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Exercise 1

e (i) Because P and @ commute, P and Q¢ commute and thus PQ and
PQ°¢ commute. We then have
PAQ=P+Q—PQand PVQ = PQ
Then (PAQ)V (P AQ°) = PQ+ PQ° — PQPQ° because P and @ and
PQ and PQ° commute(1 point)
= P(Q + Q°) — P?2QQ° because PQ and @) commute
= P because @ + Q° =1 and QQ° =0 (1 point)

e (it) Proof of lemma:
Let P,@ commute. Then P = (P A Q) V (P AQ°), with PAQ < @ and
P A Q° < QF°, which proves one part of the lemma.
Now let there be Py, P, such that P =P,V P>, P, < @Q and P, < Q°.
Now as PV P, > P and PsAQ =Q(as Ps > Q) and as P, < Q, P is
compatable with @Q:

Q= (QAP)V(QAP)=(QN(PLV )V (QAPAP)
> (Q@ANP)V(QANPY)=Q
Similarly:
P>(QAP)V(Q°AP)=(QAN(PLV P))V(Q°AN(PLV P))
> (QAP)V(QNP)
=P VP =P

which completes the proof of the lemma (& points for a correct proof of
the lemma, or alternatively if a correct proof has been given without it)
Now set (using the lemma) @; 1 and Q); 2 such that Q; 1 < P and Q; 2 < P°
with Q; = Qi1 V Q2.
Then V,;c; Qi = Ver Qin V Ve Qiz and V., Qi1 < P, Qi <
P¢, so P is compatible with \/,_; Q; by the proved lemma. Now as P

is compatible with all @);, it is also compatible with all Q¢, so by the
previous argument P is compatible with \/,.; Qf, so P is compatible with

(Vier QF)¢ = Nicr Qi-(1 point to finish the proof)



Exercise 2

[u <] =1, iff [Vx € vz € u] =1 as u,v are defined by left Dedekind cut.
[Vzevreu]=1if [VzeQrev—szeu)] =\, gllrev—zeu)]=1
as Ju,v € Q] =1 (1 point).

Now this is equivalent to Vz € Q[ € v — & € u] =1 (1 point).

Writing this out gives Vo € QF, = E, =1

This is equivalent to Vo € QFE., < E,..

This is obviously implied by Vz € RE! < E, and if € R, then this implies

By = Nocy By < Nacy Eq = Ex (2 points). This completes the proof.



