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1. Introduction

Cohen et al. [2] studied to which extent constraints and semantics from the literature
on bipolar argumentation frameworks (BAFs, see [1]) are suitable abstractions of four
types of support relations between arguments in ASPIC+ [4]. These four types are sub-
argument (s-)support, conclusion (c-)support, premise (p-)support and intermediate (i-
)support. Their findings were largely negative; the only positive case was about a correct
abstraction of the ASPIC+ subargument relation.

According to [2] c-support is when two arguments have the same conclusion, p-
support is when the conclusion of one argument equals the premise of another, and i-
support is when the conclusion of one argument equals the conclusion of a proper non-
premise subargument of another argument. [6,9] called c-support accrual of arguments.
Note that p- and i-support are in fact variants of argument accrual, since they imply c-
support relations between arguments. In [9] a variant of ASPIC+ with argument accrual
was proposed. Therefore, it is interesting to repeat the investigations of [2] for this variant
of ASPIC+. Unlike [2] we will study the general case with arbitrary preference relations
between arguments.

This paper is organised as follows. In Section 2 we outline the ASPIC+ framework
and the semantics of BAFs. In Section 3 we summarise ASPIC+ with accrual as defined
in [9]. The heart of the paper is Sections 4 and 5, in which we study for each of the four
types of support to which extent the various BAF semantics are correct abstractions of
ASPIC+ with accrual. We conclude in Section 6.

2. Formal preliminaries

In this section we summarise the variant of the ASPIC+ framework used in this paper
and some basics of the semantics of BAFs. Both formalisms build on the notion of an
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abstract argumentation framework (AF ) [3], which is a pair (A,D), where A is a set
of arguments and D ⊆A×A is a relation of defeat1. A labelling of a set A of arguments
of an abstract argumentation framework (A,D) is any pair of non-overlapping subsets
(in,out) of A. A labelling of A is a d-labelling of (A,D) iff it satisfies:

1. an argument is in iff all arguments defeating it are out.
2. an argument is out iff it is defeated by an argument that is in.

Then stable semantics d-labels all arguments in or out, while grounded semantics min-
imises and preferred semantics maximises the set of arguments that are d-labelled in and
complete semantics allows any d-labelling. The corresponding extensions for a semantics
are the in sets of any labelling according to that semantics.

The ASPIC+ framework [4] defines notions of argument and defeat. In its usual
formulation it directly generates abstract AFs, but for present purposes it is convenient
to work with a formulation in terms of recursive labellings, inspired by similar constructs
in [5]. This formulation was in [7] shown to be equivalent to the usual formulation of
ASPIC+ and it was in [9] used to model accrual of arguments. Arguments are in ASPIC+

formed by recursively applying strict and/or defeasible rules over a logical language,
starting with premises from a knowledge base. Formally:

Definition 1 [Argumentation System] An argumentation system (AS) is a tripe AS =
(L,R, n) where:

• L is a logical language containing a negation symbol ¬. We write ψ = −φ iff
ψ = ¬φ or φ = ¬ψ.

• R = Rs ∪ Rd is a set of strict (Rs) and defeasible (Rd) inference rules of the
form {φ1, . . . , φn} → φ and {φ1, . . . , φn} ⇒ φ respectively (where φi, φ are
meta-variables ranging over wff in L), such that Rs ∩Rd = ∅.

• n is a partial function such that n : Rd −→ L.

In this paper we assume like [2] that no two different subarguments of an argument have
the same conclusion.

Definition 2 [Knowledge Bases and Arguments] An argument A on the basis of a
knowledge base Kn∪Kp ⊆ L (where Kn∩Kp = ∅) in an argumentation systemAS is a
structure obtainable by applying one or more of the following steps finitely many times:

1. φ if φ ∈ K with: Prem(A) = {φ}, Conc(A) = φ, Sub(A) = {φ}, ImmSub(A) =
Rules(A) = DefRules(A) = ∅, TopRule(A) = undefined.

2. A1, . . . An →/⇒ ψ ifA1, . . . , An are arguments such that Conc(A1), . . . , Conc(An) →/⇒
ψ ∈ R with: Prem(A) = Prem(A1) ∪ . . . ∪ Prem(An), Conc(A) = ψ, Sub(A) =
Sub(A1) ∪ . . . ∪ Sub(An) ∪ {A}, ImmSub(A) = {A1, . . . , An},
Rules(A) = Rules(A1) ∪ . . . ∪ Rules(An) ∪ {Conc(A1), . . . , Conc(An) →/⇒ ψ},
DefRules(A) = Rules(A) ∩Rd, TopRule(A) = Conc(A1), . . . , Conc(An) →/⇒ ψ.

Kn are the necessary (non-attackable) premises while Kp are the ordinary (attackable)
premises. Each of the functions Func in this definition is also defined on sets of argu-
ments S = {A1, . . . , An} as follows: Func(S) = Func(A1) ∪ . . . ∪ Func(An).

Arguments can be attacked on an ordinary premise (undermining attack), on a de-
feasibly derived conclusion (rebutting attack) and on a defeasible inference step (under-
cutting attack). Unlike in ‘standard’ ASPIC+ [4], in its recursive-labelling version argu-

1We rename Dungs ‘attack’ to ‘defeat’ so that we can instantiate it with the ASPIC+ defeat relation.
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ments can only be attacked and defeated on their final conclusion or inference; the re-
cursion takes care of attack on a subargument. Accordingly, in the following definitions
several notions are preceded by a p (for ‘Pollock’) to distinguish them from the original
notions of ASPIC+ in e.g. [4]. As usual, A ≺ B is defined as A ⪯ B and B ̸⪯ A while
A ≈ B is defined as A ⪯ B and B ⪯ A.

Definition 3 [p-attack and p-defeat] A p-attacks B iff A p-undercuts, p-rebuts or p-
undermines B, where:

• A p-undercuts B iff Conc(A) = −n(r) and B has a defeasible top rule r.]
• A p-rebuts B iff Conc(A) = −Conc(B) and B has a defeasible top rule.
• A p-undermines B iff Conc(A) = −φ and B = φ, where φ ̸∈ Kn.

An argument is non-attackable iff it has no ordinary premises and applies no defeasible
rules. Finally, A p-defeats B iff: A p-undercuts B, or else; A p-undermines or p-rebuts
B and A ̸≺ B.

Definition 4
1. A p-structured argumentation framework (pSAF) defined by pair (AS,K) is a

triple ⟨A, Cp, ⪯ ⟩ where A is the set of all arguments constructed on the basis of
K in AS, ⪯ is an ordering on A, and (X,Y ) ∈ Cp iff X p-attacks Y .

2. A p-abstract argumentation framework (pAF) corresponding to a pSAF = ⟨A,
Cp, ⪯ ⟩ is a pair (A, D) such that D is the p-defeat relation on A determined by
pSAF.

Argument evaluation is then recursively defined as follows:

Definition 5 [p-labellings.]
1. A pair of subsets (in,out) of A is a p-labelling of a pAF iff in ∩ out = ∅ and for

all A ∈ ApAF it holds that:
(a) A is labelled in iff:

i. All arguments that p-defeat A are labelled out; and
ii. All members of ImmSub(A) are labelled in; and

(b) A is labelled out iff:
i. A is p-defeated by an argument that is labelled in; or
ii. A member of ImmSub(A) is labelled out.

Then stable semantics p-labels all arguments, while grounded semantics minimises and
preferred semantics maximises the set of arguments that are p-labelled in and complete
semantics allows any p-labelling.

A link with standard ASPIC+ can be made by observing thatA defeatsB in standard
ASPIC+ just in case A p-defeats B or a proper subargument of B. Given this link, [7]
showed that the d-labellings of theAF corresponding to a p-SAF given the defeat relation
coincide with the p-labellings of the pSAF given the p-defeat relation.

Bipolar argumentation frameworks (BAFs) [1] are a triple (A,D,S) where A
and D are defined as above and S is a support relation on A. A sequence of supports for
argument B by argument A is a sequence ASB1, . . .SBnSB. The semantics of BAFs
can be defined in terms of constraints on the defeat relation given sets of defeat and
support relations between arguments. Arguments are then evaluated by applying a given



H. Prakken / Argument Accrual, ASPIC+ and BAFs

Dung-style semantics to AFs that contain all additional defeats induced by these con-
straints. Cohen et al. [2] consider the following constraints. Given a BAF = (A,D,S):

1. there is a supported defeat from A to B iff there exists an argument C such that
there is a sequence of supports from A to C and (C,B) ∈ D;

2. there is a secondary defeat from A to B iff there exists an argument C such that
there is a sequence of supports from C to B and (A,C) ∈ D;

3. there is an extended defeat from A to B iff there exists an argument C such that
there is a sequence of supports from C to A and (C,B) ∈ D;

4. there is a mediated defeat from A to B iff there exists an argument C such that
there is a sequence of supports from B to C and (A,C) ∈ D.

Cohen et al. [2] define four types of support within ASPIC+:

Definition 6 [Types of support in ASPIC+] For any pair (AS,K) and any pair of argu-
ments A,B on the basis of K in AS:

1. A subargument-supports B iff A is a subargument of B and A ̸= B;
2. A conclusion-supports B iff Conc(A) = Conc(B) and A ̸= B;
3. A premise-supports B iff Conc(A) ∈ Prem(B) and A ̸= B;
4. A intermediate-supports B iff for some B′ ∈ Sub(B) it holds that Conc(B′) =

Conc(A) and Conc(B′) ̸= Conc(B) and Conc(B′) ̸∈ Prem(B).

Cohen et al. then investigate for various ‘semantics’, i.e., various combinations of con-
straints on BAFs whether their four notions of support in ASPIC+ can be related to
these three BAF semantics. For each AF = (A,D) induced by an ASPIC+ instan-
tiation they first consider the BAF = (A,D,Ss) where Ss is the support relation
on A according to ASPIC+ support type s. Then for each semantics x they consider
BAFx = (A,Dx,Ss), where Dx adds to D all defeats induced by the constraints of se-
mantics x. They then compare for each ASPIC+-induced BAF = (A,D,Ss) and each
corresponding BAFx = (A,Dx,Ss) the AFs (A,D) and (A,Dx). Given a semantics
y for AFs, the semantics x is an abstraction of support type s just in case (A,D) and
(A,Dx) have the same extensions according to y. Cohen et al.’s findings on this ques-
tion are largely negative. They identify only one full correspondence, between ASPIC+

proper-subargument support and BAFs with secondary and extended defeats.

3. Accrual as modelled by [9]

We first recall the three principles of accrual proposed in [6]. (1) An accrual is sometimes
weaker than its accruing elements, due to the possibility that accruing reasons are not
independent. (2) For the same reason an accrual makes its elements inapplicable. (3)
Flawed arguments should not accrue. If an argument is based on grounds that are refuted,
it should not enter into the accrual.

We next summarise the accrual model of [9]2. For motivations of the design deci-
sions see that paper. A first key idea is that arguments for the same conclusion are col-
lected in a so-called accrual set. Such sets are defined relative to a labelling of the set A
of arguments, to be able to express that only arguments of which no immediate subargu-

2This will take much space but this is inevitable given the relative novelty of the proposal of [9].
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ment is out and no undercutter is in enter the accrual set. Note that the labelling referred
to in the next definition does not have to satisfy the contraints of a d-labelling.

Definition 7 [Accrual sets] Given a labelling l = (in,out) of A, a nonempty set S ⊆ A
is an accrual set of φ ∈ L, denoted as sl(φ) iff it satisfies the following conditions:

1. Conc(A) = φ for all A ∈ S;
2. if A ∈ sl(φ), then no p-undercutter of A is in and no member of ImmSub(A) is

out;
3. if all p-undercutters of A are out and all members of ImmSub(A) are in, then
A ∈ sl(φ).

Given a labelling l = (in,out) of A, any argumentA of which no undercutter is in and no
argument in ImmSub(A) is out is weakly applicable in l and any argument A of which all
undercutters are out and all arguments in ImmSub(A) are in is strongly applicable in l.
Then any accrual set of φ contains all strongly applicable arguments for φ (by condition
2) plus possibly some weakly applicable arguments for φ (by condition 1).

Figure 1. Running example

Example 1 [running example] Let K = {f1, f2, f3, f4, f5}, Rs = ∅ and Rd =
{f1 ⇒r1 p; f2 ⇒r2 p; f3 ⇒r3 q; q ⇒r4 ¬p; f4 ⇒r5 ¬r3; f5 ⇒r6 r3} (with the rule
names attached to the arrows). The following arguments can be constructed (leaving the
premise arguments implicit).

A1: f1 ⇒ p A2: f2 ⇒ p B1: f3 ⇒ q B2: B1 ⇒ ¬p
C1: f4 ⇒ ¬r3 C2: f5 ⇒ r3

Figure 1 displays these arguments and their attack relations: C1 undercuts B1, while all
symmetric defeat relations are rebuttals. Let l1 be the empty labelling. Then p has three
accrual sets {A1}, {A2} and {A1, A2}. Next let l2 be such that f1, f2 andC1 are in while
C2, B1 and B2 are out and all other arguments are undecided. Then {A1, A2} is the only
accrual set for p while ¬p does not have an accrual set.

The argument preference relation ⪯ is now redefined as a relation on the powerset of A
satisfying some properties in order to properly handle cases with unattackable arguments.
This induces the notion of an accrual argumentation framework:

Definition 8 [l-Argumentation frameworks] An accrual argumentation framework
(aSAF) defined by an AT = (AS,K) is a tuple ⟨A, Cp, ⪯ ⟩AT where

1. A is the set of all arguments on the basis of K in AS;
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2. Cp is the p-attack relation on A;
3. ⪯ is a reflexive binary relation on 2A satisfying:

(a) S ⪯ S′ for any S′ that contains a strict- and firm argument.
(b) S ̸≺ S′ for any S that contains a strict- and firm argument.

Next the notion of defeat is made relative to a labelling, so that in case of rebutting
arguments only those arguments are compared that have no undercutters that are in and
immediate subarguments that are out. This helps to satisfy the third principle of accrual.

Definition 9 [l-defeat] Given a labelling l = (in,out) of the set A of an aSAF , argu-
ment A l-pdefeats argument B iff:

1. A p-undercuts B; or
2. A p-undermines or p-rebuts B and for some sl(Conc(A)) including A and some
sl(Conc(B)) including B it holds that sl(Conc(A)) ̸≺ sl(Conc(B)).

Note that if there is no accrual set for a conclusion of a rebutted argument, then the
argument will be out anyway, so its defeat relations are irrelevant.

Example 2 [running example ct’d] Suppose first that {A1} ≺ {B2}, {A2} ≺ {B2}
and {B2} ≺ {A1, A2}. Assume first a labelling l in which all arguments are undecided.
Then p and ¬p have the same accrual sets as for l1 in Example 1. Then both A1 and A2

l-pdefeatB2 since {B2} ≺ {A1, A2} butB2 also l-pdefeatsA1 since {A1} ≺ {B2} and
B2 l-pdefeats A2 since {A2} ≺ {B2}. Assume next a labelling l′ in which all premise
arguments are in while the other arguments are all undecided. Then {A1, A2} is the only
accrual set for p, so now both A1 and A2 strictly l′-pdefeat B2 since {B2} ≺ {A1, A2}.
Assume next that the preference relations between all above argument sets are reversed
and consider again labelling l′. Then B2 strictly l-pdefeats both A1 and A2 because of
{A1, A2} ≺ {B2}, even though both {B2} ≺ {A1} and {B2} ≺ {A2}. The reason is
that {A1, A2} is still the only accrual set for p.

Finally, a function is defined on labellings and the new semantics are defined in terms of
the fixpoints of this function.

Definition 10 [l-labellings] The characteristic function F of an aSAF is a total func-
tion on the set of all labellings l(in,out) of A that returns a labelling l′ = (in’,out’) of A
according to the following conditions: for all A ∈ A it holds that:

1. A ∈ in’ iff:
(a) all arguments that l-pdefeat A are in out; and
(b) all members of ImmSub(A) are in in; and

2. A ∈ out’ iff:
(a) A is l-pdefeated by an argument in in or
(b) a member of ImmSub(A) is in out.

An l-labelling of an aSAF is any fixpoint of F .

Example 3 [running example ct’d] Consider first the initial argument ordering of Ex-
ample 2 plus {C1} ≈ {C2} and consider the empty labelling l. Then F (l) = l′ makes all
premise arguments in and leaves the other arguments undecided. Then l′′ = F (l′) also
makes A1 and A2 in since they have no l′-pdefeaters since they both strictly l′-pdefeat
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B2. So B2 is out in l′′ while the other arguments that were undecided in l′ are still unde-
cided in l′. Then F (l′′) = l′′ so l′′ is the grounded labelling. There are two preferred la-
bellings: the one extends l′′ by making C2 and B1 in and C1 out while the other extends
l′′ by making C1 in and C2 and B1 out.

Consider next the second argument ordering of Example 2 plus {C1} ≈ {C2}. Then
the grounded labelling equals l′ since, although B2 strictly l′-pdefeats both A1 and A2,
its subargument B1 is undecided. There are two preferred labellings. The first extends l′

by making C2 and B1 in and C1 out and therefore makes B2 in and both A1 and A2 out.
The second makes C1 in and C2 and B1 and B2 out so it also makes A1 and A2 in.

In [9] the F operator, which always produces a d-labelling, is proven to be monotonic,
which motivates the following definitions The grounded l-labelling is the smallest l-
labelling, a complete l-labelling is any l-labelling, a stable l-labelling is a total l-labelling
and a preferred l-labelling is any maximal l-labelling. By monotonicity of F the orig-
inal relations between these semantics are then preserved, as well as the guarantee of
existence of complete and preferred l-labellings.

4. Abstractions with d-defeat

We now investigate which BAF semantics are correct abstractions of the four kinds of
support in ASPIC+ with accrual. In this section we do this for d-defeats, both in general
and for the special case with no undercutters. In particular, given an arbitrary BAFx in-
duced by an AF corresponding to an aSAF and an l-labelling l3, we investigate for each
of the four constraints on AF given BAFx whether the extensions of the AFx resulting
from applying the constraints to AF equal the extensions of AF . Note that the BAF con-
straints can add defeats to an AF that do not satisfy the definitions of defeat in ASPIC+

with accrual. The results will be presented semiformally for reasons of space.
In ASPIC+ with accrual defeat is relative to a labelling, so AFs and BAFs must

now also be relative to a labelling. We say that A d-attacks B iff A p-attacks some
subargument of B, and for a given labelling l, A l-ddefeats B iff A l-pdefeats some
subargument of B. Then an adSAF of an aSAF = (A, Cp,⪯) is a triple (A, C,⪯) where
C is the d-attack relation on A. Finally, (A,D) is the AF corresponding to an aSAF
= (A, Cp,⪯) and a labelling l of A iff D is the l-ddefeat relation according to C, ⪯ and
l, and for any support relation x, BAFx = (A,D, Sx) is the bipolar framework induced
by AF by adding to it all x supports.

Definition 11 Consider an aSAF = (A, Cp,⪯) with labelling l and let A and B be argu-
ments from aSAF.

1. A d-attacks B iff A p-attacks some subargument of B;
2. A l-ddefeats B iff A l-pdefeats some subargument of B;
3. (A,D) is the AF corresponding to an aSAF with labelling l iff D is the l-ddefeat

relation induced by the l-pdefeat relation generated by aSAF and l.

Then we can prove the following lemma.

3From now on we only consider l-labellings and therefore omit the prefix l.



H. Prakken / Argument Accrual, ASPIC+ and BAFs

Lemma 4 Consider a wff φ, a set S of arguments such that Conc(A) = φ for every
A ∈ S and a labelling l.

1. If each member of S is in some l-accrual set of φ, then
(a) there exists an l-accrual set of φ that contains all members of S;
(b) every l-pdefeater that p-rebuts a member of S also l-pdefeats every attackable

member of S. This does not hold in general for undercutting defeaters.
(c) If a member of S l-pdefeats A then all members of S l-pdefeat A.

2. If A ̸∈ S then
(a) A is out;
(b) A is not l-pdefeated.

We next investigate the correctness of semantics as abstractions for all four kinds of
support, each time assuming a given AF corresponding to an aSAF and a labelling l.

4.1. Subargument support

The combination of secondary and extended defeats is a correct abstraction of s-support,
since secondary defeats are implicit in the AF while adding extended defeats does not
have an effect. First, the variant of Proposition 1 of [7] for l-pdefeat and l-ddefeat can
be proven as in [7] since all current defeats are relative to the same labelling. Then the
proof of [2, pp. 95–96] directly applies.

4.2. Conclusion support

We next investigate all criteria for c-support. Below we consider without loss of gener-
ality the special case of A1 and A2 for φ so A1 c-supports A2 and vice versa, while B is
some arbitrary argument.

Secondary defeats (if you defeat the supporter, you defeat the supported). If B l-
ddefeats A1 by l-pdefeating a proper subargument of A1, then clearly adding a defeater
from B to A2 can change the labellings and extensions.

If there are no undercutters, assume A1 is not in an l-accrual set for φ, so A1 is out,
and let B l-ddefeat A1 by l-pdefeating a proper subargument of A1. Then if A2 is in,
adding a defeater from B to A2 can change the extensions.

Extended defeats (if the supporter defeats you, then the supported defeats you).
Suppose A1 l-ddefeats B. Then A1 l-pdefeats some subargument B′ of B. Suppose A1

is in an l-accrual set for φ. If A2 is also in an l-accrual set for φ then they are in the same
l-accrual set and by Lemma 4 A2 l-defeats B′ so the defeat from A2 to B′ is already
in AF . If A2 is not in any l-accrual set for φ then A2 is out by Lemma 4, so adding an
extended defeat from A2 to B′ has no effect on the extensions.

Supported defeats (if the supported defeats you, then the supporter defeats you).
Suppose A2 l-ddefeats B. Then A2 l-pdefeats some subargument B′ of B. Then A2 is in
some l-accrual set for φ. If A1 also is in some l-accrual set for φ then A1 also l-defeats
B′ so the defeat fromA1 toB′ is already inAF . OtherwiseA1 is out and adding a defeat
from A1 to B′ has no effect on the extensions.

Mediated defeats (if you defeat the supported, then you defeat the supporter). This
can change extensions since defeat can be by way of p-undercutting. With rebuttals there
are obvious examples with l-pdeaters of proper subarguments that change the extensions.
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So for c-support only adding extended and supported defeaters does not change the ex-
tensions, since adding such defeats has no effect. This result implies that the combination
of extended and supported defeat can be regarded as a correct abstraction of c-support.

4.3. Premise support

With p-support we have that if A2 ∈ K then A1 p-supports A2 iff A1 c-supports A2, so
the situation is as with c-support. Otherwise:

Secondary defeats. There are clear examples where the extensions change. For ex-
ample, suppose B l-ddefeats A1 by p-undercutting a proper subargument of A1. Then B
does not have to l-ddefeat A2. In cases where it does not, clearly adding a defeat from B
to A2 can change the labellings and extensions.

Even without undercutters there are such examples. Suppose A1 p-supports A2 and
B l-ddefeatsA1 by l-pdefeating a proper subargument ofA1, and supposeA2 is in. Then
adding a defeat from B to A2 can change the extensions.

Extended defeats. There are clear examples where the extensions change. Suppose
A2 is a non-premise argument andA1 symmetrically l-pdefeatsB by p-rebutting it. Then
adding a defeat from A2 to B can change the extensions

Supported defeats. There are similar examples as for extended defeat. Suppose both
A1 andA2 are non-premise arguments andA2 symmetrically l-pdefeatsB by p-rebutting
it. Then adding a defeat from A1 to B can change the extensions.

Mediated defeats. There are obvious examples with undercutters where the exten-
sions can change, while with no undercutters there are similar examples as for supported
and extended defeats.

So with p-support all kinds of defeat can change the extensions, both in general and for
the special case with no undercutters.

4.4. Intermediate support

With i-support the supported conclusion must be of a non-premise proper subargument,
so the supporter and the subargument on which the supported is supported are in a c-
support relation.

Secondary defeats. There are similar examples as for c-support, showing that the
extensions can change both in general and for the special case with no undercutters.

Extended defeats. Suppose A2 for conclusion φ is extended to an argument A3 for
conclusion ψ unrelated to φ, letA1 for φ i-supportA3 and letA2 symmetrically l-pdefeat
B by p-rebutting it. Then adding a defeat from A3 to B can change the extensions.

Supported defeats. Change the example for extended defeat to the effect that now
A3 symmetrically l-pdefeats B. Then adding a defeat from A2 to B can change the
extensions.

Mediated defeats. Obvious counterexamples with undercutters and with rebuttals
of proper subarguments of A1.

So for i-support all kinds of defeat can change the extensions, both in general and for the
special case with no undercutters.

Concluding Section 4, for s-support, the combination of secondary and extended
defeat is, just as in [2], a correct abstraction. For the other three types of support the only
positive result is that extended and supported defeats are, both individually and together,
a correct abstraction of c-support.
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5. Abstractions with p-defeat

Given a BAFx induced by an AF corresponding to an aSAF and a labelling l, we now
consider its p-defeats only when determining which defeats have to be added. Moreover,
we again investigate the special case with no undercutters.

5.1. Conclusion support

Secondary defeats. For p-undercutters there are obvious cases where the extensions
change. If there are no p-undercutters then if A1 is not in an l-accrual set for φ, then A1

is out, soB cannot l-pdefeatA1 by Lemma 4. IfA1 is in an l-accrual set for φ, then ifA2

is not, A2 is out so adding a defeat from B to A2 has no effect on the extensions. If A2

is in an l-accrual set, then by Lemma 4 A1 and A2 are in the same l-accrual set, so if B
l-pdefeatsA1 thenB also l-pdefeatsA2 (recall there are by assumption no undercutters),
so the defeat from B to A2 is already in AF . So for undermining or rebutting p-defeat
nothing changes in the extensions.

Extended defeats. Since this changes no extensions for l-ddefeats, the same holds
for the special case of l-pdefeats.

Supported defeats. As for extended defeats.
Mediated defeats This can still change extensions in case of p-undercutters since

the example for l-ddefeat still holds. With no p-undercutters the same line of reasoning
applies as for secondary defeats, so this is a special case in which there is no change in
extensions.

So for c-support in general the same holds as for d-defeat but we identified some special
cases with no p-undercutters in which nothing changes in the extensions.

5.2. Premise support

Recall that for p-support we have that ifA2 ∈ K thenA1 p-supportsA2 iffA1 c-supports
A2, so the situation is as with c-support with d-defeat. Otherwise:

Secondary defeats. In general the situation is the same as for d-defeat since there
are still obvious examples with p-undercutters where the extensions can change. Suppose
B l-pdefeats A1 by p-undercutting A1. Then B does not have to l-ddefeat A2. In cases
where it does not, clearly adding a defeat from B to A2 can change the labellings and
extensions. Even without p-undercutters there are such examples. SupposeA1 p-supports
A2 and B l-pdefeats A1. Then if A1 supports A2 on a necessary premise, B does not
l-pdefeat A2, so adding such a defeat in AF can change the extensions. By contrast, if
A1 supports A2 on an ordinary premise, then l-pdefeating A1 implies l-pdefeating A2

by Lemma 4. So the case with no necessary premises is a special case in any added
secondary defeat is already in AF .

Extended defeats. The situation is the same as for d-defeat, even with no p-
undercutters: adding extended defeats can change extensions.

Supported defeats. The same holds as for extended defeats, even with no undercut-
ters.

Mediated defeats. The same holds as for extended and supported defeats, even with
no undercutters.
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So with p-support all kinds of defeat change something, except in two cases: (1) if the
supported argument is a premise argument, in which case we have a special case of c-
support, and (2) with no p-undercutters and no necessary premises.

5.3. Intermediate support

Secondary defeats. Assume that Conc(A1) = Conc(A′
2) = φ for some proper non-

premise subargument A′
2 of A2. For p-undercutters there are obvious cases where the

extensions change. If there are no p-undercutters then if A1 is not in an l-accrual set of
φ, then A1 is out, so B cannot l-pdefeat A1 by Lemma 4. If A1 is in an l-accrual set of
φ, then if A2 is not, A2 is out so adding a defeat from B to A2 does not have an effect
on the extensions. If A2 is in an l-accrual set of φ, then by Lemma 4 A1 and A′

2 are in
the same l-accrual set, so if B l-pdefeats A1 then B also l-pdefeats A′

2 (recall there are
by assumption no undercutters). Then the defeat from B to A2 is already in AF .

Extended defeats. Suppose A1 l-pdefeats B but is itself out because of a defeat on
a proper subargument. Then adding a defeat from A2 to B can change the extensions,
regardless of the type of l-pdefeat.

Supported defeats. Assume that Conc(A2) = Conc(A′
1) = φ for some proper

non-premise subargument A′
1 of A1 and assume that A1 symmetrically l-pdefeats B by

p-rebutting it. Then adding an asymmetric defeat from A2 to B can change can change
the extensions.

Mediated defeats. With p-undercutters clearly extensions can change. Without un-
dercutters, assume that Conc(A2) = Conc(A′

1) = φ for some proper non-premise sub-
argument A′

1 of A1. Then an l-pdefeater of A1 has by minimality of arguments a differ-
ent conclusion than A′

1 B so cannot l-pdefeat A2. So adding a defeat from B to A2 can
change the extensions.

In sum, for i-support all constraints can change the extensions in general. Without p-
undercutters there is, as for c- and p-support, a special case with secondary defeats with
no change in extensions holds. Like for p- but unlike c-support there are no further special
cases.

Concluding Section 5, for the general case with l-pdefeat the same holds as for l-
ddefeat. For the case without p-undercutters some special cases without extension change
were identified for c-support with secondary and mediated defeats, for p-support with
secondary defeats and all premises ordinary, and for i-support with secondary defeats.

6. Conclusion

In this paper we investigated to which extent the BAF constraints and semantics studied
in [2] for ASPIC+ are for ASPIC+ with accrual as defined in [9] correct abstractions of
the four types of argument support defined by [2]. We summarise the results in Table 1.
The results are similar but not identical to those of [2]. In particular, our general results
on c-support are not obtained by [2]. Moreover, while we report on special cases with
p-defeat, [2] instead report special cases in terms of the syntax of arguments. Finally,
unlike them, we assume arbitrary preference relations between arguments.

An important result is that we have identified a semantics for c-support, namely, the
combination of extended and supported defeat. Our results arguably show that it is best



H. Prakken / Argument Accrual, ASPIC+ and BAFs

Support type Correct abstractions Correct abstractions Special cases with
for d-defeat for p-defeat p-defeat and

no undercutters

Subargument Secondary defeat Secondary defeat
Extended defeat Extended defeat

Conclusion Extended defeat Extended defeat Secondary defeat
Supported defeat Supported defeat Mediated defeat

Premise Secondary defeat
(all premises ordinary)

Intermediate Secondary defeat

Table 1. Overview of results on correctness of abstractions.

to regard p- and i-support as subsumed by c-support rather than as independent types
of support. In this regard it is relevant that, unlike for s- and c-support, defeating a p-
or i-supporter cannot change the status of the supported argument. However, this only
holds for static settings as in [2] and this paper, with a given AF generated by some
structured account of argumentation. In dynamic settings of, for instance, debates, p-
and i-support can have independent value as debate moves that support arguments put
forward by others. One view on such debate moves, explored in [8] is that they change
the supported argument.
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