RELATIVELY FREE TMF-MODULES

LENNART MEIER

ABSTRACT. This paper is devoted to the study of T'M F-modules or, equivalently, to quasi-
coherent sheaves on the derived stack (M, otor ). Every TM F-module can be resolved
by relatively free ones, i.e. those that correspond to vector bundles on (M., O*?). Every
relatively free "M F\;y-module for [ > 3 is already free and therefore we concentrate on the
situation at the prime 3. Here, we obtain a partial classification of relative free T'M F{s)-
modules as so-called hook modules.
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1. INTRODUCTION

The spectrum T'MF' of topological modular forms was constructed by Goerss, Hopkins
and Miller. As it is an F-ring spectrum, we can consider its co-category of modules. We
might be interested in its general structure or in specific examples of T'M F-modules. Both
will be the topic of the present article.

Denote by M,y the moduli stack of elliptic curves. The spectrum T'MF' arises as the
global sections of a sheaf of E,-ring spectra O on M,y;. We denote the co-category of
quasi-coherent sheaves on the resulting derived stack (Mg, OP) by QCoh(M.y, OP). By
IMMTI5], the global sections functor

I': QCoh(M,y, O'P) — TMF -mod

is an equivalence of oco-categories. Omne of the advantages of the left-hand side is that
the algebraic geometry of M,y is much better behaved than the commutative algebra of
m.TMF. In particular, we can consider locally free O'P-modules (i.e. derived vector bundles
on My — these are exactly those O%P-modules F such that m;F is a (classical) vector
bundle on M,y; for every i. We call the T'M F-modules whose corresponding quasi-coherent
OtP_module Fys is locally free relatively free T M F-modules. The name is inspired by the
following fact: If we localize, say, at p = 3, then a T M F-module M is relatively free iff
M Ay TM Fy(2) is a free TM Fy(2)-module.

We will prove that every T'M F-module has a 2-step resolution by relatively free T'M F-
modules. Thus, if we want to compute, say, the algebraic K-theory Ko(TMF), we can
concentrate on the relatively free T'M F-modules. Another reason to care about relatively
free T'M F-modules is the abundance of examples. All variants of T"M F' with level structure,
TMF(n), TMFy(n) and TMFy(n), are relatively free TM F[2]-modules. Furthermore, the
G-fixed points TMFC of Lurie’s G-equivariant TMF are relatively free for G an abelian
compact Lie group (and possibly also for non-abelian ones). These are the reasons we will
concentrate on the relatively free T'M F-modules in the present work.

Besides the structural examples above, there are also more constructive and inductive
ways to build relatively free T'M F-modules. For example, suppose that M is a relatively
free T M F-module of rank n (in the sense that its corresponding derived vector bundle has
rank n). Let « € m; M be a torsion element. Then the cofiber M’ in the cofiber sequence

SFTMF S M — M

is relatively free of rank n + 1. We call this coning off a torsion element. Modules that are
built from T M F' via iteratively coning off torsion elements are called standard modules. For
a standard module M, the vector bundles 7;F; have the property that they are iterated
extensions of line bundles. We call such vector bundles standard as well. Presently it is not
known whether all vector bundles on M,;; are standard.

Another way to get a new relatively free module from a given relatively free T'M F-module
M of rank n is to kill a generator. This means to take a non-torsion element x € mp M such
that the cofiber M’ in the cofiber sequence

SETMF - M — M

is relatively free again, necessarily of rank n — 1.

The first question we pose is whether we can obtain every relatively free T'M F-module via
these two procedures from T'M F' itself. It is often wise to consider first the corresponding
question for real K-theory KO. Here, we call a KO-module M relatively free if M Ao KU
is a free KU-module of finite rank. Then we have the following theorem:
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Theorem 1.1. Every relatively free KO-module can be obtained from a suspension of KO
by coning off torsion elements. Consequently, every relatively free KO-module is a sum of
suspensions of KO, KO A Cone(n) ~ KU and KO A Cone(n?) ~ KT.

This result is implicitly contained in [Bou90], but we will reprove in Section [2| using
different techniques. For the corresponding question for TM F', we will always invert 2. In
this case, the answer is that the only obstruction is algebraic.

Theorem 1.2. Let M be a relatively free TMF[%]—module such that m;Fp is a standard
vector bundle for all i € Z. Then we can obtain M from a suspension of TMF[%] by coning
off torsion elements and killing generators. If M has rank n, then we have to cone off at

most 2n—4 torsion elements and kill at most n—3 generators to obtain M from a suspension
of TMF.

More precise statements can be found in Section [5.2] At least in the case that m;Fys are
standard, this allows in principle to classify relatively free TMF [%]—modules up to given
rank. This is feasible at least up to rank 3, but in contrast to the KO-case the situation
becomes quickly quite complicated. Presently, it is unknown whether there are finitely or
infinitely many indecomposable relatively free T'M F-modules, but our examples (see e.g.
Section strongly suggest that there infinitely many.

If X is a finite complex with cells only in even dimensions, X ATMF is evidently a
standard relatively free TM F-module. In the case of X = CP", we will prove the following
theorem:

Theorem 1.3. The TMF]
TMF A Cone(v) and T'M Fy

=

|-module TMF NCP" decomposes into suspensions of TMF,
2).

A more precise statement can be found in Section [7.2] It allows easily to deduce the
following:

Corollary 1.4. A TMF[3]-algebra R is complex oriented if v = 0 in m3R.

N

A further result of interest may be the following spectral sequence result:

Theorem 1.5. For a T M F-module M, the MU -based Adams—Novikov spectral sequence is
isomorphic to the descent spectral sequence for the sheaf of spectra Far on M.

This generalizes to every O-affine derived stack (in the sense of [MMI5]) instead of
(M, OFP).

We give an overview over the structure of this article. Section[2]will prove the classification
of relatively free KO-modules and deduce the value of the algebraic K-theory Ky(KO).
Section [3]discusses the moduli stack of elliptic curves (with level structure) on vector bundles
on it. Section [4 containes various topological preliminaries: We discuss what TMF is,
how to build the descent spectral sequence and compare it to the Adams—Novikov spectral
sequence and then we talk about T'M F with level structures and other T'M F-modules. We
will introduce and study the notion of relatively free T'M F-modules in [5| In particular, we
will discuss how to build relatively free T'M F-modules via coning off torsion elements and
killing generators and introduce the notions of standard and hook-standard modules. We
will then present our main results and do some preliminary reductions and low-rank cases.
Section [6] contains the proof of the main technical result. In the last section [7] we give
several examples, in particular discusses equivariant TM F and TM F A CP*°. The table of
m ITMF, m.TMF, and other low-rank examples might be helpful.
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2. WARM-UP: THE CASE OF K-THEORY

Denote by KO real K-theory and by KU complex K-theory. Define a K O-module M to
be relatively free if Mgy = M Ago KU is a free KU-module of finite rank. It is easy to
see that every finite KO-module N has a length-1 resolution by relatively free ones in the
sense that there is a cofiber sequence

P1—>P0—>N

of KO-modules with Py and P relatively free. The aim of this section is to classify relatively
free modules K O-modules. More precisely, we will prove the following theorem:

Theorem 2.1. Fvery relatively free KO-module is a direct sum of shifts of KO, KU and
KT.

Here, KT denotes K-theory with self-conjugation. While it has also a geometric inter-
pretation, for our purposes, we can define it as the KO-module KO A C(n?) for n the Hopf
map and C' the cone. The theorem is essentially equivalent to the finite rank case of [Bou90),
Theorem 3.2]. Although not new, we will present a proof anyhow since our proof is different
from Bousfield’s and hopefully provides a helpful warm-up for the much more subtle case
of TMF'. Note the following corollary.

Corollary 2.2. The morphism Z — Ko(KO) given by n — KO™ is an isomorphism.

Proof. We first want to show that Z — Ky(KO) is injective. One way to detect this is the
trace map. There is an F..-maps

K(KO) — THH(KO).

As KO is an Ey-ring spectrum, it splits off THH(KO) and thus 1 is non-torsion in
moT HH(KO) and thus the same is true in moK (K O).
Surjectivity is clear by the last theorem as [X"KO] = (—1)", [KU] =2and [KT]|=0. O

We will both take as input and as inspiration the following well-known algebraic state-
ment:

Proposition 2.3. Every finitely generated Z[Cs]-module whose underlying abelian group is
free is a direct sum of (several copies of ) the trivial representation Z, the sign representation
Z~ and Z[Cy)] itself.

Proof. A proof can be found in many sources, but we give a sketch. Let M be a free Z-
module of finite rank with an automorphism ¢ of order 2. Given a nonzero x € M, then
t(r) = —x or x + t(z) is nonzero and invariant. By dividing = or z + t(x) by a suitable
integer, we obtain a split injection Z= — M or Z — M. By induction we can assume that
the cokernel M’ is of the required form. Then we are reduced to classify all extensions of
M’ and Z or Z', which is easy. O
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Likewise, we will show in the next subsection for a relatively free KO-module M that
there is a map >/KO — M that induces a split injection > KU — Mgy. Then we are
reduced to classify extensions, which will be done in Subsection 2.2]

2.1. The KO-Extension Theorem. Before we state and proof the KO-extension the-
orem, we start with some general observations. We have (geometrically defined) maps
c: KO — KU and r: KU — KO, complexification and realification. The first is a mor-
phism of ring spectra and gives KU the structure of a KO-module. Complex conjugation
induces an involution 7 on KU, which acts as a K O-algebra map. We have cr = id +7 and
rc¢ = 2. Furthermore, we have KU ~ KO by [Rog08, 5.3] with the equivalence induced
by c.

By the theorem of Wood, KU ~ KO ACn (see [Matl3, Thm 3.2] or [Ati66l 3.4] for
proofs). Thus, we have an induced cofiber sequence

SM L M S Mgy 2 $2M.
The aim of this section is to prove the following proposition:

Proposition 2.4. Let M be a nonzero relatively free KO-module. Then there is a map
f: YIKO — M such that the map

(f Ako KU)y: m X KU — 7, Mgy

is split injective (equivalently as map of abelian groups in every degree or as a map of
T KU -modules).

Remark 2.5. Since maps between free modules are determined by their effect on homotopy
groups, fAxo KU: Y KU — Mgy splits for Mgy free iff

(f Ako KU)y: m X KU — 7, Mgy
splits.

Corollary 2.6. Every nonzero relatively free KO-module M can be obtained by iteratively
coning off torsion elements from a suspension of KO. We call such modules standard KO-
modules.

Proof. For a relatively free M, the dual Do M is also relatively free since
HomKO(M, KO) ANKO KU ~ I‘IOHIKU(]\IKU7 KU)

Thus, using the proposition, we can choose an f: Y KO — DgoM splitting off a direct
summand after smashing with KU and call the Spanier—Whitehead dual of the cofiber N.
Note that this is relatively free of one rank less than M.

After dualizing f, we get a cofiber sequence X7 1KO % N — M — S 9KO. As
Mgy — Y77KU has a section, gxy: Y7 VKU — Ngy is zero. Therefore, the corre-
sponding element x = g(1) € 7_;_1 N satisfies c,(x) = 0. Hence, z is in the image of 1 and
therefore torsion.

All in all, we get that we can obtain M from a relatively free module of smaller rank
by coning off a torsion element. Now, we can assume inductively that every relatively free
module of smaller rank than M (e.g., N) is standard and get that M is standard. Note that
we use as an induction start that Mxy = 0 implies M = 0. Indeed, Mgy = 0 implies that
n: XM — M is an isomorphism of K O-modules, but n? = 0. ]
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Let now M be a KO-module. Then by [Mat13, Corollary 3.5], we have (M) 2 ~ M.
The homotopy fixed point spectral sequence

Eg*(M) = H*(CQ,W*MKU) = TI'*M,

for th(%? is a module spectral sequence over the homotopy fixed points spectral sequence
for KUMC2,

Lemma 2.7. Let M be a relatively free KO-module. Let x € m,M be a torsion element.
Then x = n*y for some k € {1,2} and some y € m.M with c.(y) an indivisible element in
m«Mgy. Here y is called indivisible if | -y’ =y for | € Z implies | = +1.

Proof. Let x € m. M be a torsion element. Every torsion element is divisible by n since its
image in 7, Mgy is torsion, hence zero. Therefore, we can write = n*y, for y non-torsion
and k € {1,2} maximal (since 7 = 0). We claim that y is detected by a nonzero element %
in the 0-line of the homotopy fixed point spectral sequence. Indeed, 3 can be identified with
¢ (y) and ¢, (y) = 0 would imply that y is in the image of 7. Asssume first (for contradiction)
that y € QHO(CQ; W*MKU).

Denote by KU[C5] the direct sum KU @& KU with Ch-action both acting on KU and

—_—~—

interchanging the factors. As KU Axo KU ~ KU|[C5] by [Rog08| Prop 5.3.1], we see

P —~— N
(Mkv)kvu ~ Mgy Axu KU[Cs] ~ KU[Cy] .
Thus, the homotopy fixed point spectral sequence for (M KU)I}(CU2 is concentrated in the zero
line, where it equals m, Mgy, The map r: Mgy — M induces a map of spectral sequences,
which induces in the 0-line the map

m Mgy — H°(Co;mMgy) C mMgy

given by & —  + 7z (since cr = 1 + 7). Clearly, 2H°(Cy; m Mgy ) is in the image. Thus,

there is a ¢y’ € im(r,) C m.M such that y — ¢/ is of filtration at least 1 and 1y’ = 0. Hence,

n*(y —y') = x and y — 3/ is torsion, which is a contradiction to the maximality of k.
Therefore, y projects non-trivially to H(Cs, m. Mx7)/2. The edge morphism

M — HO(C2,7T*MKU) C W*MKU

converges to ¢,. Thus, c¢,(y) is not divisible by 2. Thus, it must be of the form c.(y) = iz
for an odd number / and an indecomposable element z € (m, Mg1)¢2. Set § =y — I_Tlr*(z)
Then ¢, () = z and 7*§ = nFy = z. O

Proof of proposition: Let M be a nonzero relatively free KO-module. Consider the mor-
phisms ¢: M = M;l(%? — Mgy. It is enough to find an indivisible element e € w, Mgy
which is in the image of ¢, (since every indivisible element in a free abelian group generates
a direct summand). By the last lemma, we just have to show that 7, M contains torsion.
Assume .M has no torsion. As kp.(x) = p«(kz) = 0 implies ps(z) = 0 for z € Mgy,
we see that kx in the image of ¢, iff x is. If the image of ¢, contains no indivisible element,
¢« must be zero. On the other hand, the image of n in 7, M is also zero as m,M is torsion
free. Thus, m.M = 0, which is a contradiction. [l
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2.2. Classification of KO-Standard Modules. Our goal in this section is the classifica-
tion of relatively free K O-modules, recovering [Bou90, Theorem 3.2] in the finite rank case.

We will need the computation of the homotopy groups of K'T', which is easily deduced from
the equivalence KT ~ KO A C(n?):

7/2 fori=1 mod4
KT =7 fori=0,3 mod 4

0 else

Theorem 2.8. Fvery relatively free KO-module is a direct sum of shifts of KO, KU and
KT.

Proof. Assume for induction that all standard modules of rank < n are a direct sum of
shifts of KO, KU and KT. Here, the rank of a relatively free module M is defined to be
the rank of 7, Mgy as a m, KU-module.

By Corollary after a shift every relatively free module F' of rank n > 0 sits in an
exact triangle of the form KO — F — F withrtk £ =n —1 and KO — FE corresponding to
a torsion-element = € m,FE. We can assume z to be non-zero. Denote by ¢: E — Egy the
map induced by KO — KU. Every torsion element in 7, E is divisible by 1 (as its image
under ¢, is zero) and we choose a y € 7, E with ny = . Then we have by the octahedral
axiom a diagram of the form

KO—“y1KO—>>1KU

KO —=% E F
G - G Gku
é & Sk
KO KU

where the two columns and the upper two rows are triangles. Assume first that x is not
divisible by n?. By Lemma we can choose y in a way such that ¢(y) is an indivisible

vector in m Egy =2 Z" L. Therefore, the map ¥ 'KU % Exy has a section and Ggy

a direct summand of Fxp of rank n — 2 (and therefore a direct sum of shifts of KO, KU
and KT by induction). In particular, dxy: Ggy — KU must be zero (since it is zero on
homotopy groups and the source is a free module). Since §': G — KU factors over dxy, it
has also to be zero. Therefore, F = G ® X~ 'KU.

If z is divisible by 12, we can assume E = @ X ~2K O since only in these summands there
is a mg-element divisible by 5. Thus, mgF = F’§ and we can lift x € IF’QC to an indivisible
vector 2’ in ZF. We can choose a matrix A € GLi(Z) with 2’ as first column. Its inverse
defines an automorphism of E sending x to (n?,0,...,0). After this change of basis, it is
immediate that F = S 2KT & X 2KO. O

3. ALGEBRAIC PRELIMINARIES

3.1. The moduli stack of elliptic curves with level structure. There are several
variations of moduli stacks of elliptic curve M = My, based on the notion of a level



8 LENNART MEIER

structure. We will give the definition and a few simple properties and investigate then the
moduli stacks of elliptic curves with level-2-structure in detail.

An elliptic curve F over S is, in particular, an abelian group scheme over S and we can
consider for a given n the finite sub group scheme E[n| of n-torsion points.

Definition 3.1. Let E/S be an elliptic curve with n invertible on S. A level-n-structure
is an isomorphism S x (Z/n)? — E[n]. The moduli stack of elliptic curves with level-n-
structure is denoted by M (n).

A T'y(n)-structure is an injection S x Z/n — E[n]. We denote the moduli stack of elliptic
curves w ith I'; (n)-structure by Mj(n). For n = 2, the notion of a I';(2)-structure coincides
with that of a I'g(2)-structure; for this reason, we will use mostly the notation My(2) for

Mi(2).

We have maps M(n) - M and f: Mj(n) - M, which are étale and surjective if we
invert n. The surjectivity can be seen by the well-known fact that over an algebraically
closed field of characteristic not dividing n, the n-torsion of an elliptic curve is isomorphic
to (Z/n)?. We will denote the map M (2) — M|[1] by p and the map Mg(2) — M|[3] by f.

To every elliptic curve w: E — S with identity section s: S — FE, we can associate
the line bundle W*Q}E /8 = S*Q}E /s the direct image of the differentials. This defines a line
bundle w on M. There is an isomorphism

o

Om —w
defined by A € I'(w®!2?). We will often also denote the pullback of w to M(n) or M1 (n) by
w for simplicity of notation.

®12

Notation 3.2. We set for an Opq-module F
HJZ(M,]:) = H'(M; F @ w®)
and
Lj(F) =I(F @ w®.
We will use similar notation for module sheaves on M(2) or M(2) with respect to the
pullback of w.

An alternative interpretation of these groups uses the stack M! of elliptic curves with
chosen invariant differential; we denote the projection M! — M by 7. This stack has a
Gm-action via multiplication on the invariant differential and M!/G,, ~ M. It is easy
to see that M! is the relative Spec of @, , w®" and that the latter sheaf is isomorphic
to mm*Opq with the grading corresponding to the Gj,-action. More generally, we have

We get a similar picture using M!(n) = M! x ¢ M(n) and Mi(n) = M! x g M1(n).

We will now discuss the cases M(2) and M(2) = M;(2) in more detail. Let R be a ring
which contains % Then every elliptic curve can be represented by an equation of the form

(3.3) y? = 423 + box® 4 2byx + b

(in P%). A point of exact order 2 corresponds to a point with y = 0 (see also [Beh06], 1.3.2).
Therefore, a level-2-structure gives a splitting

423 + box? + 204z + bg = 4(x — e1)(z — e2)(z — e3).
By a coordinate change = — x + e3, we get an equivalent form

y? = 4(x — (e1 —e3))(x — (eq — e3))x.
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Set x9 := e; —e3 and yo := e2 — e3. One can see that these two values are determined by the
elliptic curve with level-2-structure and a chosen invariant differential uniquely — therefore,
we get that

1
M1(2) = SpeCZ[i][I'Q, Y2, A_l]
and hence

1
M(2) ~ Spec Z[i][:cg, Yo, A_l}/(@m,

where A is the image of A € H?(M; Ox) under the map H?(M;O) — H2(M(2); Opy(2))
(see [Stol2, Section 7] for more details). The grading is given by |za| = |y2| = 2, i.e.
T2,y2 € HO(M(2);w®?). We will denote the ring Spec Z[3][z2, y2, A™1] by TMF(2), for
reasons that will become apparent later.

By [Beh06l Section 1.3.2], one gets similarly

Mo (2) = SpecZ[%][bg, bi, A1/ /G

with |ba| = 2 and |bs| = 4.
The importance of M(2) for us lies in its concrete algebraic description and the fact that
many question about M[%] can be reduced to M(2) by the following lemma:

Lemma 3.4. The map p: M(2) — M(3] is an S3-Galois covering. Thus, there is an
equivalence between quasi-coherent sheaves on M[%] and Sz-equivariant graded T M F (2)2.-
modules, giving by

F =T (p*F).
For a quasi-coherent sheaf F on ./\/l[%], the adjunction unit F — pp*F induces on graded
global sections Iy the morphism

(D, (p*F))%s — T, (p* F).

Proof. In general, M(n) — M|[1] is a GLy(Z/n)-Galois cover with GLy(Z/n) acting on the
trivialization of the n-torsion (see [DR73) Section 2.3]). We have GLy(Z/2) = S3. The rest
follows by standard fpqc-descent theory. Il

Explicitly, the Ss-action on TMF(2)2, can be described as follows: The Ss-action on
M(2) permutes the eq, e and e3. Thus we get the following formulas for the group action:

(1 2) T2 = Y2, Y2 — T2

(13): wz +— —x9, Yo > Y — T

(23): a2 = T2y, Y2 —Yo
(123): z2 = y2—z2, Y2 —22
(132): z9 +— —yo, Yo > To — Yo

As before, the map p: M(2) — M induces
HY(M; Op1) — HY(M(2); Opyz))

The source is the ring of (integral mereomorphic) modular forms and is multiplicatively
generated by c4,c6 and AT! with the relation 1728A = ¢} — C%. The target is, as indicated
above, isomorphic to Z[3][z2, y2, A7!]. We want to compute the images of ¢4 and cg.
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For an elliptic curve in Weierstrass form there is an associated trivialization of w on
Spec R; thus ¢4 and cg actually define elements in the ring R. The universal formulas for
these are given as follows [Sil09) III.1]:

Cq4 = 63—24194

ce = —b3+ 36baby — 216bg
Given a level-2-structure, we get the following formulas:
by = —4(z2+y2)
by = 2z2y2
bg = 0
Therefore, we get
ey = 16(xg +y)? — 48z0yn = 16(22 + 5 — T2y2)
cs = 64(xo+10)® — 288wayn(za + y2) = 64(z5 + y3) — 96(x3ys + 2oy3)

Here, we denote the images of ¢4 and cg in H2(M(2); O) by the same name. If we reduce
modulo 3, the formulas become much simpler and we have:

cy = (a;2+y2)2 mod 3
6 = (r2+12)® mod3

In general, we have the following formula:
A = —27b2 + (9boby — %bg)bﬁ 8+ ib%bi [SII09, T11.1]
This gives in terms of xo and ys:
A= ibi(bg — 32by) = 23y5(16(22 + y2)? — 6432y2) = 1623y3 (z2 — y2)?

These formulas will be used in some way in Sections [ and [5.4. We will also need the
following lemma:

Lemma 3.5. Let n > 2. Then the cohomology groups H'(M([+L]; b F) vanish for i > 0
for every quasi-coherent sheaf F on My(n) or M(n) and h the projection from M(n) or
Mi(n) to M[L].

Proof. This follows easily from the Leray spectral sequence and the fact that Mj(n) and
M!(n) are representable by affine schemes for n > 2. See [Meil5, Lem 4.7] for details in

the case n = 2 and [HMI7, Lem 4.2] for the general case of M1(n); the case of M!(n) is
similar. d

3.2. Standard vector bundles and their cohomology. Let A be a set of primes. By
localization at A, we mean localization at the multiplicative subset of integers not divisible
by any p for p € A. Now assume that 2 ¢ A. but 3 € A.

As explained in [Meil5l Section 4.1], Bauer computes in [Bau08| that

7/37 ifi=2 mod 12,
0 else,

HY (M a;0%') = {

Z/3Z ifi=6 mod 12,
0 else.

H? (M 4y;0%") = {
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Chosen generators of Hl(./\/l(A);u)@Q) and HQ(M(A);w@)G) are denoted by « and 8. The
algebra H *(/\/l( A);w®*) is for cohomological degree > 0 generated over Z/3 by «, 8 and
A*! with only relation o = 0.

For brevity, we denote the structure sheaf O May by O and all Ext-groups will be in the

category of O-modules. The class o € H' (M 4);w?) = Ext!(w™2, O) classifies an extension
(3.6) 00— Ey—w?—=0.

The following results were stated in [Meil5] only for A = {3}, but the proofs actually
work for all A not containing 2.

Proposition 3.7 ([Meil], Proposition 4.1). We have

Z/3Z ifj=-4 mod 12,

Eth(wjaEa) - {0 l
else,

- 7/37Z if j =—6 d 12
Ext?(w’, E,) = / i o ’
0 else.
Furthermore, left multiplication with 3 defines isomorphisms Ext®(w?, Ey) = Ext™T2(w?, E,).
We denote the element in Ext'(w™*, Ey) corresponding to o under the isomorphism

Ext!(w™, E,) 2 Ext (w2 w? ® E,) = Ext!(w™2,0)
by a.
The class a defines an extension
(3.8) 0= EBy@w! = FEug—0—0
As shown at the end of Section 4.3 of [Meil5|, there is an isomorphism f, f*O = E, 5, where
[ denotes still the map Mo (2)(4) — M 4.

Next, we recall from [Meil5] that sums of the vector bundles we just constructed actually
form a large class of vector bundles on My). By [FO10], every line bundle on M) (even

for 2 € A) is of the form w®. Let us consider the class of vector bundles that can be built
from line bundles by iterative extensions.

Definition 3.9. We define the notion of a standard vector bundle for a set of primes A
(possibly including 2) inductively: Every line bundle on My is called standard. Further-
more, a vector bundle & on M, is called standard if there is an injection £ < & from a
line bundle on M4 such that the cokernel is a standard vector bundle.

Theorem 3.10 ([Meil5]). For2 ¢ A, every standard vector bundle over M, is isomorphic
to a sum of copies of the vector bundles O, Eo or E, g or tensor products of line bundles
with them. If A = {p} for p > 3, then every vector bundle is a sum of line bundles.

Assume again that 3 € A, but 2 ¢ A. Which standard vector bundle we have can
essentially be detected on the supersingular elliptic curve E: y? = 23 — 3 at the prime 3.
The group C5 = (s) acts on E via the automorphism

s x—=ax+1, y—uy.

Evaluating a vector bundle at the classifying map SpecF3/C3 — M4) gives a finite-
dimensional Cjs-representation over F3. Denote the 1-dimensional (trivial) representation

1 1) by Js and the

by Ji, the 2-dimensional representation given by the Jordan block (0 1
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3-dimensional representation by the Jordan block by J3. These are actually all

OO =
O =
— = O

the indecomposable Cs-representations over Cj.

Proposition 3.11 ([Meil5|, Section 4.3). The Cs-representations associated to O, E, and
[« f*O are Ji, Jo and Js. If a standard vector bundle € has associated Cs-representation Js,
then it is of the form fof*O ® w®".

3.3. Adjoints. We will work for the next paragraphs more generally with an arbitrary étale
map p: X — Y since we do not gain by specializing at this point. Let F be quasi-coherent
sheaf on ). The adjunction unit F — p,p*F induces a map

Calg: T(F) = T(pp*F) =T(p*F).

The following lemma is well-known, but I was unable to find a complete and elementary
proof in the literature.

Lemma 3.12. For any étale map p: X — Y of Deligne—Mumford stacks, the functor
p*: Oy -mod — Oy -mod
has a left adjoint p.

Proof. We will begin by describe a left adjoint of p* on the level of presheaves. For F a
presheaf of Oy-modules, a presheaf p»F of Oy-modules is defined as follows: For f: U — Y
an étale map, p? F (U, f) := ®sF (U, s), where the direct sum ranges over all maps s: U — X
such that ps = f. We want to prove that p- is left adjoint to p* at the level of presheaves.
For G a presheaf of Oy-modules, define the counit p?p*G — G on an f: U — ) by the
summing map
B GW.ps) =G,
s lifting of f

(note that ps = f by definition). For F a presheaf of Oy, define the unit 7 — p*p?F on a
t: U — X by the inclusion of the t-summand F(U,t) — Dy jiging of por 7 (U, 8)- It is easy
to check that the transformations p» — p2p*p» — p» and p* — p*p.p* — p* are identity.

Denote the “forgetful” functor Oy -mod — Prey from Oxy-modules to presheaves of O y-
modules by u and the sheafification by S and likewise for ). Define piF as S(p7(uF)).
Moreover, we have that u(p*G) = p*(uG) by definition. Since sheafification is left adjoint to
u, we get that py is left adjoint to p*:

Oy -mod(pF, G) = Oy -mod(S(p(uF)),G)
= Prey(p7?(uF), ug)
= Prex(uF, p*ug)
= Prey(uF,up*Q)
= Oy -mod(F,p*G) O
Note that a lifting U — X is equivalent to a section of U xy X — U. Let p now be a
finite etale map. By [Autl, 04HN], there exists a basis of the etale topology {U;}ier such
that U; xy X = H{l,...,n} U;. On these U, the presheaf p; agrees with the sheaf p,; as the

sheafification of a presheaf can be computed on a basis of topology, there is an isomorphism
mF — pF. In particular, we get a map

Talg: T(p*F) = T(pp*F) = T(pp*F) — T'(F).
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Clearly, 744 is natural with respect to maps of sheaves since the counit map is a natural
transformation. For the rest of this section, we abbreviate 7,4 and cy4 to 7 and c for ease
of notation.

Lemma 3.13. Let p be a G-Galois cover. Then we have the identities rc = |G| and
cr = Ygeqyg. Furthermore, r is surjective as a sheaf map.

Proof. 1t is enough to show these statements locally since both r and ¢ are induced by
morphisms of sheaves. So we may assume that p is trivial, i.e., X = [, ). Hence, we have
F(p*F) 2 [[oT(F). For every g € G, the map psy: V — X — Y is the identity, where s
is the section corresponding to the element g. Therefore, the map c: I'(F) — [[o'(F) is
the diagonal. Since ps = id for all sections s: ) — X, we have that

r: [[T(F) = EPT(F) - I(F)
G G

is the summing map (by the definition of the counit) and hence surjective. Therefore an
element

z=(0,...,0,a,0,...,0) GHF(}")
G

is sent to (a,...,a) = Ygeggx by cr. On the other hand, an element a € I'(F) is sent to
Ygeqa = |Gla. O

Now, we come back to the specific situation of p: M(2) - M and G = S3, where we
localize everything implicitly at a set of primes A with 2 ¢ A. Note that we can view r for
a quasi-coherent sheaf F on M also as a map I',(p*F) — I'.(F) by considering one degree
at a time. For the proof of the following proposition we need a well-known lemma:

Lemma 3.14 (JML63|, 11.9.1). Let
0—-K—+B—-C—=0

be an extension in an abelian category A (with enough injectives or projectives), correspond-
ing to the Ext-class x € Ext'(C, K). The boundary map Ext*(T,C) — Extt (T, K) of the
long exact sequence for Ext-groups out of T equals right multiplication by x. Similarly, the
boundary map Ext*(K,T) — Ext*T1(C,T) of the sequence for Ext-groups into T equals left
multiplication by x.

Proposition 3.15. Let E be a standard vector bundle on M. Let furthermore x € I'y(E)
be an element not in the image of r: T'w(p*E) — I'v(E). Then there is a z € I'y(p*E) such
that c(r(z) + x) is a generator of a direct summand of I'y(p*E) over TMF(2),.

Proof. First, suppose we have shown the proposition for two vector bundles F and Fy. Let
now E = E; @ Ey and x € I',(F) outside im(r). We can write z = (z1,22) and get that
c(r(z1) + 1) = y1 or ¢(r(z2) + x2) = y2 is a generator of a direct summand of I'(p*Ey)
and ['(p*Es) respectively for some z; € I'(p*E;). Hence, (y1,y2) = c(r(z1,22) + (z1,22))
is a generator of a direct summand of I'(p*E) as well. Therefore, we can assume FE in our
proposition to be indecomposable.

According to Theorem every standard vector bundle on M is a direct sum of (inde-
composable) vector bundles of the form O, E, and f.f*O and twists of these by w’. Here
FE,, denotes the extension

050—=E,—>w?=0
classified by a € H'(M;w?) and f: Mo(2) — M is the usual projection map. It suffices
to prove the proposition for each of the listed standard indecomposables.
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e Consider the case E = (O: The image of r contains the ideal I in I',(O) =

(3.16)

Z(A)[C4,CG,A:H] generated by 3, ¢4 and cg. Indeed, cr(3) = 3, cr(4z3) = ¢4 and
cr(—32x3y2) = cg by the formulas for the action of S3 on T'(p*0) = Z 4y[22, y2, A7
in Section It follows that the £A? form a set of representatives for the non-zero
elements in T',(0)/I. Since £A" is a unit in TM F(2), and hence generates a direct
summand, the result follows.

Consider the case E = f, f*O: The stack M(2) x g Mo(2) classifies elliptic curves
with level-2-structure and choice of one point of exact order 2 and is hence equivalent
to []® M(2). This implies that the vector bundle p*E has rank 3 and S3 operates
by interchanging the 3 factors simultaneously with the action on each factor. Since
c: Tu(E) — T.(p*E) is an embedding with image I'.(p*E)%?, every element in
im(c) is of the form (a,ta,t?a) (with respect to the above decomposition) with
t=1(231) € S5 and a € T,(p*O)“? (with respect to the Cy-action given by the
involution (1 3 2)). Since the morphism M(2) — M(2) (corresponding to the
choice of the first point of exact order 2) is Co-Galois, I'y(f.f*0) = T, (p*O)°?
and we can view a as an element in I',(E). Because cr(1a,0,0) = (a,ta,t?a) for
a € I'u(f* O0), the image of ¢ is contained in the image of ¢r and r is surjective.
Thus, an x ¢ im(r) as in the statement of the proposition does not exist.

Consider the case E = E,: The short exact sequence

050> fffOSLE,@w?2—0

induces a diagram of the form

HY(M; fof*O) 7 HY(M; B, @ w?)

T(l)T T(z)T

HO(M(2);p* fi f*O) —= H2(M(2);p* Eq @ w™2) —= HI(M(2);p*O0) =0

H(M;0)

First observe that imr® = imo since both ™) and the lower horizontal map

are surjective. By Lemma [3.14] & equals multiplication with the element ‘& €
Ext!(E, ® w2, 0) classifying (3.16). Because Ext?(w™*, O) = 0, the map

Ext!(E, ® w2, 0) — Ext'(w™2,0)

must be surjective; this means that the image of ‘& must equal +a € H'(M;w™2).
Thus, O(uA?) = +uaA’ for u € {0, 1,2}, where we use the convention that we denote
an element in H}(M, ) and its image under the map in H}(M, E,) induced by
the defining map O — E, by the same letter. Hence, the uA? are a representing
set for coker(o) = HO(M; E, ® w=2)/im(r(?)). Thus, for every z € I',(E) not in
im(r®), we can find an 7(?)(2) such that z + ) (2) = uA’ with u a unit. We have
an exact sequence

0—=T.(p*0) = T (p*Ey) — Tu(p*w™2) = 0

since H} (M;p*O) = 0 and it splits since x(p*w™?) is free over TMF(2).. Thus,
uA' is a generator of a direct summand of I',(p*E,). This implies the proposition.
O

Scholium 3.17. For E = O or E,, the cokernel of r: T'«(p*E) — T'«(E) is an Fz-vector
space and the elements A', © € Z, form a basis. For E = E, 5, this cokernel is 0.
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Proof. Since rc = 6, we have 3I'y(F) C im(r) and coker(r) is an Fs-vector space. That the
elements A generate coker(r) follows from the proof above. To show that the A’ are non-
zero observe that A’ € I',(O) cannot be in im(r) since 8 € H2(M; O) operates non-trivially
on it and for the same reason A’ € I',(E,) cannot be in im(r). The surjectivity of 7 in the
case B/ = f,f*O is also contained in the proof above. O

Lemma 3.18. Consider the map
Oa: Du(foffORE,) = T(w? @ E, ® E,).

By [Meild, Prop 4.13], we have Eq ® Eo = fif*O @ w2, Using this identification, the
cokernel of oo is an Fz-vector space with basis (0, A");cz.

Proof. The (0,A?) € Tu(fif*O ® w™2) span a representing set for I'v(E, ® E,)/ker(a).
Furthermore, o operates injectively on H}(M, E,). Indeed, the extension

0= Ey— foif O 5wt =0

is classified by @ € H'(M; E, ® w?). Since H}(M; f. f*O) = 0, multiplication by & acts
injectively on « and, thus, « injectively on a.

As multiplication by « commutes with §, we have ker(a) C ker(9) = im(o,) for the
boundary map

9: HOM;w?® E,® Ey) = HY(M; E,).

Since the restriction of a-: H?(M;O) — H}(M;O) to the span of the A is surjective, the
(0, A?) generate therefore the cokernel of o, (as an Fz-vector space). Since the next term
HY(M; f.f*O ® E,) in the sequence is zero, 0 is surjective. Therefore, coker(o,) has the
same dimension as an F3-vector space as the span of the A?. Therefore, the A? form a basis
for coker(oy,). O

4. TOPOLOGICAL PRELIMINARIES

4.1. TMF and sheaves of modules. By a theorem of Goerss, Hopkins and Miller there is
sheaf O™P of E.-ring spectra on the etale site of My with 9, 0P = w®" and 9,1 O°P =
0 for alle n € Z [DFHH14]. Define TMF as the global sections I'(O!P). Likewise, we define
TMF(n) = O (M(n)) and TM Fy(2) = O (M;(2)).

The pair (M., OP) is an example of nonconnective spectral Deligne-Mumford stack
in the sense of Lurie. For us, this will mean an ordinary Deligne-Mumford stack X with
a (hypercomplete) sheaf of E.-ring spectra O on the etale site of X' such that m;O™P is
quasi-coherent for all ¢ € Z. Here and in the following, m; F for a sheaf F of spectra always
denotes the sheafification of the naive presheaf of homotopy groups.

Let now (X, O'P) be a spectral Deligne-Mumford stack. Denote the global sections of
O by R. In this situation, the global sections functor

I': QCoh(X,0"P) — R-mod
from the oo-category of quasi-coherent sheaves has a (symmetric monoidal) left adjoint
M — Fy = O AR M.

This left adjoint is the unique colimit-preserving functor from R-mod to QCoh(X, O P)
that sends R to O'P. The adjunction can also be seen as the (7*,m.)-adjunction for
7: (X,0%) — Spec R. This perspective is one way to show that for every etale map
U — X from an affine scheme, we have Fy (U) ~ OP(U)Ag M. A detailed account of
the theory of spectral Deligne-Mumford stacks and quasi-coherent sheaves on them can be
found in [Lurl7].
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In the case of (M., O™P), it was shown in [MMT5] that
I': QCoh(M,y, O"P) — TMF -mod

is a monoidal equivalence of co-categories.

The homotopy groups of connective tmf were computed in [Bau08|. We obtain the
homotopy groups of TMF by inverting a power of A that is a permanent cycle. After
inverting 2 the smallest such power is A® so that m, M F[3] is 72-periodic. A schematic
picture of T, M F[3] can be found in Section .

The following two lemmas are often useful:

Lemma 4.1. Let (X, 0%P) be a (nonconnective) spectral Deligne—Mumford stack and M
and N be R = O"P(X)-modules such that Fyy is locally free. Then there is an isomorphism
of sheaves

7T>l<~F~M/\RJ\7 = (Tr*fM) R, Otop (ﬂ*fN)
Proof. There is a natural map
(T Far) @, 0t0r (TeFN) = T Far Aoror F)-

As Fjr is locally free, this map is locally and hence globally an isomorphism. As the left
adjoint of I' is symmetric monoidal, the result follows. O

Lemma 4.2. Let (X, OP) be a site equipped with a sheaf of ring spectra and let F and G be
O'P-modules. Then the presheaf of spectra defined by Hom(F,G)(U) := Homotor|, (Flv, Glv)
is already a sheaf.

Proof. We claim that it is enough to show this for the Hom spaces instead of the Hom-
spectra. Indeed, a diagram in spectra is a homotopy limit diagram iff the diagram of
T>p-truncations is a homotopy limit diagram in n-connective spectra for all n < 0 (as can
be seen on homotopy groups). A diagram in n-connective spectra is a limit diagram iff
the diagram of n-th spaces of the corresponding 2-spectra is a homotopy limit diagram of
spaces (as equivalences between n-connective spectra are detected on the n-th space). Now
note that the n-th space of the Q-spectrum of Homguop|, (F|v, Glrr) is the homomorphism
mapping space Mapoop|, (X" Flu, Glv).

By [Lur09al Remark 2.1.11], the construction (U € X) + O P|;; -mod defines a sheaf on
X with values in the oco-category of oo-categories. Analogously to [Lur09c, 1.2.13.8], the
forgetful functor from oo-categories under A° LI AY to co-categories detects limits. Let I be
the oco-category under A? U AY given by the inclusion A? U A® < Al of end points. Then,

XY
for an arbitrary oo-category C together with a morphism AY L A9 !> C, the space of
morphisms I — C under A® U A® is equivalent to the space of morphisms from X to Y in
C. Thus,
Maporon,, (Flur, Glv) =~ Mapaoao (1, O' |y -mod).

defines a sheaf. O

4.2. Descent spectral sequence. Let (X, O%P) be a (nonconnective) spectral Deligne—
Mumford stack with R = T'(O%P). Assume throughout that X is quasi-compact and has an
affine diagonal (which is equivalent to X be separated). Given a quasi-coherent O'°P-module
JF, we construct a descent spectral sequence

HP (X, 7y F) = mg—pl'(F)
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as follows: Choose an etale cover U = Spec A — X. Define a cosimplicial object D*® by
D" = F(U*x"t1) The descent spectral sequence DSS(F) is the associated Bousfield-Kan
spectral sequence and converges to

7. holima M® = 7, T'(F)

as F is a sheaf. The Fs-term can be identified as in the article by Douglas in [DEHHI14]. Our
goal is to identify this descent spectral sequence with an Adams—Novikov spectral sequence
in certain cases. Much of the following is known to experts.

First, let us recall something about Landweber exact spectra. Essentially by Quillen,
the stack Mpg has a presentation by the Hopf algebroid (L, W), where L is the Lazard
ring and W = L[u*!, by, bo,...]. If we define a homology theory MUP by MUP,(X) =
Zu*] ® MU, (X) with |u| = 2, then L = MUPy and W = MUPyMUP. Thus, the
MU P,-homology of a spectrum FE gets the structure of a graded (L, W)-comodule and
hence an (even-periodic) graded quasi-coherent sheaf on Mpg, called (Gg)s. If E is an
even homotopy commutative ring spectrum, this a quasi-coherent sheaf of algebras, whose
Spec is an algebraic stack Mg with an affine map to Mpg.

Let now f : Spec A — Mpg be a flat map into the moduli stack of formal groups. Then
the functor hf from spectra to abelian groups given by

X — (Gx)«(Spec A)

is a homology theory. The reason is that X +— (Gx). is a homology theory with values in
QCoh(Mpg) and f* preserves exact sequences since f is flat. We call such a homology

theory h and its representing spectrum Landweber ezact.

Lemma 4.3. For F' Landweber exact associated to f : Spec A — Mpag and E any spectrum,
we have . (F AN E) = (Gg)«(Spec A).

Proof. This is true by definition. O

Assume in the following that (X, O'P) satisfies the following conditions:

(1) X is noetherian and separated,

(2) there is an affine and flat map f: X - Mpg,

(3) the sheaf QP is a refinement of the induced presheaf of Landweber exact homology
theories on the affine etale site of X.

By the main result of [MM15], this implies that
I': QCoh(X,0"P) — R-mod

and its left adjoint M +— Fjs are adjoint equivalences of symmetric monoidal co-categories,

i.e. that (X, O'P) is 0-afine in the terminology of [MMT5]. As checked in [MMT5H], (M., O°P)
is an example of such a stack (X, O') and likewise all the derived moduli stacks of elliptic

curves with level structure.

Proposition 4.4. Let Spec A — Mpg be a flat morphism and E be the associated Landwe-
ber exact spectrum. Assume that Y = X X pmp, Spec A is affine. Then we have a natural
isomorphism

T«(NANE) = (1. Fn)(Y)
for every R-module N.
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Proof. We denote the map ) — X by h. We will first consider the case Fy = O%P. By
IMM15], Proposition 2.14], we have for each etale map Spec B — X a natural isomorphism
7,0 (Spec B) A E = h,h*(7,0"P)(Spec B).

Thus, 7, (O A E) 22 hh* (7, 0P).
In the general case,
T (FN A E) = 1.(Fy Notor (0P A E))
=~ Tl (.FN) ®7T*Otop h*h*ﬂ'*OtOP
= hoh' T (FN)

Here, we use that h,h*m,O!P is a flat 7,0%P-module and the projection formula.
As I and M — Fj; are inverse equivalences,

DNFNAE)~T(Fnag) ~NAE.
Thus, we have a descent spectral sequence
HP(X; hi W'y FN) = mg—pN AR E.
Because the diagonal of Mp¢ is affine, Spec A -+ Mpg is affine and hence also h. By a
degenerate Leray spectral spectral sequence
HP(X; hoh*m Fn) = HP(V; B m FN).

Because ) is affine, this is concentrated in degree p = 0 and agrees there with (m,.Fn)()).
O

Example 4.5. We have
Myup ~ Spec L
and more generally
Mpyypan =~ Spec L*Mrc™,
As these are affine schemes, we get
TN ANMUP = (1. Fn)(Spec L X ppy X)
and
TN AMUPM 2 (1, Fn)(Spec L*MFG™ X pq,.0 X)
for every R-module N.

We have the following useful identification (with similar results in [Mat13]):

Theorem 4.6. Let (X,0'P) and R = T'(O"P) be as above and let M be an R-module.
Then the descent spectral sequence for Fyy is isomorphic to the MU -Adams—Novikov spectral
sequence (ANSS) for M.

Proof. The MU-based ANSS is isomorphic to the MU P-based ANSS because the graded
Hopf algebroids (MU, MU, MU) and (MU P,, MU P, MU P) define equivalent stacks (namely
Mpg). To explain the idea of the proof, set

V =& X Mmpe Spec L

where L denotes the Lazard ring. The MU P-Adams—Novikov spectral sequence looks like a
descent spectral sequence for the fpqc cover V- — X', but we have to express the non-existent
OP(V) by RAMUP. Choose now an etale cover U — X by an affine scheme U.

Define a cosimplicial objects
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o A* by A" = M AMUPNHL,
e D®* by D" = fM(U;n+1) ~ Qlop(U*x" )y Ap M
e AD® by AD" = D" A MUP "1,

In the language above, A® corresponds to the cover V. — X and AD® to the cover
UxyV — X. There is a map D* — AD® induced by the unit maps S — MUP"N"t1,
Furthermore, there is a map A®* — AD® induced by the map consty; — D®, which in turn
is induced by the maps U*¥"*+1 — X, We have to show that the maps D®* — AD® and
A® — AD-® induce isomorphisms on the Es-terms of the associated Bousfield-Kan spectral
sequences.

By Example
T A" 2 (1 Far)(Spec L*Mra™ T 5y X)) 22 (m Fap ) (V™).

The E-term of the associated Bousfield-Kan spectral sequence is isomorphic to HP (X'; w7y Far)
because we can compute the cohomology via the fpqc cover V. — X.
Likewise,

W*AD" =~ (W*fM)(Spec LXMFGn—H X Mpe U><Xn+1) ~ (TF*]:M)((V X y U)X“Yn+1).

The Ea-term of the associated Bousfield-Kan spectral sequence is isomorphic to HP(X'; mgFar)
because we can compute the cohomology via the fpqc cover V xy U — X.
It is easy to check that the morphisms actually induce isomorphisms of Fo-terms. (I

Theorem 4.7. With notation as above, let F be a quasi-coherent Oy-module. Then
DSS(F) possesses the structure of a module spectral sequence over DSS(O™P) which in-
duces the canonical module action of the E*-terms.

Proof. This follows from Theorem 4.6{ and [Rav86, Thm 2.3.3]. O

Theorem 4.8. With notation as above, let

wh xSy hew
be a cofiber sequence of finite R-modules. Assume that the induced map h: 7 JFy — Tu_1Fw
is zero (m. denotes here again the sheafified homotopy groups). Then we have a map of

spectral sequences DSS(Fy) — DSS(Fw) (raising filtration by 1) which converges to h and
induces multiplication by the class in Ext;*otop (m Fy, meFw ) corresponding to the extension

0= mJFw — mFx = e Fy — 0
on E?.
Proof. This follows from Theorem [4.6[ and [Rav86, Thm 2.3.4|. O

Corollary 4.9. Let M be an R-module and x € mM be of filtration 1 for DSS(Fys).
Denote by N the cone of the map X¥R = M. Then the extension

0 = mFy — meFn — mIFLor 0
is classified by the reduction T € Ext}r*otop (m kL OtP 1 Fop) =2 HY X w1 Far).
Proof. The map ¥R — M sends 1 € m,X*R to & € m, M. The map of descent spectral
sequences DSS(0"P) — DSS(Fy) from Theorem {.8 sends T € HO(X; m,XFOMP) to the
class y € Ext}r*owp (mZFOMP 7 Far) = HY(X; 7 Far) classifying the extension above. As
this map of spectral sequences converges to the map ¥R — M, we have T = y. U
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4.3. Certain T'M F-modules. Throughout, O%P refers to the Goerss—Hopkins—Miller sheaf
of Eo-ring spectra on M = M, and O to the structure sheaf on M.
The step from algebra to topology is rather easy for TM Fy(n) and TMF(n).

Proposition 4.10. Let F and G be locally free O%°P-module of finite rank on M[%] forn > 2
and assume that m,.G is concentrated in even degrees. Let h: X — M[%] for X = Mi(n) or
M(n) be the projection. Then every morphism gag: heh*m0G — moF can be realized by a
map

g: heh*G — F
with T0g = gaig and this realization is unique in the homotopy category of O™P-modules.
The analogous statement is true for morphisms moF — h.h*G.

Proof. As h is finite etale, we have by Section [3.3
Homo (hh* 110G, T F) = hyHomo,, (R 110G, . F).

By Lemmathe higher cohomology groups of h,Home,, (h*mG, m;F) vanish. Since h,h*G
is locally free, we have

WkHOmOtop(h*h*g, .F) = Homﬂootop (h*h*ﬂog, ka)
(see Lemma for the definition of the Hom-sheaf). Hence, the descent spectral sequence
for
HOmOtop (h* h*g7 F)
is concentrated in the O-line. Therefore, there is a (up to homotopy) a unique map
g: hyh*G — F

realizing the algebraic map gqg.
The proof for a map mgF — h,.h*G is the same using that

Hom@ (ﬂ’kf.h*h*ﬂ'og) = h*Homo(h*ka.h*ﬂog)

We want to combine this with the following lemma:
Lemma 4.11 ([Meil2], Lemma 3.5.4). For p: M(2) — M[3] the projection,
pp O = fif O fiffO® w?.

This lemma is stated in the reference only 3-locally, but the proof gives actually the result
just stated.

Corollary 4.12. We have TMF(2) ~ TMFy(2) ® 4T M Fy(2) as TM F-modules.
The following is proven in [Meil6|:
Proposition 4.13. We have TMF(3) ) ~ @;_o S*TMF(3) ().

We remark though that the existence of a splitting of T'M F'(3) into shifts of TM F;(3)
follows also rather directly from TMF(3) being a T'M Fy(3)-module and the fact that all
vector bundles on M;(3)y) are sums of w®* by [MR09, Section 3| and [Meil5, Thm 3.9]

(which applies in particular to the pushforward of Om(3),) along M(3)2) = M1(3)2))-

Proposition 4.14. Consider an etale surjective morphism h: X — Mell[%], Then OP(X)
is a faithful TMF[]-module. This applies in particular to TMFy(n) and TMF(n).
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Proof. Let M be a nonzero TMF[%]-module. Then O"P(X) Apypiyy M = Fu(X). As
M is nonzero and I'Fj; ~ M by Section Fr is nonzero and thus Fp (X)) as well as
X — My is an etale cover. [l

To compute the homotopy groups of cofibers of maps of T'M F-modules, we need the
following well-known lemma.

Lemma 4.15. Let y € 1, R be an A -ring spectrum and x € m, R, y € mR and z € TR
be elements with xy = 0 and yz = 0. Denote by Cx the cofiber of the R-linear mapped

YR 5 R.

Let furthermore y € m,Cx be an element with B(y) = y and w € m.R be an element such
that the projection of w is mapped to yz under B. Then w € (x,y, z).

Proof. This is clear by the following diagram:
Ek;—i—l-ﬁ-nR z Zk—HR
shHR Lo vFR

; |-
v v

Y 1R Cz Y*R-Z >R O

We will invert implicitly the prime 2 for the rest of this section so that T'M F' means
TMF[1] etc. Define TMF, to be the cofiber of

a: Y3TMF — TMF.

The homotopy groups of TMF, are easily computed using the long exact sequence of
homotopy groups. For example, as a? = 0, the class o € myL4TMF lifts to a € nyTMF,,.
The action of m,TMF on m,TMF,, follows from Lemma and the result can be found
in Section [Z.4l

Observe that DyypTMF, ~ X~4*TMF,,. We denote the map

SATME, ~ Dy pTMFy — DpypX TMFE ~ X" "TMF,
dual to &, by ‘a.
Lemma 4.16. The compositions
SOTME & S3TME, 2% TMF
and
SOTME, & STTMF & TME,
both equal (multiplication by) 5.

Proof. We want to show that & o &' = mg, where mg denotes multiplication by 8. Since
aa = f in m,TMF,, we have the following commutative diagram:

TMF

P —

TMF, —8 23T MF -2~ v 10T M F,
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By mapping (over TM F') into T M Fy,, the triangle
S*TMF — TMF — TMF, — X*TMF
induces a triangle
Y4 TMF, — Hompyp(TMF,,TMFE,) — TMF,.

The diagram above shows that & o ‘a € w9 Homypy p(TMF,, TMF,) maps to 8 and so
does multiplication by 3. Therefore the difference & o &' — mg comes from 74T MF,. But
T MF, = 0 since miyTMF = 0 and 8 € moT M F has non-trivial multiplication by «.
Therefore & o ‘@ equals multiplication by £.

Thus, we see that the composition

SOTME & S3TME, % TMF % >~ "TMF,

represents fa € mi7TMF,,. Since only 8 € moTMF is sent by a: X'TMF — TMF, to
Ba € mi7TMF,, we see that ‘aoa = 3. O

Note that the modules TMF, TMF,, TMFy(2) and their sums and shifts realize all
standard vector bundles in the sense of Section [3:2] by 7'M F-modules. In particular, they
are relatively free in the sense that their associated (graded) quasi-coherent sheaf on M is
a vector bundle. Examples as in Section [7.4] show that the realization of a standard vector
bundle by a T'M F-module is far from unique. The next two sections will study how much
we can say about a relatively free T'M F-module when we just know that its associated
vector bundle is standard.

5. FROM RELATIVELY FREE T M F-MODULES TO HOOK MODULES

In this section, we will define and investigate the concept of a relatively free T'MF| 4)-
module, where A is a set of primes. This will be mainly the content of the first subsection,
where we will also show that every finite 7'M F{ 4)-module has a length-2-resolution by rel-
atively free modules. In the second subsection, we will discuss how one can build relatively
free modules by killing torsion elements and generators. In the third subsection, we will
discuss some low rank concrete examples. In the last (more technical) subsection, we inves-
tigate the relationship of killing torsion elements or generators with the class of standard
vector bundles. The last two subsections work only at the prime 3.

5.1. Relatively free T'M F-modules.

Definition 5.1. Let A be a set of primes. Then a T'M F( 4)-module M is called relatively

free if Fyr is a locally free (’)E%—module of finite rank. This rank is called the rank of M.

Here and in the following, an R-module is free if it is a sum of suspensions of R.

Proposition 5.2. Let M be a T M Fj)-module.
(1) If I # 2, then M s relatively free if and only if M Ny, TMFy(2)q) is a free
T M Fy(2);)-module of finite rank. This happens if and only if M ATMF, TMF(2)q
is a free TMF(2)y-module of finite rank.
(2) If I # 3, then M s relatively free if and only if M Armry, TMFi(3)q) is a free
T M F1(3))-module of finite rank.

3) If 1 > 3, then M is relatively free if and only if its a free T M Fpy-module of finite
O]
rank.
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Proof. Set X = M(2)(y, Mo(2)q), M1(3)q) or My, for [ as above. These are weighted
affine lines in the sense of [Meil5l Def 3.8]; for M(2) and M (2) this is discussed in Section
and for M;(3) this follows from [MR09]. Thus, every vector bundle on X is a direct
sum of tensor powers of w by [Meil5, Theorem 3.9].

Denote the map & — M) by h. This is an etale cover. Thus, Fjs is locally free of
finite rank if and only if h* Fj; is locally free of finite rank. As h*Fjys is locally free if and
only if m,h*F is locally free, we see that this happens if and only if 7,h*F is isomorphic to
@je Jw®”f. As the corresponding descent spectral sequence is concentrated in the 0-line,
every such isomorphism can be realized by an equivalence

=o' — nF.
jeJ
Such an equivalence exists if and only if T'(h*Fy) is a free OP(X)-module.
We have

O'P(X) Ararry, M =~ hah* Fy

by the projection formula. (This topological version follows directly from the algebraic one
because equivalences of quasi-coherent O'P-modules are detected on m,.) Thus,

U(h* Far) =~ M Ararr,, O'P(X)
as was to be shown. O
Lemma 5.3. Fvery relatively free T'M F4y-module is finite.
Proof. Every locally free O'P-module of finite rank is compact in QCoh(M 4y, O'P) and
QCoh(M 4y, 0") ~ TMF 4)-mod. O

There are different ways to build examples of relatively free T'M F| 4)-modules. We will
see more ways of constructing them in the next subsection, but we will already give one:

Proposition 5.4. Let h: X — My be finite etale. Then OP(X) is a relatively free
TMF| x)-module.

Proof. The sheaf h,m,Oy = m,h,Ox is locally free and hence also h,Oy itself. The result
follows as T'(h.Ox) ~ O'P(X) and thus Forop(x) =~ heO™P. O

The understanding of relatively free modules is key to the understanding of all "M F| 4)-
modules.

Lemma 5.5. For every finite T MF(4)-module M, there exists a relatively free module P
with a morphism P — M that induces a surjection woFp — T Fpr-

Proof. First we assume that there is a prime [ not in A. We know by [MM15, Theorem
L.5] that TMF( 4y — TMF(l)(4) is a GL2(Z/1)-Galois extension. By Galois descent, the
functor

—ATME 4 TMF(1)(a) —

TMF(A) -mod TMF(Z)(A) [GLQ (Z/l)] -mod
is an equivalence of co-categories. Here, we denote for R a ring spectrum with G-action by
R[G] the twisted group ring spectrum; it is build in a way such that R[G]-mod are equivalent
to R-modules with semilinear G-action. See [Meil2 Chapter 6] for details.
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In particular, there is a surjective m, T M F(l)(4)[G L2(Z/l)]-linear morphism

P = m TMF (1) (4)[GL2(Z/1)] = 7 M Ararr ) TMF (1) 4).
JjeJ

As the source is free, this can be realized by a TM F'(I)(4)[G L2(Z/1)]-linear map

e~

-FiG}EWTN“%UmﬂGLﬂZﬂN‘*AJATMQMTMFmMy
JjeJ
By Galois descent, this is induced by a morphism
f: @THTMFE() 4y — M.
JjeJ
As Fy(M(1)(a)) = M Arar ) TMF(1)(4), we see that the morphism
Frm ey (M) a)) = Far(M(1)(a))

induced by f agrees with F' and is hence a surjection on m,; thus W*}—TMF(Z)(A) — T Fr 18
a surjection as well. Furthermore, TM F(l)4) is relatively free by Proposition
The case where A is the set of all primes is slightly more difficult. There exist T'M F-
modules 7'(2) and T'(3) with T(2)[3] ~ TMF(2) and T(3)[5] ~ TMF(3). Indeed, there is
a 3-cell complex C3 and an 8-cell complex Cg such that
1
TMFy(2) ~ TMF[i] NCs
and )
TMF;(3) ~ TMF[g] A Cs.

By Proposition TMF(3)) is a free M F1(3)(2)-module. Likewise, by Corollary
TMF(2) ~ TMFy(2) & S4TMFy(2). Thus,
1
TMF(2) = TMF[] A Cg
and )
TMF(?))(Q) ~ TMF[g](g) A Coy
where Cg = C3 V $4C3 and Coy is a wedge of four suspensions of Cg. We define T'(2) as
TMF ACg and T'(3) as TMF A Cay.
For a module M, choose morphisms fo: ,;c; S“TMF(2) — M[3] and f3: D, EVTMF(3) —
M [%] inducing surjections to mJF ML and m.F ML) As the source is finite, we have
) TMF[3] )
n;g n; TMF
@ SUTMF(2), M[7] @ £MT(2), ML),

12

Thus, we can replace fo by 2" fo and see that fo is induced by a T'M F-linear map
g2: @PEMT(2) — M.
il
Likewise for f3, we get a map g3: ;X7 (3) — M. The resulting map

92+ 930 PETER) P EVTB) > M
i€l jed
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is the map we are looking for. Indeed, a map of abelian groups is a surjection if and only if
it is a surjection after inverting 2 and after localizing at 2. O

Proposition 5.6. For every finite T'M F4y-module M, there is a length-2-resolution by
relatively free modules. More precisely, there are relatively free T M F| 4)-modules Py, Py and
Py together with cofiber sequences

P2 — P1 — hOﬁb(f)
hofib(f) — Py &> M

Proof. Every quasi-coherent sheaf 7 on M4 has locally projective dimension at most 2.
For example, this can be seen by observing that M(3)4) and M(4)3) are regular affine
schemes with Krull dimension 2 (see introduction of [DR73]).

For a finite module 7'M F{ 4)-module M, we can choose by the last lemma a map Py i) M
that induces a surjection m.Fp, — mFar. Thus, the kernel . Fyqp(r) has locally projective
dimension at most 1. Choose a map P; — hofib(f) with fiber P,, inducing a surjection
TPy, = T hofib(f)- 1ts kernel m.Fp, has locally projective dimension 0, i.e. is a vector
bundle. Thus, Fp, is locally free and P is relatively free. O

This implies in particular that the algebraic K-theory Ko(T'MF{4)) is generated by the
relatively free modules.

5.2. Killing torsion and generators: Building up and tearing down. In this sub-
section, we will always implicitly localize at a set of primes A.

Given a relatively free TM F-module M, there are at least two ways to build a new
relatively T'M F-module M’ from it:

Proposition 5.7. Let M be a relatively free TM F-module, S*TMF £> M be a map and
denote by M' its cofiber. Then:

(a) If M’ is relatively free, then tk M' =1k M +1 ortk M’ =1k M — 1.
(b) The module M' is relatively free and tk M' =tk M + 1 if and only if
Oy : 7. 2O 5 1, Fuy

is zero, if and only if [¢] € mpM is torsion. In this case, we say that M’ is obtained
from M by killing a torsion class.
(¢c) If M’ relatively free and vk M' =rk M — 1, then

W*fz—lM/ — W*Ekot(w
is zero. In this case, we say that M’ is obtained from M by killing a generator.

Proof. Let Spec A — M,y be an etale map with Spec A connected, w trivialized on Spec A
and Fjs free on Spec A. Note that this map has dense image as the underlying topological
space of Mgy is Spec Al and hence irreducible.

If M’ is relatively free, then also assume that Fj; is free on Spec A. Without loss of
generality, assume that k is odd. We have a long exact sequence

0— My — M, — A 2% My — M| — 0,
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where

¢1 = ¢«(Spec A)1,
My = (moFu)(Spec A),
My = (m1F)(Spec A)

and likewise for M’. We can split this into two short exact sequences
0 — My — M} — ker(¢y) — 0

and
0 — im(¢1) — My — M — 0.

The ring A is an integral domain because it is regular. Let O be its quotient field. If
ker(¢1) ®4 Q # 0 and M’ is relatively free, then rk M) = rk My + 1 and rtk My = M{. If
im(¢1) ®4 Q # 0 and M’ is relatively free, then rk M| = rk M; — 1 and rk M} = rk M.
This proves (a).

Because ker(¢1) and im(¢;) are A-torsionfree, we have ker(¢;) = 0 if and only if ker(¢1)® 4
Q = 0 and likewise for im(¢1). Thus, ker(¢;) is zero or A and consequently im(¢)
is isomorphic to A or zero, respectively. If M’ is relatively free and ker(¢;) = 0, then
T Fs—137 — T 2FOWP is zero. This proves (c).

Clearly, M’ is relatively free and rk M’ = rk M + 1 if and only if ker(¢;) = A. This
happens if and only if ¢, : T, 5O — 7, Fys is zero. We can show the the part about [¢)]
being torsion after inverting [ for an arbitrary number I > 1. Then ¢, is zero iff the induced
map

T SETMF(1) — w1, Far(M(1))

is zero. This happens iff the image of [¢] under the map m. M — m M (l) for M(l) =
M Arar TMF (L) is zero. The groups mTMF (1) are torsionfree (as M(1) is flat over Z[1])
and M (1) is a projective TM F(l)-module (analogously to Proposition [5.2). Thus, every
torsion class [$] maps to zero. On the other hand, 7, M /torsion injects into m, M (1)“L2(Z/1
by the descent spectral sequence (because M ~ M(1)"GL2(Z/1)): thus every element in the
kernel of .M — m,M(l) must be torsion. This proves (b). O

Let us specialize to the case 2 ¢ A for a moment. The module M (2) = M Arpr TMF(2)
carries an Ss-action induced by the Ss-action on TM F'(2). If M is relatively free, M (2) is
a free TMF(2)-module. We denote by E(M) the set of generators x € m.(M(2)) of direct
TMF(2),-summands which are invariant under the Ss-action. Let (by abuse of notation)
denote ¢: M — M(2) the map induced by the algebra map ¢: TMF — TMF(2). We say
that M has an invariant generator if E(M) Nim(cy) # @. We can kill a generator from M
if and only if it has an invariant generator.

Definition 5.8. A relatively free module X can be built up if there is a sequence Xg =
0,X1,...,X, 2 X (for n the rank of X) with cofiber sequences X'TMF — X; — X;.1.
Dually, X can be torn down if there is a sequence of modules X" = 0, X',..., X" = X with
cofiber sequences X'TMF — X1 5 X1,

Proposition 5.9. Every module that can be torn down can be built up and vice versa. Such
modules are called standard modules.

Proof. Let XY, ..., X" = X Dbe a tearing down sequence. Then define X; as the fiber
of X" — X" ', By the octahedral axiom the left column of the following diagram is
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distinguished:
Xz'—l xn aniJrl
Xi xn Xn—i

l L

EvTMF s Xn—i-l—l - Xn—i
Clearly, X,, = X and Xg =0, so X can be built up. The dual follows by the dual proof or
Spanier—Whitehead duality. O

It is easy to see that every standard module is algebraically standard in the following
sense:

Definition 5.10. A relatively free T'M F-module M is algebraically standard if the vector
bundles mgFas and w1 Fy are standard in the sense of Definition[3.9] i.e. these vector bundles
can be built up iteratively by extensions with line bundles.

The first partial converse concerns low rank modules. We will prove the following two
results in Section [5.4] and at the end of Section

Proposition 5.11. If every algebraically standard T M F-module of rank < n has an in-
variant generator, every algebraically standard T M F-module of rank <n is standard.

Theorem 5.12. FEvery algebraically standard T M F-module of rank < 3 has an invariant
generator and thus all these are standard.

In general, we can build relatively free T'M F-modules by more complicated procedures,
e.g. by coning off 5 times a torsion element from TMF', then killing two generators, then
coning off some torsion elements again etc. We will prove two statements that drastically
limit this possibilities. In the following, we will always work 3-locally, i.e. with A = {3}. The
second partial converse states that we can tore down every algebraically standard module
in the weak sense that we can kill first two generators, then cone off a torsion element, then
kill two generators etc. More precisely:

Definition 5.13. We define the notion of a finite T'M F-module being hook-standard in-
ductively: First, S*TMF is hook-standard for all k. Furthermore, a TM F-module M is
hook-standard if there are cofiber sequences
slrTMFE S M- X
sllry e 2 X — X!
sl E 22 X X

with X” hook-standard, where a corresponds to a torsion element and c.(x1) € F(X) and
ci(x2) € E(X').

Every standard module is hook-standard: If a = 0, X = Sl9T1TMF ¢ M and we can
choose x7 : Yla+1TATF — X to be the inclusion of the direct summand.
Our main theorem, to be proven in Section [0} is:

Theorem 5.14 (The hook theorem). Fvery algebraically standard T M F-module is hook-
standard.
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Note that in principle it is possible to classify all hook-standard T'M F-modules up to a
certain finite rank: For rank 1, we have just suspensions of TM F. Now suppose, we have
classified all hook-standard modules up to rank (n —1). Given a hook standard module Z
of this rank, we can choose a torsion element in 7, D7y pZ, cone it off to get a module Z’ of
rank n. Here, we choose again a torsion element, cone it off and get a module Z”. Here, we
choose a z € m,.Z" with ¢(z) € E(Z") and get a module DyprpM after coning it off whose
dual M is hook-standard. All hook-standard modules of rank n are built in this way.

5.3. Low-rank examples and the realification. We will implicitly localize at a set of
primes not containing 2 everywhere in this section. Denote again by P the Goerss—
Hopkins—Miller sheaf of F.-ring spectra on M = M.;. We want to topologify the
realification map 7 of Section (which we denote by 74, in the following) to a map
r: pep*OP — 0P Since

PaptOP = £, FrOMP @ 3 f, frOtop
Proposition [£.10] gives us a unique map
e papt O s OtoP
realizing the algebraic map r4y.

Remark 5.15. Probably, the realification map TMF(2) — TMF ~ TMF(2)"5 coincides
with the transfer map, which can be defined using a form of Shapiro’s lemma. Since this
identification is not needed for our purposes, we abstain from a discussion.

Recall that we denote the unit map TMF — TMF(2) by c.
Lemma 5.16. We have rc =6 and cr = Y4es,9.

Proof. These identities hold at the level of vector bundles by Lemma We know that
realizations of sheaf map m,p.p*O'P — m,p.p*OP are unique, hence the second equation.
The descent spectral sequence (DSS) for Hompror (0P, O°P) equals the DSS computing
TMEF. There are no permanent cycles in this spectral sequence in the 0-column above
the O-line. Indeed, the O-column consists of the groups H?*(M;w®*). The even degree
cohomology is generated by 8 € H?(M;w®%) and A € H°(M;w®'2). Thus, in the zero
line we have non-trivial classes in filtration 2k iff k is divisible by 12. But because there is
a vanishing line above filtration 8 (as follows from [Bau08]), these classes cannot represent
non-trivial classes in moT'M F'. Thus, we get the first equation. O

We will need again and again the following observation:

Lemma 5.17. Let M be relatively free TMF-module and x € im(ry: mM(2) — m.M).
Then ax = Bx = 0.

Proof. Let y € m,M(2) such that r.(y) = . Since M (2) is a free TM F'(2)-module, 7, M (2)
is torsion-free and hence ay = Sy = 0. Since r is a T'M F-module map, the result follows. [

Recall that we have a map o: My(2) — X*M,, given as the cofiber of c: M — My(2),
where My (2) = M Arpr TMFO(Q)H Note that E(M) is completely in the My(2)-summand
of M(2) since the map M(2) — M factors over M(2). Here, E(M) is the set of invariant
generators, as in Section We can apply the realification to study o:

1We abuse here the letter ¢ since the usual map ¢: M — M (2) factors over M — My (2).
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Lemma 5.18. Every Ss-invariant element x € m,My(2) C m.M(2) is mapped by o to a
3-torsion element in *M,,.

Proof. We have cr(z) = Ygeg,92 = 6. Since 2 is invertible, this implies that 3z is in the
image of ¢ and, hence, 30(z) = o(3z) = 0. O

To identify the fiber of r, it will be convenient to discuss first some low-rank cases.
Additionally, this will serve as an illustration of the general theory.

Lemma 5.19. Let M be a algebraically standard TM F-module. We have an action of
B € H2(M;wb) on the DSS of M by Theorem which commutes with the differentials
since 3 is a permanent cycle in the DSS for TMF. Then 8 acts injectively on the E*-term
of the DSS for M beginning with the first line. In addition:
o If m.Fpr is concentrated in even degrees, [ acts injectively on odd degrees (i.e.
columns) on the E"-term of the DSS beginning with the (r — 1)-st linef]
o [f the first line consists of permanent cycles, B acts injectively on the whole E"-term
of the DSS beginning with the (r — 1)-st line.
Proof. We know that m.Fj; decomposes into a direct sum of shifts of vector bundles of the
form m, 0", E, @0 w0 and E, 5z ®o m.O" . The cohomology of these looks as follows
(where the pattern continues to the left, right and top):

| o
8 54[5_0/
6 B3A e
| o
4 BRe
2 3
Ve Lo

0l O O O O O Al

0 2 4 6 8 10 12 14 16 18 20 22 24 26
8 FA AT
6 PA T T T
4 BE T | |
p BT [ |

e

om—1 1O O O O O A

0 2 4 6 8 10 12 14 16 18 20 22 24 26
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2To act proactively against possible confusion: That 7.Fas is concentrated in even degrees means that
mwFu = 0 for k odd, where m, denotes the sheafified homotopy group. An element in the E*-term
HY(M;mpFar) of the DSS is in odd degree if p — ¢ is odd.
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This follows from the results of Section [3.2] and Lemma The injectivity of multipli-
cation by B on E? beginning with the first line is now immediate. Now suppose, we have
shown that 3 operates injectively on E"~! beginning with the (r — 2)-th line (on elements
of odd degree). Now suppose @ = 3b for some @ # b € E” (in odd degrees) in line s and
s > r — 1. Then there are a,b € E"! reducing to @, b. Hence, there is an z € E"~! with
dy_1x = f(a —b) # 0 and z is in line k with £ > 1 (and of even degree). We want to show
that there is a y € E"~! such that Sy = 2: Let 2’ € E? represent . Then 2’ is divisible by
B. Indeed, if 7, Fys is concentrated in even degrees, ' must be in every standard summand
of m,Far of the form £AB%/2 or 0. The same holds if the first line of the DSS consists of
permanent cycles since then all af'A? and af!A? are permanent cycles as well and 2/ can
be no permanent cycle. So, let 3y’ € E? such that By’ = 2’. Suppose d;(y') # 0 for some
I <r—1. Then di(2') = Bdi(y') # 0 since [ acts injectively beginning with (I — 1)-st line
on E'. So, di(y) =0 for I <r —1 and z = By for y denotes the reduction of y' to E"~1.
We have that 3d,_1(y) = B(a —b) € E"~! for d,_1(y) and (a — b) in the s-th line. Hence
dr—1(y) =a—band @ =b. O

Proposition 5.20. If M is relatively free of rank n = 1, we have M = S'TMF. If M is
relatively free of rank 2 and 7o Far = Eq, then M = X?*TMF, for some i € Z.

Proof. 1f the rank of M is 1, then M € Pic(TMF). By [MS16], we have thus M = S*TMF.
An argument for this along the lines of the argument we give for n = 2 can be found in
[Meil2l Proposition 8.3.6].

Assume that m9Fy = E,. Denote the images of A’ under the maps I'x(O) — T\ (E,)
and

[.(0) = Lu(E,) = Du(moFur) — Tu(moFarcz)

also by A’. We identify M (2) with TMF(2) & TMF(2) and assume that no element of
E(M) is in im(c,). By this contradiction assumption and Lemma the A* € E(M) have
to be mapped by ¢ to non-trivial torsion elements y; in even degree in the exact sequence

M i> F*M(2> i) 7T*_4Ma () 7T*_4M0(2).

We can consider the y; as lying in m._4M, since My(2) is a free TM Fy(2)-module and
thus m.Mo(2) is torsionfree. We know that A? in the DSS for F); supports a non-zero
dp,-differential: If it was a permanent cycle, the corresponding element in 7, M would map
to Al € m,.M(2). Hence, dp,(B*AY) = Bkd,, (A?) # 0 in EPi by Lemmam Thus, 7. M
has no torsion elements in even degrees.

Now look at the exact sequence

To4i—aM — Tog; 4 My — To4; s M

induced by the triangle TMF — TMF, — S*TMF. Since m,M has no torsion elements
in even degree, y; is mapped to 0. For the same reason, it can come only from a non-torsion
element in mo4;_4 M. But

7r0~7:Ma = a®Ea

by Lemma and the injection F, — F, ® E, induces an injection on graded global
sections. Thus every non-torsion element in m,M maps to a non-torsion element in m, M,
(since it is in the O-line of the DSS). This is a contradiction and one of the A’ must be a
permanent cycle. Thus, we get a map x: Y?*TMF — M such that c(z): S2%TMF(2) —
M (2) splits off a direct summand. Let Y be the fiber of . Then Y (2) has rank 1, therefore
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Y is equivalent to some S¥TAMF. Thus, we have a cofiber sequence
SFMTMF 2 S TME 5 M.

We know that y is of filtration (at least) 1 in the DSS for TMF since S**TMF — M
induces an injective map miFseairpp — T Far- Thus, it equals iaA39 by Corollary
since else 7y Fas would split into two line bundles. Therefore, M = S2%TMFE,,. O

The next case is that moFy; = fo f*O. We will treat a more general case:

Proposition 5.21. Let M be a relatively free T M F-module and moFy; =2 fof*O & Zy for
some vector bundle Zy. Then there is a cofiber sequence

TMFy(2) L M — Z — STMFy(2)
such that mgJFz = Zy. This cofiber sequence splits.
Proof. This follows directly from Proposition [£.10] O

This implies, in particular, that we can always assume for the proof of Theorem
that mo(Fas) contains no summand of the form f.f*O since we could compose the map
TMFy(2) - M with the unit map TMF — T M Fy(2) and get an invariant generator.

Now, we want to identify the fiber of r and begin by identifying the fiber of
Talg: Pxp O = O.

Recall that QCoh(M) is equivalent to the category of evenly graded T'M F(2)s,-modules
with semilinear Sz-action. We have that p.p*O(M(2)) = Pg, O(M(2)) with diagonal
Sz-action. By (the proof of) Lemma Talg maps on M(2) an element (ag)ges, to
> ges; g € O(M(2)). We can identify fi f*O(M(2)) with @2, O(M(2)) with the per-
mutation action. Sending (ag)ges, to (Zg: g(1)=i ag)?_, defines the projection to the direct
summand p,p*O — f. f*O and the complement is isomorphic to f.f*O ® w? (by Lemma
4.11). Thus, rqy factors thus as p,p*O — f, f*O — O, where the second map is the sum-
ming map on M(2). As recalled in Section the latter map has kernel E, ® w*. Thus
ker(rqy) = fEfFO® W E, ®wt

Let X be the fiber of I(r): TMF(2) — TMF ] Then m.Fx = w*™*® f. f*Odw*Q E,.
By the last proposition, we can decompose X as 4T M Fy(2) @ Y with m. Fy = wi™* @ E,.
Hence, by Proposition Y & N8P MF, for some i € Z. Since there is no non-zero
map L8P2UTMEF, — SPTMFy(2) (the groups m.TM Fy(2) vanish in odd degrees), we
have X = N 8+24T N F, v SATMFy(2). The fiber S 'TMF — X of X — TMF(2) can
only be of the form & = (&, 0) by inspection of the homotopy groups of TMF,, (see Section
. Thus, ¢ = 0 and we have a triangle

STITMEF S S 8TME, v 2 TMFy(2) S TMF(2) & TMF,
which, in turn, induces a triangle

(5.22) SIM S 80, v 52 Mo (2) S M(2) D M.

3This map and the induced map M (2) — M for a TM F-module M will often also be denoted by 7.



32 LENNART MEIER

5.4. Tearing down algebraically standard modules. The aim of this subsection is
to show Proposition [5.11] Everything in this section will be implicitly localized at a set
of primes A with 2 ¢ A. The basic idea is to have as induction hypothesis that every
(algebraically standard) 7'M F-module of rank smaller than n is standard and then use an
invariant generator to reduce from rank n to rank n — 1. This works in an easy way without
the hypothesis of being algebraically standard. But if we want to have an algebraically
standard module again, we have to deal with the difficulty that the cokernel of a map of
standard vector bundles is a priori not standard.

Lemma 5.23. The element 1 € TMF(2), = Z(a)[x2, y2, A1) is not in the ideal (3, z2+y2).

Proof. Assume that 1 € (3, z2+y2). This implies that 1 is divisible by zo+ye in TM F(2)./3;
hence x5 + ¥ is a unit in this ring. This, in turn, implies that (zo + 12) - 2 = AF for some
z € F3lza,y2]. We know that Fs[xs, y2] is factorial and, hence, xo + y2 is a prime element
(since it is irreducible). Since AF = 16F22Fy2k (5 — 92)?, the element 2 + ¥ has to divide
X9, Y2 Or Ty — Yo in F3[ze, yo], which is clearly impossible. O

Lemma 5.24. Let M be a relatively free TM F-module and y € mp M with c(y) € E(M).
Assume that m,Fy; has a decompositions into shifts of 7,0 and 7,0 @ E,. Then y is
not in im(r) and the reduction y € I'x(mFar) is not in im(rqyg).

Proof. For ease of notation, we assume k = 0. It is easy to see that the two statements
to be proven are equivalent. Assume for contradiction that ¥ € im(rqyq). The module
T Far(M(2)) = m M(2) is a free TM F(2),-module. We want to show that we can choose
a basis such that ¢(y) corresponds to an element (ay,...,a,) with a; € (3,22 + y2) C
TMF(2),. This is enough since 1 ¢ (3, z2+y2) by the last lemma and this is a contradiction
to the assumption that c¢(y) € E(M).

The vector bundle mFys decomposes into a sum @, w™ & P ; Ea @ W™ . Thus, we can
show the claim just for one of the standard summands. First assume moFy = w’. Since
Yy € im(rqy), we know that ¥ lies in the ideal (3, c4,c6) (see Scholium . As shown
in Section , Calg(ca) and cqq(ce) are divisible by (22 + ¥2) after reducing mod 3. For
moFm = w! ® E,, we proceed as follows: In the proof of Proposition it was shown that
im(rg,) coincides with the image of the map I'(f, f*O@w?™7) — I'( B, @w’). We know that
La(fef*O) = Za)[ba, b, A1), where by maps to —4(z2 + y2) and by to 2z2ys in Ty (psp*O)
(see also Section ; thus, T (f« f*O) is exactly the ring of invariant elements in I, (p.p*O)
for a subgroup Cy C S3. The image of I'.(fx f*O) in Ty(psp* fu [¥O) = @:3:1 TMF(2).
consists of (a,ta,t?a) for a € Ty (f.f*O) and t € S3 an element of order 3.

Denote by I the composite functor

Z(4)[S3] -mod =~ QCoh(Spec Z )/ /S3) = QCoh(M),

where i: M — SpecZ4)//Ss classifies the Sz-torsor M(2) — M. In [Meild, Section
4.3], it was shown that F, ® w2 = IZ4)[C3] and that the map f.f*O — E, ® w2 is
induced by the quotient map Z4)[C3] — Z4)[C3] (given by quotienting out the diagonal).
Thus, giving Z4)[¢s] the basis (1,(3), the element (a,ta,t?a) € Tu(p.p* [, f*O) is sent to
(a—t?a,a—ta) € Ti(p«p*Es). We can assume that a is a monomial of the form b5b} (since
A is invariant). This is sent to

((z2 +y2)Fahyh — (y2 — 222)% (y2 — 22) (—22)", (w2 + y2) 2hyh — (22 — 2y2)F (—y2)' (z2 — 32)")
by the formulas in Section [3.1] Modulo three, y2 — 2x9 equals xo + y2, so both entries are
in the ideal (3,22 + y2), which was to be proven. O
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Proposition 5.25. Let M be a relatively free T M F-module such that there is a y € mpM

with c(y) € E(M). Assume that m.Fp has a decompositions into shifts of m.O"P and

1.0 @ E,. Then there exists a z € im(r) such that the cofiber of SFTMF Y2 M s

algebraically standard of rank tk M — 1.

Proof. By the last lemma, § ¢ im(ry,). This implies that its projection to one of the
standard summands € (isomorphic to w’ or E, ®w’) is not in im(ryy,). Since every element
in im(rqy) is a permanent cycle, we can by Scholium find an element z € im(r) such
that for 4/ = y + 2z the projection of the reduction 3 € I'(moFas) to € equals +AI/12 We
have still ¢(y') = E(M) since an element in a free module generates a direct summand if it
projects to a unit in one of the summands. Thus, we get a diagram

0 O— ' roFu G 0
0 o < b 0
0 0 0

Here, the map moFy; — £ is the projection. By the exactness of the lower two rows and
the columns, the identification of the upper row follows by the Snake lemma. We have that
L=0if 20O and L =2w? for £ = E,. In both cases, G is standard since 7o Fy — & is.

If M’ is the cofiber of SFTMF Y5 M, then G = mFy. Thus, M’ is algebraically
standard since m Fyp = w1 Fu. O

Corollary 5.26 (Proposition [5.11)). If every algebraically standard module M of rank <n
has an invariant generator, every algebraically standard T M F-module of rank < n can be
torn down and is thus standard.

Proof. We will prove this by induction over the rank k of M. We will consider two cases.

First assume that 7,F); has a summand of the form f, f*m,O" with complement a
standard vector bundle. Then we can write M = TMFy(2) & M’ with M’ algebraically
standard as in Proposition m In particular, we can use 1 € moT'M Fy(2) to get a map
TMF — M whose cofiber is X*TMF, & M’. By induction, M’ is a standard module and
thus also STMF, & M.

If m,Fs has no summand of the form f, f*m, O P, then we can apply the last proposition
to get a cofiber sequence

S'TMF — M — M’

where M’ is a standard module by induction. O

6. PROOF OF THE MAIN THEOREM

The main goal of this section is to prove Theorem [5.14 We will always implicitly localize
at a set A of primes not containing 2.
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Let us first recall some notation. We denote the projections My(2) - M and M(2) - M
by f and p. We set TM Fy(2) = O'(M;(2)) and TMF(2) = O*(M(2)). For a TMF-
module M, we write M, = M ArpypTMEF,, M0(2) = M ArymF TMF()(Q) and M(2) =
M ANryrTMF(2). By E(M) we denote the set of invariant generators as in Section [5.2]
As in Section we can associate to M the quasi-coherent O™P-module Fy;. Its descent
spectral sequence converges to M and will be denoted by DSS(M); the corresponding
filtration on mw,M will be denoted by FeM. Also of importance will be the maps ¢: M —
M(2) and r: M(2) — M induced by the corresponding maps c¢: TMF — TMUF(2) and
r: TMF(2) - TMF discussed in Section

Let us now sketch the strategy of the proof. An important observation (in Proposition
is that if we have a summand of the form f, f*O in m.Fyr, M decomposes as T'M Fy(2)®
M’. So our strategy is to enlarge M by coning off torsion elements in first filtration to get
such summands to kill, which we will do in Section [6.5] For this, we need a sufficient supply
of elements in first filtration for a module M without an invariant generator. The crucial
results are Corollary and Proposition [6.14 At the end, we will either get an invariant
generator or a “hook”. This all relies very much on the algebraic preliminaries from Section
Bl

In the whole proof, the following triangle is very important:
(6.1) M S @) 22 s, v stiMy(2) S sM
It is induced by the triangle
TMF 5 TMF(2) 2@, s, v SATMFy(2) % STMPF.
This in turn you get from the more well known triangle
TMF — TMFy(2) % S*TMF, — STMF

since TMF(2) = TMFy(2) vV S*TMFy(2) by Corollary [4.12 This triangle follows either
from [Beh06, Lemma 2 in Section 2.4| or can be deduced from the short exact sequences in

Section [3.2] and Proposition

Throughout the proof we will make the following assumption:

Assumption 6.2. We assume that M is an algebraically standard module without an in-
variant generator, i.e. that no x € E(M) is in the image of ¢: m.M — m,M(2).

6.1. Permanent cycles in first filtration. It is our goal in this subsection to show that
all elements in the 1-line of the DSS for M are permanent cycles. We start with the following
proposition.

Proposition 6.3. The restricted projection map Tors m, M — 7, M/im(ry) is a surjection.

Proof. Look at the following diagram

. D(p* Far) & w1 M (2) —— m,D(Fur) = mM —— 7, 0(p* Far)

Pk i

T(p*mFar) oo D(meFar) ol L(p*mFar)

Here x and [ denote the edge morphisms in the descent spectral sequences for Fj; and
p*Far respectively. Note that [ is an isomorphism. Let y € wI'(Fy) = mM. Then
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k(y) € im(rqq), because else there is an element a € I'(p*m, Fas) such that cqyq(K(y)+7a19(a))
is in [(E/(M)) by Proposition This implies that

ci(y +ri(I""a)) € B(M),

which is a contradiction to our assumption. Therefore, we can write x(y) = ril(a) = kri(a)
for some a € . I'(p* Far). So we see that k(y —r«(a)) = 0. Therefore, ci(y —r«(a)) = 0 and
by the exact sequence induced by the triangle we have that y — r.(a) is torsion, which
implies the statement. Il

Corollary 6.4. Let x € E(M) C m,Mo(2). Then o(x) = B*g, k > 1, where g € FymeM,,.
Here, Fy denotes the filtration associated to the DSS.

Proof. Let x € E(M). By Lemmalp.18 and the contradiction assumption, o(z) is a non-zero
3-torsion element in m,X*M,. Thus, d(o(x)) = 0 and oz = Qu, for some u, € m.M (for
d see the end of Section . The element u, is only well-defined up to the image of r —
therefore we can assume by the last proposition that u, is torsion. Hence u, = ‘ay, for
some y, € T,X*M, by since c(uy) = 0. By Lemma we get that o(z) = Py, for
some ¥y, € m.M,. By the same argument, every torsion element in M, is divisible by  and
so we can repeat the process if y, is not already in Fj. Il

Recall now that on the level of vector bundles, o: My(2) — X4M induces the map
Oatg: T(fuf*O @ mFar) = T(Ba @ w 2@ mFur)
called o in Section [3l
Corollary 6.5. The 0-line of the DSS for M, consists of permanent cycles.

Proof. We will use a rank argument: Let X C I'(m.Faz,) be the subgroup of permanent
cycles. Then im(o,,) C X since the descent spectral sequence for My(2) collapses on E2.
Define a filtration on X by setting

B,={T€X: BF1z = 0 for some z € Fym, M, reducing to T}.
Since (3 operates trivially on My(2), we have
im(Ualg) C B(].

Hence X /By is a subquotient of coker(c,,). The latter is an F3[A*?]-vector space of rank
3n for n the number of irreducible direct summands of 7w, F,; — this is proven in the proof
of Proposition and at the end of Section So, if X # I'v(m«Fur, ), then X/By is an
F3[A*3]-vector space of rank smaller than 3n.

Choose an isomorphism My(2) = @ ST M Fy(2). We have 3n invariant generators of the
form A7 for j € {0,1,2} in these direct summands of m, M (2). Denote the Z4) of these by
G. Define a function N: G — N by setting N(g) for g € G to be the maximal k such that

a(g) = v
for some v € m,M,. Note that o(g) # 0 as g € E(M) and thus cannot be in im(c,). Let
I ={1,...,3n}. Then we define a Z4-basis (g:)ics of G inductively as follows. We take
g1 to be a primitive vector in G with maximal value under N. If we have already defined
J1s- -+, gk, We set gp11 to be an element of G such that (g1, ..., grs+1) is part of a Z 4)-basis
of G and such that it is among these one with maximal value under N. We set n; = N(g;)
so that

o(gi) = B"v;
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It is easy to see that N(Xjcya;g;) is less or equal minjcyn; if J C I and a; € Z(XA) for

jed.

We have v; € By, since fo(g;) = 0(Bgi) = 0. Suppose, there exists a v, € m,M, with the
same reduction 1)7 = 7; in the zero-line, but f™v, = 0. Then there is an = € m, M, of higher
filtration such that v} = v; — z. Since z is torsion, it is by the (proof of the) last corollary
of the form v for some v € Fym, M,. Thus,

By = B = B = o(gi)
in contradiction to the maximality of n;. Thus, v; ¢ By, _1.

Assume now that X/By is an F3[A®3]-vector space of rank smaller than 3n. Since
®i>1B;i/Bi—1 = X/DBy, there is a k € N and J C I such that v; € By, \ By_; for j € J and
the (U;)jcs are linear dependent over F3 in By /Bj_1. That is, there exist a; € {1, —1} such
that ¥,a;v; € Br_1. As above, this implies

,BlJrk’U = ﬁkEjajvj = U(Ejajgj)
for some v € m, M, and | > 0, i.e. N(Xja;9;) > minjcyn; = k, which cannot happen. [

Notation 6.6. We recollect the notation from the last proof for the rest of the section: We
have an index set I of cardinality 3n, indexing elements g; € m,My(2) C m,. M (2) spanning
E(M) in the sense that every element in E(M) is of the form ) a;g; for a; € Z4y. We
have numbers n; and elements v; € Fym, M, such that o(g;) = 5™v;. The v; reduce by the
last proof to a basis {v;} of cokerogy. Note that the v; are (thus, since im(r) = im(o) by
the proof of Proposition not in im(7,) and can be modified by elements in im(r,) so
that the ; are in the span of the elements of the form A/ in H°(M;,M,) by Proposition

and the fact that 8 -im(r) = 0.
Corollary 6.7. The 1-line of the DSS of M consists of permanent cycles.

Proof. The map ‘& in the triangle in the introduction induces as in Theorem a
morphism of descent spectral sequences, which is exactly ‘@ on E?. This implies that the
whole first line of the descent spectral sequence in M consists of permanent cycles (which,
of course, cannot be boundaries) since

ta: T(mFar,) 2T (1 Fu @ Ey) — HY(M; Tty aFar)
is surjective. Indeed, this follows by the short exact sequence

0= mFum = T Fu @ fof O = 1. Fy @ By @ w2,
of whom ‘@ is the boundary map and the fact that H}(M; 1, Far ® f. f*O) = 0. O
6.2. Bounding (-divisibility. In the rest of this subsection, we want first to investigate
how many times an element might be divided by . Using the notation n; from Notation
[6.6 we will more precisely show that n; < 3 for all 7. This will be important for Proposition

0. 141
Before we begin with this, we have to compute a Toda bracket.

Lemma 6.8. The Toda bracket (a, 3* 3) (where we view & again as a map X TMF —
TMF,) contains £{3A?}.

Proof. We first want to check that the Toda bracket is actually defined. Since 8?a = 0 in
T MF, we see that 8%2& € mo;TMF,, is mapped to zero in the exact sequence

T I MEF — 7, TMF, = meaTMF
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and is thus the image of an element a € mo; T MF. The only non-zero elements in this
degree are :l:{ozA}H These are annihilated by ? and thus $*@ = 0 and the Toda bracket
is defined.

The element %@ in the E%-term of the DSS of TMF, is a permanent cycle (since & is
in DSS(TMF,) and $#* is one in DSS(TMF)) and can only be hit by a dg-differential
from +A?%: Column 48 in lines below 9 consists only of line zero elements and by Scholium
and the fact that im(r) consists of permanent cycles, the existence of a non-trivial
differential implies a non-trivial differential from +A2. Using Theorem [4.6, we could use
that Massey products converge to Toda brackets and get the result.

Alternatively, one can use the definition of the Toda bracket and sees that it suffices to
prove that the lift of 8% € m T MF in the exact sequence

7T48TMFa — 7T48TMFO<2) — 7T40TMF

is +A? € misTM Fy(2). Indeed, these span the non-trivial elements in w87 M Fy(2) which
are mapped trivially into the zero line of the DSS of T'M F' modulo the image of m48T M F,,
(as can be seen, for example, by an im(r)-argument). O

We need a general observation. If Z is an R-module, we write DZ = DrZ = Hompg(Z, R)
for the R-linear Spanier-Whitehead dual. If z € m,Z, we write ‘z for the dual map DZ —
YFR.

Lemma 6.9. Let Z and M be R-modules and a € w7 and z € m(M Ar DZ). Then the
diagram

idz AR z

R ‘ Ytz S AZAgM AR DZ

| E

S Ap DZ — AR sty WA bty 78 D2

commutes. We will denote the composition (idys Aev)o (idz Az): %7 — S7FIM by 2.
Proof. The only thing to observe is that ‘a is given as the composition

DZ =~ DZAp R MY Dy pps—hy & vk R 0

Lemma 6.10. All n; are smaller than 4.

4One can check that Ba is non-zero and therefore a is non-zero as well. But this is not needed for our
argument.
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Proof. Assume we have an # € E(M) such that o(z) = 3%z, which is automatically # 0
since else z would be in the image of c. Look at the following diagram:

3

TMF TMF
\ B4
= TMF SOTMF
/ /
TMF S M, -
4 v B
S8TMF, ST M Fy(2) - X" 0TMF - S4TMF,
A e A
i~
S M Moy(2) M, = »3M

Here we use the isomorphism
DTMF, = Hompyp(TMF,, TMF) = %"TMEF,,

under which ;2 corresponds to z as in Lemma [6.9] (with k = 7, | = —44 and Z = TMF,).
The Toda bracket (@, 3%, 3) contains {3A%}. Therefore, we get that (*@,o(x),3) contains
b =2({3A2%}). We have ¢(b) = 3z in m.My(2) by the definition of the Toda bracket with
o(x) = o(2'). The element 2’ is invariant (since 3z’ is), but is not in the image of ¢ (since
o(z") # 0). Hence, the corresponding element
2’ € HOM;m Far) = o (M(2))%
cannot be a permanent cycle in DSS(M) and hence is not in the image of r. By Proposition
we can find a y € m, M (2) with caq(rag(y) + ') in E(M). Set
2" =2 +er(y) € mM(2).
This is clearly an invariant generator. We have that ¢(b + 3r(y)) = 32”. Furthermore, for
w :=2(1) + r(A™%y) € 7. M, the following holds:
3A%c(w) = c({3A% w)

= ¢(b) + er({3A%}A2y)

= 32’ + cr(3y)

= 32".
Hence, c(w) = A~22", which is an invariant generator. This is a contradiction to our global
contradiction hypothesis. O

6.3. Understanding the torsion if there are no E,-summands. Our next aim is to

understand the torsion in m,M and 7, M, more precisely if w.Fy; decomposes into a sum
of shifts of 7,0 P. This will be important for Proposition

Lemma 6.11. Let I' C I be nonempty and a; = +1 fori € I'. Then
(1) Yiep aib™v; ¢ im(o) if k; < n; for alli € I,
(2) D icr abiv; # 0 in m My if k; < i for alli e I,
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Proof. Note first that (1) follows from (2) for each I'. Indeed, if 3, a;b*v; € im(c), then
>ier aib® 1, = Oas it is always true that So(z) = o(Bz) = 0.

We will prove (2) and hence (1) by induction on |I’|. For |I'| = 1, assume that S¥v; = 0.
Then also f™v; = o(g;) = 0, which cannot happen (because else g; € im(c)). Assume now
that (2) has been proven for all indexing sets of size smaller than |I’| and that Y, a;bFiv; =

0. We rewrite this as

Z aibkivi = Z(—ai)b”ivi

i€l icl}
where I, C I’ is the subset of all ¢ such that k; = n; and I7 is its complement. By multiplying
with powers of 8, we can assume that I, # @ and thus |I]| < |I’|. As the right hand side is
in im(c), the induction hypothesis for (1) implies that I} = @. This implies that

O'(Z a;g;) = Z(—ai)b"ivi =0.

iel’ iel’
Thus, Y ;e @igi € im(c,), which cannot be. O

Proposition 6.12. Assume that 7, F); decomposes into a sum of shifts of m,O"P. Then
the torsion of m«M is an Fs-vector space with basis given by {aB¥w;} with k < n; andi € I.
This means that there are elements w; € Uy (meFar) such that the {aB¥w;} are detected by
affw; in the DSS for M. The torsion of w,M, is an Fs-vector space with basis given by B*v;
with k <n; and 1 € I.

Warning 6.13. Similar to {aA} € mo;TMF, the notation {a8*w;} does not entail that this
element is divisible by a. But it is true that g*{aw;} = {aB*w;}.

Proof. We have that 'a(7;) = aw; for some elements wj in the 0-line of the E2-term of the de-
scent spectral sequence of M. The w; can be chosen to span the Z4)-span of elements of the
form A’ since these generate H? (M; . Far)/ ker(a) and '@ is surjective onto H(M; m.Far).
All elements B*aaw; are permanent cycles since the 8% are permanent cycles in DSS(TMF).
The elements B*aaw; for k > n; must be boundaries since ‘a(f%v;) = ta(o (B g;)) is zero.
Because M has no invariant generator, the w; support non-trivial differentials d,,,w;. Hence,
also d,, (*w;) # 0 in EP! by Lemma since the 1-line consists of permanent cycles. All
in all, this implies that all torsion in m,M is detected by the af* w; for k < n;.

Note that this also implies that all elements of the form &3*%; cannot be permanent cycles
in DSS(M,) since *1w; = ‘a(afkw;) is not a permanent cycle. Therefore, the f¥v; span
all the torsion in 7, M,. By the last lemma, the Bkv; for k < n; form thus a basis for the
torsion in m,M,. We want to show that they are actually detected by the corresponding
elements in the DSS.

By the last lemma the Fs-span of the f*v; for k < n; gets mapped injectively into the
torsion of m,M by ‘&. By rank comparison we see that no af*w; is a boundary. We
set {aBFw;} := ta(B*v;), which is detected by aB*w; and is therefore in strict filtration
2k + 1. O

6.4. Multiplication by «. Assume again that 7, F3; decomposes into a sum of shifts of
7.0, We use the notation of the last subsection concerning the v;, {aB*w;} and n;.
Furthermore, we denote by F,, = F,m.M the filtration coming from the descent spectral
sequence and by S,m, M the stratum Fpm, M — F,, 17 M. The main result of this subsection
is now the following;:

Proposition 6.14. There exists always an element x in S1mM such that ax = 0.
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Proof. The proof will be by contradiction, so we assume that azx # 0 for all z € Sim. M.
By Lemma n; < 3 for all . The proof has now two parts. First we exclude the case
that some n; < 2. Finally, we lead the case that all n; equal 3 to a contradiction.

We get a short exact sequence associated to
S3M S M5 M, Bosim
of the form
0 — mM/(im ) — 7 M, — ker(a) — 0.

We will show that this restricts to a short exact sequence

0= {{aphwibye, ™ (ma) = (B "™ = (o wi )" azo 0.

Here ()q—0 denotes the elements where multiplication by « is zero. In addition note that
the F3-spans run over all ¢ € 1.

The first map restricts since all torsion in 7, M, is spanned by the 5*v; as shown in the
last subsection; it is automatically injective. The elements v; map to torsion because the v;
get mapped to 0 in the spectral sequence since they are in the span of the elements of the
form AJ and therefore come from M. Hence, the second map restricts.

Suppose an element z € {6’“%}?3:0’”"”" maps to zero via p; then it is in the image of i.
Since

{aBFw ™ € mM = m M/ im(r,)

is a surjection by Proposition , we can write z = i(x +y), where = € {{aﬁkwi}}f;:o"”ni*l

and y € im(r,). Since by Corollary[6.5 the whole 0-line of the DSS of the fiber of r: M (2) —
M consists of permanent cycles, im(r) is completely detected by im(rg4) in the 0-line. Since
BEv; ¢ i, (im(ray)), it follows y = 0 and we have exactness in the middle term.

If p.(x) is torsion for some x € mw.M,, then either x is torsion or the reduction T €
L'y (7 Far, ) maps to zero in I'y (7, Fyaps). We know that the 77 and 4, (im(ry)) = ix(im(ray))
span

ker(Is(muFar,) = Du(meFsapr)) = im(iy)
by Scholium Since pyix(im(ry)) = 0 in 7w, M and all torsion in 7, M, is spanned by the
BFv;, we have p.(z) = p«(2') for some 2’ in the span of the S¥v;. This proves exactness of
the above short exact sequence.

Define [ := dimg,a+3)(im(a)). Since im(a) = im(cltorsr.ar) (since torsm. M surjects to
M/ im(r,)), we see that

Zz(nz + 1) = 221'77,1‘ — 21.
This is equivalent to
since |I| = 3n for n the rank of M. We know that all n; < 3. Assume that n; < 3 for one i.
Then we see that [ < [I]. Since there are |I| elements {aw;}, we have a}_ ;. ; a;{aw;} =0
for suitable a; € {1,2} and non-empty J C I, which would imply the proposition.

Now, we are in the situation that all n; = 3 and [ = |I|. Furthermore, we still assume that
« acts non-trivially on all non-zero elements of strict filtration 1. Thus, im(«) = o~ S1mM
for rank reasons. Suppose that ax # 0 for some z of filtration greater than 1. Then az = ay
for a y € Sym M. Thus, a(y — x) = 0, which is not possible since y — x € Sym. M. Thus, «
acts trivially on all elements of higher filtration.
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This implies Sax = afxz = 0 for x € .M. Thus, multiplication by « has image in
strict filtration 5 by our assumption that all n; equal 3. More precisely, for rank reasons, it
determines an isomorphism

F17T*M/F27T*M — F57T*M/F67T*M.
Since a{afw;} = af{aw;} = 0, we must have

{aBuwi} = p(8*u)

with wu; of strict filtration 0 in w,M,. Because p, preserves filtration, k < 1. If k = 1, then
Bp«(u;) = {afw;}, hence p,(u;) = {aw;} and thus a{aw;} = 0, which is a contradiction to
our assumption. Therefore, {afw;} = p.(u;). We see that p.(32u;) = 0. For similar reasons
as above, $%u; = i.({aw!}) for some {aw!} in strict filtration 1; indeed, if 5%u; is the image
of an element of higher filtration, fu; is in im(i.), but p.(Su;) = f{afw;} # 0. Thus we
get the following picture of a part of the exact sequence induced by M — M, — L4 M:

Biu;
oS! aBw;
B2u;
afuw) afw;
Bu;
aw) aw;
u;

Note furthermore that we can write {a8%w;} = a{aw!'}.
By a juggling formula (see e.g [Meil2, Lem 4.6.2|),

<Oé, {QBQwi}7 52>

contains +{aA}{aw!'} (since (a, a, 3%) contains {«A}). Furthermore, we know by Lemma
and the picture above that B{aw!} € (o, {aB?w;}, 8%). The indeterminacy is

ﬁ27T*720M + ame_3M C Fym M.

Hence f{aw!} = t{aA}{aow!} in F3/F,; = F3/F5.

Suppose that the Y;era;{aw]} = 0. Taking i, it follows 8?°Ya;u; = Xa;8%u; = 0. The
kernel of multiplication by 82 on strict filtration 0 in 7, M, is contained in im(r,). Thus
Yau; € im(ry) and Ya;{aw;} = p.(Xa;u;) € im(ry). Since im(r,) contains no torsion (as
noted above), this implies Xa;{aw;} = 0 and hence a; = 0 for all i € I. Thus, the {ow!}
are linearly independent and thus also the S{aw/}.

Hence, multiplication by {aA} defines a surjective map

Fl/F2 = Fl/Fg — F3/F4 = F3/F5
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and thus, by a dimension count, an isomorphism. But this isomorphism commutes with
multiplication by . Therefore, since multiplication by § is an isomorphism between F/F
and the F3/Fy and the F3/Fy and the F5/Fg, multiplication by {aA} is also an isomorphism
between F3/Fy and F5/Fg. This is obviously a contradiction since the square of {aA} is
zero as s IT'MF = 0. O

6.5. Enlargement and Shrinking. Assume again that M has no invariant generator.
Then m,Fas has no f.f*O-summand. Our strategy in this subsection is to enlarge our
module M by coning off elements of first filtration to produce f, f*O-summands, which can
then be killed. This works in an easy way if we have an Fy-summand in 7, Fys. If we have
no F,-summand, we get in general only a hook and no invariant generator.

So, suppose first that m9F,s has an Ea—summandﬁ Furthermore assume that M has no
invariant generator. Then we know that every element in the first line of the descent spectral
sequence survives by Corollary especially &) in the direct summand HY(M; E,) of
HY(M; 7. Fy). Take the map 'TMF — M representing this a()- We get a cofiber
sequence

STTMFE 29 M - X — S8TME.

This corresponds to a short exact sequence
0 — mFy — meFyxy — IS0 50,

which corresponds again to the Ext-class a g € Ext!(w™*, moFar) by Corollary That
this is short exact can be seen as follows: The DSS of X~7M is equivalent to the DSS for
Hom(X"OP, Fr) and thus the map () has filtration 1. Thus, it is send by the edge
homomorphism

[STTMF, M] = ol (Hom(S7O%P, Far))

|

Hom(m.X7OP 1, Fpr) = To(Hom(m X O%P 7, Far))

to 0.

Thus 7. Fx contains a summand of the form f, f*O by the Extension[3.8in Section[3.2] As
in Proposition we get a split map y: TM Fy(2) — X, which kills the f, f*O-summand
in m.Fx. Denote its cofiber by Y and the composition M — X X TMFy(2)®Y Py by g.
Then g induces a surjective map mw.Fa; — m«Fy with kernel E, ® 10" Thus W*Fﬁb(g) o~
E, @m0t and Y = S24T M F,, by Proposition The element 1 € 94T M F,, maps to
a z € moy M with ¢(z) € E(M). Thus, an M with an E,-summand has always an invariant
generator.

We can therefore assume that m,F)s is a direct sum of shifts of 7,0 P and we assume
again that M has no invariant generator. We want to play the same game as above. Choose
a non-zero element oy € m.M in filtration 1 such that aa@g) = 0. The reduction @y €
H'(M;m.Fy) is of the form a - 1() for some 1(g) € I(m.Fpq) and by a shift, we assume
that 1(g) € I'(moF ). Since a-im(rgy4) = 0, we can by Proposition furthermore assume

°If some other 7, Fa; has a summand of the form E., we can deal with this the same way by shifting.
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that the corresponding map m,O% P — m,Fp, is the inclusion of a direct summand and we
call it the 0-summand. We get a cofiber sequence

S3TMFE 29 M X — SATME.

The (induced) 0-summand of X is of the form E, and in first line of DSS(X) we have
elements A’a. Suppose one of these survives the descent spectral sequence. Then we have a
map Y¥TMF — X whose cofiber is a TM F-module Z of the form TMFy(2) @Y as above.
The fiber of the map
M= X5 Z2TMR(2)aY 25Y

has rank 1 and is therefore isomorphic to ST M F for some [ € Z by Proposition The
image z of 1 € ;X! TMF in m M satisfies ¢(z) € E(M). Thus, we can assume that none
of the A’@ is a permanent cycle. Suppose that y is another element in the first line of the
DSS of X projecting to the O-summand as Afa. Then y can also be no permanent cycle
since every element in the first line projecting to 0 in the O-summand is in the image of
DSS(M) — DSS(X) and therefore a permanent cycle.

Since aag) = 0, there is an element = € 7m; X which is sent to o € mX*TMF. Since
a € E*(DSS(X)) does not survive, x must live in filtration 0. The 0-summand has no
elements in this degree and filtration. Therefore the projection of T to the 0-summand is
zero. By Proposition x can even be chosen such that ¢(z) € F(X) since outside the
0-summand im(7,) maps to 0 in T, X*TMF. Since X is algebraically standard, we can argue
as in Proposition that we can modify z by im(r,) even in a way such that the cokernel
of T X7OM0P — 1, Fy is standard.

Consider the cofiber sequence

YTMF % X — X',

Then 7, Fxs contains still a summand of the form FE, and is algebraically standard of
TMF(2)-rank n. Therefore, we can apply the results of the beginning of the subsec-
tion and see that X’ has an invariant generator, more precisely a y € Ty X " such that

Cofiber(SWITMF — X') has rank one less than M. This provides a “hook” for M and the
main theorem follows inductively:

Theorem 6.15. Fvery algebraically standard module is hook-standard.

We still have to show that every algebraically standard T'M F-module M of rank < 3 is
standard. By Section [5.4] it is enough to show that every such module has an invariant
generator. So, suppose that M has no invariant generator. Thus, we get a cofiber sequence

3 “(0) 4
SPTMF —— M — X — X*TMF.

and an x € m7X as above (reinstancing these shifting conventions). Furthermore, 7, Fys is
a sum of shifts of 7,0, We fix an element Loy € Tw(Fun) such that al detects ).

Suppose that dé\/[(l(o)) = QBQA_ll(O). Then
di' (ML) = &M (A1) + A% di (1))
= —aB2A1(0) + ozﬁZAl(o)
=0
If d (1)) = —ap?A~'1(), we can do the same argumentation with A instead of AZ.
Thus, we cannot have for all i € {0,1,2} that d}/(A"1(g)) = aB?AT 1 q).
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Next, we want to show that a non-zero differential in DSS(M) can only be of length 3,
5 or 7. With notation as in Proposition we see that the a5 w; must be boundaries,
but af™w; with m < n; are not boundaries. If we have a differential of the form d;(3*w) =
a8™7w;, then this implies d; (W) = a8 *w; by Lemma Thus, &k = 0. As everything
in im(r4,) are permanent cycles and I'y(m.Far)/im(ray,) has F3[A%3]-rank 3n = |I], we
see that all differentials with source in the 0-line are linear combinations of the differentials
d;(w) = af™w;. As n; =1,2 or 3, these differentials have length 3,5 or 7. All differentials
with source an element of the form S*w have the same length.

The elements Ail(o) must support non-zero differentials since otherwise M would have
an invariant generator. Thus, H?*T1(M;w* @ 7, Fyr) consists not only of :I:ozﬁ21(0) for
1 < k < 3. Checking dimension, this yields that m,Fys has an (additional) summand of the
form 7, XFO™P for k = 14,0 or 10 (for k = 0 this means that we have two summands of the
form 7, O%P).

The element x reduces to an = € I'(m7Fx) not in im(ry4). Since I'(m  Far) — I'(me Fx) is
an isomorphism in odd degrees, 7 is the image of an element Z’ in I'(m,Far) not in im(ry).
Thus, m,Fys has a summand of the form 7,%7OP. Arguing for 7’ as for (o) above, we get
that 7,Fy has an (additional) summand of the form 7, X*¥O™P for k = 7,17 or 21. Thus,
m«Fnr has rank at least 4 and it follows that every algebraically standard module of rank
< 3 has an invariant generator and is thus standard.

7. EXAMPLES AND APPLICATIONS

This section is about examples. First, we will explain how equivariant TMF pro-
vides examples for relatively free T'M F-modules. Then we will compute TM F A CP"™ and
TMF ANHP"™ when 2 is inverted. Still inverting 2, we will then construct an infinite fam-
ily of (possibly indecomposable) standard T'M F-modules and then present some low-rank
examples.

7.1. Equivariant examples. We will give in this section a short exposition of equivariant
TMF as in [Lur09b] and will explain how it provides examples of relatively free T'M F-
modules. R

For an abelian compact Lie group G, denote by G = Hom(G,C*) the character group.
Let £!P the universal derived (oriented) elliptic curve over the derived stack (M., OP).
Note that the underlying classical Deligne-Mumford stack of £%°P is just the classical uni-
versal elliptic curve over My [!]. This is a (derived) group stack over M. Define the
derived stack (Mg, (’)gjp ) to be the mapping stack Hom(@,é’wp), whose underlying stack
is Hom(G, &). This means that Mq(S) consists of an elliptic curve E/S together with a
homomorphism G — E(S). For G = S!, the stack M agrees with £ and for G = Z/n it
is equivalent to the n-torsion points £[n].

Lemma 7.1. Let h: Mg — My denote the projection map. Then Rh,On, is a vector
bundle for i = 0,1 and zero fori > 1.

Proof. It G = G1 ® Ga, then Mg ~ Mg, Xm,, Ma,. Therefore, we can assume G to be
cyclic of order n or G =2 Z.
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Assume the former and consider the diagram

En] —=¢&

L

Mey —=€&

This is a pullback diagram. By [KM85, Theorem 2.3.1|, the map [n]: £ — £ is finite flat
and hence also £[n] — M,y is finite flat. Thus, R'h, vanishes for i > 0 and h.Op, is a
vector bundle.

Now assume that G = Z. We have to show that R'h,Og and h.Og are vector bundles
for the projection map £ — M. We can show the corresponding statement for an elliptic
curve h: E — § instead. By cohomology and base change, it is enough to show that
H'(Es; Op,) has constant dimension for s geometric points of S. Since Ej is an elliptic
curve, the dimension is always 1 for ¢ =0, 1. O

Lurie defines the fixed points of G-equivariant TMF as TMF¢ = F(OtGOp s Ma).
Proposition 7.2. The T M F-module TMFC is relatively free.

Proof. Let h: Mg — Mgy be the projection. By a descent spectral sequence [!],
h.O fori =0
ih O = { *Y M ot

R'%.Opn,  fori=—1.
As O, is even periodic, it follows that h,O"P is a locally free O'P-module on M,y with
global sections TMFC. Thus, TMF¢ is relatively free. O

7.2. The TMF-module TMF ACP". We will again localize everything in this section
implicitly at a set of primes A not containing 2. The goal of this subsection will be to
compute TMF ACP" as a TM F-module. Note that the homotopy groups of tmf A CP*>
have been computed as a m.tm f-module before by [Bau03|, even at the prime 2, by rather
different techniques.

We will start in a slightly more general setting: If X is a CW-complex with cells only in
even dimensions, TM F' A X is relatively free and moFrayr A X is a vector bundle on M.
How can one determine this vector bundle for well-known spaces like X = CP"? In other
words, we are asking for description of the elliptic homology homology of X that is natural
in the elliptic curve. The strategy is as follows: MU,X has the structure of a MU, MU-
comodule (with explicit formulas), corresponding to a quasi-coherent sheaf on Mpg. For
an elliptic curve F over a ring R with automorphism group G, the formal group E gives rise
to a morphism Spec R//G — M pq, factoring over M, and we can pull the quasi-coherent
sheaf back along this map to do concrete calculations.

The following is essentially routine though the details are somewhat lengthy:

Proposition 7.3 (|[Meil2], Proposition 9.2.1). Let K be an evenly graded (MU,, MU, MU)-
comodule with coaction map ¥ and let Fi be the quasi-coherent sheaf on Mpg associated
to it. Let E be an elliptic curve over a ring R and F' the map Spec R — Mpg classifying
its formal group. Then the action of an automorphism s of E on T'(F*Fk) can be described
as follows:

Choose a formal coordinate z on E (if possible) and let f: MU, — R be the corresponding
(ungraded) ring homomorphism classifying the associated formal group law. We write

o Y(x) =) x;® P, with P; € MU,[b1,ba,...] forz € K,
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o 5(2) =2+ a122 + a2 +--- € R[7]
Then
D(F*Fk) = K @uu, R
and
s (r®1) =Y 2;® fu(P)(a1,a2,...),
where fi: MU[b1,...] = R[b1,...] denotes the morphism induced by f.

At the prime 3, we consider the elliptic curve E with the equation y? = 23 — z over

F3. We choose the automorphism s, mapping y — y and x — x + 1; it has order 3. The

coordinate transformation z = —%, w = —% sends the neutral element (0,00) to (0,0). In
this coordinates, s has the form z — 2z + w,w +— w. Note that z = & and y = —%. The
equation 32 = 3 — = becomes transformed to
r 23 z
w2 wd w
sw = 2°— 2w

We get
w = 25 —z2w? =228 - 2w?)? =2 -2 - P - Bw
S S SR S R T L
This gives a formal expression for w in terms of z (note that the simple pattern does not
continue). This implies that s is given in formal coordinates by

zr—>z+wzz+23—z7+zn—zl5+zlg~--.

To apply Proposition to X = CP", we have to recall its (MU,, MU, MU )-comodule
structure. The Atiyah-Hirzebruch spectral sequence for CP" collapses and so we have
MU, (CP") = MU{Bi}i=1,..n-

Theorem 7.4 (JAda74], Proof of 11.11.3). The coaction map
¥: MU, (CP") — MU,MU @y, MU, (CP")

s given by
B = > O )l ®b;
0<j<i 0<k
Here, the lower index i — j denotes the degree of the term (where |by| = k) and by = 1.

We can easily deduce from this also the comodule structure for HIP". The map
p: CP2n+1 ~ 52n+3/U(1) N 52n+3/5p(1) ~ P

is surjective on (MU,-)homology. Set v; = p.f2;. We get the comodule structure for HP"
by replacing B2; by 7; and ignoring odd degree classes. We will compute the structure of
TMF NHP™.

Proposition 7.5. The TM F-module TMF N\ HP"™ decompose into shifts of TMF, TMF,
and TM Fy(2) in the following way:

13]
TMF ANHP" ~ @ S4TMFy(2) @ Z

=1
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0 ifn=0 mod3
Z=<S"™TMF ifn=1 mod3.
SITMF, ifn=2 mod3

Proof. Set F,, = moF pyen - By the skeletal filtration, F, is a standard vector bundle and we
want find out which one. Our first claim is that

Fan/Far3 = fuf O @ WO

In the notation of Proposition [7.3] we have ag = 1,a6 = —1,... by of the action of s on
z. Thus, Proposition implies in

(MU, (HP*) @17, F3)/ (MU (HP*~3) @107, F3) 22 F3{Bok—a, Bok—2, Bk }

the following equations:

s-Bexr = PBor+ <6k1_ 2> Bek—2 + <6k2_ 4) Bek—a = Bek + Bok—2 + Bok—4

6k — 4
s Pok—2 = Pek—2+ ( 1 )ﬁfsk—zx = Bek—2 — Bok—a
s Bek—1 = DPok—a
1 -1 1
This subquotient representation corresponds therefore to the matrix |0 1 1 ]. Chang-
0 0 1
1 10
ing the basis to (Bgx—4a, —Bek—2, Bek—2 + Bek), we get the matrix [0 1 1] = Js. By
0 01

Proposition the only standard vector bundles on M3) inducing J; are f.f*O ® w®.
Thus, Fap/Far-3 = fof*O @ w® for some i. As HP?* decomposes into spheres rationally,
we know that Fay/Fsk—_3 is rationally isomorphic to w % @ w2 g w6k~ which agrees
rationally with f, f*O ® w® because f,f*O @ w® is 4-periodic [Ref?]; as this is even
rationally the lowest periodicity |Ref!!!], the claim follows.

By Proposition this implies the proposition if n is divisible by 3; furthermore,
it implies that TMF AHP3* splits off TMF AHP3**? for i = 1,2. As HP3**!/HP3* ~
S12k+4 and HP3#+2 /HP?* ~ $:125+4 Cone(v) (and v becomes o in TM F{3)), the proposition
follows. O

The following lemma is well-known:

Lemma 7.6. Define CP.° as the Thom spectrum of the nL for L the dual of the canoni-
cal line bundle on CP™®. Then after inverting 2, the 2-skeleton CP2 | of CP™ is (stably)
equivalent to 72 Cone(ay) v S°.

Proof. By the Thom isomorphism, we see that CIP’2_1 has cells in dimensions —2, 0 and 2.
As mS[3] = 0, we have a cofiber sequence

St §72v S0 — CcP?,.

We will show that this cofiber sequence does not split. This is enough as this implies that
the map S* — S72 is +ay.
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The inclusion CP>% — CPg° = CPY° induces an isomorphism on cohomology beginning
with degree 2. We write H*(CP*;F3) = F3[x] and denote the Thom class of —L by wu.
Furthermore, we denote by P the total 3-primary Steenrod power; e.g. P(x) = z(1 + z2).
We have

P(z)zuP(uz?) = P(u)P(2?).

This gives
22(1 + 2%)u = 22(1 + 2%)*P(u)
and thus
In particular, we see that P'(u) = x?u, which shows that S? is attached to S~—2. O

Proposition 7.7. We have
TMF ACP", ~ TMF AHP" & S™4TMF ANHP" 2

and
TMFACP" ~ Y2TMF, & TMF ANHP" & S3TMF AHP 2.

Proof. Let T be complex conjugation on CP"; or on CP" and let e be the idempotent HTT
The map CP?"*! — HP" sends complex conjugation to the identity map (up to homotopy).
Thus, we get induced maps e(C]P’z_’}H — HP" (for i,j7 = 0,1) that are equivalences as they
are isomorphisms on homology. Thus, HP" splits off CP%’;‘-H. Let us write X,, for the
complement of HPIZl in CP" .

We can determine TM F A X, in a similar as TM F AHP" in Proposition[7.5 First, we an-
alyze the 6-skeleton. By the last lemma, we know that the 2-skeleton of X, is ¥ =2 Cone(a).
Thus, TMF A Xy ~ ¥"2TMF,,. Furthermore,

sb = ot ()=t 5y

s-B1 = B
in F3{p1,...} = MU,CP>® Rnu, Fs. It is easy to deduce that s acts on the pullback of
1 17
moFx, to SpecF3 via [0 1 1|. By a change of basis, this is equivalent to an action
0 01

via the Jordan block J3. Thus, TMF A Xy splits off TMF ACP”, and is equivalent to
Y 2TM Fy(2). For the higher degrees, we need as input that
6k — 5 6k — 7
s+ Bek—3 = DBek—3+ ( 1 >56k—5 + < 9 )ﬁﬁk—7 = Bek—3 + Bok—5 + Bok—7
6k — 7
s Pek—5 = DBek—s+ ( 1
s Bek—1 = Bek—1

modulo parts of degree lower than 6k — 7. Then the arguments runs as in Proposition
We obtain the calculation for TMF A CP™ by the fact that the cofiber of the standard
map X 2TMF — S72TMFy(2) is 2T MF, [Ref!]. O

>ﬁ6k—7 = Bek—5 — Bek—7

Corollary 7.8. A homotopy commutative and homotopy associative T M F{3)-algebra R is
complex orientable iff -1 =0 in T, R.
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Proof. Recall that a complex orientation is a class in R?(CP>) restricting to the standard
generator 1 € R?(CP') = R?(S?) = myR. The above discussion shows that the map
TMF 3 ACP' — TMF3 ACP™ factors as

TMF3 ACP" — Z — TMF 3 ACP® — TMF 3 N CP®

for a TM F{3)-module Z = Y'TMF, such that Z — TMF 3y ACP* is the inclusion of a
direct summand; thus, we have also a factorization

R*(CP>™) — R*(CP®) — [Z,%*Rlrump, — R*(CPY).

Hence, it is enough to show that 1 € R?(CP') has a lift to R2(CP?). Since n = 0 at the
prime 3, we have CP? = CP! v §* at 3. Thus, we have a cofiber sequence

S5 — 5% v St — CP3.
The map S®° — CP! v §4 is non-zero stably at 3, since the Steenrod power operation P! is

non-zero on CP?, thus the map is stably equivalent to (+ay,0) (where we identify CP! with
S? again). Thus, 1 lifts to CP? exactly iff - 1 = 0 in 7, R. O

7.3. An infinite family of modules. In this subsection, we will again localize at a set of
primes A not containing 2 and write TMF' for TM F 4.

It is easy to see that for every given rank, there are up to equivalence only finitely many
standard T'M F-modules. In contrast, we want to construct an infinite family of standard
TM F-modules (of growing rank) that do not decompose into other standard modules.
Roughly the example of an infinite family is the following: Consider

C(B37ﬁ47/837"'7/84763) and 0(637547537' "754)7
i.e. the result of iteratively coning off (lifts of) powers of 8. These T'M F-modules exist since
(83,84, 8%,...,8% 8% and (B3, B4, B3,..., B3, B*) lie in my T M F with k = 70 or k = 29 mod
72 and these groups are zero. If one of these modules splits into two standard modules,
it would have two invariant generators (in the sense of Section . The second generator
would have to lift from a torsion element somewhere — which is not possible for degree
reasons.

More precisely define X; = TMF and z; € m3oTMF to be 3. Now assume that X},
has been defined and also z, € w30 Xy if k is odd or x;, € w71 X}, if k is even. Furthermore,
we assume inductively that m;0 X, = 0 and w9 Xy = 0. Define Xj11 = Cone(Em"TMF —
X}). First consider the case that k is odd. Then we have an exact sequence

T Xp — 7T71Xk+1 — 7T71E31TMF — T X

This implies that there is a lift of 84 € 7 3 TMF to 771 Xk+1, which we define to be

Zp4+1 (any choice is possible). Furthermore, we see that w70 X1 = 0 since 70Xy = 0 and

w9 ' M F = (0. The same way, we see that ma9 X1 = 0 since ma9 Xy = 0 and oI M F = 0.
Now consider the case that k is even. Then we have an exact sequence

T30 Xp — 71'30Xk+1 — 7T30272TMF — o9 Xp.

This implies that there is a lift of 3% € w302 ">T M F to 730 X}41, which we define to be zj
(again, any choice is possible). Furthermore, we see that 770 X%+1 = 0 since w70 Xy = 0 and
w0l M F = 0. The same way, we see that ma9 X1 = 0 since ma9 Xy = 0 and megT M F' = 0.

Before we go on, we want to define an invariant of TM F-modules. For a T'M F-module
M, consider 7, M/im(r). This is an F3[A*3]-vector space since rc = 6. Set now

d(M) := dimg,a=s) (Fome M/ (im(ry) + FimM)),
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where F, denotes the filtration of the descent spectral sequence.

Lemma 7.9. If 7o Far and w1 Far consist of a direct sum of w®' and Eo @ w®', M has an
invariant generator if and only if d(M) > 0. Furthermore, d sends direct sums to sums.

Proof. The first part follows from Lemma and the proof of Proposition [5.25] The
second part is clear. O

Proposition 7.10. The T M F-modules X}, are not decomposable in the homotopy category
of TM F-modules into T M F-standard modules. If an X decomposes, it decomposes into
two algebraically standard modules of which exactly one has an invariant generator.

Proof. Let X &2 A @® B for some k with A and B non-zero. We want to show first that
mF 4 and m,Fp are sums of shifts of m,O*P: We know that 7, F x, decomposes into an even
part @ 7.0 and an odd part @ 7. X3 O™ (using Corollary , which can be treated
separately. It is enough to show that every direct summand & of @ O = @ mO°? is again
a direct sum of the form @ O. We know that I'(€) is a projective I'(O)-module. Thus,
['(€) is a free Z4)[j]-module by Seshadri’s Theorem, a special case of Serre’s conjecture
(see [LamO06], I1.6.1). Choose a basis (a1, ...,a,) of I'(€) as a Z4)[j]-module and consider
the associated morphism f: @) ; O — £. For a complement G of £ in moFx, = P O, we
can do the same and get a morphism g: @ O — G. The morphism

fog @o—-cagSPo

is an isomorphism on I', hence of the vector bundles. Therefore, also f is an isomorphism
and & is free.

We want to prove by induction that d(X) = 1. This is obviously true for k = 1. The E%-
term of the DSS shows that X}, can have “generators” (that is, elements in Fym, Xy /Fim. X
which are not in im(r,)) only in dimensions 0, 24,48, 31,55 and 7. It is easy to check that
neither TM F nor Y3 TMF have any torsion there. So, given a generator z in m,Xp41,
it has to map to some element y of (strict) filtration 0 in 7, TMF or m, X3 TMF. Now
note that Xj1;(2) splits into X3(2) and (a suspension of) TMF(2) and therefore every
element in im(r,) in TMF has a lift to an element in Xy, (which lies also in im(r,)). The
Z4)|AF3]-module Fyr,TMF/F 17, TMF is generated by im(r,) and 1 by Scholium Iﬁ
Therefore, we can subtract from x an element z in im(r,) and it maps (up to a unit) to 1
or 0 in TMF,. But 1 cannot lift. Therefore, x = i.(2') + 2z, where 2/ € m, X}, is of strict
filtration 0 and i,: 7. Xy — T Xg41 is the map given by the construction of Xj,;1. Since
x is not in im(ry), 2’ cannot be in im(r,). Hence, 2’ is a generator and generators are by
induction unique in 7, X} up to the image of r. Therefore, generators in 7, X1, are unique
up to multiplication by units and addition of (im(r.)+ Fim Xky1) and d(Xgy1) = 1 follows.

Thus, d(A) = 0 and d(B) =1 or d(A) = 1 and d(B) = 0. The result follows now from

the last lemma. O

7.4. Low-Rank Examples. We want to present some examples of T'M F{3)-modules. Since
we are mostly interested in torsion, we depict just m.M/im(r,) in the pictures, where every
e stands for one F3. Thus, the same pictures can also be interpreted as pictures of T'M F{ 4)-
modules for 2 ¢ A as coker(r,) does not see the difference. The (bend) vertical lines allude
to non-zero multiplication by «, 8 or {aA}, depending on their length.

The computations of the homotopy groups of these low rank examples are straightforward
from the knowledge of 7. 7'M F3) — the latter can be obtained from m.tm f(3) (as computed
in [Bau08|) by inverting A. The action of «, 8 and {«A} is computed via triple Toda
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bracekts using Note that T'M F;, denotes the cone of the map E|x|TMF(3) — TMF(3)
corresponding to an element x € m. 1T M F(3).

We have only named the elements in the cases of TMF(3) and TMF,, as these are the
most important cases for us. The element a € 7T MF, lifts o € w3TMF. The element
A € m TMEF, lifts 82 € mogT M F; we call it A because it is in zeroth filtration in the DSS
and can be chosen to reduce to A. Indeed, by the Toda bracket {3A} € (o, 32, 3), it follows
that thrice this element is the image of {3A} € mo T M F. Recall here the convention that
we write {3A} instead of 3A for the element in mo4T' M F' reducing to 3A as A itself is not
a permanent cycle.
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