Lecture notes on Cosmology (ns-tp430m)

by Tomislav Prokopec

Part IV: Cosmological Perturbations

In this chapter we shall show how to calculate the spectrum of cosmological perturbations generated
during a primordial epoch of cosmic inflation. We shall then outline how primordial cosmological
perturbations source the observed temperature fluctuations in the CMB as well as how they seed the
large scale structure of the Universe.

Cosmological perturbations are created by the amplification of quantum fluctuations of matter and
metric perturbations during inflation. Therefore, in order to understand their creation, it is necessary to
study the evolution of small perturbations of homogeneous metric and matter fields. Depending on how
they transform under spatial rotations and local time shifts, cosmological perturbations can be divided
into scalar, vector and tensor perturbations. Here we shall assume that matter is made up of a single
real scalar field, which gives rise to the simplest matter perturbation and a scalar metric perturbation.
The inflaton perturbation is most likely the most important matter perturbation, since there is evidence
that it is precisely the inflaton perturbation that sources both the CMB temperature fluctuations and
structure formation.

We begin by quoting the Einstein-Hilbert action for gravity plus scalar matter,

Sl ¥) = =5 [ @ay=gRigu) + [ ataev=5(Go" @000 - V@), (1)

where R denotes the Ricci scalar, V(®) is a scalar potential, and g,,, and ® denote metric tensor and

scalar field, respectively. For simplicity, in (1) we set the cosmological term A = 0.

A. The scalar, vector, tensor decomposition and gauge invariance

The theory of cosmological perturbations is based on the assumption that the decomposition into

the background and fluctuating fields,

(@) = G5, (1) + 09 () () = B(t) + (), (2)

is justified. This is the case when the components of dg,, and ¢ are small, in the sense that dg,, < 1
and ¢ < ¢. Assuming that perturbations are generated by quantum fluctuations, during inflation this

is indeed the case. In quantum field theory this method is known as the background field method.



When the background metric is taken to correspond to a homogeneous flat cosmology, which in

cosmological (comoving) time (¢) and conformal time (7) reads,

g, (t) = diag(1, —a®(t), —a*(t), —a*(t));  ¢’(1) = ()M (3)
the background equations of motion can be obtained by varying the action (1). The result is well known,
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As discussed in part 111, these equations can be solved for the inflaton ¢ in slow roll approximation, and
provided the initial value of the inflaton is large enough, |¢| > Mp, and the potential flat enough, one
will get a period of primordial inflation. It is well known that when the action (1) is expanded in powers
of fluctuations, the structure of the first other action is of the form: the equations of motion multiplied
by the linear perturbations, and thus present no new information. On the other hand, the action for
second order perturbations provides an essential information on the dynamics of fluctuations during
inflation. The amplitude of fluctuations can be normalised by the procedure of canonical quantisation.

But before we show how to do that, we pause to discuss diffeomorophism invariance of fluctuations.

1. The Sasaki-Mukhanov field

We shall now study how different metric and scalar perturbations transform under the infinitesimal
coordinate transformations, also known as (gravitational) gauge transformations. To that purpose let

us consider an infinitesimal coordinate transformation (coordinate shift),
ol — @ =a + M (a), (5)

where £ = &#(z) is an arbitrary (infinitesimal) vector function. Under these transformations the field

and the metric tensor transform as,

b@) =@ 7@ =)o+ D[4
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Making use of ®(%) = ®(z) + £79,8(z) + O(£?) and the analogous relation for the metric tensor, and

neglecting terms that are quadratic or higher order in &, Eq. (6) can be recast as,

ba) = 0() ~ £0,0(x); () = g () + 9 (1) o ) g oy 2T
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Making use of the connection,

1
FZV = égpa [augau + &/gua - aag/w] (8)

the second equation in (7) can be rewritten as,
9" () = g (x) + V"€ (x) + V"€ (), (9)

gw(-’”) = guV(fE) - Vuﬁu@) - vugu@) . (10)

where we used g,,g"" =0,/
Let us now look in detail how the field fluctuations ¢ and dg,, in (2) (which can be of the same order
as &) transform under the coordinate transformation (5). For the scalar field Eq. (7) holds, such that

scalar field fluctuations transform as,

o(x) = 3(x) = plx) — P()E = o) — (B,

a

(11)

where ¢/ = d¢/dr and ¢ = d¢/dt = ¢/ /a and €° = &y/a?. Here we will be primarily interested in the

spatial part of the metric tensor perturbation, dg;; = a*h;; which, according to (10), transforms as

/
a2hij — a2hij = (l2hij — szy - ijz == CL2hij - azéj - 8]51 + 2%61350 ) (12)

where to get the last equality we used, I'}; = (a’/a)d;; and I',; = 0. Now we introduce the following

scalar-vector-tensor decomposion of the spatial components of the metric tensor,

hij = 296, + 20,0, E + (0;F; + 0;F;) + RIT (13)

g

where under spatial rotations ¥ and E transform as scalars, F; transforms as a transverse vector (0;F; =

0) and hg;-T is a transverse and traceless tensor:
him =0;  9:hlT=0=0;h]". (14)

Upon inserting the decomposition (13) into (12) and breaking the shift vector into the transverse and
longitudinal parts,

&=¢& +ai€, ai&l =0, (15)
we see that the different components of h;; in (13) transform as,
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FIG. 1: Time slices.

We have thus learned that, while the scalar and vector spatial metric components transform (and thus
can be, at least in principle, set to zero by a suitable coordinante transformation), the tensor components
are gauge invariant, and thus can be assigned a physical meaning. Since the conditions (14) represent
four conditions on six spatial metric components, hiTjT has two independent components, which represent
the two polarisations of the graviton, known as the plus (+) and cross (x) polarisations.

Let us now come back to the scalar components. By inspecting eqations (11) and (16) it is easy to

see that the following scalar field combination,

¢
or equivalently,
H H
wiﬁggw@:d""EQm (18)

is gauge invariant. This field is known as the Sasaki-Mukhanov field (or variable), and it plays an
important role in the theory of cosmological perturbations [7]. Since & is an arbitrary vector, it can
be chosen such to remove some (but not all) of the metric and field components. Since there are four
components in £, it can be chosen such to remove F;, E and one of the two remaining scalars, i.e. ¢
or ¢. This is known as gauge fixing. Next we shall discuss two gauge fixing procedures commonly used

in literature.

2. The comoving and zero curvature gauge
From Eq. (12) we see that the gauge function,
T 25, _ 2p. __a
éj_a}7j7 §=a'k; fo——ﬁw (19)

fixes a gauge known as the zero-curvature gauge, in which FJ = F = QZ = 0, and in which the physical

dynamical fields are the inflaton ¢ and the graviton A"



On the other hand, chosing the gauge function as,
T=dFy;  €=a’B; &=y (20)
¢
fixes the comoving gauge, in which FJ = F = @ = 0, such that the physical dynamical fields are the
spatial gravitational potential ¢ and the graviton hg;T. In this gauge the surfaces of constant time are
chosen such that an observer does not see any perturbations in the scalar field, i.e. the observer is
‘comoving’ with scalar matter.
In order to get a deeper insight into the physical meaning of the two gauges, we shall first rewrite
Egs. (11) and (16)
p(r) = §(x) = p(z) — D), & — ¢ =+ Hot, (21)
where we made use of 6t = adt = al® = &/a. From these it follows that the zero-curvature and

comoving gauges correspond to the following choice of time,

[06(2)] sero—curv = —}p{(—(xt; (zero — curvature gauge)
[0t(%)] comoving = %j)) (comoving gauge) . (22)

In fact, the two gauge choices correspond to two different choices of time. According to coordinate
invariance of general relativity, one is free to choose time locally, such that d¢(x) can be chosen inde-
pendently on any point is space-time. This freedom is illustrated in figure 1, where we sketch how the
space-time manifold M = R x X is broken into a time direction — corresponding to real numbers R —
and a spatial part — correponding to a three dimensional Riemannian space ¥. Different gauges then
correspond to different choices of constant time hypersurface X, as illustrated in figure 1 [8]. For the

two particular choices of time (22), the (gauge invariant) Sasaki-Mukhanov field (18) becomes,

H
wy = ggp (zero — curvature gauge) (23)
wy = P (comoving gauge) (24)

When calculating cosmological perturbations, one can either work in the gauge invariant formalism, in
which case one studies the dynamics of the gauge invariant field (18) or (17). Alternatively, one can
fix a gauge according to (22), and then infer the amplitude of the Sasaki-Mukhanov field from (23-24).
We shall first show how one performs the latter (gauge fixing) procedure.

But before we do that, we note that, to linear accuracy, the (local) curvature perturbation w, can

be also written in terms in terms of w,, defined as,

_ 1
e_w¢:1—w¢+§w¢zl—w¢. (25)



Note that to linear order w, and w, are identical, i,.e. Wy = wy + O(wi). From the point of view
of metric perturbations, in the so-called Newtonian gauge, in which the only scalar perturbations are

goo = 1 + 2¢ and v, degined by
g,u(l’) = —CL2(1 — 21/1)(5” = —e*Z(N(t)“Z’(x))(Sij . (26)

Here we neglected the graviton h;fFjT and gauge fixed the second scalar E, the vector F; to zero. The

function

N(t) = /t CWH() = In (%) (27)

a

in (26) denotes the usual number of e-folds, and ¢, is the time at the end for inflation. From Eq. (26)
one would be tempted to associate ¢ to a local deviation in the number of e-folds from some average
(homogeneous) value N (t) induced by the spatial metric perturbation. This generalisation makes sense
in the separate universes approximation of inflation, according to which, once modes become super-
Hubble, they decouple from each other. For each Hubble volume one can define an average expansion
rate and follow its evolution on super-Hubble scales as if no other Hubble volume is present. One can
argue that this is a reasonable approximation by noting that in the equation of motion for scalar field
perturbations, (9? + 3Hd;)p — (V?/a?)p ~ 0 one can neglect the last (gradient) term on super-Hubble
scales since it scales away exponentially fast with time. When one does that, one gets an approximate
equation on super-Hubble scales, (07 + 3Hd;)¢ ~ 0 (||V|| < aH) which describes the evolution of
modes in the separate universes approximation. One can show that an analogous argument holds for
the equation of motion for the gauge invariant variable w,.

It then follows that, in the separate universes approximation and in the zero-curvature gauge (22),

we can make the identification,

_ ot H
Wy(x) =0N(z) = Hét(z) = H%go(x) ~ Egp(m) : (28)

Note that the space-time dependence in (28) is generated by the mapping dt(x) between the comoving
hypersurface (on which d¢ = 0) and the zero curvature hypersurface (on which ¢ = 0). Note further
that, up to higher order (quadratic, cubic, etc) corrections we have just rederived Eq. (23) (which holds
at linear order in perturbations). From the definition (25), Eq. (28) follows immediately when the zero
curvature gauge is fixed. In literature one often calculates the spectrum associated with w,, (rather
then with wy), because in one field inflationary models w,, is conserved to all orders on super-Hubble
scales during inflation and subsequent radiation and matter eras, which makes the calculations easier.
However, the difference between w, and w, will be irrelevant in these lecture notes, since we shall

calculate the spectrum which involves only the leading order (linear) fields.



B. Scalar cosmological perturbations in the zero-curvature gauge

We shall now calculate the spectrum of scalar perturbations in the zero-curvature gauge, in which
¥ =0 and wy = (H/ dﬁ)gp, Eq. (23). The quadratic action for the scalar field perturbations in this gauge

can be easily inferred from Eq. (1),
Slel = [ @adr (30 0,0)0u0) — 30V O + 5[ 8 PV @elhon — 0o (29)
where V" = @2V (¢)/d¢?, V' = dV (¢)/d¢, and we made use of
VEa=a (14 5ho + OU2,)) ¢ =a (" — b+ O((H)), B ="y, (30)

In Eq. (29) we neglected the quadratic terms that do not contain ¢, since we are here not interested in
their evolution. Note that, since we have already completely fixed the gauge, we cannot get rid of hgg
and hg; in (29). This presents a problem in the analysis of the dynamics of ¢. Not taking account of hgg
will in general lead to wrong results [9]. Nevertheless, there is a (sneaky) way out the impasse, and that
is to first perform the analysis in de Sitter space, in which case the problematic terms (containing hog
and hg;) drop out. This is indeed what we do first below. A separate subsection that follows is devoted
to a rigorous analysis, which leads to the same result.

Varying the action (29) gives the equation of motion,
1
(8 4 2HOy + a*V")p = sl—¢"—2Hd' + a*V'(¢)]hoo + ¢'Oiho; (31)

where
!

O =00, = F -V, H=". V=0, (32)

The term on the right hand side can be simplified by making use of the equation of motion for ¢ (4),
¢+ 2H¢' + V'(¢) = 0, resulting in the right hand side,

r.h.s. of (31) = CLQV/((b)hOO + ¢/8¢hoi . (33)

We are here interested in studying the quantum fluctuations of ¢. For that we need the canonical

momentum 7, of ¢,

05,
e =S5 a’y’ (34)
According to the canonical quantisation procedure (A = 1),
[@(fv T)v 7?(-QO(‘/E:‘,7 T)] = 253(5 - J_’H) : (35)

In order determine the amplitude ¢, we need to promote ¢ to a quantum field, solve (31) and impose (35).

But in order to do that, we also need to solve for hgg and hg;. Since we do not have a further information



on hgy and hg;, we shall neither quantise it not solve for it. Instead, we shall study the limit of de Sitter
space in which ¢ decouples from hgo and hg;, and thus (for now) solve our problem. This problem is
rigorously dealt with in section C.
We note first that it is more convenient to work with the rescaled field ay, which obeys
/

<82 — %/ + aQV”> (ap(x)) = a*V'(¢)(ahgo) + ¢'0;(ahy;) . (36)

Secondly, we can use homogeneity of the background space, and expand the field ¢ into Fourier com-

ponents as,

Bt

(@) = [T [, g + ek, )it (37)
SO - (277')3 SO ) k 90 I I

where a; and dki“ denote the annihilation and creation operators. While a; destroys a quantum of ¢
with momentum lg, &‘]g creates a quantum of ¢ with momentum k. This means that in a vacuum state,

€2), which contains no ¢ quanta,

az|Q) =0, (38)

i.e. ag destroys the vacuum state of the theory. These operators are the quantum field theory analog of
the raising and lowering operators of the simple harmonic oscillator. And similarly to the raising and

lowering operators, they obey the simple commutation relations,

g af] = @n*6*(k— k'), lagap) = 0= [af,a}]. (39)

(d— +k? — @ + aQV"(gb)) (ap(k, 7)) = a®*V'(¢)(ahoo(k, T)) + ¢1ki(ahgi(k,T)). (40)

Note that, as a consequence of the spatial isotropy of the underlying space-time, the mode functions
¢(k,7) do not depend on the direction of E, but only on its magnitude. The annihilation and creation
operators of course do depend on k. That also implies that the spectrum, which is what we discuss
next, will be a function of the magnitude of momentum, k = ||k||, but not of its direction & /k.

Finally, we note that, as a consequence of the commutation relations (35) and (39), one can show
that the mode functions {p(k, 7), p*(k,7)}, that represent the two independent solutions of (40), must
satisfy the following Wronskian condition [10]

Wlo(k, ), 0" (k, 7)) = o(h,7) 0" (k) — (oo, 7))t ) = (41)

a?



1. The spectrum

In cosmology the primary object of interest is the spectrum P, which can be easily extracted from the
equal time two-point function (correlator). The spectrum is a measure of the size of field fluctuations.
Since each momentum mode evolves independently, and its amplitude is centered at zero, the spectum
can be viewed as the covariance of all the modes with momenta in a thin shell, whose thickness is equal
when viewed in logarithmic intervals of the momentum.

For example, for the scalar field ¢ the equal time correlator is related to the spectrum as follows,

57 S\ o7 &k ik-(F—7 —
QUpE NI I = [ slelh DREE = 7 - )
dk sin(kr)
= —P,(k,7)——= 42
k PSD( 7T) kr ) ( )
where the scalar field spectrum is,
K3 9
Poll ) = 5glo(h, 7). (13)
Now from Egs. (23), (28) and (25) is follows that, in the zero curvature gauge, the curvature perturbation
spectrum,
(ol oI = [ FPuy ) (44)

can be related to the spectrum of scalar field fluctuations as follows,
H2
wa(k’,’r) == Epcp(k’,T). (45)
This means that, in order to get the spectrum of curvature perturbation w,, whose effects can be
measured today, one has to determine the spectrum of scalar field fluctuations during inflation, which

is what we do next.

2. Scalar field spectrum in de Sitter inflation

But rather than determining the scalar field spectrum in general inflation (which is hard), we shall
use a trick and first calculate the spectrum in de Sitter inflation (which is easy), promote the relevant
parameters on which the spectrum depends to slowly varying functions of time (adiabatic or slow roll
approximation), based in which we shall finally determine the spectrum of the scalar field and untimately
of the curvature perturbation (again in slow roll approximation).

To begin, recall that in de Sitter inflation, a = —1/(Hy7), such that a”/a = 2/72, where Hy is the

(constant) Hubble parameter of de Sitter space, and 7 < 0 is conformal time. With this we can write



Eq. (40) in de Sitter space as, ,

(d— R 7_32) (ap(k, 7)) = 0. (46)
Notice that we have dropped the terms in (40) containing hgy and hg; and ¢’ terms. This can be justified
in de Sitter space as follows. Firstly, the term containing V" is proportional to the second slow roll
paramter, V" ~ n,V/M% ~ 3nyH?, and since in de Sitter space 7y = 0, we are justifed to neglect
it. Similarly, V' = \/2eyV/Mp = /2ey:3H? Mp, where ¢y = (1/2)M2(V'/V)? is a slow roll parameter.
Again, in de Sitter space, €y (which is, in slow roll approximation, equal to € = —H /H?) must be equal
to zero in de Sitter space. Indeed, if V' were not equal to zero, the field ¢ would roll down the potential,
which would break the de Sitter symmetry). And finally, from Eq. (4) we infer, ¢/ = a¢ = av/2eMpH,
which is also zero in de Sitter space.

The two linearly independent and properly normalised solutions of (46) are,

ok, ) ﬁ@ _ kf—T)ek o (k7). (47)

As usual, normalisation of (47) is determined by the Wronskian (41). The Wronskian (41) does not de-
termine the solutions uniquely however. Indeed, one can easily show that if (47) are properly normalised

solutions, so are,
4Pgen(k5a7') = Oé(k)(p(va) +5(k)90*(k577—) ) @;en(k‘a’r) ) (48)

where — in order not to change the Wronskian (41) — the complex constants {«(k), 5(k)} must satisfy

(k)] = 1B(k)[* = 1. (49)

This condition fixes one of the four real numbers, and thus does not uniquely specify the vacuum [€2) of
the theory. For each k there remain two arbitrary real numbers that are unspecified (the third number
is an overall phase, that can be absorbed into the definition of the vacuum |{2) and thus has no physical
relevance). There is one special choice out of all of these vacua, known as the Bunch-Davies vacuum,
for which

a(k)y=1;  Bk)=0;  (Vk), (50)

which in fact corresponds to (47). An argument in favour of this choice is that, when one considers
asymptotic past 7 — —oo, then the physical momentum k/a > H decouples from the Universe’s
expansion, and thus it would cost a lot of energy to put any quantun into the state [11]. Moreover, for
these states one can show that the energy in the field excitations, £,(k, 7) o [|a(k)|? + |3(k)|?], which
is clearly minimised in the BD vacuum (50). This expression for the energy per mode is correct only in

the adiabatic regime, in which k/a > H, and fails in the infrared (k/a < H), where the field couples
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FIG. 2: The evolution of physical scales during inflation, radiation and matter era. Quantum fluctuations
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are generated at a scale M, probably smaller than the Planck scale Mp, by an unknown mechanism. During
inflation the physical scale of the fluctuations grows with the Universe expansion, Apnys o< a, while the Hubble
scale remains approximately constant, Ry = 1/H =~ const., such that the scale of quantum fluctuations becomes
larger than the Hubble radius after the first Hubble crossing, a = aq,. While the amplitude of fluctuations
on sub-Hubble scales, R < 1/H, scales as, p|p ~ 1/R, it freezes out at super-Hubble scales, p|p ~ H/27
(R > 1/H), and remains approximately constant until the second horizon crossing, a = ag,, in radiation or

matter era, Apnys ™~ 1/H, at which the modes enter the Hubble radius and begin again oscillating.

strongly to gravity and where there is no reason to expect that (50) should be the correct choice. Worse
still, as we will see below, the BD choice (50) results in a logarithmic infrared divergence for the equal
time correlator (42) which renders the BD vacuum (50) unphysical in the deep infrared. We shall not
bother to try to resolve this difficulty here, since it is not important for these lecture notes.

Instead we adopt the mode functions (47) as the solutions of (46), from which we can easily calculate

the spectrum (43),

Pelk,7) = 4:;2 (1 (k:i)2) = iﬁ (1 (H]ZZP) : (51)

where Hy = a/a denotes the (constant) de Sitter space expansion rate. We have thus derived an
important result: the spectrum for scalar field fluctuations in de Sitter space for a massless scalar field.
But before we proceed, we pause and comment on the meaning of the result (51). Notice that, if one
follows one comoving momentum, then it will in general quickly evolve from sub-Hubble scales k/a > H,
on which the spectrum is that of a conformal vacuum, P, ~ [P,lecont = (k/[27a])?, to super-Hubble

scales, on which the spectrum is scale invariant and constant, P, ~ HZ/(4w?). This scale invariance of



the spectrum is generic for massless scalars in de Sitter space, but it results in infrared problems for
the field correlators, which can be seen from Eq. (42): the correlator is logarithmically divergent in the
infrared. The solution to this malady of the state is to abandon (48), and instead choose the coefficients
a(k) and ((k) in (48) such that the vacuum creates infrared finite correlations. As long as one starts
changing the vacuum on scales that correspond to today’s super-Hubble scales, this will have little
effects on the spectrum we observe today, and for that reason we shall not bother to discuss it further
here. In passing we note that the deep infrared modes might have an effect on other observables, which
include the three point correlator, also known as the bispectrum, and on which the Planck satellite has
placed the strictest constraints up to now. Finally, the fact that the spectrum (51) ‘freezes’ very quickly
(exponentially fast in comoving time) after the Hubble crossing,

H2
Py(k, 7 — 0) — 4—0 (k/a < Hy), (52)

2

justifies neglecting the time dependent correction as long as we ask questions about deeply infrared
modes, which is in fact the case for today’s measurements. Having obtained the spectrum in de Sitter
space, we can now promote it to the spectrum in quasi-de Sitter (aka slow roll) inflation as follows.

When Hy — H(t) is a slowly varying function of time, then

P % , (k/a ~ H) (53)

represents the spectrum amplitude at the Hubble crossing (which we denote by x), i.e. for the modes for
which k/a ~ H. With this the following picture has emerged. Modes of Planckian or super-Planckian
energy are generated by some unknown quantum process early in inflation. Their amplitude, which is
dictated by the canonical commutation relation (35), then decays as ¢ o k/a as the universe expands,
until it reaches the Hubble length, when it freezes. As the modes expand further, their amplitude
remains frozen on super-Hubble scales. This can be seen from the equation of motion for the modes

with super-Hubble wavelengths already mentioned above,

which as a solution contains a constant mode and a decaying mode, the former being the frozen mode.
The evolution of the comoving modes (i.e. the modes with a constant physical wavelength) and of
the Hubble radius with time is illustrated in figure 2. In this picture, different modes today will have
different amplitude only because the Hubble rate at which they crossed the Hubble scale (k/a = H)
was different. A detailed analysis shows that this way of calculating the amplitude of scalar fluctuations

gives the correct answer for the spectrum within the inflationary slow roll paradigm. The deep reason



for this agreement is the adiabaticity of H(¢). Figure 2 also shows how the modes, which cross the
Hubble radius during inflation, become again sub-Hubble during the subsequent radiation or matter
era, when they begin oscillating again.

The spectral amplitude of the curvature perturbation w, at Hubble crossing can be now read off

from (45) and (53),

H4
92 (4n?)
We are still not quite yet done with the calculation of the spectrum. Since wy, is conserved on super-

: (55)

’UJw*

Hubble scales, the momentum dependence (spectral slope) at any given time arises as a consequnce of

the time dependence of H and qb In other words, we can assume,

fye e
wa(k> = wa*<l€_*> s Wypx — ¢2(47{2) ’

where k, = (aH), is the momentum that corresponds to the first Hubble crosssing. Obviously, the

(56)

spectrum amplitude at the Hubble crossing is given by (56). Since in adiabatic (slow roll) picture, the
spectral slope is induced by the time dependence of the amplitude at the Hubble crossing (recall that
once the Hubble radius is crossed, the amplitude of perturbations is frozen) the spectral slope n, — 1

can be calculated from
_ dIn[P,,] dt  dIn[H*/¢?] 1 [411'1 B 24;}
— 7 (b

ng —

= = —6e+ 2 57
din(k) lkeme  din(Ha)  dt 1-oH e+, (57)
where we made use of e = —H/H? and 1 = —ng/(Hgb) + € and we dropped the terms that are higher
order in slow roll parameters. With this we have now fully determined the spectrum of the curvature

perturbation to leading order in slow roll parameters,

k >”s—17 HE(D)

wa(k) = wa*(k:_* wa* = ma ns =1 —06e+2n, (58)

where, in order to get Py, . in that form, we made use of (4), according to which P = 2eMZH?.

The derivation leading to the result (58) was based on several approximations, which seem reason-
able. But in order to really be sure that the expression for the spectrum (58) is correct in slow roll
approximation, one has to check it by performing a more rigorous analysis, and this what we do next.
In what follows we perform a rigorous analysis of the inflationary spectrum of both scalar and tensor

cosmological perturbations.

C. Cosmological perturbations in inflation: a rigorous treatment*

This section is denoted by a star (). This means that it contains a supplemental material, which is meant

for those who want to deepen their understanding of cosmological perturbation theory.



We shall begin by quoting the action for the tensor and scalar cosmological perturbations,

M2
Sumianll1] = 2 [ dadra? ({51 ~ (V1)) (59)
Sscalar[Wy] = /d?’xdT% <(w;)2 — (wa)Q) , z = % = % = V/2eMp x sign[¢],  (60)

where h[;" is the traceless transverse graviton defined in (14) and wy is the (Sasaki’s) spatial curvature
perturbation (18); equivalently one can define the Mukhanov field v = azw,,, whose canonical momen-
tum is simple, m, = v’. Since z appears quadratically in (60), the sign[é] is unimportant and, from now
on, we shall drop it from the analysis. Because of the two time derivatives, the fields wysi and h;fg-T
constitute the (three) dynamical degrees of freedom of the theory. The remaining four (gauge invariant)
fields (out of eight four can be removed by gauge fixing) are constraints that can be associated to the
freedom of choosing the slicing ¥ x R of the space-time M (their gauge dependent cousins are hgg
and ho; that appear in the scalar action (29). One scalar is the gauge invariant lapse function, and
the gauge invariant shift vector can be split into a longitudinal scalar and a transverse vector. The
derivation of the actions (59-60) can be found, for example, in Refs. [3, 4]. The action for the graviton
can be derived by first deriving the graviton action in flat space (which is easy), and then using the
well known conformal transformation for the Ricci scalar to obtain the action in a conformally related
space-time [5]. Cosmology can be considered as a special conformal transformation, since cosmological

space-times are conformally related to Minkowski space, gfw = a®(7) M-

1. Gravitons

Let us now analyse the gravitons. From Eq. (59) it follows that gravitons in cosmology obey,
2 TT _

Notice that, when this equation is written in de Sitter space, it becomes identical to the equation of
motion of a massless scalar in de Sitter (46). This fact has motivated many studies of quantum effects
of massless scalars on de Sitter space, with the hope to learn something on the quantum effects of
gravitons. In more general cosmological spaces the two equations differ however (c¢f. Eq. (31)). Of
course, the action for the graviton also differs from that of a massless scalar, in that it is normalised
differently, and in the tensor structure. This can be seen from the canonical momentum for the graviton,

o 5Sgraviton o Jw’]23 G2
o(hi;") 4

tj

™

(hi" ) (62)



where Sgraviton 1S given in (59). The proper canonical quantisation follows from the Dirac theory of

constrained systems [6] (see also Ref. [3]),
(BT (@ 7), 7 7)) = 5| PacPo+ PaPy = PoyPu0%(3 = &) (63)

where P;; = 6;; — 0;0;/V? is the transverse projector. The complicated structure on the right hand side

of (63) is necessary to assure the traceless and transverse conditions (14) of both EZT and 7.
It is now convenient to decompose the graviton into Fourier modes as,
TT dSk a ~ ik-& el ® 7% At —ikeE
hi MP Z Yk, T)ag,e™ ™ + € (k) h* (k, 7)at e (64)
~ /\+ . . . . A~ o
where az, and a7 are the annihilation and creation operators (ag,[2) = 0), and
o005, ) = @00 F—F), Jagdga] =0, [az.af,] =0, (65)

and ef}(lg) (v = +, x) are the two graviton polarisation tensors, which characterise a massless spin two

particle, and which obey;,

YoeBey (k) =6 Y en(k)en (k) =

i a

[P Py + PyPy — PPyl (66)

N —

where Py = 0y — k'K /k? (k = ||k ||) is the momentum space transverse projector.
The mode functions h(k, 7) are homogeneous, independent on polarisation «, and obey (cf. Eq. (40))

"

a—)(ah(k:,T)) ~0. (67)

(8§+IZ2— ;

Unlike in the case of scalar perturbations discussed in subsection IV-B 2, we shall solve these equations

for power law inflation, in which the scale factor,

1

a(t) = ((e - 1)]—!07'>a ; H = Hya™ ¢, (68)

where € < 1, and €(7) is an adiabatic function of time, i.e. ¢ < He, such that ¢ is of higher order in

slow roll parameters and can be neglected. With this in mind, we can write,

a’ 2—¢ 1 )
T ST TO (99)
such that Eq. (67) can be written as,
d? 2—¢€ 1 .
(= - WTZ)(ah(k N ~0  (F=—kr). (70)



This is the familiar Bessel’s differential equation, and the two linearly independent and properly nor-
malised solutions can be written in terms of the Hankel functions of the first and second kind as,

3—¢€
2(1—¢)"

1 =77 . 1
h(kﬁ):a THS)(—]W), h(k‘ﬁ):a 1

—TT

HP(—kT), v =

(71)

Indeed, based on the Wronskian of the Hankel functions, W[HS"(2), Hl(,Q)(z)] = —4i/(7z), we see that
the above solutions satisfy,
Wih(k, 7). 1 (k,7)] = — (72)

a?’

which, in the light of Eqgs. (63), (66) and (65), is the right Wronskian. Notice that, for € > 0, which
is the usual condition in slow roll inflation, the graviton Bunch-Davies vacuum solutions (71) suffer
from an analogous infrared malady as the de Sitter vacuum of a massless scalar field. The malady is
cured by the analogous means: one has to choose the vacuum in the deep infrared such to deviate in an
appropriate manner from the Bunch-Davies vacuum, and pick the graviton’s mode coefficients a/(k) and
B(k) such that [ d®k|h(k,T)|? is rendered infrared finite. Even though these types of infrared problems
are potentially serious, we shall not bother with discussing details of any such infrared regularisation
procedure, and we shall continue with the analysis of the graviton correlator for the Bunch-Davies
vacuum (71).

Analogous to Egs. (42-43), we define the graviton spectrum Pgraviton 85,

. . 4 d3k 0/ s ibz_gnsin(kr) L
(@I = 117 [ sl P S (e e T )

M2 ) (27) kr
dk sin(kr)lr- = —— = =
= ?Pgraviton(ka 7) /57” )z_l |:Pikpjl + PuPj — Py Py (73)
where
4k3 |h(k, 7)|?
Pgraviton(ka 7_) = ?’(]W—Q)‘ ' <74)
P

We are primarily interested on super-Hubble scales, where the Hankel functions (of the first kind)

HO(E) = (™ 0(z) ~i (). (Jarsle]] <) (75)

~ sin(7v)

(and similarly for H ,EQ)(Z)) can be expanded as,

ngl)(—k'r) = %(_eiwvr(—l/)<_7k7—)” it (_LkT)V) +O((_k7_)iu+2)
YT 2(31_—66) = g +et 0(€), (76)

where we made use of

1= (3) (g *O). (el < (77)

2 v+1) T'(v+2)



and
[ L)'l —v) ‘ (78)

sin(7v) T

Since v > 0, the second term in (76) dominates for super-Hubble modes, for which —k7 < 1. Upon

inserting (76) into (74) gives for the graviton spectrum,

Pk, 7) = —biire (B2 ) gt () (79)

To leading order in slow this expression becomes,

k \ e 2H?
Peaion(h: ) = Pers (1) P = T (1420 -7 -m@)|,  ng=-2, (80)

where 75 = —(1) ~ 0.57 is the Euler constant and v (z) = dIn[['(z)]/dz is the di-gamma function.
This result agrees with what would have obtained had we calculated the graviton spectrum by using the
de Sitter space mode functions (47) in an analogous way as was done in subsection IV-B2 [12]. What
cannot be obtained by that procedure is the O(e) correction to the amplitude Py, shown in (80). That

correction can be obtained only by the more rigorous (slow roll) analysis presented in this subsection.

2. Scalars

We shall now show how to calculate the spectrum of scalar cosmological perturbations from the
action (60). We shall work within the slow roll inflationary paradigm, but otherwise make no further
approximation. By varying the action (60) one easily gets the equation of motion and the canonical

momentum,
(a2)

az

’LUZL + 2 00ww — nglp = O, My, = (az)Qw;p s (Z = ¢/H) ) (81)

from which the canonical quantisation follows,

[y (Z,7), T, (T, 7) = i6°(Z — T') (82)

Our experience suggests to rewrite Eq. (81) for the rescaled (Mukhanov) field 0 = (az)wy,

((LZ)”

7) (aziiy) = 0. (83)

(ag-vh

The next step is to expand the field in Fourier modes,

N d’k ik-% 7 —ik-F, x 7
Wy = /W [e " Twy (k, )by 4 e w¢(k,7)bg] (84)
where the annihilation and creation operators obey,
bl =0, [bpbl] =@tk —-k),  [bpbpl=0,  [bEbE]=0, (85)



and the mode functions satisfy,
az "
<6%%—k2——£EéL>(azuw(k,TD —0. (86)

In order to solve this equation, we need to evaluate (az)”/(az). To do that, we shall make use of the

background equations (4), to arrive at,

,_ drjag 6 9
(az)” = a [H] @lo+g ZMI%HJ
(az)" _ gllaz)] 2 ¢ 397 ¢ 26¢ ¢
= = (aH)*|2 —-— . )
az z (aH)™| 2+ <M1%H2 +¢H> + <2M§H4+M1%H3+¢H2> (87)
This can be expressed in terms of the ‘slow roll’ parameters,
H ¢ o
€= ——, =——+c¢, =—— 88

where the index in ) signifies that ) is a second order slow roll parameter. Making use of (68)
and (88) we can rewrite (87) as

(az)" _ 2+ (5e — 3n) + (66 — 4en — (2))
az (1 —¢)2r2

In order to proceed we have to make an approximation. A useful approximation is to assume that

(89)

the slow roll parameters change adiabatically in time (slow roll approximation). In this approximation
Eq. (86) becomes Bessel’s differential equation, and the canonically normalised mode functions can be
expressed in terms of the Hankel functions (c¢f. Egs. (67-71)),

R i R i

®(_ @(_
wy(k, T) = — 1 H(—kT), wy(k,T) = — 1 H2 (—kT). (90)
where
2
G (az)" ., 1 _ 9+ (18— 12n) + (25€* — 16en — 4¢5)) | (1)
az 4 4(1 — €)?
The spectrum (44) of the curvature perturbation w, = @/A) is then
H? k3|7 2
_ M(_
Pu,(k,T) = 232 B H)V(—kT)| (92)
which on super-Hubble scales, (1 — €)k|7| < 1, yields,
221/73112(]/) H2 k 3—2v
wy (,7) = ( ) 93
Puy (k,7) 3 8r2eM2 \ (1 —€)Ha (93)

where we made use of Egs. (75-77). Now, when v in (91) is expanded in powers of slow roll parameters,

Eq. (93) yields the following expression for the scalar power spectrum,

k ns—1
Pu,(k,T) = Py <m>
1+ 2¢(5—31In(2)—3vg)—2n(2—In(2) —vg)|H?

8em2 M2
2
e —1 = (—6e+2) + g( — 136+ den + 12 + &z ) - (94)



When compared with Eq. (58), we see that the amplitudes agree at the leading order O(1/¢) and
that the spectral slope ny — 1 also agrees at the leading order O(e,n) in slow roll parameters. The
result (94) is more general than (58) in that it also contains the next to leading order corrections in slow
roll paramters. Notice, in particular, the weak additional time dependence of the amplitude in (94),
which enters through (aH )™ =~ (aH)% 2" whose origin can be traced to the fact that the physical
momentum at the Hubble crossing, k/a ~ H, is time dependent. This weak time dependence of P, 18
absent in the approximate solution (58).

A rather complex analysis of temperature fluctuations of the CMB establishes a connection between
the primordial graviton and scalar potentials spectra and the observed temperature fluctuations. The
most prominent (and simplest) effect is the Doppler effect (see Part I) exhibited by photons as they
move towards us and climb out of potential wells generated by the curvature perturbation w, at the
last scattering surface. This effect is also known as the Sachs-Wolfe effect, firstly described in 1968.

According to the recent Planck analysis, the Planck data in conjunction with some other large scale

observations (see Ade et al [Planck collaboration] XXII. Constraints on inflation [arXiv:1303.5082])

yield:
o = ———— = 2.441 £0.092 x 10~
Py 8e. . m2 M3 %
ns = 0.9603 +0.0073 (65% C.L.)
7Dgraviton*
r=——<0.11, (95)
wa*

with today’s fiducial comoving momentum &, = 0.002 Mpc~'. This represents a more than five standard
deviation detection of deviation from scale invariance, representing a strong support to the inflationary
origin of cosmological perturbations. Together with un upper bound on the tensor-to-scalar ratio,
r < 0.11, the spectral index in (95), rules out or disfavours many single field inflationary models
(including all chaotic models with a ¢" (n > 1) potential). However, hybrid inflationary models and
single scalar with a non-minimally coupled inflaton (such as Higgs inflation), as well as the original 1980

Starobinsky’s model with an R? term, are still in perfect agreement with observations.

D. From inflationary cosmological perturbations to temperature fluctuations

The main results of the previous analyses are the spectra of the comoving curvature perturbation (58),
(94) and of the graviton (80) produced by slow roll inflation. In postinflationary epochs which can be
characterised by a constant equation of state P = wp, where P denotes the pressure of the cosmological

fluid and w = const. is the equation of state parameter (w = 1/3 in radiation era, w &~ 0 in matter era)



both the graviton and the curvature perturbation obey the simple equation,

"

<8§—V2—%>(aw¢):0, <8§—V2—

a//

=) @nf) =0, (96)

a

This equation becomes especially simple in radiation era, where a o< 7, such that a”/a = 0, and the

solutions are

wy (k, 7) = wf,ik) sin(k7) + wwz(k) cos(kr), hi(k, ) = (k) [h(;(:) sin(kr) + hoik)

cos(kT)] :

(97)
where 7y denotes conformal time at the end of inflation. The amplitudes wyo(k), Wyo(k), ho(k) and
ho(k) are fixed by continuously matching wy(k, 7) and h(k,7) and at the end of inflation. For obvious
reasons, the first terms in Eq. (97) are known as the growing solutions, while the second terms are the
decaying solutions. Notice that on super-Hubble scales (k7 < 1) the ‘growing’ modes have approximately
constant amplitude, while the decaying modes decay as « 1/a, and soon become oblivious. If one is to
represent the spectra Py, and Pgraviton by the amplitudes in (97), a good way of thinking about it is
in the spirit of (classical) statistical field theory [13]. This means that ho(k) and wyo(k) (for each k)
should be drawn from a Gaussian probability distribution,

|h0(k?)|2]
20’h<k) ’

i |w¢0(k)|2:| : (98)

Pi(o(k)) o< exp [ - 200, (F)

P, (wyo(k)) o exp [

with the variances given by oy, = (|ho(k)|?) and oy, = (Jwyo(k)[*), respectively. It is clear from these
equations that the phases of ho(k) and wyo(k) play no role in the definition of the spectrum, and hence
they are assumed to be randomly distributed. These initial conditions are known as the adiabatic initial
conditions for cosmological perturbations. The statistical nature of their amplitude can be traced back

to the uncertainty in the amplitude of each of the quantum oscillators early in inflation.
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The Sasaki-Mukhanov field can be found in literature in different disguises, as the Mukhanov variable
vy = ag, as the Sasaki variable, ) = (H /qb)@, etc. All of these variables differ by a time dependent
rescaling, and are therefore physically equivalent.

In the Adler-Deser-Misner (ADM) formalism, the freedom of choosing time is represented in the freedom
of choosing a lapse function N(z). In addition, there is a freedom to choose a shift vector N*(z), which,
at the linear level, corresponds to the freedom of freely choosing the spatial components of £°.

Before gauge fixing, at the quadratic level ¢ couples to the three scalars: hgg, the longitudial part of hg;
and the trace of h;;. Since the coordinate shift £&# contains only two scalars (¢° and the longitudinal part
of £%), it is not possible to completely remove the terms that couple ¢ to the gravitational scalars. As we
will see in section C, this coupling changes the equation of motion for ¢.

The Wronskian can be viewed as the normalisation of the scalar product for the wave function, (¢, ¢) = 1,
see e.g. Birrell and Davies [1].

A state with B(k) # 0 is a pure state that contain n(k) = |3(k)|> quanta of the field ¢ in a coherent
superposition (for a more detailed explanation see the book of Birrell and Davies).

The reader can easily check that such a calculation would result in,

2H? _ dIn(Pgrs) 2¢

m2M3’ Ter = din(k) |_p, 1—¢€’

Pgr* -

which agrees with (74-80).

Strictly speaking the amplified vacuum correlators that we discussed in previous sections are quantum
in the sense that each field mode satisfies the minimum uncertainty relation. Nevertheless, quantum
properties of super-Hubble modes can be ignored for most purposes in cosmology. A simple (but not
rigorous) argument supporting this statement goes as follows. Consider, for example, the quantum scalar
perturbation, and decompose it into Fourier modes, L@(f, T) = f[ddk/(Qﬂ)S]@Z;(E, T)exp(iE - &), such that
[p(k,7), (ad/H)' (K, 7)] = (27)303(k — k'). Then for k < aH, {{(k,7),¥(k',7)} > [k, 1), ¥k, 7)].
In other words, the corresponding mode functions satisfy, (¢/H)2|(k, 7)d-1(k,7)| > 1, which means

that the quantum properties of the field are suppressed when compared with the (classical) statistical

properties. This suggests that the error made by replacing the rigorous density matrix description of the



state by a probability distribution of the corresponding classical field amplitude should lead to reasonably
accurate answers to any cosmological measurement. A more complete treatment of the question, why the
cosmological perturbation appear classical, even though their origin is quantum, is beyond the scope of
these notes. Such a treatment would have to establish the decoherent agent that decoheres quantum cos-
mological perturbations either during inflation or subsequent epochs, and thus makes them approximately

classical.



