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Higher dimensional Dehn twists
-

Usual Dehn twist : dytooff.skCo , i that is the

identity on 2£
, antipodal on 8 '

x { o } and commutes

war involution( un ) us C-  u ,
- VI -

A natural generalisation wi din u  is f = E Csu)
,

the unit dishbundle in TS
"

The associated Dehn trust h .
.

E 2 has the same s properties .

It can be defined as follows : regard S "
as the unit sphere

in Euclidean Cuts ) - space IR
" "

and let h '
: E I be the

geodesic flow evaluated at time te
.

So of u
,

"Ii
Ee { Ca

,
v ) e Sk IR

" "
: at v

,
Hull El } ,

then h ( un ) = Nil )
with I u

'
,

v
' ) as depicted . Now take h C um ) = h ' fu ,  

- v ) .

We use the meme to identify E with the unit dish bundle in -1*5
.

It then comes with

a  natural Symplectic form .

It is invariant under h : h is a symrdectomoyshrom .

The symplectic form defines an orientation of E
-

this is the omen taken that we will use .

The isomorphisms te
. (E) Et

.
(S " ) = tin Is " ) shows that te

.
(E) is concentrated

on degree n and is A cyclic . Let Tetsu CE ) be a generator .

Since h acts on S
"

as the

antipodalnicol
"

we have h* (8) s ⇐ Tt 'S
.

The self - intersection 8 . F is Ie ( 8h ) :

or .si
.

. .

2 h  EO (A)
-2 n  = 2 (d)

We are mostly interested in n - o
,

i .

Prod If  n=2
,

then hi is isotopicto the identity
.

' '

Eun. ::::::÷:::::: .

circles on Gay) the left of the geodesic to  a constant map .

This defines a canonical isotopy rel
.

2E of bid to the

identity map .

Remy : A theorem of Paul Seidel ( Iggy ) wishes that no  nontrivial power of his isotope
to 2 by sum plectomerphujhrs -

Renzi We get another isotopy of BE to the identity by tahuig the shrinking arches

on the right ( or equivalently, by changing the orientation of 8
" ) . The two isotopes

define a loop in Drft LEPE )
.

Kron heiner has shown that this loop represents

a  narwhal ett of R
, Dft ( EDE) .
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Ihapnearanceinalgebraicgeomehyhet
M be a complex man . of din um

, I  i M
-

Cl holon
.

We say that f has

an wdruavydonBkpont_ at p if dflp ) = O and the bresnan off at p is nondegenerate

k⇒ de has a simple reno at p) .

A holon
. version of the Morse lemma implies that we can then find local coatis

Go , . .

,
za ) at p heh that f  is there given as fcp7t EE Zi .

This suggests we investigate f : It '

-
Q

,
z ↳ 27=0 2.2 . (

FB

.
2

zoo=
w

iii.ioniii. .

:*
.mn ,

A - { to Cli Hey } Ia
We let 2B = { ZEB i 112-11=1 } .

-

f-
 '

to)Then 2B- A is locally - hnial ( hence trinal ) and f
( BBB )

- A is locally hnial over A- I { 03 . So if oetcy , g.
then the monodromy of B .

n A over the circle of radius rt  is

naturally anisotropy class of (Bzs2Bt)Weconduct
.

a dfteo ( Btp Bt) - ⇐,
2E ) as follows .

A point Z -
- Nt Fly C- Eh 't lies ni Bt if and only if HN IR t Hy IR El

,

Half - Ily If =L and on , y > so . This implies Half > t and

Kylie I - t
.

Then Z - funny
,

, 7¥ isas desired

A more detailed analysis shows that the monodromy Isotopy class of CBT DBT)
is naturally represented by h .

. LIFE ) 2

A simpleordinary double point degeneration is when we have
of } paper holon

such that df has a simple hero in a point p E Xo -
- f-

'
CD

and has no other zeros . A-

Then we can realm B as a closed nbhd of
z ) ,

pain N Such that Hkint (B) 5dB ) - A is

- Emi al . The monodromy of N over the circle

of radius ft is then a drfteo Xt 2 ht whose support

is contained in Be and there essentially equal to h
.

The
action

of ht on Hn txt ) is

given
by a - a ± ca

,
on > or ( reflection when never ,

symplectic transvestism when n Ddd ) and is trivial on Hhlxt ) for heh
.

CREW
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Ahiyahflop

In the preceding situation assume n = 2
. If we blow up p in Xo we resolve

He smart anti -

-

go ,
X

.

The enc
.

denser C Cover p ) is lie a comic ni P2
,

so = IP '
.

We have C. C
= -2

The monodromy of f becomes hnial if we make a base change of order 2 :

Y Nga
'

→ N Y - { ft ,
s ) EN x A

'
: if Iz ) -5=0 }

t t this has an  ordinary double pt of
A A

dm . 3 at Cp ,
o ) . We resolve this

5 t  = S2

with a snide blow up :

5- is

The enc . divisor Q is lie a housing quadric in IP? so E IP '
x IP ?

We have Yo  
= Xo and the strict transform of Yo is just a copy of £

It meets Q trousers ally in
.

a plane section
,

n

A
a the diagonal ol IP '

x Ipl
. f. C

We can retract Q onto C in two  ways ¥¥¥-
( caress to the two factors lplx IP ' ) .

This can  in IQ

fact we done holan inside ⑦ so that we get

is :-b - is
-

¥¥,

µ The man ' F are now withoutsingularities ( submersing )

they are equal over A '
Yo } and they also have

central fiber E Xo
.

Yet they are different : you

pass from It to U
-

by taking in to E Xo

the copy of C
,

blow it up
inYt and then blow down in a different way to get

MI
( this the Atiyah flop ) .

This implies a nonseparated ness property for moduli spaces of certain RS surfaces -

This phenomenon  will

trot
occur hi a prize Chine setting .

'

Rene .
Since B A '

is .
toe - hard

,
we get two isotopes ofthe square of the

monodromy to the Identity - These are essentially the isotopes found
earlier

.
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kodaira-Spencertheom-cgenerclih.es)

✓ maps X is on Into Xo

X :  a  connected complex  manifold of din n
.

X ↳ N

a
proper

A deformation of X aera_poi¥dSto is given by : L here
.

submersion
.

o E S

This is a reasonable def .
because of the Ehresman fibration theorem which tells us

that te is then locally hrvial in the C- category .

What only matters here is what happens near o and so we should actually think of

this as a deformation over the germy ( S
,

o ) .

This replaces N by its gem at

2K
) = Xo .

With this in mind the deformations of X are objects of a Category

Def
CX) : a

morphism from ( X Is N 't's S ' ) to C X GR Iss ) is given y

Ia
by a pair C f , I ) which mates the domain

/*yµ
,commute and the

square Cartesian . CK! X's) F

DICK) has an obvious initial object  i take Ss { a } . In' I f n

Cs:o) Is ⑤d
A

deformation
is called

trivialif it admits a morphism to the initial object -

A deformationI called universalif itis a final object of Def ( x ) ( need not enid Eti)Remarry
.

Ant ( X ) naturally acts on a universal deformation ( te
.

i ) of X :

tf g c- Ant CX )
,

then X
Ig I

have a unique morphisma

?
.

E
-

f-
z Applying this to g-

 ' show that

te I
t}

Ln
this morphism isinvertible

✓ I

S . .  - -
- - s S The action is given by g - ( fg , Ig)

fg

Remer . It ( X

THIS
) is a deformation an o e TCS is Angular ,

then we

want to say that the restriction of ti over T is a deformation of X over T
.

Ito  it is

desirable to allow S to be any analytic gem at a point . The condition form to be a

submersion then becomes : te is AE, wearing local - analytically the the

projector of a product Complexn - man ) x (B) → %)
.

This includes the ease

when &
,

o) is a
"

thickened point
"

.

For emanate for Cte ,
r ) as above we can tale

T she 1st order part of S : Tos .
The restriction over this deformation is

X↳Tq/×oSo this  amounts to a here
.

entendre of vector bundles :
dm

* , o - TX →
ETR → HIS - o Fos

and this deformation over Tos is trivialif and only if this intention splits ni the

hole.category .

.

Let us mute Ox for O C Tx ) C just as we write Rx for OCT 't
x ) ) . Then E)
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gives the enact sequence of Ix - modules :

o → Ex - ion → 0×915 - o

and gives rice to the long enact sequence

o → Ho ( X
, ox) n

Ho ( X
, ion ) - TosE ,

H' G. Q ) -
. .

7
Kodaira - Spencer man .

So thesequence Car I splits hole
.  ⇐ 8=0 .

The definition of the KS - map is fuchsia : Toes
'

→ To S

¥a
ti HE )

It As of now our category Det Cx ) includes as objects def . over arb
. analyte germs .

The C Kodaira - Spencer,
. . . ) If Ho (Xc 0×7=4440×1--0 ,

then X admits a nun . def .

over a complex manifold germ (fo ) ,
and its Kodaira map will be an iron of

Q . vector spaces ( so dins s
din H' Hoz ) ) .

Classical example : X cannot Riem
. surface of genus g > 2

. Satisfies hyp of the above

Hur and so have a univ
. def . with base ( S

,
o)

, Tos E ,
H ' IX.0×7 and hence

70*5 ⇐ to C X
, RED Genre duality ) ,

which is ol din 3g -3 .

We now assume X is a Ks Surface . Let a C- Ho ( x
, RI ) be nowhere zero .

Then

⑦
×

- Rtx = Rx is an Hour of Ox - modules And so this induces an inn

§ - , 2g K ) Hodge theory

go
 if i  ¥1

Hi (x. oh
EH" ( x. Nx) ±

six
,

oe dim so '

Hence X has a www. def .
whose base ⑤

,
o) is a complex  man of din 20 . The

above identification To S E H
'

( X
, Oz) E H ' C x

,
can be expressed w/o reference

to a generator of Ho (X
, six ) : we have a canonical room

Tos EsH' CX
, → Home ( te

. H
,

H' Cx
, )

Tix 'T
te

'  " CX )
We will interpret this as the derivativeof a period map .

Hodge shnctnve and the period wears for a K3
-

.

Let M be a a - manifold which underlies a K3 surface X
.

Then

p , ( M ) = 2 CKX) = 2e ( x ) = 2.24
. generator of HIM ) .

So M has a canonical or . [ M ] e Holm )

( preserved by any self - differ of M )
.

Let  us  write H for HTM ) equipped with
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its quadratic form

9cal :  = ftp.mgaua
( defines an even wuimodular sumn . boil . form of agn ( 3,1g ) ) .

For a
, p C- He , set

Hip > :  = J auf

( a hem form of sign C3,1g))
[ M ]

Suppose X KI - surface  with underlying man M . Then Hedge dec
.

He  
= te?0(X ) ④ ti  " CX ) to HORCX )

( easy ) standard facts
-

,) ti '  4×7 = thou )

2) this dec .  is perpendicular wt
. s , >

3) H " CX ) is q a
- Hombre , but e , > - positive chances ane for n°544 )

It follows that HORCX) completely determines the Hodge decomposition .

Reinach
: A complex line in He @oh as H2o CX ) ) which is go - isotropic and c

, > pros .

determines a pos .  one'm Kd 2 - plane in Hip : choose a generator a an work this

generator as It fig with Boy E H IR .
Then

o C Ca , a > - CE , Es t Cy , y > 7

° = 9g ki = { 45,8> - Cy , n > )tricky >
¥5

and so 8. y spans a pos . or - 2 plane  in Hip lui
.

den of choice of a )
.

Conversely
, if Tlc Hip is a pos or . e - plane in Hip ,

then for an orbited orthonormal basis CBig )
the he

spanned by Gtf y only depends on IT and is as above
-

We  write TY for the or . 2- plane associated to H " LX)
.

Let

D=
{@ Is PCH a ) : I ga - isotropic

, C , > - pos } .

-
-

defines  a  irons . open

quadric  in DC He ) property
This is a connected open subset of a nous . quadric  in Mtl

¢
)

.
On it acts

O (qpr) transitively
,

but notproperly ; D E O (3.193/5012) x OG , Ig ) .

-

The tangent space of Ip CHa) at HI is
not compact

Hurrell , Hole )

If LET e D
,

then TheyD=Tees ( quadric defined by go ) = Hornell ,
l4e ) ,

where It is the perp wit to g .

So if a complex nurture on M makes it a Rs surface X
,

then we get

a point ftp.olxl ] e D Let X

In
Ngnow

be a deformation of X

v

O  E S

with contractible base S
.

then for every SES
,

we have an  isomorphism
ti ( Xs) E tithe ) H' I X ) = H .

Via Kris mom the (Xs ) defines
=

a pour [ tea (Xs ) ] e D and so we have a Choe ) man a
.

S - D

which we call the period wrap-
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Prod
.

The

derivative
of P at  o

,

DOP : IS → Ten. ,q× , ]
D= them I ti . ok )

,
H' ' o

CX) 4h40 l X ) )
I

is the K - S map . H " CX )

Proof is not so difficult

Cee
.

A def . ( XI RTS ) isuniversal ifand onlyif the
gun §

,
o ) E. ⑧

,
In " KD)

is an isom of here
. germs .

spinoroientatiar-andk-ahlercaretleremandtt.tt

( M ) are as above . The pos . def .
3- planes in Hip

make up an open Subset Crj l Hip ) .

The group 0 I g R
) acts transitively and purely

on it ; it is in fact its symm - space CE OG , g) 106 ) x Oleg ) ) and thence ) contractible
.

This mi plies that 23h
,

I art ( Hip) is trivial and have orientable . An element

oh O Igp ) may or may not preserve its orientation . This defines a hun
.

o . O (gape) - Mz ( the spinorhour for -9*3
'

#

Together with der : OG we ) - Nz this delves a surge
' chin O ( 9k ) -plz x Mz

whose kernel is the identitycomponent ol O ( que) .

A spinoraientahin of Heis an orientation of 83µm far ; IHpd .

We will see that rf a Rs surface X has M as underlying man .

,
it determines

a spinier orientation of
Hope

. We use :

The ( Yum - Tong Sir
,

I gas) Every Ks surface adverts a Kohler metric
.

Recall that to give a Kahler meine ion a counter manifold Y is to give

a symplectic form w on Y which is of type ( si ) and is such that

C um ) E TpY he W ( Tpu ,
v ) is pros .

def
. everywhere . So the Kehler classes

p

[ w ] E ti ' ' (he
;

IR ) make an an open convex Come in H' ' ' ( Y
,

IR)
.

For X as above
, a

Kehler
class LWT c- te

' " ( X
, R ) has the

property
that

9k€] ) 20 .

So My t IR [ w ] is a s - plane and not
.

oriented .
The spinor chelation thus

obtained is independent of the choice of [ w ] ,
sincethese lie in a annex come

.

Move is true :

The( Donaldson logged This spinor orientation is even uihrnsic to M : every complex Armature

making it a Rs surface defines the same spinor orientation
.

In particular 12ft CM ) preserves

this spinor orientation
.
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Twister construction

-

The ( Yaa ) Let X be a Ks surface and we H " ' CX ; R ) the class of a Koehler metric .

Then there is a unique KEki
metric g on X whose imaginary part represents k

( K - f metric means here :  Ricci flat )

This has airport ant consequences .
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