• build cumulants with the multi-particle correlations

• for detectors with uniform acceptance 2nd and 4th 
cumulant are given by:

• got rid of two particle non-flow correlations!

34

+δ4

+δ4

Ollitrault and Borghini
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Can we do better?

35

• therefore to reliably measure flow:

Particle 1 coming from the mini-jet. To select particle 2 we can 
make a choice out of remaining M-1 particles; once particle 2 is 
selected we can select particle 3 out of remaining M-2 particles 
and finally we can select particle 4 out of remaining M-3 
particles. Hence the probability that we will select randomly 
four particles coming from the same resonance is 1/(M-1)(M-2)
(M-3). From this we can draw a conclusion that for large 
multiplicity:

p1

p2

p3 p4
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Can we do better?

36

• it is possible to extend this:

• for large k (or even M particle correlations e.g. Lee Yang 
Zeroes)

• as an example: M=200 vn >> 0.005 (more than order of 
magnitude better than two particle correlations)

• to reliably measure small flow in presence of other 
correlations one needs to use multi-particle correlations!
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Calculate Correlations
(using nested loops)

37

• With M=1000, this approach already for 4-particle correlations gives 1.2 × 1012 operations 
per event!

• calculation of average 6-particle correlation requires roughly 1.4 × 1017 operations, and of 
average 8-particle correlation roughly 8.4 × 1021 operations per event

• clearly not the way to go 

To evaluate average 2-particle correlation

in a nested loop # operations
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Calculate Correlations
(using Q-cumulants)

38

azimuthal two particle correlations:

definition of Q vector of harmonic n

can write two particle correlation in 
terms of Q vector of harmonic n

A. Bilandzic, RS, S. Voloshin (2010?)
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Calculate Correlations
(using Q-cumulants)

39

two particle correlations can be 
expressed in Q vectors

but also four particle correlations (and more)

with this it becomes trivial to make cumulants again

note the mixed harmonics
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Calculate Correlations
(using Q-cumulants)

• pros Q-cumulants

• exact solutions, give same answer as nested loops

• one loop over data enough to calculate all multi-
particle correlations

• number of operations to get all multi-particle 
correlations up to 8th order is 4 x 2 x Multiplicity

• for multiplicities of ~ 1000 the number of 
operations is reduced by a factor 1018 (helps to 
get your PhD degree in time)

40
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nonflow example

41

Example: input v2 = 0.05, M = 500, N = 5 × 104 and simulate nonflow by taking each particle twice

as expected only two particle methods are biased

{MC}2v {SP}2v {2,GFC}
2v {2,QC}

2v {4,GFC}
2v {4,QC}

2v {6,GFC}
2v {6,QC}

2v {8,GFC}
2v {8,QC}

2v {FQD}2v {LYZ,sum}
2v {LYZ,prod}

2v {LYZEP}
2v

0.048

0.05

0.052

0.054

0.056

0.058

0.06

0.062

0.064

0.066

0.068 Average Multiplicity
and

Number of Events:

MC ........ M = 500, N = 10000

SP ........ M = 500, N = 10000

GFC ....... M = 500, N = 10000

 ..... M = 500, N = 10000QC{2}

 ..... M = 500, N = 10000QC{4}

 ..... M = 500, N = 10000QC{6}

 ..... M = 500, N = 10000QC{8}

FQD ....... M = 500, N = 10000

 .. M = 500, N = 10000LYZ{sum}

 . M = 500, N = 10000LYZ{prod}

LYZEP ..... M = 0, N = 0
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Flow Fluctuations

• By using multi-particle correlations to estimate flow we are 
actually estimating the averages of various powers of flow

• But what we are after is:

42

Both two and multi-particle correlations have an 
extra feature one has to keep in mind! 
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Flow Fluctuations
• in general: take a random variable x with mean μx and 

spread σx . The the expectation value of some function of a 
random variable x, E[h(x)], is to leading order given by

• using this for the flow results: 

• remember cumulants are combinations of these quantities

43
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Flow Fluctuations
• flow estimates from cumulants can be written as:

• take the expression from previous slide and use:

• take up to order σ2, the surprisingly simple result is:

44
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Flow Fluctuations

• for σv << <v> this is a general result to order σ2

45
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Flow Fluctuations

46

Gaussian fluctuation behave as predicted also for Lee Yang 
Zeroes and fitting Q distribution (more on that later)

Example: input v2 = 0.05 +/- 0.02 (Gausian), M = 500, N = 1 × 106
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Statistical Uncertainty

47

in the regime of sizable flow these multi particle 
estimates are a precision method!

Therminator “realistic” LHC events (<M>=2000 and N = 2000 ) 
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Precision Method

48

only 2000 events!
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Precision Method

49

only 2000 events!

Thursday, February 11, 2010



Summary Methods
• all methods behave differently (not a bad thing!)

• two particle methods (including event plane method) are very 
sensitive to nonflow

• all methods are effected by event-by-event fluctuations of the 
flow

• but for most cases this happens in a controlled way (although 
we can not disentangle nonflow and fluctuations yet)

• being able to correct for detector effects is important and the 
best correction is done in one pass over the data

• when other harmonics are sizable (certainly when they 
dominate) one should be careful with some methods

50
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Elliptic Flow at RHIC

51

• strong elliptic flow

• constituent quark 
degrees of freedom

• large energy loss
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Conclusions

• Anisotropic flow measurements have provided us with better 
knowledge of the properties of the created hot and dense system

• Measurements are fairly well under control and various methods 
are also rather well understood

• uncertainties of ~ 10%

• At the LHC we expect to see a very rich program of correlations 
versus the reaction plane  
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