Model Solution Homework

Saskia van den Hoeven

Exercise 1

Prove that the class of Diophantine relations is closed under unbounded ex-
istential quantification, logical ‘and’, logical ‘or’, and bounded existential quan-
tification.

Answer of exercise 1

Let R be an (n+1)-ary Diophantine relation. Then by definition R(aq, ..., an,y) <
1, ..., e (D(21, ..., T, a1, .. ., Gy, y) = 0). Consider the relation S(aq, ..., a,)
defined by S(as,...,a,) < JyR(aq,...,an,y). Then

S(at,...,an) < e, ..., e;(D(21, ..., Tm, a1, ...y an,y) =0)
S dry, . T, y(D(21, o T, A1y Gy, y) = 0)

hence S is a Diophantine relation.
Suppose R; and Ry are both Diophantine relations. Then by definition

Ri(ai,...,an) < 3x1,...,2xD1(ar,...,an,x1,...,x) =0
Ro(ay,...,an) < J21,...,01D2(aq, ... ,an,x1,...,27) = 0.

Define S; = R1 A Ry and Sy = R; V Rs.
Consider the polynomial Py (a1, ..., Qn, @1, -, Tpr1) = D31, Qn, 1y .o, Ti)+
D3(ai, .., @n, Tpq1, - - -, Tppr). Then

Sl(al,...,an) @Rl(al,...,an) /\Rg(al,...,an)

< Axy,...,xxD1(ar, ... an,x1,. .., x) =0 and 3xq, ..., Ds(a1,...,an,21,...,27) =0
< Jzq, ..z Pri(ar, . an, 1, xpyg) = 0.

Thus S is a Diophantine relation.

Consider the polynomial Py(ay, ..., an, Z1,...,Zr1) = D1(ay,...,an, 21, ..., 2%)-

Dy(ay, ..., Qny Ttt,- -+, Thtr). Then
Sa(ay,...,an) < Ri(ay,...,an)V Ra(ay,...,a,)

< Jxq, ...,z Di(ar, ... an, 21, .., xx) =0 or Jx1,...,2;Ds(aq,...,an,x1,...,27) =0

< drq, . Pelar, .o an, 21, xpyg) = 0.

Thus S5 is a Diophantine relation.



The relation < is Diophantine, since ¢ < y < 3z(z + 2+ 1 = y). Let R be
an (n+ 1)-ary Diophantine relation. Consider the relation S(aq, ..., ay) defined
by S(ai,...,a,) < Jy < t(R(ai,...,an,y)) for any ¢t € N. Then

S(at,...,an) < Jy < t(R(ai,...,an,y))
< Jy(ly <t AR(ar,...,an,y)).

Since the set of Diophantine relations is closed under conjunction, S is a Dio-
phantine set.

For each of these problems: recognizing what needs to be done yields one
point, carrying it out yields one point.

Exercise 2

Show that a set of natural numbers is Diophantine if and only if it is the set
of all natural number values assumed by some polynomial with integer coeffi-
cients for natural number values of its variables. In light of this, using Davis’s
conjecture, what can you say about the set of prime numbers?

Answer of exercise 2

Let M be a Diophantine set of natural numbers. Then
a€M<e 3z, ... ,xxD(a,2z1,...,2,) =0.

The equation
D(a,z1,...,2,) =0

has a solution in unknowns z1, ...,z if and only if the equation
(zo +1)(1 — D*(x0,...,71)) — 1 =a

has a solution in unknowns xg, ..., zk. (2,5 points)

In fact, if we have a solution of the first equation it can be expanded to a
solution of the second equation by putting xg = a. Also, if we have a solution
of the second equation, the factor 1 — D?(x, ..., 2,,) must be positive, which
is possible only if D(xq,...,zm,) = 0 holds. But that implies that g = a and
hence that the first equation also holds. (2,5 points)

Now let M be the set of all natural number values assumed by some poly-
nomial D(z1,...,xE). Then n € M < 3zy,...,25(D(x1,...,25) = n) &
Ax1, ..., 2k (D(21,...,21) — n = 0). Hence M is Diophantine. (1,5 points)

The set of all primes is easily seen to be listable. By Davis’ Conjecture, it
is then Diophantine. This implies the existence of a polynomial such that the
set of all its non-negative values is exactly the set of all prime numbers. (1,5
points)



