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3 Some details about an action on V (B)

In this exercise you will prove some omitted details from the proof of Theorem
3.3. Define the map 〈g, u〉 7→ gu : G × V (B) → V (B) by recursion on the
well-founded relation y ∈ dom(x) via

gu = {〈gx, g · u(x)〉 : x ∈ dom(u)}.

a)

Prove that
g · Ju ∈ vK = Jgu ∈ gvK

and
g · Ju = vK = Jgu = gvK.

(2 pt.)

Solution:

Use induction on the well-founded relation defined on page 23. Assume that
g · Jx ∈ yK = Jgx ∈ gyK and g · Jx = yK = Jgx = gyK for all 〈x, y〉 < 〈u, v〉. Then

Jgu ∈ gvK =
∨

x∈dom(gv)

(gv(x) ∧ Jgu = xK)

=
∨

y∈dom(v)

(gv(gy) ∧ Jgu = gyK)

(by Thm 3.3 (i) and IH) =
∨

y∈dom(v)

(g · v(y) ∧ g · Ju = yK)

= g ·
∨

y∈dom(v)

(v(y) ∧ Ju = yK)

= g · Ju ∈ vK.
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Also we have that

Jgu = gvK =
∧

x′∈dom(gu)

(gu(x′)⇒ Jx′ ∈ gvK) ∧
∧

y′∈dom(gv)

(gv(y′)⇒ Jy′ ∈ guK)

=
∧

x∈dom(u)

(gu(gx)⇒ Jgx ∈ gvK) ∧
∧

y∈dom(v)

(gv(gy)⇒ Jgy ∈ guK)

(by Thm 3.3 (i) and IH) =
∧

x∈dom(u)

(g · u(x)⇒ g · Jx ∈ vK) ∧
∧

y∈dom(v)

(g · v(y)⇒ g · Jy ∈ uK)

= g ·
( ∧

x∈dom(u)

(u(x)⇒ Jx ∈ vK) ∧
∧

y∈dom(v)

(v(y)⇒ Jy ∈ uK)
)

= g · Ju = vK.

b)

Prove Theorem 3.3 (ii): gv̂ = v̂ for any v ∈ V . (3 pt.)

Solution:

By induction on the well-founded relation ∈. Suppose gŷ = ŷ for all y ∈ v.
Then

gv̂ = {〈gx, g · v̂(x)〉|x ∈ dom(v̂)}
= {〈gŷ, g · v̂(ŷ)〉|y ∈ v}

= {〈gŷ, g · 1〉|y ∈ v}
= {〈ŷ, 1〉|y ∈ v}

= v̂.
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