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Abstract

The classical Riemann Hypothesis RH is among the most prominent unsolved prob-
lems in modern mathematics. The development of Number Theory in the 19th

century spawned an arithmetic theory of polynomials over finite fields in which an
analogue of the Riemann Hypothesis suggested itself. We describe the history of
this topic essentially between 1920 and 1940. This includes the proof of the ana-
logue of the Riemann Hyothesis for elliptic curves over a finite field, and various
ideas about how to generalize this to curves of higher genus. The 1930ies were also
a period of conflicting views about the right method to approach this problem.

The later history, from the proof by Weil of the Riemann Hypothesis in charac-
teristic p for all algebraic curves over a finite field, to the Weil conjectures, proofs
by Grothendieck, Deligne and many others, as well as developments up to now are
described in the second part of this diptych: [44].
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Introduction

In 1859, Riemann [52] called a certain behaviour of a certain function “very likely.”
This conjecture is known today as the “Riemann Hypothesis,” or RH for short.
For details and references see [9], [56].

Historically as well as mathematically, the real conundrum is: where do the
Riemann Hypothesis and its avatars belong in the vast and changing landscape
of mathematics? The day we will see a proof of the Riemann Hypothesis, this
will root and place the statement for the first time. In the meantime, as long as
such a mathematical rooting is not available, we may turn to history for help, and
investigate where the authors of the last two-and-a-half centuries have placed the
Riemann Hypothesis (cf. Section 11 below), and also which analogous statements
have been proposed and investigated.

In this note, our main concern is with the arithmetico-geometric avatar of the
Riemann Hypothesis which came into focus only in the 20th century, for the first
time in Emil Artin’s thesis [1], even though, as we will see, it was directly inherited
from one of the principal lines of development of Number Theory during the 19th

century. This variant of RH is the Riemann Hypothesis in characteristic p, or
pRH for short (to avoid confusion with Riemann’s original RH). The general pRH
concerns the zeros of the zeta function attached to a function field over a finite
field of constants, or to an algebraic variety over a finite field Fq.

The 40 some cases where Artin [1] computed these zeros and thus checked pRH,
first gave substance to this analogue of Riemann’s conjecture. After the PhD-thesis
of Emil Artin we see F.K. Schmidt [60] in 1931 generalizing and renormalizing the
theory of the new zeta function. In 1933, Helmut Hasse managed to prove the first
general theorem (see [27]): under certain conditions, he proved pRH for an elliptic
curve over a finite field. In the following years, Hasse gave another, more general
proof of the elliptic curve case and worked towards a proof for curves of arbitrary
genus, using a seminal idea of Max Deuring’s. But the breakthrough was achieved
by A. Weil—see Milne’s chapter [44] in this book.



Early History of the Riemann Hypothesis in Positive Characteristic 597

Our paper will concentrate on these adventurous quests before Weil entered
the scene, i.e., on aspects of the developments around pRH in the period 1921–
1940; see also the series of papers [54], as well as [58]. We will not touch upon the
generalizations of Artin’s original questions, nor the more general Weil Conjectures
of which (a generalized form) of pRH is an important element.

In this paper we present a historical sketch, without any pretense to being
complete, and we give remarks from today’s point of view, on the mathematical
developments of the 1920ies and thirties around pRH.

1 From Richard Dedekind to Emil Artin

While the first half of the 19th century had been marked by an industrious do-
main of research which took pride in combining higher arithmetic—specifically
the content of C.F. Gauss’s Disquisitiones Arithmeticae of 1801—with the theo-
ries of algebraic integers, of elliptic functions, and with applications of analysis
to Number Theory—specifically Dirichlet series—the sun started setting on this
Arithmetic Algebraic Analysis soon after 1850 (see [23]; cf. Section 11 below).
This change is also illustrated by a paper which the young Richard Dedekind—a
former student of Dirichlet’s, just like Riemann—published two years before Rie-
mann came out with his famous conjecture: in [10], Dedekind showed that the
theory of polynomials with integer coefficients which are read modulo a prime1

allows a self-contained, purely arithmetic treatment that runs parallel to Gauss’s
presentation of the arithmetic of the rational integers in the first sections of the
Disquisitiones: unique factorization, quadratic residues, etc. He also derives re-
sults peculiar to polynomials, like the factorization of xpr −x modulo p. Dedekind
was not the first to work out these theorems. They had been established earlier
by Serret and Schönemann, but appealing to Galois’ irrationnels de la théorie des
nombres , whereas Dedekind derived them in complete analogy with the arithmetic
of rational integers. And what is more: as all the perusers of the Disquisitiones
knew, it was with Gauss’s blessing that this arithmetic theory of polynomials mod-
ulo a prime could be considered as belonging to Higher Arithmetic, even though
Gauss had only announced, and never published his sequel to the Disquisitiones,
and even though also Dedekind had not yet seen, when he was writing his pa-
per [10], the preliminary version of this theory in the manuscripts that Gauss left
behind when he died in 1855.2

In other words, the arithmetic theory of polynomials with coefficients modulo
p had been in the air for more than half a century; and Dedekind’s presentation
in 1857 did everything to establish this part of Number Theory as perfectly self-
contained, not owing anything to analytic or geometric considerations. In the
following decades he would famously coin the notions of field and ideal , and build a
theory of algebraic number fields via ideals, in three successive versions of the XIth

supplement to his edition of Dirichlet’s Lectures on Number Theory. Dedekind did

126 year old Dedekind was still under the spell of Gauss and did not yet dare to speak directly
of polynomials whose coefficients were residue classes modulo p.

2See [16], p. 168, for four convincing arguments to this effect.
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not use his 1857 paper [10] as a toolkit for Algebraic Number Theory, for reasons
he explained in [11]. The theory of Algebraic Number Fields also had an analytic
part, handed down and generalised from Dirichlet, especially from his analytic
class number formulas for the theory of quadratic forms. A central function in
this analytic part of the theory was what we call today the Dedekind zeta function
of an algebraic number field which Dedekind, however, wrote

Ω(s) =
∑

a

1
as

=
∏
p

1
1 − 1

ps

(�(s) > 1).

Here a runs through all ideals, and p through all prime ideals, of the ring of integers
of the given number field.

1.1. The goal of Emil Artin’s thesis (finished in 1921, published in 1924, see
[1]) was to extend Dedekind’s 1857 theory from the field K of rational functions
with rational integer coefficients modulo p, to quadratic extensions K

(√
D(t)

)
of this field, where D(t) is a squarefree polynomial in Fp[t]. The case p = 2
is always excluded by Artin. Organising things in conspicuous analogy with the
theory of quadratic number fields, Artin first presents the purely arithmetic theory:
divisibility, ideals, class number, units, all the way to the quadratic reciprocity law.
Then follows the second, analytic part which involves in particular the analogue
of the Dedekind zeta function of an algebraic number field, which Artin writes:

Z(s) = ZD(s) =
∑

a

1
as

=
∏
p

1
1 − 1

ps

(�(s) > 1),

where a runs through the integral ideals of K
(√

D
)
, and p through all prime ideals,

which may be grouped according to the underlying prime polynomials of Fp[t] and
their decomposition type in the quadratic extension:

Z(s) =
1

1 − p−(s−1)

∑
F

[D
F

] 1
|F |s (�(s) > 1),

the summation being over all irreducible polynomials of Fp[t] which are relatively
prime to D and have leading coefficient 1,[D

F

]
is the quadratic residue symbol,

and |F | = pdeg F . This sum, which Artin simply writes down as such, is of course
the (analogue of the) Dirichlet L-function for the non-trivial character of the
quadratic extension K

(√
D(t)

)
/K. Artin then arranges according to

σν =
∑

|F |=pν

[D
F

]
,

and thus obtains

Z(s) =
1

1 − p−(s−1)

∞∑
ν=0

σν

pνs
(�(s) > 1).
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Artin discovers “remarkable reciprocity relations” ([1], p. 209) between the σi,
linked to the functional equation. Supposing naturally D of degree n > 0 (and in
fact n ≥ 3, excluding only trivial cases) one finds σν = 0 for ν ≥ n, and the study
of the zeros of Z(s) reduces via z = ps to studying the zeros of the polynomial:

zn−1 + σ1z
n−2 + σ2z

n−3 + · · · + σn−1 =
n−1∏
ν=1

(z − βν).

In other words, we have

Z(s) =
1

1 − p−(s−1)

n−1∏
ν=1

(
1 − βν

ps

)
(�(s) > 1).

Artin uses this expression to deduce a precise formula for the number of primes up
to a given bound which is “more or less in analogy with the Riemann-Mangoldt
formula” ([1], p. 229). And he goes on to show that assuming pRH for all “imag-
inary quadratic fields”—i.e., for fields K(

√
D) where the squarefree polynomial D

of degree at least 3 has odd degree or leading coefficient which is not a square
modulo p—there are only finitely many such fields with given class number.

Note that the βν are not exactly the zeros of the polynomial one usually writes
nowadays to formulate pRH, just as the degree n − 1 is not necessarily 2g, for
g the genus of the function field K

(√
D(t)

)
. In fact, as Artin explains ([1], p.

228), the zeros ρ of Z(s) are given by βν = pρ, and this includes trivial zeros on
the imaginary axis which occur whenever n is even. Once the trivial zeros are
eliminated, the analogue pRH of the Riemann Hypothesis for Z(s) amounts to the
statement that |βν | =

√
p for all ν = 1, . . . , n − 1.

1.2. The 40 examples by E. Artin. Let us show some of the examples from the
tables calculated by Artin, see [1], p. 232–233. They can be checked by counting
the number of points on the various curves. We use σ1 as explained by Artin. We
write β = π + π, and

N = N1 = #(E(Fp)) = 1 − β + p

(notation explained in the next section). We have:
Table I, σ1 = −β, one point at infinity;
Table II, “komplexe Körper”, σ1 − 1 = −β, see page 234, and no Fp-rational

points at infinity;
Table III, “reelle Körper”, see page 234, and two Fp-rational points at infinity;

in this case σ1 + 1 = −β: on page 231 we find σ3 = −p and σ2 = p − 1 − σ1 and
then

z3 + σ1z
2 + σ2z + σ3 = (z2 − βz + p)(z − 1), hence σ1 = −β − 1.

I, p = 3. On line 6 of the first table on page 232 for y2 = t3 − t2 − 1 and p = 3 we
find N = 2, β = −σ1 = 1 − N + p = 2.

I, p = 5. On the first line for p = 5 in the first table we find y2 = t3 + 1, and we
see: N = 6, β = −σ1 = 1 − N + p = 0.
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I, p = 7. On the first line for p = 5 in the first table we find y2 = t3 + 1, and we
see: N = 12, β = 1 − N + p = σ1 = 1 − N + p = 0 and σ1 − 1 = β gives
σ1 = +1.

II, complex, p = 3. On the last line of the following table we find y2 = −(t4 −
t2 − 1), and we see: N = 6, β = 1 − N + 3 = −2 and σ1 − 1 = −β = +2
gives σ1 = +3.

III, real, p = 3. On line 4 of the last table we find y2 = t4 +t2−t+1, and N = 6,
β = −2 and σ1 = −β − 1 = +1

1.3. Artin submitted his thesis for publication in 1921. A manuscript of his from
the same year actually generalises the presentation to arbitrary finite fields as field
of constants; see [2], cf. [76]. For more details on Artin’s thesis and other, earlier
precursors of pRH, we refer the reader to the first part of the series of papers [54],
which looks back on Artin’s work from the point of view of the general arithmetic
of function fields over finite fields of constants, as well as to [16].

2 Some formulas for zeta functions. The Rie-
mann Hypothesis in characteristic p

2.1. Lemma. Let R be an algebra of finite type over Z. For any maximal ideal
M ⊂ R the residue class ring R/M is a finite field. �

For a ring R as above we define its “zeta function” by

ζR(s) =
∏
M

1
1 − #(R/M)−s

,

where this (Euler) product ranges over all maximal ideals M ⊂ R, and where s is
a complex variable. E.g. see [62].

2.2. Examples. (1) In case R = Z we have the classical Riemann zeta function

ζZ(s) = ζ(s) :

any maximal ideal M ⊂ R = Z is of the form M = (p) ⊂ Z, where p is a prime
number, and

ζZ(s) =
∏
M

1
1 − #(R/M)−s

=
∏
p

1
1 − p−s

=
∞∑
1

1
ns

(Re(s) > 1).

(2) For the ring of integers in a number field we obtain what is now called the
Dedekind zeta function.
(3) For a ring like R = Z[T ], or Fp[T ], we obtain a new type of zeta function.
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For these zeta functions (e.g. where Z is a subring of R) we hope we can ex-
tend classical properties of the Riemann zeta function: they should extend to a
meromorphic function over the complex plane and they should satisfy a functional
equation similar to that of the classical Riemann zeta function. We can ask for
their non-trivial zeros (the extended Riemann hypothesis). See [63]. Later these
definitions and questions were considered for L-functions (not discussed here).

In his description of the RH as Millennium Problem Bombieri writes: “Not a single
example of validity or failure of a Riemann hypothesis for an L-function is known
up to this date. The Riemann hypothesis for ζ(s) does not seem to be any easier
than for Dirichlet L-functions (except possibly for non-trivial real zeros), leading
to the view that its solution may require attacking much more general problems,
by means of entirely new ideas.”
http://www.claymath.org/millennium/Riemann_Hypothesis/riemann.pdf

We seem to have made no progress for the classical RH in this way. However, we
can derive some hope (or perhaps any hint ?) from studying a special case of this
more general situation:

Examples. For a given prime number p we study rings of finite type over the
finite field Fp (the prime field of characteristic p).
(4) We take R = Fq, and obtain ζR = 1/(1 − qs).
(5) Emil Artin in his PhD-thesis [1] proposed a definition of the zeta function for
certain (affine) algebraic curves over a finite field and Artin proposed a pRH for
this kind of zeta functions.

2.3. Let V be a variety over a finite field κ = Fq. Write κn := Fqn . We try to
understand

{#(V (κn)) | n ∈ Z>0}.
Therefore we encode this package in a formal power series

Z(V, T ) = exp

( ∞∑
n=1

#(V (κn))·T n

n

)
,

or
d logZ(V, t)

d T
=

∞∑
n=1

#(V (κn))T n−1.

Hasse knew that for an elliptic curve over Fq the value of π, the Frobenius, de-
termines the number of rational points; moreover Hasse knew what would happen
under a finite extension of the finite field, see 5.1. Hence we can say that the
knowledge of the zeta function describes the set {#(C(κn)) | n ∈ Z>0}. However
the above formula we did not find in the literature before 1940.

2.4. Suppose V = C is a complete, nonsingular, absolutely irreducible curve over
κ of genus g. We write

ζ(C, s) =
∏
℘

1
1 − #(κ(℘)−s
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where the product ranges over all points of C, and κ(℘) stands for the residue
class field of such a point. It follows that

ζ(C, s) = Z(C, q−s).

F. K. Schmidt [60] proved the Rieman-Roch theorem for C and showed

Z(C, T ) =
P (C, T )

(1 − T )(1 − qT )
, with P (C, T ) = 1 + c1T + · · · + c2gT

2g ∈ Z[T ];

see 3.2. We write

P (C, T ) =
j=2g∏
j=1

(1 − ajT ), ai ∈ C.

The Riemann Hypothesis for this curve over the finite field κ = Fq asserts

| aj |= √
q (pRH).

This notation is also explained in [44].

In the literature before 1940 we do find a quest for computing the numbers aj and
their absolute values. For example, let E be an elliptic curve over Fq, and let a1

and a2, in the above notation, be equal to π and π (different or equal). Then for
#(κn) = qn we have:

#(E(κn)) = 1 − (πn + πn) + q;

we see that Gauss, E. Artin and Hasse after computing the numbers π and π could
have used this once this method would have been known to them for computing
#(E(κn)).

As a simple example, take the curve E (the normalization of the completion of
the curve) studied by Gauss in his Last Entry, see Section 4; we know for p = 5 that
π = −1 ± 2i is the Frobenius on this elliptic curve E; we see that π4 = −7 ± 24i,
and β = π + π = −14, hence

#(E(F625)) = 1 − 14 + 625 = 612,

something you would not like to compute by hand without using some theory.

2.5. Remark. There is a small difference between the zeta functions ζR(s) and
ζ(C, s) of an affine curve C0 = Spec(R), respectively of a curve C. This was
already the difference in the approaches of E. Artin and F. K Schmidt: the first
did not include “the places at infinity”, whereas the second author did.

For a (complete) elliptic curve E over a finite field κ = Fq we have

#(E(κ)) = 1 − S + q, with S := a1 + a2 = Tr(π).

As N(π) = a1·a2 = q we see that T 2 − ST + q gives these two zeros. Hence a
simple calculation of #(E(κ)) gives the zeta-function of E.
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3 F.K. Schmidt

3.1. Friedrich Karl Schmidt in [60] first provided a theoretical framework for
pRH which was not restricted to Artin’s quadratic extensions, i.e., not restricted
to hyperelliptic curves over finite fields. Also the field of constants is now an
arbitrary finite field whose order, unusual to modern eyes, is written p while its
characteristic is p0, see [60]. As we know now, Artin had also written up such a
generalization of his quadratic case to arbitrary finite fields of constants, but never
published it. More importantly, F.K. Schmidt realized the potential of changing
the field of constants for the smooth buildup of the theory.

The method adopted by F.K. Schmidt is the general arithmetic theory of func-
tion fields over a finite field of constants. This immediately allows him to take into
account places at infinity, i.e., to free Artin’s theory from the choice of the variable
t. Every place p of the function field now contributes its Euler factor (1−|p|−s)−1

to F.K. Schmidt’s zeta function. Schmidt realizes the importance of the (analogue
of the) theorem of Riemann-Roch3, in particular for the functional equation of the
zeta function which is proved in §9. His proof of Riemann-Roch in §6 of [60] is an
arithmetic tour de force.

The final section §10 of [60], where Schmidt specializes to Artin’s case, shows
the generality of Schmidt’s setting, but also reminds us of the peculiar arithmetic
results Artin had obtained, for instance about the class numbers of his rings, and
whose generalisation to arbitrary function fields is not in sight. Indeed, the effect
of Schmidt’s paper for the immediate successors, and in particular for Hasse, was
not only to place the subject within the frame of the arithmetic of function fields,
but also to strongly focalize around pRH the “analytic number theory” of these
fields, which the title announces as the subject of the article [60].

3.2. Schmidt influenced Hasse not only by the published paper, but also com-
municated that he could write the zeta function (for an arbitrary finite field of
constants Fq) in the form

ζ(s) =
L(T )

(1 − qT )(1 − T )
(T = q−s),

where L(T ) is a polynomial of degree 2g (see [54], Part 1, 6.1). This was published
in [27], Section 7 on page 257. We shall write

L(T ) =
j=2g∏
j=1

(1 − ajT ), ai ∈ C.

3.3. As a precursor for the more extensive Weil conjectures, mathematicians be-
tween 1921 (Artin’s PhD-thesis) and 1940 (what we see as the beginning of the
Weil conjectures) studied three properties of the zeta function of a function field
(of an algebraic curve) of genus g over Fq:

1. Functional equation. See [60], Satz 22. Also see [27] , Section 5.
3Schmidt always writes Riemann - Roche.
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2. Rationality. See 3.2 above.

3. pRH. Every “eigenvalue” of the Frobenius morphism aj , as above, satisfies

| aj |= √
q (pRH).

Compare with the general Weil conjectures (W1)-(W5), see [44] at the end of
Section 1. Properties (1) and (2) were proved by F. K. Schmidt. The pRH was
provided by Hasse for elliptic curves. Between 1921 and 1940, several attempts
were made to find a proof for pRH function fields (for curves) of arbitrary genus
over Fq.

4 The Last Entry

4.1. The text of The Last Entry. An isolated early gem of Arithmetic Al-
gebraic Analysis survived unknown, hidden until the end of the 19th century in
Gauss’s mathematical notebook, the Notizen-Journal as he called it. Personal
items had naturally been divided among the children after Gauss’s death in 1855.
But in the Summer of 1898, Paul Stäckel persuaded Gauss’s grandson Carl Au-
gust Gauß to let the Göttingen Academy borrow the little notebook for use in the
edition of Gauss’s Collected papers.

The last entry of the Notizen-Journal is dated 9 July 1814. By that time,
Gauss was no longer using that notebook very much. In fact, the one but the last
dated entry is from 23 October 1813 and records the completion of the general
theory of biquadratic residues (where general is underlined) on the very day that
a son was born to him. Completing that theory for Gauss meant first of all a
systematic development of the arithmetic of what we call the ring Z[i]; this is
what he would finally publish in 1832, see [20]. The last entry records a rule
which Gauss convinced himself of by computing examples and which he explicitly
acknowledged as a most elegant link between that theory of biquadratic residues on
the one hand, and elliptic functions related to the integral measuring the arclength
of the lemniscate

∫
1√

1−x4 on the other:

Observatio per inductionem facta gravissima theoriam residuorum bi-
quadraticorum cum functionibus lemniscaticis elegantissime nectens.
Puta, si a+bi est numerus primus, a−1+bi per 2+2i divisibilis, mul-
titudo omnium solutionum congruentiae 1 = xx+yy+xxyy (mod a+bi)
inclusis x = ∞, y = ±i, x = ±i, y = ∞ fit = (a − 1)2 + bb.

A most important observation made by induction which connects the
theory of biquadratic residues most elegantly with the lemniscatic
functions. Suppose, if a + bi is a prime number, a − 1 + bi divisi-
ble by 2 + 2i, then the number of all solutions of the congruence 1 =
xx+yy+xxyy (mod a+bi) including x = ∞, y = ±i; x = ±i, y = ∞,
equals (a − 1)2 + bb.

The equation given by Gauss is precisely Fagnano’s relation between the lemnis-
catic sine and cosine. This motivates Gauss’s four points at infinity.
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4.2. Interpretation in modern language. The prime element a + bi ∈ Z[i]
lies above the rational prime p = (a + bi)(a − bi) ≡ 1 (mod 4) and is the unique
generator of the prime ideal (a+bi)Z[i] that satisfies a+bi ≡ 1

(
mod (2+2i)

)
. Thus

p = a2 + b2, with a, b ∈ Z where a is odd and b is even and a−1 ≡ b (mod 4). The
curve C ⊂ P2

Fp
given by the equation X2Y 2+X2Z2+X2Z2 = Z4 has two ordinary

double points points for Z = 0, both rational over Fp and, because
√−1 ∈ Fp in

both points both branches are rational over Fp. The normalization E of C is an
elliptic curve. It has two rational points over Fp above each of those two ordinary
double points of C. Let us write

N = #(E(Fp)) = #
({(x, y) ∈ Fp2 | 1 = xx + yy + xxyy})+ 4.

Gauss expects that

N = Norm(a + bi − 1) = (a − 1)2 + b2.

Let β = 2a = (a+bi)+(a−bi). Then we see in modern terminology that π = a±bi
is the Frobenius on this elliptic curve over Fp, and T 2 − β·T + p is its minimal
equation.

See the last section of [39] for a hands-on discussion of Gauss’s equation, in-
cluding a numerical example and a proof of Gauss’s observation using Jacobi sums.

4.3. Some examples.

p=5 Here the F5-rational points on E are (x = 0, y = ±1), (x = ±1, y = 0) and
the four points at infinity. We obtain #(E(F5)) = 8. As 5 = (−1)2 + 22,
with a − 1 + bi = −2 + 2i we see that indeed Norm(a − 1 + bi) = 8. From
β = 1 − N + p = −2 we see that π = −1 ± 2i is a zero of T 2 + 2T + 5.

p=13 Here the F13-rational points on E are (x = 0, y = ±1), (x = ±1, y = 0) and
the four points at infinity. We obtain N = 8, hence β = 1 − N + p = 6 and
3 ± 2i are the zeros of T 2 − 6T + 13.

p=17 Here we obtain #(E(F17)) = N = 16, hence β = 1 − N + p = 2 and 1 ± 4i
are the zeros of T 2 − 2T + 17.

p=29 Here N = 36, and β = 1 − N + p = −10 and π = −5 ± 2i are the zeros of
T 2 + 10T + 29.

p=41 Here N = 32, and β = 1 − N + p = 10 and π = 5 ± 4i are the zeros of
T 2 − 10T + 41.

4.4. In the introduction to his article [13], Max Deuring has pointed out that
if an elliptic function field K0 with field of constants k0 = Fq is defined by the
equation f(x, y) = 0, then pRH for K0 is equivalent to the fact that the norm of
π − 1, where π is the Frobenius endomorphism, equals the number of solutions of
f(x, y) = 0 over k0, plus the number of prime ideals of K0 of degree one which
divide the denominators of x or y.

An equivalent reformulation of the Last Entry in modern terminology is as
follows:
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Let E be given by Y 2 = X3 +4X over Fp with p ≡ 1 (mod 4). Suppose p = ππ
in Z[i], i =

√−1, with π ≡ 1 (mod 2 + 2i); then

#(E(Fp)) = 1 − (π + π) + p.

See [71], Th. 2.5.
For either model, the curve of which we are counting points over Fp is the

reduction modulo π = a + bi of a curve defined over Q(i) with complex multipli-
cation by Z[i], of j-invariant 1728. As p is split in Q(i)/Q this reduction is an
ordinary elliptic curve in characteristic p. What is more, all Fp-rational points on
the reduction of the curve are the injective image of the (π − 1)-division points of
the curve in characteristic zero.

Gauss may have seen this. Gotthold Eisenstein in 1850 had all the ingredients
to prove it—see [15], cf. [57], §6. But it was Gustav Herglotz who first published
a proof of Gauss’s Last Entry in 1921, see [35]. In this proof he used the approach
just indicated, obtaining the situation over Fp by reducing modulo π Gauss’s
curve over Q(i) which he controls by Weierstrass σ-functions. Herglotz also links
the number of points counted to certain quantities that occur in Gauss’s first
publication on biquadratic residues [19]. This last sort of approach can be used
to give other proofs of Gauss’s claim. See for instance [8] where the counting of
points is translated into properties of sums of Legendre symbols. Cf. the remarks
in [42], Chapter 10.

5 Hasse’s first proof

5.1. Hasse’s strategy. The first proof of pRH for an infinite family of curves
over finite fields was given by Hasse in 1933, see [26]. He had followed the bud-
ding subject from the very beginning. In his 1924 review of Artin’s thesis in the
Jahrbuch Fortschritte der Mathematik he explicitly noted, rephrasing Artin, that
the author had checked pRH in about 40 cases, but that “its proof in general en-
counters difficulties.” Peter Roquette [54] has described in detail how Hasse came
to be interested in pRH through the discussion of diophantine questions with Louis
Joel Mordell and Harold Davenport, and launched by a remark that Artin made
to him in November 1932. Thus embarking on the subject, he naturally relied on
the general framework established by F.K. Schmidt.

In [26] on page 257 Hasse notes that in order to give that a proof for pRH for a
curve over Fq, it it sufficient to prove the same for that curve E over an extension
field Fqr . This is convenient. However in several considerations it seems that q is
fixed, that π = FrobFq , but that other claims, sometimes incorrect for π, do hold
for πr for some r. We will come back to this confusing state of affairs below.

Hasse’s crucial idea was to prove the pRH for elliptic curves over finite fields
by realizing such a curve as reduction modulo a conveniently chosen prime of a
conveniently chosen CM elliptic curve defined over a suitable ring class field of an
imaginary quadratic number field. Hasse was helped in this strategy by the fact
that in the 1920ies he had worked in depth on the arithmetic theory of complex
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multiplication of elliptic curves, i.e., on the explicit class field theory of imaginary
quadratic fields, following in particular the work of Teiji Takagi.

Looked at from our vantage point, this first proof which Hasse came up with
appears as a direct generalization of Herglotz’s argument for the lemniscatic curve
which we have briefly sketched in section 4.4 above. Strictly speaking this seems
to be wrong on both mathematical and historical grounds. Indeed, for technical
reasons, Hasse in [26] excludes extra symmetries working only with CM elliptic
curves whose j-invariant is different from 0 and 1728. Furthermore, Roquette [54]
has found no evidence that Hasse was aware of Herglotz’s article [35].

5.2. Hasse’s setup. However that may be, given his elliptic curve over the finite
field Fq, where q = pf and where Hasse assumes that the characteristic p is neither
2 nor 3, he transforms—extending Fq a bit to Fqr with r dividing 12, if necessary to
adjust the discriminant—the equation of the elliptic curve into Weierstrass normal
form

2433η2 = ξ3 − 3κ2ξ − 2κ3 with κ3
2 − κ2

3 = 2633, κ2 
= 0 
= κ3,

and now looks for an imaginary quadratic number field Ω = Q(
√

d) and a lattice
a in Ω such that in its order o(a) = {α ∈ Ω | αa ⊂ a} one finds a decomposition

qr = ω · ω,

and such that in the ring class field of Ω associated to o(a), for a suitable prime
ideal P dividing p one has

γ2(a) ≡ κ2 (mod P) and γ3(a) ≡ κ3 (mod P),

where γ2 and γ3 are given in Weierstrass’s notation as

γ2(a) = 223
g2(a)
4
√

Δ(a)
, γ3(a) = 2233 g3(a)√

Δ(a)
.

Assuming a has been found, Hasse will then adjoin the coordinates of the ω−1 and
the ω + 1 division points of the elliptic curve associated to a to the ring class field
of o(a), thus obtaining a certain ray class field of Ω and show that the residue class
field modulo a suitable prime P∗ of this ray class field lying over P is precisely
Fqr , and that all the elements of this residue class field are precisely swept out by
coordinates of the adjoined division points, taken modulo P∗. This then reduces
the counting of points on our initial elliptic curve over Fqr , and therefore pRH for
this curve, to an exercise in explicit class field theory of the said ray class field.

Trying to find the CM lattice a, Hasse encountered difficulties to sort out the
eligible j-values, and had to assume that the j-invariant of the initial elliptic curve
has odd degree over Fp, which is equivalent to saying that κ3

2 has odd degree over
Fp. Today we know that these were only technical difficulties; in fact, every elliptic
curve over Fq together with an endomorphism can be lifted to characteristic 0. See
Section 10 below.

Hasse never came back to remove this technical assumption himself; he soon
established pRH for elliptic curves in complete generality by another strategy, see
Section 7 below.
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Already in 1933 Hasse writes that the number N1 of rational points of an
elliptic curve over Fp satisfies

| N1 − (p + 1) |< 2
√

p,

proved in special cases by Emil Artin, and that this is equivalent to the analogue of
the Riemann Hypothesis, see [26], page 253. For an elliptic curve over Fq in general
we have an analogous inequality ≤. This is the “Hasse bound”, later generalized
to curves of higher genus, known under the name of “Hasse-Weil” bound.

6 Elliptic curves

In this section we survey what is known now about elliptic curves over finite fields.
Several of these results were known and proved by Hasse and Deuring.

6.1. Definition. Let K be a field. An elliptic curve E over K is an absolutely
irreducible, nonsingular, complete algebraic curve over K of genus equal to one
such that E(K) 
= ∅.
Equivalent definition. An elliptic curve over a field is an abelian variety of
dimension one over that field.
Equivalent definition. An elliptic curve over a field K is a plane cubic nonsin-
gular curve with a rational point over K.

An algebraic curve C over K of genus equal to one such that C(K) = ∅ should
not be called an elliptic curve over K.

Note, by the Schmidt-Witt theorem, see 8.1, that any curve over a finite field
has a rational point. Hence over a finite field any genus one curve is an elliptic
curve. However note that over K = Q there exist curves of genus one with no
Q-rational point, Selmer, Shafarevich, see Section 8.

Any elliptic curve can be given as a non-singular cubic curve. Normal forms
for such curves are available (Weierstrass, Legendre, etc.).

The facts proved by Deuring for elliptic curves over finite fields later had a great
impact. It induced Tate to prove more general results for abelian varieties over fi-
nite fields, and eventually it emerged in the Honda-Tate theory, classifying isogeny
classes of abelian varieties over finite fields, see [75].

6.2. Deuring proved in [13]:
(1) An elliptic curve E over a field K ⊃ Fp such that End(E) � Z can be defined
over a finite field;

this means: there exists a finite field κ = Fq, an elliptic curve E0 over κ and a
field K ′ containing κ and K and an isomorphism E ⊗K K ′ ∼= E0 ⊗κ K ′.

A little warning: some authors say a variety V defined over a field K can be
defined over κ ⊂ K if there exists a variety V0 over κ such that V0 ⊗κ K ∼= V ; we
will refer to this property by saying that V can be descended to κ; this notion is
slightly different from the notion used in this paper.
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(2) An elliptic curve E over a finite field κ = Fq has End(E) � Z. This ring
End(E) does have rank two or four over Z.

(3) Ordinary. For elliptic curve E over a finite field κ = Fq the following are
equivalent:

• The group E(κ) contains a point of order p.

• The endomorphism ring End(E ⊗ κ) has rank two over Z.

• The endomorphism algebra End0(E) := End(E) ⊗Z Q is an imaginary
quadratic field in which p is split.

• The elliptic curve E is an ordinary abelian variety over a finite field.

(4) Supersingular. For an elliptic curve E over a finite field κ = Fq the following
are equivalent:

• The group E(κ) contains no points of order p.

• The endomorphism ring End(E ⊗ κ) has rank four over Z.

• The endomorphism algebra End0(E) := End(E) ⊗Z Q either is non-
commutative, of rank four over Q, or is an imaginary quadratic field in
which p is non-split.

• The elliptic curve E over a finite field is not an ordinary abelian variety.

Moreover, if E is a supersingular elliptic curve, then it can be defined over Fp2 .

In the Götingen seminar notes [32] it says on page 104 that the endomorphism
ring of an elliptic curve over an algebraically closed field of characteristic p can be
Z “in besonderen Fällen” (but no further details are given).

A remark on terminology. An elliptic curve in characteristic zero with endomor-
phism ring larger than Z is said to have a singular j-invariant. When Hasse and
Deuring discovered that there exist elliptic curves cover a finite field having a
larger endomorphism ring, Deuring did choose the terminology “supersingular”;
we should say “an elliptic curve with a supersingular j-invariant”, too long, so this
has been called now a supersingular elliptic curve. In this case End0(E ⊗ κ) is a
quaternion algebra precisely ramified in ∞ and in p, denoted by Deuring as Q∞,p.

(5) Deuring computed the number of supersingular j-invariants: this equals the
class number hp of Q∞,p, see [13], § 10.
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(6) Deuring proved that an elliptic curve is supersingular if and only if its j-
invariant is either = 0 in characteristic p = 2, or for p > 2 it is in Legendre normal
form

Y 2 = X(X − 1)(X − λ)

and λ is a zero of the polynomial

Hp(T ) =
i=(p−1)/2∑

i=0

(
(p − 1)/2

i

)2

T i;

also see [24], 4.4.22. In particular this shows supersingular elliptic curves do appear
in every positive characteristic. In [14] it was shown that this class number hp is
given by

hp =
1 − (−3

p )

3
+

1 − (−4
p )

4
+

p − 1
12

,

where ( j
p ) denotes the Legendre symbol. Equivalently: h2 = 1 = h3, and

hp =
p − 1
12

, p ≡ 1 (mod 12),

hp =
p − 5
12

+ 1, p ≡ 5 (mod 12),

hp =
p − 7
12

+ 1, p ≡ 7 (mod 12),

hp =
p − 11

12
+ 2, p ≡ 11 (mod 12);

see [13], page 200. In [38] this result was proved again by showing that the zeros
of the polynomial Hp(T ) above are simple for every p > 2; the group S3 acts on
P1 − {0, 1,∞} by substitutions λ �→

λ, 1 − λ,
1
λ

,
1

1 − λ
,

λ − 1
λ

,
λ

λ − 1

and curves in Legendre normal form are isomorphic if and only if they correspond
to each other under such a transformation; the action of this group on the set of
zeros of Hp(T ) has exactly hp orbits, as careful bookkeeping shows; this proves
again these formulas giving the number of supersingular elliptic curves in positive
characteristic.

These polynomials Hp(T ) in connection with the Hasse invariant already can
be found in [30], page 81; Hasse conjectures what the degree of polynomials giving
the supersingular values in the Legendre normal form should be; if one observes
that these degrees are positive one could already conclude there exist supersingular
elliptic curves in every characteristic; the precise number of supersinglar j values
was determined for the first time by Deuring-Eichler.

6.3. Class number computations and applications in connection with abelian va-
rieties generalizing these results by Deuring have been done in many interesting
situations (Hashimoto, Ibukiyama, Katsura, Oort and many others).
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We say an elliptic curve E has CM if End(E) � Z. We have seen that an elliptic
curve in positive characteristic has CM if and only if it can be defined over a finite
field, hence if and only if j(E) ∈ Fp.

For abelian varieties of dimension larger than one this has been generalized. We
say a simple abelian variety A of dimension g is a CM abelian variety if End0(A)
contains a field L ⊂ End0(A) with [L : Q] = 2g. If A is a CM abelian variety
defined over a field of characteristic zero, then it can be defined over Q.

Tate showed that any abelian variety over a finite field is a CM abelian variety,
[74]; note that this was inspired by the results of Deuring, see [7], page 1. Con-
versely, Grothendieck showed that a CM abelian variety over a field of positive
characteristic is isogenous to an abelian variety defined over a finite field, see [47].

For more information, surveys and references see [7].

In the paper [13] by Deuring elliptic curves over finite fields are considered, but at
the same time considered over Fp. In this way we miss interesting aspects. Such
as, that an elliptic curve E can be defined over Fq, that j(E) ∈ Fr � Fq but that
E cannot descended directly down to Fr.

Enlarging a finite field elliptic curves can become isomorphic, but new isomor-
phic classes of elliptic curves are created, even with j-values in smaller fields. For
a survey of the classification of isogeny classes of elliptic curves over finite fields
see [78], Th. 4.1 on page 536, see [50], 14.6.

Here is an easy example of an abelian variety A defined over K = Fp2 , that can
be defined over K0 = Fp ⊂ K, but A cannot be descended from K to K0: take
p ≡ 3 (mod 4) and A a simple abelian variety over K with Weil-p2-number πA =
p·√−1, see [50], 15.2. In [87], Section 3, we find examples of a supersingular elliptic
defined over the transcendental extension K = Fp2(t) that cannot be descended
from K to κ = Fp2 (although any supersingular elliptic curve can be defined over
Fp2 , in our definition of this notion).

6.4. Just a reminder. For an elliptic curve E over a finite field κ = Fq and the
related Wei q-number π = πE = FrobE/κ one of the three cases holds:

• ordinary. The endomorphism algebra End0(E) is a quadratic imaginary
field L = Q(π) over Q in which p splits; π is imaginary; for any extension
κ ⊂ K we have End0(E) = End0(E ⊗ K). (Here E is called ordinary.)

• ss2. The endomorphism algebra End0(E) is a quadratic imaginary field
L = Q(π) over Q in which p does not splits; π is imaginary; there exists
an integer e such that πe ∈ Z; in that case rkZ(End(E ⊗ Fqe)) = 4. (A
supersingular elliptic curve with not all endomorphisms defined over κ.)

• ss4. We have q = p2j and π = ±pj . In this case End0(E) ∼= Q∞,p. (A
supersingular elliptic curve with all endomorphisms defined over κ.)

Note that π ∈ R but π 
∈ Z does not occur for elliptic curves, however it does occur
for abelian surfaces, see [75], Example (a) on page 97; in this case πA is quadratic
over Q. It seems Deuring was the first to prove that for every elliptic curve E over
a finite field we have End(E) 
= Z.
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We note that Hasse did not know this precise classification. Hasse seems to be
the first who observed that (ss4) can occur, see [13], page 198: Hasse shows that
the case (ss4) above does show up for p = 3 (Type III in his terminology). In
[28], III §3 we find the question whether End0(E) ?= Q is possible for an elliptic
curve over a finite field (Type I in his terminology); Hasse asks for the case π = π
(hence π ∈ R): ”Es wäre interessant zu enscheiden, von welchem der drei Typen
I, II, III der Meromorphismenring M in diesem Falle ist”; we know that in this
case π ∈ Z and (ss4) appears, and we know by Deuring that this occurs for every
p ≥ 2. Also in 1937/38 Hasse did not know whether End(E) = Z does occur for an
elliptic curve over a finite field, see [32], page 104 where is says that over a finite
field rank 1 and rank 4 for End(E) only occurs “in besonderen Fällen”, without
further explanation.

As we said earlier, it is better to distinguish a variety V over a field K from the
“same” variety VL = V ⊗ L over an extension field L ⊃ K. We try to understand
what Hasse says in [31], III, especially § 2 and § 3. In the introduction of this paper
we see that an elliptic function field K over k = Fp is considered, and Fq = k0 ⊂ k
is a finite field over which this function field can be given as K0. In our notation:
K0 = k0(E0) and K = k(E). Hasse describes M = End(E), and

π = πE0 = FrobE0/k0 .

In [31], III, on pp. 204-205 Hasse claims that A = 0 (i.e. the Hasse invariant is
zero, i.e. E is supersingular in our terminology after Deuring) is equivalent with
β2 
= 0, 4q (“die Grenzfälle”). Indeed if E is not supersingular then 0 < β < 4q.
However the converse does not hold. The same flaw we find again in Hasse’s 1936
Oslo ICM talk [33], on page 204, and in [31], Part III, page 205. In [54], Part
3, 4.4 the same mistake is not spotted but repeated. Below we give examples in
every prime characteristic of a supersingular elliptic curve over a field Fq with
0 < β > 4q.

The difficulty in these considerations is that the ground field is taken alge-
braically closed, but then E is considered over Fq and π is taken with that fixed
ground field Fq.

6.5. At an early stage Hasse did not know whether an endomorphism of an elliptic
curve over a finite field is algebraic or whether it could be transcendental over Q,
see [28], the last sentence of § 7.

6.6. Already in 1962 or earlier, Mumford pointed out to Tate that the natural
map

Z� ⊗ Hom(A, B) → HomG(T�(A), T�(B))

is an isomorphism for elliptic curves over a finite field, as follows from these results
by Deuring (for notation see [74]). It inspired Tate to show this holds for abelian
varieties over a finite field, and it inspired Tate also to formulate more general
conjectures, see [73]; we see the influence of the seminal paper [13].
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6.7. Example. Consider the curve E given over F2 by Y 2 + Y = X3 + X . This
curve is non-singular. We compute N = #(E(F2)) = 5 and β = 1 − N + p = −2.
The Frobenius of E is a zero of T 2 + 2T + 2, and π = −1 ± i. In this case E is
supersingular and 0 < β2 < 4p = 8.

6.8. Example. Consider the curve E given over F3 by Y 2 = X3−X . This curve
is non-singular. We compute N = #(E(F3)) = 7 and β = 1 − N + p = −3. The
Frobenius of E is a zero of T 2 + 3T + 3, and π = −(3/2)±√−3/2 = ζ3·

√−3. In
this case E is supersingular and 0 < β2 < 4p = 12.

Note that this example is already in Table I of [1], last line of the case p = 3; there
already we see a supersingular elliptic curve (over Fp) contradicting [27], page 343:
“Die Grenzfälle v = 0 und v = ±2

√
q sind mit A = 0 gleichbedeutend”.

6.9. Example. Suppose π is a zero of T 2 + pT + p3. In this case π is not the
Frobenius of an elliptic curve over Fp3 . See [75], example on page 98.

6.10. Honda-Tate theory. We give q = pn, and we wonder whether for a given
β ∈ Z with 0 ≤ β2 ≤ 4q a zero of T 2 − β·T + q can be the Frobenius of an elliptic
curve over Fq. This is an exercise in Honda-Tate theory; we will not explain details
of this theory, but we refer to [75]; see [50]. This exercise has been explained and
solved in [78], Theorem 4.1 on page 536; details have been spelled out in [50], 14.6.
Here we give a survey of the answer to the question above. For a given q = pn and
β ∈ Z with 0 ≤ β2 ≤ 4q (as above) and π a zero of T 2 − β·T + q and we look for
an elliptic curve over Fq with FrobE/Fq

= π; we have the following possibilities.

• If β is not divisible by p there exists an elliptic curve E over Fq; in this case
E is an ordinary elliptic curve.

Suppose β = apj with j ∈ Z>0 and a ∈ Z not divisible by p. The following
four cases below give supersingular elliptic curves.

• If 2j ≥ n + 2 then p = 2, a = ±1 and β2 = 4q = 4p2n+2.

• If 2j = n+1 then p = 2, or p = 3 and a = ±1 and 0 < β2 < 4q. We have seen
this in examples 6.7 and 6.8. In these cases π12 ∈ Z and π12 + π12 = p12n.

• If 0 < 2j = n then a2 ≤ 4. If a = ±2 we have β2 = 4q and π = ±pj.

• Suppose 0 < 2j = n and a = ±1 and 0 < β2 = p2j < 4q. In this case
this is the Frobenius of a supersingular curve over Fp and π = ζ3·pj. This
case occurs for every prime number p; in this case j > 0 and the curve is
supersingular.

• If 0 < 2j < n there is no elliptic curve over Fq with Frobenius a zero of
T 2 + apjT + q; see 6.9.

Conclusion. There are several cases of a supersingular curve E over a finite field
Fq, with β = π + π such that 0 < β2 < 4q. Such cases do appear for every prime



614 Frans Oort, Norbert Schappacher

number p. Note however that in the supersingular case there exists an integer e
such that E ⊗Fq Fqe has πe + πe = 4qe.

If π is imaginary and p is split in Q(π)/Q and p divides β, a zero of T 2−βT +q
is not the Frobenius of an elliptic curve over Fq; in all other cases a zero of
T 2 − βT + q with β2 ≤ q is the Frobenius of an elliptic curve over Fq.

Note that for an elliptic curve over a finite field either β is non-real or β ∈ Z.
The real number

√
p is the Frobenius of an abelian variety, but not of an elliptic

curve, see [75], Example (b) on page 97.
In general it is not so easy for a given π as above to determine E. Existence

can be proved by analytic parametrization and reduction modulo p, see [36], [75];
an algebraic proof can be found in [6].

7 Hasse’s second proof

Already in 1930 Hasse introduced the “Frobenius operator”, see [25], see [54], Part
3, 2.5. This endomorphism for an elliptic curve E over Fq was already by Hasse
written as

π : E −→ E.

In [28], on page 342 we find

ππ = Norm(π) = q

and Hasse shows this implies the pRH; the case π ∈ Z, the case of a super-
singular elliptic curve, needed extra care. A crucial aspect is the fact that the
anti-involution π �→ π comes from complex conjugation in the characteristic zero
ring End(E). For an extensive description, also of Deuring’s contribution, see [54],
Part 3, Sections 2 and 3.

The anti-involution z �→ z on M = End(E) is nowadays called the “Rosati
involution”, after [55].

An isogeny E → E′ gives an inclusion of function fields K(E) ⊃ K(E′) and
conversely. Such concepts were well-know, e.g. see [28], page 125 (but not under
the name isogeny). It is unclear to us whether at that time it was known that
isogenous elliptic curves give equal zeta functions.

8 Rational points over a field

Theorem 8.1 (F. K. Schmidt 1931, Witt 1934). Let C be an algebraic curve
(complete, non-singular) over a finite field κ = Fq. Then

C(κ) 
= ∅.
See [60], page 27; [86]; see [54], Part 1, pp. 54–55.

Corollary 8.2. Let V be a complete, projective variety of positive dimension over
a finite field κ = Fq. Then

V (κ) 
= ∅.
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Proof. For V ⊂ Pn
κ there exists a hypersurface H ⊂ Pn

κ such that every irreducible
component of H ∩ V has dimension equal to dim(V ) − 1. Hence for dim(V ) = d
there exists hypersurfaces H1, · · · , Hd−1 ⊂ Pn

κ such that H1 ∩ · · · ∩ Hd−1 ∩ V
is a finite union of irreducible (possibly singular) curves. For each of these the
normalization has a rational point over κ by the theorem above. Hence V (κ) 
= ∅.
�

8.3. Here we consider a curve (complete, non-singular) C over a field K. We
define the exponent of C, denoted by f(C, K) = f as the smallest degree of an
effective divisor on C. We have seen that f(C, Fq) = 1.

For a curve of genus g > 1 one can show that over an arbitrary base field
f(C, K) divides 2g − 2.

Theorem (Selmer, 1954). The curve C ⊂ P2
Q given over Q as the set zeros of

3X3 + 4Y 3 + 5Z3

is a non-singular plane curve of genus one, and C(Q) = ∅.
In fact, much more is true: this curve has no rational point over any Qp, and

has no rational point over R. See [64], page 205, [65].

Theorem (Shafarevich, 1957). For every integer b there exists a curve C of genus
one over Q with

f(C, Q) > b.

See [68], see [41], corollary and discussion on page 670, see [72]. In [41] on page
670 we See that Emil Artin conjectured this result that the index is unbounded
for an elliptic curve over Q.

9 Deuring’s idea and its reception in 1936

At the beginning we have asked where the Riemann Hypothesis is to be situated
in the vast and changing landscape of mathematics. It is time to come back to this
question, but with respect to the analogue pRH in characteristic p. Of course, the
answer to the question may vary according to personal opinions and appreciations
of the mathematicians concerned. For Hasse in 1936, after his two proofs for the
elliptic case and after the publication of his triptych [31], the arithmetic theory of
function fields of one variable over a finite field of constants was the adequate con-
ceptual framework to ground proofs of (special cases of) pRH. He clearly preferred
his second proof over the first one, not just because the first proof suffered, at least
in [26], from restrictive assumptions, but because der ganze Aufbau der Theorie
hat jetzt rein strukturellen Charakter, i.e., “the whole setup of the theory is now
of a purely structural kind.” ([26], p. 55) The natural pride of his considerable
achievement would naturally orient his choices for future work on the conjecture
which at first remained wide open for curves of higher genus. It is interesting to
see how he and others envisaged this future at various junctures. Indeed, it not
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only tells us something about Hasse’s mathematical orientation, but also about
the conditions of doing research at the time.

9.1. How to attack curves of higher genus? Already at the end of his 1933
paper [26], Hasse had pointed out what he called a “formal analogy” of his (first)
proof of pRH for (certain) elliptic curves, with Carl Ludwig Siegel’s momentous
1929 paper on diophantine approximations [70]:

To Siegel’s principle that at the bottom of algebraic relations between
values of power series there is generally a relation between the associ-
ated functions, corresponds in my case the principle that at the bottom
of the solutions of a congruence there are solutions of a related equa-
tion in algebraic numbers. And just as Siegel has solved from there
the problem that there are only finitely many quasi-integral solutions
of a general binary diophantine equation, via the uniformisation by
general abelian functions, it is to be expected that the determination
of the number of solutions of general binary diophantine congruences
can also be performed via the uniformisation by general abelian func-
tions, thus proving the analogue of the Riemann Hypothesis for the
general congruence zeta functions in the sense of F.K. Schmidt. But
for this one would have to first develop the complex multiplication
for general abelian functions, unless the purely arithmetico-algebraic
methods developed by A. Weil in [79] should suffice.

And Hasse repeated the same message at the Oslo ICM in 1936, again with ref-
erence to both Siegel and Weil, and then continuing on a much more optimistic
note about the immediate future of pRH, see [33], p. 192 :

The method that I have developed is so general that it also allows to
tackle the case of arbitrary genus g > 1. It is true that the investiga-
tions are not quite finished yet, but very recently Deuring has removed
the essential difficulty which still stood in the way of generalizing [my
method] from g = 1 to g > 1, so that the said problem should be
completely resolved shortly.

Three questions arise here: What was Deuring’s idea? What remained to be done
once one had this idea? Why did this research programme not bear quick fruit?

9.2. Deuring’s idea. On 9 May 1936, Max Deuring, who at the time was assis-
tant to B.L. Van der Waerden in Leipzig, wrote to Hasse all letters to and from
Hasse quoted here are Kept at the manuscript section of staats—and universtiäts
— Bibliothek Göttingen):

In the last few weeks, I have tried to generalize your results for elliptic
function fields to fields of higher genus. I have succeeded in doing so,
all the way to the construction of the ring of multipliers and the proof
that it is algebraic. Since you may already be further ahead in these
questions, I enclose the introduction to a projected paper. There the
algebraic results are only stated. I have complete proofs of them; but
they are still monstrous.
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The generalization of Hasse’s triptych which Deuring was working towards in 1936
was based on the idea to replace the endomorphism ring of the elliptic curves which
Hasse was using, by the ring of correspondences from the curve to itself in the
higher genus case. We unfortunately do not know Deuring’s original manuscripts
from that period; from the correspondence between Hasse and Deuring it is obvious
that the published papers [12] are the result of considerable reworking in direct
exchange with Hasse and H.L. Schmid. But the letter quoted shows that Deuring
placed himself squarely within Hasse’s research programme on the arithmetic of
function fields. We will see shortly that this option was not taken for granted by
all the colleagues potentially interested in the work. Different views existed about
where to place pRH in the mathematical landscape of the time. Hasse, however,
was simply delighted by Deuring’s idea and replied to him on 11 May 1936:

At any rate, I am sure that you have laid the foundations, in particular
for overcoming the Riemann Hyopthesis in arbitrary function fields.
I am convinced that I will be able to give a proof of the Riemann
Hypothesis by combining my own ideas, which I have thought about
again these past few weeks, with your results. I want to think about
this more precisely as soon as possible, also with a view to a more
polished presentation of your proofs.

9.3. Correspondences. In Hurwitz’s seminal paper [37], the theory of corre-
spondences was an essentially analytic theory. Later on it was at least partially
integrated into the Italian Algebraic Geometry, esp. by Francesco Severi. See [66],
as well as the later [67], chapter 6, §§2, 3. But when Emmy Noether in 1919 was
writing her report on the various existing arithmetic theories of algebraic functions,
she pointed out [45]:

Just as Riemann’s theory [of Riemann surfaces] preceded the other the-
ories historically, even if the rigorous proof of the existence theorems
only succeeded later, it has also happened later that with the use of its
transcendental tools algebraic questions have been settled which even
today are not yet amenable to a purely algebraic or arithmetic treat-
ment; one has to mention here above all Hurwitz’s theory of singular
correspondences.

By 1936, the situation could have appeared a bit different, especially for Max
Deuring in Leipzig, insofar as B.L. Van der Waerden was trying to rewrite quite
a bit of algebraic geometry in algebraic language, and thus also in a way which in
principle would hold over ground fields of arbitrary characteristic. See for instance
his paper [77], cf. [59]. But it seems that Deuring was naturally developing his
idea in the context of Hasse’s approach, i.e., in the language of the arithmetic of
function fields.

9.4. Publicizing Deuring’s idea. The day before leaving for Oslo to participate
in the ICM, on Sunday 12 July 1936, Hasse found the time to write an eight page
letter to Weil, in which, among other things, he explained his understanding of
Deuring’s idea to Weil in some detail.
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Lieber Herr Weil,
. . . . . .
Deuring has had the decisive idea which leads to the generalisation of
my theory from the elliptic case to genus g ≥ 1. It resides in the alge-
braization of the theory of correspondences of two algebraic function
fields, and thus not, as I had always thought, in the use of the field of
Abelian functions in g variables.

A correspondence of a field K|k to a field K ′|k is according to Hurwitz a
conformal mapping of a finite covering surface of K to a finite covering
surface of K ′. In purely algebraic terms this means (provided the
covering surfaces are connected):

There is an isomorphism which relates K ′ to a subfield K̄0 of a finite
extension K̄ of K; here K̄ is normalised in such a way that K̄ = K̄0K
arises by composition of K̄0 and K, i.e., it is chosen to be as small as
possible.

This state of affairs can now be transferred to abstract function fields;
for this we suppose that k is algebraically closed.

In order to be able to compute with such isomorphisms, and already
to be able to survey their totality, one introduces the field K = KK ′,
where composition is to be understood such that both components K
and K ′ are regarded as algebraically independent over the field of con-
stants; K therefore has transcendence degree 2 over k. But we regard
K essentially as an algebraic function field of only one variable, i.e., as
K|K with K as formal field of constants.
. . . . . .
Looking now at the totality of all correspondences from K|k to itself
. . . , one obtains a ring. This is the precise generalisation of the mero-
morphism ring [in the elliptic case].

In order to get from here to the proof of the Riemann Hypothesis, two
things are still missing:

First a theory of the behaviour of differentials of the first kind under
these correspondences.

Second a generalisation of the theory of the norm, which has to do here
with the degree of the field extension | K̄ : K̄0 |.
I have not been long enough in possession of Deuring’s theory to have
had the time to think through these two generalisations. But one can
already see approximately that the Riemann Hypothesis will reduce
also in the general case to the analogue of the fact that the well-known
hermitian form of the period matrix is positive-definite.

The greatest part of Hasse’s long letter is devoted to explaining the translation of
correspondences into the language of algebraic function fields. As we know today,
the second step of the programme which Hasse outlines, i.e., the “generalisation
of the theory of the norm” has never been supplied.
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Here is Weil’s reaction to Hasse’s letter, written in German on 17 July 1936:

Lieber Herr Hasse,

I have read your letter and the enclosed communications with the great-
est interest. As you can imagine, the generalization of your theory of
the elliptic function fields is particularly close to my heart, and it is
very nice that thanks to Deuring’s idea the solution of this problem
is now in sight. I would therefore like to communicate to you a few
remarks which occurred to me when I first read your letter.

It is a very fortunate idea to use singular correspondences to gener-
alize the algebraic theorems of complex multiplication. But as far as
the execution sketched in your letter is concerned, the remark may not
be superfluous, for various (not only historical) reasons, that several of
the required ideas already existed ready to be used. For, after Hurwitz
had provided the transcendental theory of correspondences on an al-
gebraic curve in his well-known memoir of 1887, the theory was taken
up again by the Italians – in the sense of algebraic geometry, it is true,
but in an altogether algebraic spirit. This is well presented in Severi’s
Trattato (Severi, Trattato di Geometria algebrica, vol. I, chap. VI, in
part. §§60–71, and also the historico-bibliographical sketch on p. 240).
. . . . . .
It is even more remarkable that Severi unequivocally defines the ring of
correspondences on a curve (§69, Prodotto e somma di due corrispon-
denze); and since the correspondences with valence 0 obviously form
an ideal in this ring, this yields a quotient ring which is completely
identical with Deuring’s ring (and with your ring of meromorphisms in
the elliptic case).
. . . . . .
Please do not consider these remarks as in any sense polemical. This
I leave to Severi (who, incidentally, is not totally unjustified in the
polemics that he directed chiefly against Van der Waerden). I know
very well how necessary, and how difficult it is sometimes to translate
the already existing results in this domain into the language of modern
algebra. But I consider it very important in such investigations never
to lose sight of the connections with the older theories, and this not
only in order to give the former authors their due (although this is
only fair), but chiefly in order not to throw away irreplaceable gauges.
This, I think, will also prove to be true in the further development of
the problem at hand.
. . . . . .

In addition to Severi’s Trattato of 1926 mentioned by Weil, there was also
available at the time a recent voluminous survey written by Berzolari of the al-
gebraic geometric theory of correspondences that had appeared in 1933 in the
Enzyklopädie in German translation.
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From the correspondence between Hasse and Deuring we can gather that
Solomon Lefschetz had essentially the same reaction as Weil, pointing to Sev-
eri, when confronted with Hasse’s Oslo presentation. As a result Deuring, in the
introduction [12], will defend the fact that he publishes his function field version
of correspondences at all.

Even though a smooth presentation of Deuring’s theory in the language of al-
gebraic geometry over a field of characteristic p would certainly not have been easy
to write in 1936, Deuring’s paper [12] would provoke Weil’s unrelenting sarcasm for
many years to come. Weil even vented his feelings in a boastful, and historically
debatable footnote to the Note historique of Bourbaki’s Commutative Algebra, see
[4], where he alludes to:

the brillant successes obtained by these “non-rigorous” methods [of the
Italian geometers], contrasting with the fact that, until about 1940,
the orthodox successors of Dedekind showed themselves incapable of
formulating with enough flexibility and power the algebraic notions
that would have allowed them to give correct proofs for these results.

9.5. A Göttingen Workshop on Algebraic Geometry in 1937. From Jan-
uary 6 to 8, 1937 Hasse organized a small workshop on algebraic geometry in
Göttingen with invited instructional lectures by Heinrich Jung, Harald Geppert,
Bartel L. Van der Waerden, and of course Deuring. He had surely hoped to be
able to orchestrate a collective effort of learning and working, with positive effects
on the proof of the Riemann Hypothesis.

This would not materialize for various reasons. Apart from the widely differ-
ing ages and mathematical backgrounds of the participants, there was the major
problem, which Hasse actually realized even before the event, that every one of the
speakers really spoke “his own dialect” of algebraic geometry. Hasse also invited
Weil, who declined with the good reason that he was on his way to Princeton for
a few months’ stay at the IAS during these days. It is hard to know if he would
have come otherwise.

At some point, A. Weil did engage in the battle for pRH. This is evident from
his letter to his sister written from Rouen prison, [80], and from the Academy
Note, see [81], also see [82]. Hasse considered this note as cheating, see [3], for the
ensuing war of reviews. But he may have deceived himself about Weil’s potential
to come up with a proof in the end.

9.6. The German-Italian axis. Hasse’s last paper promoting the research pro-
gramme towards pRH for curves of any genus, based on the arithmetic theory
of algebraic function fields and Deuring’s idea, was published in Italian [34], in
the proceedings of a congress that could not actually take place because of the
war. Its explicit aim was to “facilitate for the Italian school of algebraic geometry
the access to a field which is being cultivated at various places in Germany, and
in which algebra and arithmetic are coming together.” ([34], p. 85) There is a
fleeting reference to Severi’s chapter on congruences in his Trattato ([34], p. 94,
note (3)), but otherwise no effort is made to render the presentation palatable to
a reader who is well-versed in algebraic geometry, but has little experience with
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the function-field language. Towards the end ([34], p. 138, note (1)) Hasse briefly
comments on other papers of Severi’s which the latter had indicated to him in
their correspondence.

The paper ends with Hasse recalling his first proof of pRH for certain elliptic
curves, which proceeded via lifting to characteristic 0, saying that it appears to
him unfair by comparison with the straight development of the arithmetic theory
of function fields in characteristic p, which will in the end also yield the general
pRH.

We know today that he was right about the possiblity of giving such a proof
because his student Roquette did it in [53]. But between Hasse’s Italian paper and
this thesis, a new language and practice of algebraic geometry had been created,
not in Europe in the 1930ies and 1940ies—in spite of the seminal ideas published
by Van der Waerden—but in the US, under the independent inspirations of André
Weil and Oscar Zariski.

10 The Deuring lifting theorem

In this section κ = Fq will be a finite field. In his first proof of the pRH Hasse
needed the fact that an elliptic curve over a finite field together with an endo-
morphism could be CM lifted to a field in characteristic zero. Hasse had to make
exceptions for his proof to work. That made his proof incomplete.The full CM
lifting theorem for elliptic curves was proved by Deuring.

Theorem 10.1 (Deuring, 1941). Let E0 be an elliptic curve over κ, and b ∈
End(E0). The pair (E0, b) can be lifted to characteristic zero.
By this we mean: there exists an integral domain R of characteristic zero, a
homomorphism R → κ, an elliptic curve E over R, and an element b ∈ End(E)
such that (E , b) ⊗R κ ∼= (E0, b). This theorem was stated and proved in [13] page
259 and pp. 259–263 over the algebraic closure of a finite field; however once the
theorem is proved for the residue class field κ, the result follows for the residue
class field κ. Also see [69]. For a modern proof see [46] and [48], Th. 14.6 and
pp.192–193.

10.2. Remark. A well-known theorem by Serre and Tate shows that any (A0, b)
where A0 is an ordinary abelian variety, and b ∈ End(A0) can be lifted to charac-
teristic zero, see [43] Coroll. 1.3 on page 178.

Such a pair (A0, b) can be lifted to characteristic zero in case the p-rank of A0

is at least dim(A0) − 1 (sometimes called “the almost ordinary case”), see [48],
Th. 14.6; in particular this covers the case of elliptic curves.

For any g ≥ 2 there exist (many) examples of pairs (A0, b), where A0 is an
abelian variety of dimension g and b ∈ End(A0) over an algebraically closed field
k ⊃ Fp such that the pair (A0, b) cannot be lifted to characteristic zero; see [49],
and for more information see [7].

10.3. Remark. More specifically: any abelian variety over a finite field is a CM
abelian variety by [74], and one can ask whether it can be lifted to a CM abelian
variety in characteristic zero.
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Honda and Tate proved that after extending the base field and choosing an
appropriate isogeny such a lift exists, [75], Th. 2. In [49] we see many examples
of abelian varieties over k = Fp that do not admit a CM lift, i.e. in general an
isogeny is necessary, even over k. In [7] this question is further studied and we see
a complete answer: for an abelian variety A0 over a finite field κ there exists an
isogeny A0 ∼ B0 over κ and a CM lift of B0 to characteristic zero. After more than
70 years the problem, stated and proved for elliptic curves by Hasse and Deuring,
is thus generalized to all abelian varieties over a finite field and their CM liftings.

11 Reflections on the place of the classical

Riemann Hypothesis

Riemann’s statement of RH—see [52], p. 148 in the Gesammelte Werke—to the
effect that “very probably” all the roots of the function

ξ(t) =
1
2
s(s − 1)Γ

(s
2
)
π− s

2 ζ(s), where s =
1
2

+ ti,

are real, ostensibly belongs to complex function theory, or more precisely to the
chapter of it which is often called “Special Functions,” because it only concerns a
specific function (and its generalisation GRH, a specific class of functions). The
Jahrbuch über die Fortschritte der Mathematik did not exist yet when Riemann
published his seminal paper, but when the first Jahrbuch appeared in 1868, it did
classify, for instance, a paper by Curtze on Lambert’s series and the law of prime
numbers under its “Chapter 2. Special series” of “Section five : Series.”

This pigeonholing of the conjecture is obviously unsatisfactory, already because
when one goes through the list of prominent special functions, just what is special
about them has to be found out in each and every single case, and rarely points to
a specific subdiscipline of mathematics. Furthermore, there are many equivalent
formulations of RH, and there are analogues in different settings. Once we will
see a proof of the Riemann Hypothesis, this will root and place the statement
for the first time. In the meantime, as long as such a mathematical rooting is
not available, we may turn to history for help, and investigate where the authors
of the last two-and-a-half centuries have placed the Riemann Hypothesis and its
avatars.

When Euler solved the “Basel problem,” i.e., when he first evaluated

∑ 1
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6

in 1735, and later proved it, when he obtained the product formula

∑
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ps

, where Re(s) > 1,

for the function that was not yet called ζ(s), when he even established a relation
which we recognise as a variant of the functional equation for the Riemann zeta
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function, all these achievements are in the first place and above all pieces of 18th

century real analysis. See the extremely careful reading of Euler’s paper E352 in
[40]. Cf. [84] for the early history of “Riemann’s” zeta function.

Yet prime numbers, whose distribution would be the explicit subject of Rie-
mann’s 1859 paper, are already part of the story. And when Euler started to
analytically measure their infinity through the divergence of the sum of their re-
ciprocals, the tabulation of primes was about to develop into one of the important,
if often overlooked, sources which would not only make Gauss as a young man fill
his odd hours of leisure by counting prime numbers in given intervals of thousands,
but which would finally be integrated into the new number theory that was shaped
during the long 19th century. See [5], in particular 4.3.

In his informal lecture [83], page 293: André Weil writes: “.. aspects which
we now classify as ‘analytic number theory’, which to me, as I told you, is not
number theory at all”, famously excluding analytic number theory from what he
accepts as Number Theory and bemoans the—indeed surprising, given Riemann’s
education—fact that “of all the great mathematicians of the last century, [Rie-
mann] is outstanding for many things, but also, strangely enough, for his complete
lack of interest in number theory and algebra.” One might try to object that not
only does the title of Riemann’s 1859 paper sound like number theory: On the
number of prime numbers below a given quantity, but Weil himself in a later paper
[85] has suggested that Riemann’s treatment of ‘his’ zeta function may very well
have been prompted by the case of a quadratic Dirichlet L-series which Eisenstein
may have showed him. Such a connection—whether it was immediately brought
about by Eisenstein’s influence, as Weil suggests, or whether it only existed by
way of a lasting influence of Riemann’s education with Dirichlet—would indeed
link the 1859 paper, and thus also the Riemann Hypothesis, to the integrated
domain of Arithmetic Algebraic Analysis which a historical analysis of research
activities between the 1820ies and 1850ies establishes as the peculiar hybrid state
that Number Theory found itself in during that period—see [23].

Indeed, Riemann’s teacher Dirichlet had been one of the protagonists of Arith-
metic Algebraic Analysis when he combined his keen reading of Gauss’s Disquisi-
tiones Arithmeticae with the new analysis he had learned in Paris. His theorem on
primes in arithmetic progressions and his analytic theory of quadratic forms, which
by the end of the 19th century would be reinterpreted as class number formulae
for (quadratic) number fields, initiated the analytic part of what would evolve into
Algebraic Number Theory.

But to be sure, Weil is fundamentally right about Bernhard Riemann. The
latter does not at all do what practitioners of Arithmetic Algebraic Analysis used
to delight in: to combine notions from Gauss’s Disquisitiones or their analogues for
more general rings of algebraic integers, with the theory of elliptic functions, the
resolution of algebraic equations, or with analytic techniques like those invented
by Dirichlet. The connection of RH with Arithmetic Algebraic Analysis, however
much of it can actually be established, is therefore extremely tenuous. Riemann
does not engage the functions which he uses to estimate the frequency of primes
in any systematic arithmetic theory. As a matter of fact, Riemann’s 1859 paper
appeared at a time when the integrated domain of Arithmetic Algebraic Analysis
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was about to give way to a clearer division of disciplines and labour in and around
Number Theory.

In his Berlin lecture course of the Winter term 1876–76, Leopold Kronecker—
who in his long career would carry the programme of Arithmetic Algebraic Analysis
further than any other mathematician of his century—had this to say about Rie-
mann’s 1859 paper (see p. 38 of the notes taken by Hettner of Kronecker’s course
on Anwendung der Analysis des Unendlichen auf die Zahlentheorie in the Library
of IRMA, Strasbourg):

. . . From this Riemann has actually exhibited in the Monthly reports
of the Berlin Academy (around 1860) a series of functions on which
the number of prime numbers depends. These functions are very irreg-
ular, they stray all the time along the border of convergence. But in
this way Riemann has implicitly given an analytic expression for the
number of primes up to a certain bound. This expression is not very
satisfactory, however. What is lacking is a precise determination to
know the bounds between which the expression is situated. But Rie-
mann’s investigation constitutes a progress that has to be marked in
the annals of mathematics. It was Riemann’s force—however strange
the functions may be—to produce their analytic expressions.

We see that Kronecker, and also Weil much later, tended to place the origin
of the Riemann Hypothesis outside of the realm of Number Theory. And when
Frobenius in his 1901 evaluation of Edmund Landau’s second thesis (Habilitation)
openly criticised Landau’s “extremely narrow domain” of research around the RH
and admonished the young candidate to turn to “other questions of a more general
interest and higher relevance,” this also suggests a relative isolation of the Riemann
Hypothesis with respect to the rest of mathematics. But not all mathematicians at
the turn from the 19th to the 20th century can have shared these opinions because,
for instance, a paper by Mangoldt on the distribution of the zeros of ζ(s) was
classified in the 1900 Jahrbuch über die Fortschritte der Mathematik in Chapter
2. Number Theory, Section A. General.

Today of course, analytic number theoretic is recognized as an active subdisci-
pline of mathematics. We just do not know whether it will one day carry by itself
a proof of RH.
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Zahlkörpertheorie. Jahresbericht D.M.V. 28 (1919), 182–203. Reproduced in
Emmy Noether’s Gesammelte Abhandlungen — Collected Papers (Springer-
Verlag 1983): pp. 271–292, however with incomplete title, and with the last
footnote missing.

[46] F. Oort – Lifting an endomorphism of an elliptic curve to characteristic zero.
Nederl. Akad. Wetensch. Proc. Ser. A 76=Indag. Math. 35 (1973), 466–470.

[47] F. Oort – The isogeny class of a CM-type abelian variety is defined over a
finite extension of the prime field. J. Pure Appl. Algebra 3 (1973), 399–408.

[48] F. Oort – Lifting algebraic curves, abelian varieties, and their endomorphisms
to characteristic zero. Algebraic geometry, Bowdoin, 1985 (Brunswick, Maine,
1985), 165–195, Proc. Sympos. Pure Math., 46, Part 2, Amer. Math. Soc.,
Providence, RI, 1987.

[49] F. Oort – CM-liftings of abelian varieties. J. Algebraic Geom. 1 (1992), 131–
146.

[50] F. Oort – Abelian varieties over finite fields. In: Proceed. NATO Adv. St. Inst.
on higher-dimensional geometry over finite fields, Göttingen 2007. NATO Sci.
Peace Secur. Ser. D Inf. Commun. Secur., Vol. 16; IOS Press, Amsterdam,
2008; pp. 123–188.

[51] R. Rankin – Contributions to the theory of Ramanujan’s function τ(n) and
similar arithmetical functions. Math. Proceed. Cambridge Philos. Soc. 35
(1939), 357–372.



Early History of the Riemann Hypothesis in Positive Characteristic 629
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[76] P. Ullrich – Emil Artins unveröffentlichte Verallgemeinerung seiner Disserta-
tion. Mitt. Math. Ges. Hamburg 19 (2000), 173–194.

[77] B.L. Van der Waerden – Zur algebraischen Geometrie VI: Algebraische Korre-
spondenzen und rationale Abbildungen. Mathematische Annalen 110 (1934),
134–160.



Early History of the Riemann Hypothesis in Positive Characteristic 631

[78] W. Waterhouse – Abelian varieties over finite fields. Ann. Sci. Ecole Norm.
Sup. (4) 2 (1969), 521–560.

[79] A. Weil – L’arithm-métique sur les courbes aléggébriques. Acta Mathematica
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