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» K-theory is an interesting invariant of rings, spaces, schemes
etc.

» It is most naturally viewed through the lens of higher algebra,
with origins in the 1960s and full fruition ~2010 (Lurie).
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In a nutshell

» K-theory is an interesting invariant of rings, spaces, schemes
etc.

» It is most naturally viewed through the lens of higher algebra,
with origins in the 1960s and full fruition ~2010 (Lurie).

» | will talk about the paper

Purity in chromatically localized algebraic K-theory (2020)
(joint with Markus Land, Akhil Mathew and Georg Tamme)
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disprove the telescope conjecture.
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In a nutshell

» K-theory is an interesting invariant of rings, spaces, schemes
etc.
» It is most naturally viewed through the lens of higher algebra,
with origins in the 1960s and full fruition ~2010 (Lurie).
» | will talk about the paper
Purity in chromatically localized algebraic K-theory (2020)
(joint with Markus Land, Akhil Mathew and Georg Tamme)
» This has, e.g., helped to prove the redshift conjecture and
disprove the telescope conjecture.

» This disproof has both profound implications for our global
picture of algebraic topology and concrete applications on the
growth of homotopy groups of spheres.



Q>



» For X a nice space, let Vect(X) = set of isomorphism classes
of (complex) finite-dimensional vector bundles on X
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What is K-theory? Start topological!

» For X a nice space, let Vect(X) = set of isomorphism classes
of (complex) finite-dimensional vector bundles on X

» Abelian monoid under &. Very complicated!

» But many invariants (exterior powers, characteristic classes,
...) depend only on a much simpler group K(X).
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What is K-theory? Start topological!

» For X a nice space, let Vect(X) = set of isomorphism classes
of (complex) finite-dimensional vector bundles on X

» Abelian monoid under &. Very complicated!

» But many invariants (exterior powers, characteristic classes,
...) depend only on a much simpler group K(X).

Definition
Let M be an abelian monoid. Define its group completion M®&P to
be the set of formal differences m — n with m, ne M.

Example: N&P =7,

Definition (Atiyah—Hirzebruch, 1959)

K(X) = Vect(X)®&?



Definition
K(X) = Vect(X)®&?

» Vect(X) — Vect(X)®P is generally not injective

(e.g. TS"®1zn®1 and thus [TS"] = n in K-theory)
» K(X) dramatically simpler than Vect(X)
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K(X) = Vect(X)®&?

» Vect(X) — Vect(X)®P is generally not injective

(e.g. TS"®1zn®1 and thus [TS"] = n in K-theory)
» K(X) dramatically simpler than Vect(X)

» We know K(S"), but Vect(S") unknown in general.
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What is K-theory: More motivation

Definition
K(X) = Vect(X)®&P

» Vect(X) — Vect(X)8P is generally not injective

(eg. TS"®1z2no1 and thus [TS"] = n in K-theory)
» K(X) dramatically simpler than Vect(X)
» We know K(S"), but Vect(S") unknown in general.

» Origins of this idea come from algebraic geometry,
with vector bundles on algebraic varieties

» Important ingredient in
Grothendieck—Riemann—Roch (1957)
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<« Projective Modules |
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| Vector Bundles

«—  Projective Modules|
For a ring R, let Proj(R) = set of isomorphism classes of finitely

generated projective R-modules, with @ giving a monoid-structure.

Ko(R) = Proj(R)®P.
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| Vector Bundles

«—  Projective Modules|
For a ring R, let Proj(R) = set of isomorphism classes of finitely

generated projective R-modules, with @ giving a monoid-structure.

Ko(R) = Proj(R)®P.
Examples:

» Proj(Field) 2N = Ky(Field) =Z
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Algebraic K-theory

’Vector Bundles <«— Projective Modules

Definition
For a ring R, let Proj(R) = set of isomorphism classes of finitely
generated projective R-modules, with @ giving a monoid-structure.

Ko(R) = Proj(R)®P.

Examples:
» Proj(Field) 2N = Kp(Field) =Z

» OF ring of integers of a number field F (e.g. O = Z[\/-5]),
then Ko(O) = Z & Class group(F).
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Algebraic K-theory

’Vector Bundles <«— Projective Modules

Definition
For a ring R, let Proj(R) = set of isomorphism classes of finitely
generated projective R-modules, with @ giving a monoid-structure.

Ko(R) = Proj(R)®P.

Examples:
» Proj(Field) 2N = Kp(Field) =Z
» OF ring of integers of a number field F (e.g. Of = Z[\/-5]),
then Ko(O) = Z & Class group(F).
» X compact topological space: K(X) = Ko(C(X))
» X affine variety: K(X) = Ko(Ring of functions)



Higher Algebraic K-theory: 60s and 70s

» Ko(R) is just the first in a series K;(R) of groups (Bass,
Milnor, Swan, Quillen)
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Higher Algebraic K-theory: 60s and 70s

» Ko(R) is just the first in a series K;(R) of groups (Bass,
Milnor, Swan, Quillen)

» Ki(R) is quotient of GL.(R) by subgroup of elementary
matrices; Ki(Z[mw1M]) important for high-dimensional
manifolds M.

» Even if just interested in Ky(R), long exact sequences and
spectral sequences computing it involve K;(R) for i > 0.

» Input R can be generalized to schemes, exact categories, ...

N

Hymann Bass John Milnor  Daniel Quillen




Higher Algebraic K-theory: 70s and beyond

» Applications in algebraic geometry:
Bloch—Quillen: K; of schemes <> Chow groups (intersection
theory),
Thomasons's proof of absolute cohomological purity, etc.

» Applications in number theory: Borel, Tate, Lichtenbaum, ...,
Voevodsky: K;(Of) encode arithmetic properties: reciprocity
laws, zeta values etc.

» Relation to p-adic geometry: Bhatt, Morrow, Scholze,...



Higher Algebraic K-theory: 70s and beyond

» Applications in algebraic geometry:
Bloch—Quillen: K; of schemes <> Chow groups (intersection
theory),
Thomasons's proof of absolute cohomological purity, etc.

» Applications in number theory: Borel, Tate, Lichtenbaum, ...,
Voevodsky: K;(Of) encode arithmetic properties: reciprocity
laws, zeta values etc.

» Relation to p-adic geometry: Bhatt, Morrow, Scholze,...

» Tradition in the Netherlands: Strooker, van der Kallen, Keune,
Stienstra, Maazen, Vorst, ..., de Jeu, Sagave, Klang, ....
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Remember automorphisms of projective modules: P > Autg(P)
Eg. R" D GLs(R)

«O» «Fr «=»

« =

DA



Remember automorphisms of projective modules: P > Autg(P)
E.g. R" DO GLy(R)

Enhance abelian monoid Proj(R) to groupoid

Proj(R). (Groupoid = category with only isomorphisms)
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Remember automorphisms of projective modules: P > Autg(P)
Eg. R" D GLs(R)

Enhance abelian monoid Proj(R) to symmetric monoidal groupoid
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Step 1: incorporate automorphisms

Remember automorphisms of projective modules: P > Autg(P)

Eg. R" O GL,(R)
Enhance abelian monoid Proj(R) to symmetric monoidal groupoid
(Proj(R),®). (Groupoid = category with only isomorphisms)

Note: P& Q+ Q@ P, but opo:P®Q > Q@ P.




Step 1: incorporate automorphisms

Remember automorphisms of projective modules: P > Autg(P)

Eg. R" O GL,(R)
Enhance abelian monoid Proj(R) to symmetric monoidal groupoid
(Proj(R),®). (Groupoid = category with only isomorphisms)

Note: P& Q+ Q@ P, but opo:P®Q > Q@ P.

Group completing Proj(R) ~  groupoid Proj(R)®& such that
» isomorphism classes of objects = Ky(R)
» automorphism group of each object is Ki(R).

But where are the higher K;(R)?



The classifying space functor

B: groupoids — (topological) spaces
satisfies

» moBG = isomorphism classes of objects
» m1(BG, x) = Autg(x).

» 1 (BG,x) =0 fori>1.
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The classifying space functor

B: groupoids — (topological) spaces
satisfies

» moBG = isomorphism classes of objects
» m1(BG, x) = Autg(x).

» 1 (BG,x) =0 fori>1.

Thus, TiB(Proj®(R)) = {Ki(R)

fori<1
0 fori>1
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BProj(R) is an example of an E.,-monoid.

An E..-monoid is a space X with a multiplication X x X 5 X that
is is associative and commutative up to coherent homotopy.

Thus, for points x,y € X, there are paths o, ,:x +y ~ y + X,

homotopies Hy ,:0x , * 0y x ~ consty,,, a homotopy of homotopies

Ox,y

Oy,x
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BProj(R) is an example of an E.,-monoid.

An E..-monoid is a space X with a multiplication X x X 5 X that
is is associative and commutative up to coherent homotopy.

Thus, for points x,y € X, there are paths o, ,:x +y ~ y + X,

homotopies Hy ,:0x , * 0y x ~ consty,,, a homotopy of homotopies

Ox,y
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Higher algebra

BProj(R) is an example of an E.,-monoid.
Definition

An E.,-monoid is a space X with a multiplication X x X 5 X that
is is associative and commutative up to coherent homotopy.

Thus, for points x,y € X, there are paths o ,:x +y ~ y + X,
homotopies Hy ,:0x,, * 0y x ~ consty,,, a homotopy of homotopies

IR T

Mike Boardman Rainer Vogt Graeme Segal Jacob Lurie
[m] = = =




K(R) = (BProj(R))® (group completion in E.-monoids)
Ki(R) = mi(K(R))
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K(R) = (BProj(R))® (group completion in E.-monoids)
Ki(R) = mi(K(R))

» Example: Ko(Fq) 2 Z, Kai1(Fq) 2 Z/(q"' - 1) and K;(F,) =0
otherwise (Quillen, 1970)
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The K-theory space and higher K-groups

Definition (Quillen—Segal, ~1970)

K(R) = (BProj(R))& (group completion in Es-monoids)
Ki(R) = mi(K(R))

» Example: Ko(Fy) 27, Kai-1(Fq) 2 Z/(q' - 1) and K;(F4) =0
otherwise (Quillen, 1970)

» "Proj(F1)" = e DYy e DYy e DYy e D33 ..
"K(F1)" = (BProj(F1))8P =: S has as homotopy groups the
stable homotopy groups of spheres



The K-theory space and higher K-groups

Definition (Quillen—Segal, ~1970)

K(R) = (BProj(R))& (group completion in Es-monoids)
Ki(R) = mi(K(R))

» Example: Ko(Fy) 27, Kai-1(Fq) 2 Z/(q' - 1) and K;(F4) =0
otherwise (Quillen, 1970)

» "Proj(F1)" = e DYy e DYy e DYy e D33 ..
"K(F1)" = (BProj(F1))8P =: S has as homotopy groups the
stable homotopy groups of spheres

» S plays in Es-groups the same role as Z in abelian groups;
often called the sphere spectrum



Going higher algebra all the way

Definition

An A-ring is an E.-group together with a
multiplication map that is associative up to
coherent homotopy.

In an E-ring, this multiplication is also
commutative up to coherent homotopy.

Friedhelm
Waldhausen



Going higher algebra all the way

Definition

An A-ring is an E.-group together with a
multiplication map that is associative up to
coherent homotopy.

In an E-ring, this multiplication is also
commutative up to coherent homotopy.

» Associative rings and differential graded
algebras define examples of As.-rings and, if
they are commutative, of E.-rings.

Friedhelm
Waldhausen



Going higher algebra all the way
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Going higher algebra all the way

Definition

An A-ring is an E.-group together with a
multiplication map that is associative up to
coherent homotopy.

In an E-ring, this multiplication is also
commutative up to coherent homotopy.

Peter May
L

» Associative rings and differential graded
algebras define examples of As.-rings and, if
they are commutative, of E.-rings.

» One defines K(R) for an Ee-ring R
essentially as for a discrete ring R.
» Waldhausen: K(S[Q2M]) for a manifold M

highly significant for geometric topology of
M

Friedhelm
Waldhausen
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» Ko:Rings — Abelian groups

» Higher K-theory requires higher algebra: define

K: Aco-rings — Eoo-groups and K;(R) = m;K(R)
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» Ko:Rings — Abelian groups

» Higher K-theory requires higher algebra: define
K: Aco-rings — Eoo-groups and K;(R) = m;K(R).

» Higher algebra instrumental in many advances in higher
algebra of the last decades (growing field in the Netherlands).

u}
8]
1
n
it

DA



Summary

v

Ko: Rings — Abelian groups

v

Higher K-theory requires higher algebra: define

K: Aso-rings —> Eoo-groups and K;(R) = miK(R).

Higher algebra instrumental in many advances in higher
algebra of the last decades (growing field in the Netherlands).
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K-theory only completely computable in a few examples like
Fq



Summary

» Ko:Rings — Abelian groups

» Higher K-theory requires higher algebra: define
K: Aso-rings — Eoo-groups and K;(R) = m;K(R).

» Higher algebra instrumental in many advances in higher
algebra of the last decades (growing field in the Netherlands).

» K-theory only completely computable in a few examples like
Fq

» Need approximations with more convenient properties.
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» Borel (1974) computed Ki(Of) ® Q for the ring of integers in
a number field, e.g.

ifi=0,5,9,13,...
else

0

Ki(Z)®Q= {Q
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Rational K-theory

» Borel (1974) computed Ki(Of) ® Q for the ring of integers in
a number field, e.g.

Q ifi=0,59,13,...
0 else

Ki(Z) ®@={

» Waldhausen (1978) showed: if R — S is a rational equivalence
of Aw-rings and mgR — mS is an isomorphism, then
Ki(R)® Q= K;(S) ® Q. (Similarly for ()[;] instead of ®Q.)



Rational K-theory

» Borel (1974) computed Ki(Of) ® Q for the ring of integers in
a number field, e.g.

Q ifi=0,59,13,...
0 else

Ki(Z) ®@={

» Waldhausen (1978) showed: if R — S is a rational equivalence
of Aw-rings and mgR — mS is an isomorphism, then
Ki(R)® Q= K;(S) ® Q. (Similarly for ()[;] instead of ®Q.)
» Example: S — Z is a rational equivalence inducing an
isomorphism on mg. Thus,

Q ifi=0,5,9,13,...

0 else

K,(S) ®@={



0 (2)

P 3)  (5)

(p)

generic point (0)

The prime ideals of Z

Abelian group A ~ {Ratlonallzatlon Aoy =A®Q

p-completions Zp
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°(2) °(3) ° (5) o (p)

0(2,3) ®(3,3) e (5,3) o (p,2)
g(z,z) 3(3,2) §(5 2) g(p,3)
§(2,1) §(3,1) E(S 1) (p,5)

generic point (0)
"Prime ideals” of S

Es-group A ~ Localizations/completions A\(p,,,) = Lr(mA

By convention, L1()A = A[%].
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The purity theorem

The following generalizes Waldhausen's theorem (n = 0):

K(A)[%] only depends on A[%].

Theorem (Purity theorem, Land—Mathew—M.—Tamme, CMNN)

For an Ax-ring R, the localization LT(,,)K(R) only depends on
LT(n)R and LT(n—l)R'




» These completions can be very destructive: if A is a discrete
Ec-group, then Ly(,)A=0 forall n>1.
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» These completions can be very destructive: if A is a discrete
Ec-group, then L+, A=0 for all n>1.

» They can be very good approximations: The L1(,S
(theoretically) know collectively everything about S.
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Context: How well do the L7, approximate?

» These completions can be very destructive: if A is a discrete
Ec-group, then Ly ,)A=0 for all n>1.

» They can be very good approximations: The Ly ,)S
(theoretically) know collectively everything about S.

» K-theory is a middle ground:

Theorem (Thomason '80, Voevodsky, Clausen—Mathew '19)

Let R be a decent commutative ring with ,l) €eR. Up to
p-completion, wiL11)K(R) agrees with étale K-theory of R and

also with usual K;(R) if i > 0. (E.g. for i >0 for R = Z[%])



Context: How well do the L7, approximate?

» These completions can be very destructive: if A is a discrete
Ec-group, then Ly ,)A=0 for all n>1.

» They can be very good approximations: The Ly ,)S
(theoretically) know collectively everything about S.

» K-theory is a middle ground:

Theorem (Thomason '80, Voevodsky, Clausen—Mathew '19)

Let R be a decent commutative ring with ,l) €eR. Up to
p-completion, wiL11)K(R) agrees with étale K-theory of R and
also with usual K;(R) if i > 0. (E.g. for i >0 for R = Z[%])
» L1(,K(~) enjoys many nice properties, in particular étale
descent. (Thomason, Clausen—Mathew—Naumann—Noel,
Land—Mathew—M.-Tamme)



» K-theory transforms characteristic p into
characteristic 0: Ko(Fp) = Z.
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» K-theory transforms characteristic p into
characteristic 0: Ko(Fp) = Z.

> If R is a commutative ring with Lr(o)R = R[] #0,
then L71)K(R) # 0 (though L7(1)R =0).
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Redshift

» K-theory transforms characteristic p into
characteristic 0: Ko(Fp) = Z.

» If R is a commutative ring with L1q)R = R[%] #0,
then LT(]_)K(R) +0 (thOUgh LT(]_)R = 0)

Conjecture (A la Rognes, early 2000s)

If R is an E-ring or nice Ax-ring, then

LT(n+1)K(R) #0<=0 IffLT(n)R +#0.

Slogan: K-theory shifts height by one (Redshift)




Redshift

» K-theory transforms characteristic p into
characteristic 0: Ko(Fp) = Z.

» If R is a commutative ring with L1q)R = R[%] #0,
then LT(]_)K(R) +0 (thOLIgh LT(]_)R = 0)

Conjecture (A la Rognes, early 2000s)

If R is an E-ring or nice Ax-ring, then

LT(n+1)K(R) +0<=0 IffLT(,,)R +0.

Slogan: K-theory shifts height by one (Redshift)

Theorem (Burklund, Clausen, Hahn, Land, Mathew, M.,
Naumann, Noel, Schlank, Tamme, Wilson, Yuan, 2020-22)

This is true.



L1(n) agrees with another, more computable construction.
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The telescope conjecture

Conjecture (Ravenel, 1984)

L1(n) agrees with another, more computable construction.

Theorem (Burklund—Hahn—Levy—Schlank, 2023)

This is not true for n > 2. First counterexample: K(Lt(1)S).

» Has changed our global understanding of algebraic topology.

» Was used to show that homotopy groups of spheres grow fast.




CNumber Theory K-Theory

(O S <=

«E>»

Q>



CNumber TheorY}—@eOry

CHigher Algebra)

(O @ <=>

«E>»

Q>



[Number TheorY}—@eOry

Localizations
_—

[Higher Algebra)

(O @ <=>

«E>»



[Number Theory}—@%ry

Pu rlty Theorem

_—

[Higher Algebra)

Localizations

(O @ <=>

«E>»



Redshift
[N umber TheoFY}—@h

_—

Pu rlty Theorem

_—

[Higher Algebra)

Localizations

(O @ <=>

«E>»

o>



Redshift
[N umber TheoFY}—@h
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Pu rlty Theorem

_—

[Higher Algebra]

Localizations

Thank y0u!
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