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Real K-theory

@ Real K-theory KR is a Co-spectrum invented by Atiyah. Its
underlying spectrum is complex K-theory KU and its C»-fixed
points are KO.

@ To a Co-spectrum X, we can associate its RO(C,)-graded
homotopy groups ﬂffX.

@ By Real Bott periodity, wffKR is p-periodic for p = pc, the regular
representation and we denote the periodicity class by v 7rp02 KR.

@ Other important class: a: S° — S (for o sign representation)
defines element a wfﬁ,KR

@ Will consider also the connective cover kR of KR with underlying
spectrum ku and fixed points ko.
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Tate square

One of the most important tools in Co-equivariant homotopy is the Tate
square. Let X be a C,-spectrum and set

o X" = X(EC2)+) We have: (X")% = XN (homotopy fixed points)
@ X® = X[a~"]. We have: (X®)% = X®C: (geometric fixed points)
@ X! = X"[a~]. We have (X!)® = X2 (Tate construction)

kR KR®

We have a cartesian square:

KRN —— KR!
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Real K-theory
7 2KR = KO

[.]
|
E‘]
|
[

O=2%, e=2/2, Q=2Z
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Real K-theory
7r,-02 KR = m;KO

Co 2
Tilio KR =1
j
i
H © & @ i

O=2, =27/2, O=2Z
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Real K-theory

7r,.02 KR = 7;KO, Vv = v; is invertible on KR, thus KR is p-periodic

Co 2
Tilio KR =1
j
i
H © & @ i

O=2, =27/2, O=2Z
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Real K-theory
7r,.02 KR = 7;KO, Vv = v; is invertible on KR, thus KR is p-periodic

C
o +2 o KR ="
J
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24 rJ 24 rJ
2 rJ 24 rJ
2 rJ 24 rJ
l-_I rJ r_I rj r_, [
rJ 24 rJ 24
rJ 24 rJ 24
rJ A rJ A
@ 1 <, A

O=2 e=2/2, (Q=2Z
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Real K-theory

7r,.02 KR = 7;KO, Vv = v; is invertible on KR, thus KR is p-periodic

Co _
7r,-+jaKR =7

O=2, =27/2, O=2Z
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Real K-theory

7r,.02 KR = 7;KO, Vv = v; is invertible on KR, thus KR is p-periodic

Co _
7r,-+jaKR =7

D:Za .:Z/za O:Z*
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Real K-theory

72KR = KO, V=V isinvertible on KR, thus KR is p-periodic
7C KR =7

OINIGIS

7% (X)

IN

7.2 z*

O=2, «=2/2, O=2
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Real K-theory

7r,.02 KR = 7;KO, Vv = v; is invertible on KR, thus KR is p-periodic

Co _
7r,-+jaKR =7

_ _ _ %
O=2, e=2/2, O=L
((C2/e)-part only partially displayed)
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Real K-theory

7r,.02 KR = 7;KO, Vv = v; is invertible on KR, thus KR is p-periodic

Co _
7r,-+jaKR =7

1y,

4V

D

ot

-
u

_ _ _ %
U=2, °e=17/2, O=z
((C2/e)-part only partially displayed)
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Real K-theory

T2 KR = @y BBper - UPK, where
BBper = ZIVE', a]/(2a,va®) @ Z[vE'] - {2u}

i

%

O=2 e=2/2, Q=
((Co/ e)-part only partially displayed)
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Connective Real K-theory

o TZKR = @y, BBper - U?" with

BBper = Z[V*', 8]/ (2a,va®) @ Z[v*'] - {2u}
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Connective Real K-theory

o TZKR = @y, BBper - U?" with

BBper = Z[V*', 8]/ (2a,va®) @ Z[v*'] - {2u}

@ By definition, 72kR = 7 2KR for i > 0 and 0 else,

but what about 7%, KR?
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Connective Real K-theory
o TZKR = @y, BBper - U?" with
BBper = Z[V*', 8]/ (2a,va®) @ Z[v*'] - {2u}

@ By definition, 72kR = 7 2KR for i > 0 and 0 else,

but what about 7%, KR?

o Easy to see: n?kR" = @, BB - u?" with

BB = 7[v, a]/(2a,va®) & Z[V] - {2u}
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A picture of BB
We have 72kR" = @, BB - u?" with

BB = 7Z[v, d]/(2a,va®) @ Z[v] - {2u}.
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The Tate square

kKR

KR®

kKR" — KR!
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The Tate square

KR KR®
KRh —— KR!
c——¢C
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The Tate square

KR KR®
kKR" — KR! @D, BB u?"
c——¢C

BB =Z[v,a]/(2a,va®) & Z[v] - {2u}
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The Tate square

KR KR®
th - th @nez BB - U2n - @nez Z/2[aﬁ:1] : U2n
cC——¢C

BB =Z[v,a]/(2a,va®) & Z[v] - {2u}
BBla '] = z/2[a™"]
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The Tate square

KR KR® Do Z/2[a"] - u?"
KRN —— KR! Pz BB 17" ——— Py Z/2[a"] - uP"
c——¢C

BB =Z[v,a]/(2a,va®) & Z[v] - {2u}
BBla '] = z/2[a™"]

|a| = —0, |u=2-20
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The Tate square

KR KR® @nsoZ/2[a*"] - u?"
th - th @nez BB - U2n - @nez Z/2[aﬁ:1] : U2n
c——¢C Do Z/2[a] - 12" — B, Z/2[a*"] - u?"

BB =Z[v,a]/(2a,va®) & Z[v] - {2u}
BBla '] = z/2[a™"]

|a| = —0, |u=2-20
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The Tate square

®n<0 NB - u*" ®

) . +=171. 4,20

KR kR @nzo BB . u2n @HZO Z/2[a ] u
th - th @nez BB - U2n - @nez Z/2[aﬁ:1] : U2n
c——¢C B0 Z/2[a] - 1" — Bpo Z/2[a] - uP"

BB =Z[v,a]/(2a,va®) & Z[v] - {2u}
BBla '] = z/2[a™"]

|a| = —0, |u=2-20
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Picture of NB

Yy 'BB - v '2/2[a*'] - NB — BB — Z/2[a*"]

Lennart Meier (Bonn) Real spectra and their duals May 3, 2017 8/15



Picture of NB

Yy 'BB - v '2/2[a*'] - NB — BB — Z/2[a*"]
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Symmetry

7. KO
S, Eo—o O E]o—o O &
12 8 4 0 4 8
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Symmetry

O
[0
O

o o J oo O O
—12 -8 —4 | 0 4 8
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Symmetry

o0 =
—12 -8 —4 | 0 4 8
-2
O<+— O o o[—1]

0— Eth(ﬂ'(_g_*)_1 l‘(()7 Z) — 7T,2+*KO — Homz(Tr,Q,*KO, Z) —0
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Symmetry

7. KO
N
S He—o—0O o0 =
—12 -8 —4 0 4 8
-2
O<+— O o o[—1]

0— Eth(ﬂ'(_g_*)_1 l‘(()7 Z) — 7T,2+*KO — Homz(Tr,Q,*KO, Z) —0

0 — Extz(n_,_1KO,Z) — 1,X*KO — Homy(n_,KO,Z) — 0
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Anderson duality

@ For every spectrum E one can define its Anderson dual ZE with
the following property:

0 — Exty(r_,_1E,Z) - n.ZF — Homy(r_.E,Z) — 0.
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Anderson duality

@ For every spectrum E one can define its Anderson dual ZE with
the following property:

0 — Exty(r_,_1E,Z) - n.ZF — Homy(r_.E,Z) — 0.

@ The previous slide is explained by ZX° ~ ¥4KO. (Anderson)

Lennart Meier (Bonn) Real spectra and their duals May 3, 2017 10/15



Anderson duality

@ For every spectrum E one can define its Anderson dual ZE with
the following property:

0 — Exty(r_,_1E,Z) - n.ZF — Homy(r_.E,Z) — 0.

@ The previous slide is explained by ZX° ~ ¥4KO. (Anderson)

@ In general, ZF-cohomology and E-homology are related by a
universal coefficient sequence. For example:

0 — Extz(KOn_1(X), Z) — KO™*(X) — Homz(KOn(X), Z) — 0.
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Anderson duality

@ For every spectrum E one can define its Anderson dual ZE with
the following property:

0 — Exty(r_,_1E,Z) - n.ZF — Homy(r_.E,Z) — 0.

@ The previous slide is explained by ZX° ~ ¥4KO. (Anderson)

@ In general, ZF-cohomology and E-homology are related by a
universal coefficient sequence. For example:

0 — Extz(KOn_1(X), Z) — KO™*(X) — Homz(KOn(X), Z) — 0.

@ Get usual universal coefficient sequence by Z"Z ~ HZ.
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Equivariant Anderson duality

@ For a Cs-spectrum E one can define its equivariant Anderson dual
ZF with the following property:

0 — Extz(z%,_E,Z) — nQZF — Homy(z%, E, Z) — 0.
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Equivariant Anderson duality

@ For a Cs-spectrum E one can define its equivariant Anderson dual
ZF with the following property:

0 — Extz(z%,_E,Z) — nQZF — Homy(z%, E, Z) — 0.

@ Basic, but crucial example: Z"Z ~ Hz*
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Equivariant Anderson duality

@ For a Cs-spectrum E one can define its equivariant Anderson dual
ZF with the following property:

0 — Extz(z%,_E,Z) — nQZF — Homy(z%, E, Z) — 0.

@ Basic, but crucial example: Z"Z ~ HZ* ~ Y227 Hg,

Lennart Meier (Bonn) Real spectra and their duals May 3, 2017 11/15



Equivariant Anderson duality

@ For a Cs-spectrum E one can define its equivariant Anderson dual
ZF with the following property:

0 — Extz(z%,_E,Z) — nQZF — Homy(z%, E, Z) — 0.

@ Basic, but crucial example: ZMZ ~ HZ* ~ Y2 20H7 ~ Y42/ H7,
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Equivariant Anderson duality

@ For a Cs-spectrum E one can define its equivariant Anderson dual
ZF with the following property:

0 — Extz(z%,_E,Z) — nQZF — Homy(z%, E, Z) — 0.

@ Basic, but crucial example: ZMZ ~ HZ* ~ Y2 20H7 ~ Y42/ H7,
@ What about ZK® and Z¥&?
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Anderson duality for KR
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Anderson duality for KR
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Anderson duality for KR

7KR ~ TAKR
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Anderson duality for KR

7ZKR ~ TAKR ~ Y4 2P KR
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Anderson duality for KR

7ZKR ~ TAKR ~ Y4 2P KR

(Heard, Stojanoska)
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Anderson duality for ko

KO

o[
&0
o [1]
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Anderson duality for ko

Hee—0O = m.ko
—12 -8 -4 0 4 8
Hee O Hee O m 2O
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Anderson duality for ko

He o 0O = T+KO
—-12 -8 —4 0 4 8
Hee O Hee O m 2O
O He o 0O 7« cof(ko — KO)
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Anderson duality for ko

Heo—0O H KO
12 -8 —4 0 4 8
Hee O Hee O m 2O
O He o 0O 7« cof(ko — KO)

7% ~ 54 cof(ko — KO)

(Greenlees—Stojanoska, Greenlees—M.)
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Anderson duality for ko

o O t 7T*k0
12 -8 —4 0 4 8
Bee—0O Bee—0O kO
O He o 0O 7« cof(ko — KO)

7% ~ 54 cof(ko — KO) ~ ¥°fib(ko — KO)

(Greenlees—Stojanoska, Greenlees—M.)
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Anderson duality for kKR — Preliminaries
Want to compute ~ fib(kR — KR) = fibo(kR — kR[V"']) =: [/KR.
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Anderson duality for KR — Preliminaries
Want to compute ~ fib(kR — KR) = fib(kR — kR[V"']) =: [ykR.
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Anderson duality for KR — Preliminaries
Want to compute ~ fib(kR — KR) = fib(kR — kR[V"']) =: [ykR.
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Anderson duality for KR — Preliminaries
Want to compute ~ fib(kR — KR) = fib(kR — kR[V"']) =: [ykR.

S 'NB — £ 'NB[v'] = TyNB — NB — NB[v" '] "' BB,
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Anderson duality for KR — Preliminaries
Want to compute ~ fib(kR — KR) = fibo(kR — kR[V"']) =: [/KR.

S 'NB — £ 'NB[v'] = TyNB — NB — NB[v" '] "' BB,
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Anderson duality for KR — Preliminaries
Want to compute ~ fib(kR — KR) = fibo(kR — kR[V"']) =: [/KR.

S 'NB — £ 'NB[v'] = TyNB — NB — NB[v" '] "' BB,
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The duality picture
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The duality picture
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The duality picture

(Greenlees—M.)
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The duality picture

E
&

N

3
44
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i

ZKR ~ T4 KR ~ Y2720+ VIHIT kR (Greenlees—M.)

10
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