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Exercise 1.

Let us call the family in the exercise F. Let Pg,l denote the set of finite
subsets of I. For S € F, let Is; and Ig be those finite subsets of I such
that f € 2! is an element of S if and only if f(i) = 1 for all i € Ig; and
f(i) =0 for all i € Ig).

Define a map f: F — Panl X Pand by S — (Is1,Is0). This map is
clearly injective, so we have |F| < |Panl X Panl| = |Panl| X |Pinl| = |Painl],
by the hint. (Note that we can use the hint, because Pg,I contains all
singletons, so |Psnl| > |I| and I is infinite.)

Furthermore, we have a natural injection from Pg, I into ( J,,.,, I". Hence,
Pind| < |Unew Il = >onei 1™ = Nog X g = X, by the hint and induction.

Thus, |F| < |Panl| < X,. But the map ¢g: I — F defined by i — {f €
21| f(i) = 1} is clearly an injection, so that R, = |I| < |F].

By the Cantor-Schroder-Bernstein Theorem, |F| = X, [

Exercise 2.
(a) By Lemma 1.52 (with u = P& € V(B)), we get:
VB & |P&| < |dom(PR)|.

Note: |dom(P#)| = |Blom(F)| = |B|ldom(®)] = |\#|  because dom(i) =
{& | @ < k} and because the hat-map is injective.

By 1.48, we get: V(B) = ]doﬁ(?/%ﬂ = \XE], Slo)
VO = [Pa| < 3],
as desired. ]

(b) First of all, notice that |w x wa| = Ng. By Corollary 2.11, we find using
the GCH,

Ry < |B| < RJO = (2%)No = 9R%xRo — o1



Hence, |B| = Ry. Part (a) yields: VB = |Pi| < |§2§| If we take
=Ry, then V(B) = |PRy] < yNA;‘w.

Since B satisfies ccc, we have V) |= |PRy| = |PRy], but the formula
x =1 is restricted, so V(B) = [PR;| = [PR;| = 2%,

Furthermore, assuming GCH, we find: R5' = (2%)% = 2% =R, So by
1.48, we have V(B) = |§-2N\1| = |Ry|. But the formula z = 2 is restricted
and B satisfies ccc, so V(B |= |§§\1] = No.

Hence, V(5 = 281 < Ry, as we wished to show. [ |
By the given property, V(5) |= Vi > A(2° = k7). In part (b), we saw

that A = Ry. Thus, VB = Vi > Ry(2F = k1) (because B satisfies ccc
and the formula z = 2 is restricted, we have V(5 |= R, = Ry).

In part (b) we showed that V(5) = 2% =R, Hence,
VB = vk >Ry (2N = k7).

When we combine this with Theorem 2.12, we obtain V() |= 2R = R,
and hence the desired result. [ |

Let T' = ZFC + GCH and T = ZFC + 2% = Ry + Vi > R;(2% = 5+).
We know that Consis(ZF) — Consis(T").

Moreover, T" proves that B is a complete Boolean algebra and T” proves
[o]? = 15 for every axiom o of ZFC, as we have seen before. Further-
more, we have just shown that T’ proves [2% = X;]® = 1 and T’
proves [Vk > Ny (2% = k1)]P = 15.

We may conclude by Theorem 1.19 that Consis(ZF) — Consis(ZFC +
280 = Ny + Vi > Ny (2° = kT)). n



