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1 Introduction

Let R be a ring spectrum that is a form of BP(n) and has with a Cy-action that strictly preserves
the ring structure and acts on 7o; as (—1). For example, R could be ku or tmfi(3). We will
show that this information alone suffices to compute the homotopy fixed point spectral for the
Cs-action on R. The basic method is to transfer differentials from the computation of Real
bordism MR.

Given R as above, we can define a genuine Cs-spectrum that is the connective cover of the
cofree version RPC2)+ . We will deduce that this is already a form of BPR(n), i.e. can be obtained
from BPR by quotiening out a sequence of (generalized) 11, Up+2, - - .

2 Forms of BPR(n)

For general background on Real homotopy theory, we refer to [HKOI], [HMI15] and [GM16].
Recall in particular the following definition.

Definition 1. Let R be an even 2-local commutative and associative Ch-ring spectrum up

to homotopyﬂ By [HM15, Lemma 3.3], R has a Real orientation and after choosing one, we

obtain a formal group law on 715)2 R. The 2-typification of this formal group law defines a map

75, BP = 12 BPR — w2 R. We call R a form of BPR(n) if the map
Z(g)[@l, e ,En] C ﬂ*pBPR — E*pR
is an isomorphism of constant Mackey functors.

For the purposes of this paper, we also introduce the notion of a BPR(n)-like spectrum.

Definition 2. A BPR(n)-like Cy-spectrum is a Co-equivariant homotopy commutative ring spec-
trum with the following properties:

1. Its underlying spectrum is a form of BP(n),

2. The non-trivial element of Cy acts on mo; R as (—1)7,

'"Here and in the following we could easily relax the unitality, associativity and commutativity conditions to
be up to phantoms. For example, the Real Johnson—Wilson spectra are known to satisfy this latter condition by
[KCW17], but are in general not known to be homotopy commutative and associative Cs-ring spectra.



3. R is the connective cover of its cofree version R = R(EC2)+

A useful fact about connective covers is the following:

Lemma 3. Let E be a Ca-spectrum and t>0FE be its connective cover. Then 7rac+ba7'>0E =0 if
a <0 and a+ b <0. Furthermore, the map

Ca Ca

a+boT>0E - 7TaercrE1
is an isomorphism if a > 0 and a + b > 0.
Proof. The cofiber sequence (Cy)+ — S° — S induces a long exact sequence

C: C
Tar) b B2 = TarrnB = 70 01 F = Ty 2o = Ty B,

and likewise for 7>¢E. This 1mphes that if a+b < 0 and 7r (b+1) T>0F =0, then 7 +bo_7'>0E =0.

Likewise, if a +b+1 < 0 and ¢ atvoll = 0, then also 7TC E = 0. This implies the first part

o +(b+1)o
since we already know that 7¢2750F = 0 for a < 0.

A similar five lemma argument implies the second part. ]

We will later show that every BPR(n)-like C-spectrum is a form of BPR(n) using the fol-
lowing lemma.

Lemma 4. If the RO(C2)-graded homotopy fized point spectral sequenceﬂ of a BPR(n)-like Cs-
spectrum R agrees with that of BPR(n), then R is a form of BPR(n).

Proof. By [GM16 Section 4.C|, we just have to show that R is strongly even, i.e. that 7T(k e R

is constant and 7rk il 1R =0for all k € Z, where p denotes the real regular representation of Cs.
For k < 0, these groups are zero by the last lemma since R is connective. For k > 0, the last
lemma implies that we have a chain

C R ~ CQ Rh ) 7TCQ

h ~ _C
Tk = T(k-1)p T (je—1), BPR(n) > | BPR(n)

~ Tk-1)p
of isomorphisms as [GMI6, Proposition 4-9] implies BPR(n) is the connective cover of BPR(n)".
Here, we use that in these degrees there can be no additive extension issues in the homotopy
fixed point spectral sequence as the groups are free Z;)-modules.

We have a similar chain of isomorphisms for kp — 1. As BPR(n) is strongly even |[GMI6
Proposition 4-6|, the result follows. O

3 The right unit for BP,

There are two unit maps nz,ng: BP, — BP,BP. We can identify BP,BP with BP,[t1,ts,...]
so that nr is the obvious inclusion and thus we will leave it out from the notation. The right
unit ng is more difficult to describe. There are some refined results in [Rav86l Section 4.3], but
we will need only two rather simple-minded facts about it.

Let F' be the universal p-typical formal group law on BP,. We can identify BP, with
Zp[v1,va, . . .], where we use the Araki generators for definiteness. We have |v;| = [t;| = 2(p'—1).

2We will explain more about this in Section



As usual, we set formally vg = p and tg = 1. In these terms, we have the following formula for
the right unit [Rav86, Thm A.2.2.5]:

ZFtinR(vj)pi = ZFvitﬁ?i (1)

4,520 4,520
This has the following well-known consequence.
Lemma 5. We have nr(v) = vx mod Iy for I = (p,v1, ..., 0k_1).

Proof. We can assume by induction that ngr(v;) € Iy for i < k. If z,y € I for an ideal I C BP,,
then z +r y € I again. Thus, we see that the left-hand side of Equation is up to degree |vg]
congruent to ngr(vg) modulo I;. The right-hand side is obviously congruent to vy modulo Ij in
degrees < |vg|. O

We need indeed also the following generalization, which is a slight strengthening of a state-
ment in the proof of [Rav86, Theorem 4.3.2].

Lemma 6. Let M be the nonunital subring of BP.BP generated by t1,...,tr—1,Vky. .., Vkapr_1
and I, - BP,BP. Then we have

k T
nR(UkJrr) = Vkgr + vktf - Ug tr mod M,

i.e. the difference between the left and right-hand side is in M. Here, r does not have to be
positive when we set t; =0 for j <0.

Proof. We assume by induction that the statement has been shown already for all smaller r (the
case r < 0 being the last lemma). Contemplating again Equation , we claim that in degrees
up to |vgr| the only formal summands in the left-hand side that are not in M are ng(vi4,) and
t,nr(vi)?P". Indeed, observe first that [t;ngr(vj)P’| = |viy], i-e. we care only about the terms with
i+j <r+k If j <k, we know that nr(v;) € Iy and thus t;ng(v;)P" € M. If j < k+r, we still
know that ng(v;) € M by induction and thus t;ng(vj)?" € M if 0 < i < r. The only cases with
i+ j <r-+kthat remain are (i =0,j =k +r) and (i =r,7 = k).

As ¢ +r y = x + y modulo higher terms and all elements of BP, in degrees smaller than
|vg+r| (and hence all coefficients of F' in these degrees) are in M, we conclude that the left-hand
side is congruent to

NRr(Vktr) + tnr(vr)? = np(vker) + 60 mod M,

where we use again Lemma [5]
By a similar argument, the only formal summands of the right-hand side that are not in M

k
are vy, and vty . The lemma follows. O

4 The main theorem

Let R be a homotopy commutative Cy-ring spectrum with underlying homotopy concentrated in
even degrees such that Cy acts as (—1)"” on ma, R. By Section 2.3 and Corollary 4.7 of [HM15],
we obtain a multiplicative spectral sequence

TR ® Zla,u™]/2a = With,



which is called the RO(Cs)-graded homotopy fized point spectral sequence. Here R = REC2)+

laf = —0 = 1 —p and |u| = 2 — 20 = 4 — 2p. Furthermore, 7o, R = 7o, R, but viewed as
sitting in degree np. We denote the pendant of a class x € w9, R by Z. Po Hu [Hu02| has
computed how the RO(Cs)-graded homotopy fixed point spectral sequence for BPR(n) looks
like (see also Proposition 4-1 of [GMI6] for a source using the same notation as we do here).

With this preparation, we are ready to attack our main theorem.
Theorem 7. Every BPR(n)-like Ca-spectrum is a form of BPR(n).

Proof. Let R be a BPR(n)-like Cs-spectrum. By Lemma [4] we only need to determine the
differentials in the RO(C2)-graded homotopy fixed point spectral sequence for R and see that
they agree with those for BPR(n). For this purpose, consider the diagram

BPR ™ BPRAR{“ R

of Cs-spectra induced by the unit maps S — BPR and S — R. We will denote the corresponding
RO(C3)-graded homotopy fixed point spectral sequences by EB EBE and Ef and the corre-
sponding differentials by d?, d?f and d®. The differentials in E” are completely known (see
[HKOT] or [GM16, Appendix]).

As the underlying spectrum of R is complex orientable, there is an isomorphism
7w (BPRAR) = (7iR)[t1,t2,...],

where Cy acts as (—1) on the t;. This implies that we have EP® = ER[t; 15, ...] with [t;| = |74
We need to show the following three claims (where the last one is only auxiliary):

a1y fori =20t 1,
0 for i < 271 — 1,

1 dR? ") = {

2. df(w;) = 0 for all i > 2 and all j,
3. dPT(t;) =0.

We will prove this via induction on i (where the claims are meant to be void for i < 2). So

assume that the three claims are already proven for all d; for ¢« < k. Then we know by the third

claim that EPR =~ ER[#) %, ...] and the map Ef M EBR i given by the obvious inclusion.

We will leave out 7y, from the notation in the following.
Let us show the first claim. If u¥ ' is a dp_1-cycle in B then we have

di ) = dPR ) = nr(dP (W)

If k < 291 — 1, this is 0. If k = 291 — 1, this is a? "' ~1ngv;. As by Lemma 5| we know that
NrRVj; =v; mod IjElfR and [; is killed by a1 in EER, the first claim follows.

For the second claim, assume that dkR(Uj) = d*u’v # 0, where T is a polynomial in the
v, and s is determined by 4s + k = —1; note here that we write down the formula in Ef for
a representative of the Ef-element d(v;). Let us write s = 2°¢ with ¢ odd. We claim that
k = 2°%2 — 1. Indeed, note first that 4s + k = —1 implies that & > 202 — 1. Furthermore, a*u*s
is only a (k — 1)-cycle if either k& < 2°%2 — 1 or every monomial in ¥ is divisible by some @,, with



m < b. But if m < b, then anH_lﬁm = 0 and thus also a*u’v = O Thus, k < 20+2 _ 1 and

hence k = 22 — 1. This implies ¢ = —1 and |v| = [7;| + [Tp41]-

Now choose m such that 2™ < k < 2™+ — 1. Assume that di(7;) = 0 for i < m + r and
di(t;) = 0 for i < r (where r can be also nonpositive, in which case the latter condition is empty).
We know by the first claim that I,,, = (2,71, ...,0y—1) kills all di-differentials and thus ImE,?R
consists of d-cycles. By Lemma [6] we know that

0= dPR(r(Omir)) = dEE @mgr +Tmls — T2ty) = dPR(Tppr) + 05 dPRE),  (2)

where we use that we know that v, is a dg-cycle if > 0; the cases r < 0 and r = 0 are easily
dealt with and in these cases we directly see that Uy,1, is a dg-cycle and ¢, is a cycle anyhow.
Thus, we assume in the following that r > 0.

We claim that all ©,,-torsion in E,?R is zero. This is true as EQB R i T,,-torsion free and there
is no d;-differential with ¢ < k whose target involves Ty,. It follows that if dkBR(ﬁm+T) =0 (e.g.
if k # 27+ 1), then dPR(Z,) = 0. Now assume k = 21 — 1 50 that dBF(Tpy,) = dPu=2"'w
with || = |Unr| + [Um| and no monomial of ¥ contains a factor 7; with ¢ < m — 1 if T is nonzero.

For degree reasons, dPf(%,) must be of the form afu=2"" k22—

1__
v and thus a"u

aku=2""'% by Equation @). Asall (aFu=2""")-torsion must have factors of the form v; for
§ < m, it follows that ¥ = v2,%'. Clearly, [| < [Ty,4.| and thus @ is a polynomial in the v; for
1 < m+ r and hence a dg-cycle. Thus,

0= dk(ak’u_QmilU) = ak@dk(u_w*l) = o u=2" 5o,

As noted before, no monomial of ¥ contains a factor v; with 4 < m — 1 if ¥ is nonzero. Thus, ©
has to be zero. This means that dZ?%(,,,) = 0 and hence also dZ%(%,) = 0.
O

References

[GM16] J.P.C. Greenlees and Lennart Meier. Gorenstein duality for Real spectra. arXiv
preprint arXiv:1607.02332, 2016. [1]

[HKO1] Po Hu and Igor Kriz. Real-oriented homotopy theory and an analogue of the Adams-
Novikov spectral sequence. Topology, 40(2):317-399, 2001.

[HM15] M. A. Hill and L. Meier. All about T'mf1(3). ArXiv e-prints, July 2015.

[Hu02] Po Hu. On Real-oriented Johnson-Wilson cohomology. Algebr. Geom. Topol., 2:937—
947, 2002. i

[KLW17| Nitu Kitchloo, Vitaly Lorman, and W Stephen Wilson. Multiplicative structure on
real johnson-wilson theory. arXiv preprint arXiw:1701.00255, 2017.

[Rav86] Douglas C. Ravenel. Complex cobordism and stable homotopy groups of spheres, volume
121 of Pure and Applied Mathematics. Academic Press Inc., Orlando, FL, 1986.

3Note that it is not necessarily true that anH_lﬁm divides the corresponding summand of a*u’T in EF as
u® is perhaps not a (k — 1)-cycle. It might be that only some uw?" ', divides the summand, but a2 12

is zero as well in EF.



	Introduction
	Forms of BPR"426830A n"526930B 
	The right unit for BP*
	The main theorem

