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1. Classical Fields: General Principles

(Classical field theory is a very vast subject which traditionally includes the Maxwell
theory of electromagnetism describing electromagnetic properties of matter and the
Einstein theory of General Relativity. The main scope of classical field theory is



to construct the mathematical description of dynamical systems with an infinite
number of degrees of freedom. As such, this discipline also naturally incorporates
the classics aspects of fluid dynamics. The basic mathematical tools involved are
partial differential equations with given initial and boundary conditions, theory of
special functions, elements of group and representation theory.

1.1 Lagrangian and Hamiltonian formalisms

We start with recalling the two ways the physical systems are described in classical
mechanics. The first description is known as the Lagrangian formalism which is
equivalent to the “principle of least action'” (Maupertuis’s principle). Consider a
point particle which moves in a n-dimensional space with coordinates (¢, ..., ¢") and
in the potential U(gq). The Newtons equations describing the corresponding motion
(trajectory) are

o ou
mg' = e (1.1)

These equations can be obtained by extremizing the following functional

sz/ttz dtL(q,q,t):/ttz dt (mT‘JQ— ). (12)

1

Here S is the functional on the space of particle trajectories: to any trajectory
which satisfies given initial ¢'(t;) = ¢, and final ¢'({5) = ¢} conditions it puts in
correspondence a number. This functional is called the action. The specific function
L depending on particle coordinates and momenta is called Lagrangian. According
to the principle of stationary action, the actual trajectories of a dynamical system
(particle) are the ones which deliver the extremum of S.

Compute the variation of the action

58 =— /t2 dt [i(mq’) + 8_U §q" + total derivative
" dt g’ ’

where we have integrated by parts. The total derivative term vanishes provided

the end points of a trajectory are kept fixed under the variation. The quantity 4.5

vanishes for any d¢* provided eq.(1.1) is satisfied. Note that in our particular example,

the Lagrangian coincides with the difference of the kinetic and the potential energy

L =T — U and it does not explicitly depend on time.

In general, we simply regard L as an arbitrary function of ¢, ¢ and time. The
equations of motion are obtained by extremizing the corresponding action

22

More accurately, the principle of stationary action.



and they are called the Euler-Lagrange equations. We assume that L does not depend
on higher derivatives ¢, ¢ and so on, which reflects the fact that the corresponding
dynamical system is fully determined by specifying coordinates and velocities. In-
deed, for a system with n degrees of freedom there are n Euler-Lagrange equations
of the second order. Thus, an arbitrary solution will depend on 2n integration con-
stants, which are determined by specifying, e.g. the initial coordinates and velocities.

Suppose L does not explicitly depend? on ¢, then

AL _ 0L ., 0L
at ~ o¢! " ag

-1

q .

OL
oq*

Substituting here from the Euler-Lagrange equations, we get

% 0L "i+i<aL> g i(@L Z)
at ~ ol T at\og)? T at\og?)
Therefore, we find that

d /0L .,
S(57d—1) =0 1.3
dt (aqzq (13)
as the consequence of the equations of motion. Thus, the quantity
oL .
=—q¢ — L, 1.4
o5 (1.4)
is conserved under the time evolution of our dynamical system. For our particular
example,
-2 mg*
H =mqg —L:T+U(q):T+UEE.

Thus, H is nothing else but the energy of our system; energy is conserved due
to equations of motion. Dynamical quantities which are conserved during the time
evolution of a dynamical system are called conservation laws or integrals of motion.
Energy is our first non-trivial example of a conservation law.

Introduce a quantity called the (canonical) momentum

oL
pz—a..

qlv p:(pla"'vpn>-

For a point particle p; = m¢’. Suppose that U = 0. Then

=)

by the Euler-Lagrange equations. Thus, in the absence of the external potential, the
momentum p is an integral of motion. This is our second example of a conservation
law.

2This is homogenuity of time.



Now we remind the second description of dynamical systems which exploits the
notion of the Hamiltonian. The conserved energy of a system expressed via canonical
coordinates and momenta is called the Hamiltonian

1
H = H(p,q) Z%ZF‘FU(Q)-

Let us again verify by direct calculation that it does not depend on time,

dH 1 . n L, oU I .. n L, O0U 0
—, = —DPiDi - = —IM q,q; . =
i mpp qaq’ m 4iq q@qz

due to the Newton equations of motion.

Having the Hamiltonian, the Newton equations can be rewritten in the form

o . oH

These are the fundamental Hamiltonian equations of motion. Their importance lies
in the fact that they are valid for arbitrary dependence of H = H(p,q) on the
dynamical variables p and gq.

In the general setting the Hamiltonian equations are obtained as follows. We take the full differential of the
Lagrangian

oL ] oL . . . p . ) . .
dg" + ——=dq* = pidq’ + pidq" = pidq" + d(piq") — ¢"dp; ,

dL = — —
9q* 94

where we have used the definition of the canonical momentum and the Euler-Lagrange equations. From here we find

d(pig" — L) = ¢'dp; — pida’ .
N e’
H

From the differential equality the Hamiltonian equations follow. Transformation
is the Legendre transform.

The last two equations can be rewritten in terms of the single equation. Introduce
two 2n-dimensional vectors

oH
x=<p), VH=<gf;;)
q og7
0-1
J—(ﬂ O).

Then the Hamiltonian equations can be written in the form

and 2n X 2n matrix J:

r=J-VH, or J-x=—-VH.



In this form the Hamiltonian equations were written for the first time by Lagrange
in 1808.

A point z = (x!,...,2%") defines a state of a system in classical mechanics. The
set of all these points form a phase space & = {x} of the system which in the present

case is just the 2n-dimensional Euclidean space with the metric (z,y) = 21221 xlyl

To get more familiar with the concept of a phase space, consider a one-dimensional

example: the harmonic oscillator. The potential is U(q) = %. The Hamiltonian

2 o . .
H = & + %, where we choose m = 1. The Hamiltonian equations of motion are

given by ordinary differential equations:

g=p, p=—q = (=-—q.

Solving these equations with given initial conditions (pg, o) representing a point in
the phase space®, we obtain a phase space curve

p = p(t; po, qo) q = q(t; po, qo0) -

Through every phase space point there is one and only one phase space curve (unique-
ness theorem for ordinary differential equations). The tangent vector to the phase
space curve is called the phase velocity vector or the Hamiltonian vector field. By
construction, it is determined by the Hamiltonian equations. The phase curve can
consist of only one point. Such a point is called an equilibrium position. The Hamil-
tonian vector field at an equilibrium position vanishes.

The law of conservation of energy allows one to find the phase curves easily. On
each phase curve the value of the total energy ¥ = H is constant. Therefore, each
phase curve lies entirely in one energy level set H(p,q) = h. For harmonic oscillator

P’ + ¢ =2h
and the phase space curves are concentric circles and the origin.

The matrix J serves to define the so-called Poisson brackets on the space F ()
of differentiable functions on &:

. " OF 0G  OF G
F - F = —JY0,F0;G = = — =)
{F,G}(z) = (JVF,VG) = —J19,F0,G ;:1:( o990~ 3¢ apj>

The Poisson bracket satisfies the following conditions

{F,G}:—{G,F},
{F>{G7H}}+{G’{H>F}}+{H’{F>G}}:0

3The two-dimensional plane in the present case.



for arbitrary functions F, G, H.

Thus, the Poisson bracket introduces on F(&?) the structure of an infinite-
dimensional Lie algebra. The bracket also satisfies the Leibnitz rule

{F,GH} ={F,G}H + G{F,H}
and, therefore, it is completely determined by its values on the basis elements z°:
{27, 2"} = —Jok
which can be written as follows
{d.dy=0, {pup}=0, {pnd}=45.
The Hamiltonian equations can be now rephrased in the form
i ={H 2} <& i={Hz}=Xy.

It follows from Jacobi identity that the Poisson bracket of two integrals of motion
is again an integral of motion. The Leibnitz rule implies that a product of two
integrals of motion is also an integral of motion. The algebra of integrals of motion
represents an important characteristic of a Hamiltonian system and it is closely
related to the existence of a symmetry group.

In the case under consideration the matrix J is non-degenerate so that there
exists the inverse

T =—J

which defines a skew-symmetric bilinear form w on phase space

w(z,y) = (z,J7y).

In the coordinates we consider it can be written in the form

w:dej/\dqj.

J
This form is closed, i.e. dw = 0.

A non-degenerate closed two-form is called symplectic and a manifold endowed
with such a form is called a symplectic manifold. Thus, the phase space we consider
is the symplectic manifold.

Imagine we make a change of variables ¢/ = f7(z*). Then

» ay] ) o e ayp ~
V=53 b= A JFVEH = AP 5 Vil
~~

A



or in the matrix form

j=AJA" -V, H.
The new equations for y are Hamiltonian with the new Hamiltonian is H(y) =
H(f '(y)) = H(z) if and only if
AJA = .

Hence, this construction motivates the following definition.

Transformations of the phase space which satisfy the condition
AJA' = J

are called canonical®.
Canonical transformations® do not change the symplectic form w:

w(Ax, Ay) = —(Ax, JAy) = —(z, AL JAy) = —(z, Jy) = w(z,y).

In the case we considered the phase space was Euclidean: &2 = R?". This is not
always so. The generic situation is that the phase space is a manifold. Considera-
tion of systems with general phase spaces is very important for understanding the
structure of the Hamiltonian dynamics.

Short summary

A Hamiltonian system is characterized by a triple (£2,{,}, H): a phase space &,
a Poisson structure {, } and by a Hamiltonian function H. The vector field Xy is
called the Hamiltonian vector field corresponding to the Hamiltonian H. For any
function F' = F(p, q) on phase space, the evolution equations take the form

dF
— ={H.F}=Xy-F.

Again we conclude from here that the Hamiltonian H is a time-conserved quantity

dH
— ={H,H} =0.
dt { ? }
Thus, the motion of the system takes place on the subvariety of phase space defined

by H = F constant.

4In the case when A does not depend on z, the set of all such matrices form a Lie group known
as the real symplectic group Sp(2n,R) . The term “symplectic group” was introduced by Herman
Weyl. The geometry of the phase space which is invariant under the action of the symplectic group
is called symplectic geometry.

®Notice that AJA! = J implies that A*JA = .J. Indeed, multiplying by .J both sides of the first
equality from the right, we get AJA*J = J? = —1, which further implies A*J = —J 1471 = A~
Finally, multiplying both sides of the last expression from the right by A, we obtain the desired
formula.



1.2 Noether’s theorem in classical mechanics

Noether’s theorem is one of the most fundamental and general statements concern-
ing the behavior of dynamical systems. It relates symmetries of a theory with its
conservation laws.

It is clear that equations of motion are unchanged if we add to a Lagrangian a
total time derivative of a function which depends on the coordinates and time only:
L — L+ %G(q, t). Indeed, the change of the action under the variation will be

0G .
0q'li=s; -

ta
08 — 05" =065 + /t1 dt %6G(q,t) =05+ By
Since in deriving the equations of motion the variation is assumed to vanish at the
initial and final moments of time, we see that 65" = §S and the equations of motion
are unchanged.

Let now an infinitezimal transformation ¢ — g + d¢ be such that the variation
of the Lagrangian takes the form (without usage of equations of motion!)® of a total
time derivative of some function F':

_dF
=

Transformation dq is called a symmetry of the action.

oL

Now we are ready to discuss Noether’s theorem. Suppose that ¢ = ¢ + d¢q is a
symmetry of the action. Then

0L
=97
By the Euler-Lagrange equations, we get

oL ... OL_. OLd_.. dF
0" = 520¢' + 5 —0q = .

oL — A A
G’ aq’ 0q* dt

5q' +

d oLy , OLd_, dF
oL = E(aqi>5 togad T
This gives
d /0L _ N dF
oL =g (5%) =

As the result, we find the quantity which is conserved in time

dJ _d /0L _,
—=— 0q¢" — F) =0.
dt dt<8QZ 1 )
This quantity
L . )
J:a—,.(Sq’—F:piéql—F
g’

is called Noether’s current. Now we consider some important applications.

6As we have already seen, a variation of the Lagrangian computed on the equations of motion is
always a total derivative!



e Momentum conservation. Momentum conservation is related to the freedom of
arbitrary choosing the origin of the coordinate system. Consider a Lagrangian

m..
L= 5%2
Consider a displacement
qlz — qi+az = 5(]2 — az7
1 — qz = 5q1 —

Obviously, under this transformation the Lagrangian remains invariant and we
can take F' = 0 or F' = any constant. Thus,

J = pidq’ = pia’,
Since a; arbitrary, all the components p; are conserved.

e Angular momentum conservation. Consider again

m
L = —¢?
g 4

and make a transformation
(=g +ig = ¢ =élg.
Then,
SL =mg'e’§ .
Thus, if €7 is anti-symmetric, the variation of the Lagrangian vanishes. Again,
we can take F' =0 or F' = any constant and obtain
J = pidq' = pie’

Since € is arbitrary, we find the conservation of angular momentum compo-
nents
J} =pid —piq"
e Particle in a constant gravitational field . The Lagrangian

L:%Z'Q—mgz.

Shift z — z + a, i.e. 6z = a. We get L = —mga = %(—mgat). Thus, the
quantity
J=mzdz — F = mZa + mgat

is conserved. This is a conservation law of the initial velocity Z + gt = const.

— 10 —



e (Conservation of energy. Energy conservation is related to the freedom of
arbitrary choosing the origin of time (you can perform you experiment today
or after a several years but the result will be the same provided you use the
same initial conditions).

We derive now the conservation law of energy in the framework of Noether’s
theorem. Suppose we make an infinitesimal time displacement 0t = €. The

Lagrangian response on it is

dL
5L = e,
dt

On the other hand,

OL ., OL_., OL. d dL\., OL
5L g + 2254 +§5t_a(8qi)5q + 55

aq’ 3§ a

where we have used the Euler-Lagrange equations and assumed that L does
not explicitly depends on time. Obviously, ¢ = ¢'e and §¢° = '€, so that

oL

_d<8L>_i +8L,_Z. _dL
T @t \9g ) T 9t T

Cancelling e, we recover the conservation law for the energy

dH 4
— =0 H=pq¢—-L.
dt Y pq

Finally, it remains to note that in all the symmetry transformations we have consid-
ered so far the integration measure dt¢ in the action did not transform (even for in
the last example dt — d(t +¢€) = dt ).

1.3 Lagrangians for continuous systems

So far our discussion concerned a dynamical system with a finite number of degrees
of freedom. To describe continuous systems, such as vibrating solid, a transition to
an infinite number of degrees of freedom is necessary. Indeed, one has to specify the
position coordinates of all the points which are infinite in number.

The continuum case can be reached by taking the appropriate limit of a system
with a finite number of discrete coordinates. Our first example is an elastic rod of
fixed length ¢ which undergoes small longitudinal vibrations. We approximate the
rod by a system of equal mass m particles spaced a distance Aa apart and connected
by uniform massless springs having the force constant k. The total length of the
system is £ = (n + 1)Aa. We describe the displacement of the ith particle from its
equilibrium position by the coordinate ¢;. Then the kinetic energy of the particles is

T - i%@f.
=1

- 11 -



The potential energy is stored into springs and it is given by the sum

1 n
U= §k ;(¢i+l - ¢z’)2

Here we associate ¢g = 0 = ¢,,.1 with the end points of the interval which do not
au .
0"

move. The force acting on ith particle is F; = —

F; = k(¢ig1 + dic1 — 2¢5) .

This formula shows that the force exerted by the spring on the right of the ith
particle equals to k(¢;+1 — ¢;), while the force exerted from the left is k(¢; — ¢;_1).
The Lagrangian is

n m 1 n
L=T-U= 25@2 - 5]{;2(%1 — ¢i)?
=1 =0

At this stage we can take a continuum limit by sending n — oo and Aa — 0 so
that £ = (n + 1)Aa is kept fixed. Increasing the number of particles we will be
increasing the total mass of a system. To keep the total mass finite, we assume that
the ratio m/Aa — p, where p is a finite mass density. To keep the force between
the particles finite, we assume that in the large particle limit kAa — Y, where Y is
a finite quantity. Thus, we have

L= ZA@(AG)QS ——ZA@ k Aa <¢Z+1Aa @) .

Taking the limit, we replace the discrete index ¢ by a continuum variable x. As a
result, ¢; — ¢(z). Also

Gir1 — O N ¢(z + Aa) — é(z)
Aa Aa

Thus, taking the limit we find

— 0,0(x) .

L= %/OK dx [;@2 — Y (0,0)

Also equations of motion can be obtained by the limiting procedure. Starting from

Giv1 + Qi1 — 20,
Aa?

m -
kA —
agbz kAa 0,

and using

lim qb’b-‘rl + ¢z 1 2¢z o a2¢

Aa—0 Aa? 8ZE2

= Oue

- 12 —



we obtain the equation of motion
1p— Y0 =0.

Just as there is a generalized coordinate ¢; for each 7, there is a generalized coordinate
¢(z) for each x. Thus, the finite number of coordinates ¢; has been replaced by a
function of z. Since ¢ depends also on time, we are dealing with the function of two
variables ¢(x, t) which is called the displacement field. The Lagrangian is an integral
over x of the Lagrangian density

1 . 1
L= —ud® — =Y (0,0)*.
SHd” — 5Y (0:9)
The action is a functional of ¢(z,t):
to 4 .
— [ at [ 20060601, 0,002, 0).
t1 0
It is possible to obtain the equations of motion for the field ¢(x,t) directly from

the continuum Lagrangian. One has to understand how the action changes under an
infinitesimal change of the field

o(z,t) = ¢(z,1) + d¢(, 1) . (1.5)
The derivatives change accordingly,
8 (9 8
8 0
This gives
0L 0L
3S[¢] = S| + 6¢] — / dt / dx a—¢8t5¢+m8$5¢].
Integrating by parts, we find
802” 0L
d d Op—— — 83, 4]
/tl t/ ) o5~ 009"
0L b2 0L
d So|i=l :
/ “o09) +/ 5(0,0) ()

The action principle requires that the action principle be stationary w.r.t. in-
finitezimal variations of the fields that leave the field values at the initial and finite
time unaffected, i.e.

5¢($,t1) = 5¢(l‘,t2) =0.

— 13 —



On the other hand, since the rod is clamped, the displacement at the end points
must be zero, i.e.

56(0,8) = 56(£,1) = 0.

Under these circumstances we derive the Euler-Lagrange equations for our continuum
system

=0.

0/ 0% 0 0¥ 0¥
a(m) *or (a@qs)) " 90

Let us now discuss the solution of the field equation

(5—028m¢:0, c= X,
\/,u

where c¢ is the propagation velocity of vibrations through the rod. This equation is
linear and, for this reason, its solutions satisfy the superposition principle. Take an
ansatz

Dz, t) = e ay(t) + e * by (t) .

If we impose ¢(0,t) = 0, then bg(t) = —ax(t) and we can refine the ansatz as
¢(x,t) = ag(t) sinkx .

Requiring that ¢(¢,t) = 0 we get sinkl = 0, i.e. k =k, = 7. Coefficients a(t)
then obey

iy + Ak*ai(t) =0 —  ap(t) = e“ay,

where wy = £ck is the dispersion relation. Thus, the general solution is

oz, t) = Z sin k,,x (An cos wyt + B, sin wnt> , Wy, = cky ,

and the constants A,,, B,, are fixed by the initial conditions, which is an initial profile
¢(x,0) and an initial velocity ¢(z,0).

Scalar and Vector Fields

The generalization to continuous systems in more space dimensions is now straight-
forward. In two-dimensions one can start with two-dimensional lattice of springs.
The displacement of a particle at the site (7,7) is measured by the quantity Q_;i]',
which is a two-dimensional vector. In the limit when we go to a continuum, this be-
comes a displacement field (E(aj, y,t) of a membrane subjected to small vibrations in
the (z,y)-plane. In three dimensions we get a vector ggz]k The continuous limit yields
a three-dimensional displacement field gz?(a:, y, z,t) of a continuous solid vibrating in
the x,y, z directions with eoms of a partial differential equation type:

gg— Claqug_ CQnyq;_ 03822'5_ c48xy§g_ CBayzqg_ Cﬁangg =0,

— 14 —



the coefficients ¢; encode the properties of the solid.

In general, fields depending on the space-time variables are tensors, i.e. they
transforms under general coordinate transformations in a definite way. Namely, a
tensor field (b;;‘; of rank (p,q) under general coordinate transformations of the
coordinates x%: x* — 2'*(27) transforms as follows”

thikp, N 8x’k1 8x’k1’ Ozt Oxa i1..0p
l1...lq ($ ) - O T Oxir Ol T Ox'la ¢j1n.jq (l’) :
Here tensor indices are acted with the matrices % which form a group GL(d,R).

This is a group of all invertible real d x d matrices. A simplest example is a scalar
field that does not carry any indices. Its transformation law under coordinate trans-
formations is ¢'(2") = ¢(x). We stress that a point with coordinates x in the original
frame and a point with coordinates 2’ in the transformed frame is the one and the
same geometric point.

1.4 Noether’s theorem in field theory

In order to fully describe a dynamical system, it is not enough to only know the
equations of motion. It is also important to be able to express the basic physical
characteristics, in particular, the dynamical invariants, of the systems via solutions
of these equations.

Noether’s theorem: To any finite-parametric, i.e. dependent on s constant param-
eters, continuous transformation of the fields and the space-time coordinates which
leaves the action tnvariant corresponds s dynamical tnvariants, i.e. the conserved
functions of the fields and their derivatives.

To prove the theorem, consider an infinitezimal transformation
't — a2 ="+ o, i=1,....,d,

or(x) = ¢ (2') = gu(x) + oo (x).

As in the finite-dimensional case, the variations dz° and d¢; are expressed via in-
finitezimal linearly independent parameters dw,:

oxt = Z X! owy, dor(z) = Z D powy, . (1.9)

1<n<s 1<n<s

Here all dw,, are independent of the coordinates x. Such transformations are called
global. The coefficients X! and ®;, may depend on z and the fields, and they

"There is a simple rule to remember the appearance of primed and unprimed indices in the tensor
transformation rule. Assuming that all indices on the left hand side of the tensor transformation
formula are ”primed”, then they must label ”primed” coordinates in the right hand side of the
formula.

— 15 —



describe a response of coordinates and fields on the infinitezimal transformation
with a parameter dw,,.

Obviously, particular cases of the transformations above arise, when X* = 0
or ®;,, = 0. In the first case the coordinates z* do not change under symmetry
transformations at all, while the fields are transformed according to

or(x) = ¢i(x) = ¢r(x) + ooy (x).

In the second case the symmetry acts on the space-time coordinates only and the
condition ®;,, = 0 implies that ¢}(2") = ¢;(x), i.e. the fields under considerations
are scalars. We point out that in the case when ¢; is not a scalar but rather a tensor,
®;,, is not zero even if the symmetry acts on the space-time coordinates only! To
illustrate this point, consider a vector field ¢‘(x). Under coordinate transformation
2t — 2" = 2" + 6x' one gets
8$/i

#(e) = 5 (a) =

ooxt .
0 iw),

5o

I(z" + da)

G ¢@) =@+

which implies that the corresponding quantity ®; is non-trivial; the trivial case occurs
only when 62 does not depend on coordinates, i.e. it is a constant.

In the general case symmetry transformations act on both the space-time coor-
dinates and the fields, cf. eq.(1.9). Consider

¢ () = ¢ (x4 6x) = ¢ (x) + Opdy(2)02" + ... = ¢ () + Opopr(2) XFw, + ...

It is important to realize that the operations ¢ and d/dx do not commute. This is
because 9 is the variation of the fields due to both the change of their form and their
arguments z'. We therefore introduce the notion of the variation of the form of the
field function

0¢r(x) = ¢p(x) — dr(x) = (Prn — Opr X )0wn .
Variation of the form does commute with the derivative 0/0x. For the variation of
the Lagrangian density we, therefore, have

o / dZ k k
D%(a:):.i”(x)—i-wéaj :D?(x)+$/(x)—$(x)+%5x .
5.7 (x)

The change of the action is®

5S:/dx'$’(x') —/dx.,i’(a:) = /dx’ [f(sc)—i—gg(:c)—l—%éxk] —/d:c.iﬂ(x).

8We consider a field theory in d-dimensions, so that the integration measure dz must be under-
stood as dz = dzydas ... dzg = d%.
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Transformation of the integration measure is

ox'1 oz'? 0zt Az
ozt T Bzl 1+ ozT T Ozl
dz’ = J - dz = det : : dz = det : : dz.
/1 rd 1 d
... ot R
Jacobian

Thus, at leading order in dw,, we have
da’ = da(1 + 9pda® +...).

Plugging this into the variation of the action, we find

. i _ d
58 = / dx [53@) + 0 + Ooat .,2”} - / dz [53@:) + (b))

We further note that

- 0% - 0L - 0L \ - 0L -
0L (x) = 967 0pr + 8(8k¢1)ak5¢1 = 0O <m)5¢1 + mak&ﬁ[ =
0L -
= (55 001)
0(Okr1)

where we have used the Euler-Lagrange equations. Thus, we arrive at the following
formula for the variation of the action

B d 1 0% - g d 1 0% - - .
5S = / do— [ 56500t Lo ] - / do dwk[ 51697 (@1n—Omd1 X )+$Xn]5wn.

Since the integration volume is arbitrary we conclude that

dJ* .
w =0 <~ divJ, =0,
where 5.9
Jh=—_—" (®,,—0,, X" —.i”Xff
o 3(ak¢1)( I, or X3')

and n = 1,...s. Thus, we have shown that the invariance of the action under the
s-parametric symmetry transformations implies the existence of s conserved currents.

An important remark is in order. The quantities J* are not uniquely defined.
One can add
JE — JE 0

where y*™ = —x™*  Adding such anti-symmetric functions does not influence the

conservation law dJ* = 0.
Now we are ready to investigate concrete examples of symmetry transformations
and derive the corresponding conserved currents.
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e Energy-momentum tensor. Consider the infinitezimal space-time translations
o™ =¥+ 52k = 2F 4 6Fsw, — XF=4"

and ®;, = 0. Thus, the conserved current J,"f becomes in this case a second
rank tensor 7"

0L
T = —— 0,01 — 682
9(Oxr)
Here, as usual, the sum over the index I is assumed. The quantity T* is the
so-called stress-energy or energy-momentum tensor. If all the fields vanish at

spacial infinity then the integral®

P, = / 4"t Ty

is a conserved quantity. Here 0 signifies the time direction and the integral is
taken over the whole (n — 1)-dimensional space. Indeed,

P, 0 T -
dn:/dxd":—/dn_lxd—’.’:—/ dQ (T, - i),

dt dt dx’ 00
where € is a (n — 2)-dimensional sphere which surrounds a n — 1-dimensional

volume; its radius tends to infinity. The vector 77 is a unit vector orthogonal
to Q.

e Angular momentum. Consider infinitezimal rotations /™ — z" + z,,00Q"™,
where 0Q"™ = —§2™". Because of anti-symmetry, we can choose Q"™ = §w"™
with n < m as linearly independent transformation parameters. We find

SxF = dewj = Xk 50" = 316w = 2,6% sw™
n<m
= Z 0% Sw™ + Z 0% dw™ = Z(xléfn — 2p6F)ow™ . (1.10)
m<l m>l m<l

From here we deduce that

Xk =2,0% — 2,6

n m’

n<<m.

If we consider a scalar field then ¢/'(z') = ¢(z) and d¢ = 0. As a result,
®;,, = 0. Using the general formula

0L
Jre 9 (@, 0,6 X7 — X
o 8(8k¢1)( I, or X,") n

9Here we explicitly distinguished a time direction ¢ and write the integration measure in the

action as dz = dtd” 'z.
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we therefore find the following angular momentum tensor

. 0Z

M = —— m — Om L(x,0% — ,,0F) .
Im a(@k¢> (al¢x 0 ¢$l) + (‘Il m ITmO; )
Notice that the last formula can be written in the form
0% 0¥
= (30 o0 7 )= (8(0kgz5)a 6 = 26,) = onTt = ally.

where T} is the stress-energy tensor.

If we consider now a vector field ¢, then according to the discussion above, we
will have

ozt | |
=3 @60 = aa P (z) = %(Z(m:ﬂ —xma;)(swml>

m<l m<l
so that
@, = (910, — Gim0)) ¢’ = 416y, — dw]
where g;; is a space-time metric. According to our general formula, the set of
corresponding Noether currents will have the form

0L
(O )
Substitution of all the quantities gives
0L
0(0kg")

We, therefore, see that for the vector field, the angular-momentum tensor takes

T [600%, = Oml = 06 (2000, — Tndh) | = L2008, — ).

the form

A A
oo = 0Tl = 20T~ (g~ i)

The first piece here, which depends on the stress-energy tensor is called the

orbital momentum and the second piece characterizes polarization properties
of the field and is related with a notion of spin.

The final remark concern continuous s-parametric transformations which leave

the action invariant up to a total derivative term (in the original formulation of the

Noether’s an exact invariance of the action was assumed!)

0S = 5wn/dx Okaf.

These transformations also lead to conservation laws. It obtain them, it is enough
to subtract from the canonical current J* the term F*:

One can verify that this new current is conserved 9;_#F as the consequence of the

equations of motion.
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1.5 Hamiltonian formalism in field theory

As was discussed above, in the Lagrangian formalism the dynamics of classical fields
¢' is described by the action functional

S = /Ldt = /dtdfﬁ(d)i,aﬁ)"),

where .Z is the Lagrangian density being a function of ¢* and 9,¢" taken at the same
point x. The transition to the Hamiltonian formalism is performed by introducing
the canonical momenta conjugate to the “coordinates” ¢

0L 0L
pi()

 0di(x)  Ddi(x)
The Hamiltonian has the form
H= / dx I =

0L
9¢'(x)
where in the right hand side of the last formula one has to substitute the expression
for ¢'(x) via p;(x) and ¢'(x).
The definition of the Poisson brackets is also generalized to the field-theoretic

')~ 2,

case. For any two local in time functionals F' and G of fields and their momenta we
define their Poisson bracket as the following functional
0F  6G 0G  OF
F .G} = / dx —— — , )
{ } [5pi($) 0t (x)  Ipi(x) ¢t ()

where F' and G are taken at the same moment of time. The Hamiltonian equations

are then
¢' = {H,¢'}, pi = {H,pi}.
The canonical Poisson brackets are
{¢'(t,7),¢'(t, )} =0,
{pi(t,7),p;(t,9)} =0,
{p:(t, ), ¢ (1, 7))} = 76(7 — 7).
Note that all the fields for which the brackets are computed are taken at the one and
the same moment of time!
Consider the simplest example of a real massive scalar field ¢ described by the
Lagrangian density
2 = (0,000 — ).

The momentum is 9.9

and, therefore, the Hamiltonian density is

H = %(p2 — 00 0'¢ +m*¢?) .
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2. Electrostatics

(Classical electrodynamics is a theory of electric and magnetic fields caused by macro-
scopic distributions of electric charges and currents. Within the field of electrody-
namics, one can study electromagnetic fields under certain static conditions leading
to electrostatics (electric fields independent of time) and magnetostatics (magnetic
fields independent of time). First, we focus on the laws of electrostatics.

2.1 Laws of electrostatics

Electrostatics is the study of electric fields produced by static charges. It is based
entirely on Coulomb’s law (1785). This law defines the force that two electrically
charged bodies (point charges) exert on each other

2 T1 — Ty
F =k —_— 2.1
(%) Q1C]2|f1 ATE (2.1)

where k is Coulomb’s constant (depends on the system of units used!®), ¢; and ¢y
are the magnitudes of the two charges, and ¥; and ¥y are their position vectors (as
presented in Figure 1).

q1

8y

5 q2
Figure 1: Two charges ¢; and g2 and their respective posi-
tion vectors 1 and Ts. The charges exert an electric force on
one another.

One can introduce the concept of an electric field E as the force experienced by
a point-like charge ¢ in the limit of vanishing ¢

. F(z
B (%) = lim ()
q— q

We have used the limiting procedure to introduce a test charge such that it will only
measure the electric field at a certain point and not create its own field. Hence, using

10T ST units (SI — the international system of units ), the Coulomb’s constant is k = ﬁ, while

force is measured in newtons, charge in coulombs, length in meters, and the vacuum permittivity

% = 8.8542 - 107 '2F/m . Here, F indicates farad, a unit of capacitance being

equal to one coulomb per volt. One can also use the Gauss system of units (CGS — centimetre-gram-

€ is given by ¢g =

second). In CGS units, force is expressed in dynes, charge in statcoulombs, length in centimeters,
and the vacuum permittivity then reduces to €y = ﬁ.
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Coulomb’s law, we obtain an expression for the electric field of a point charge

~ -7
E(7)=kqg——.
(7) F—TE
Since E is a vector quantity, for multiple charges we can apply the principle of linear
superposition. Consequently, the field strength will simply be a sum of all of the
contributions, which we can write as
T —

Introducing the electric charge density p (Z), the electric field for a continuous dis-
tribution of charge is given by

=

o o T—x
B (@) =k / () (2.3)

The Dirac delta-function (distribution) allows one to write down the electric charge
density which corresponds to local charges

p(T) = Z q;0 (T — T3) . (2.4)

Substituting this formula into eq.(2.3), one recovers eq.(2.2).

However, eq.(2.3) is not very convenient for finding the electric field. For this
purpose, one typically turns to another integral relation known as the Gauss theorem,
which states that the flux through an arbitrary surface is proportional to the charge
contained inside it. Let us consider the flux of E through a small region of surface
dS, represented graphically in Figure 2,

AN = (E-7i)dS = L (7. 7i)dsS

3
q - q
= ~5C0s (r,n)dS = ﬁdS’,

where on the first step we have used that E = qr%. By the definition of dS’, we
observe that it is positive for an angle 6 between E and 7 less than 7, and negative
otherwise. We introduce the solid angle d)’

ds’

r2

dQ =

. (2.5)
Plugging this relation into eq.(2.5) leaves us with the following expression for the

flux
dN =¢-dQ'. (2.6)
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=

St

q

Figure 2: The electric flux through a surface, which is pro-
portional to the charge within the surface.

By integrating eq.(2.6), we obtain the following equation for the flux N

j{ (E 7)dS = { 4dmq if g is iI.lside the surface
g 0 otherwise

Equivalently, using the fact that the integral of the charge distribution over volume
V' is equal to the total charge enclosed in the volume, i.e. ¢ = fV p(z)d®z, one finds
a similar expression

N:ﬁ(ﬁ-ﬁ) dS:47r/,0(x)d3x.

By making use of the Gauss-Ostrogradsky theorem, one may rewrite the above
integral in terms of the volume integral of the divergence of the vector field £

]{S(E.ﬁ)dsz/dwﬁ(f’)d%.

\%4

Recalling that the left hand side is equal to 4mq, a relation between the divergence
of the electric field and the charge density arises

O:/‘/[divﬁ(f)—4wp(f)}d3x.

Since the relation holds for any chosen volume, then the expression inside the integral
must equal to zero. The resulting equation is then

div E (Z) = 47p () .

This is known as the differential form of the Gauss (law) theorem for electrostatics.
This is the first equation from the set of four Maxwell’s equations, the latter being
the essence of electrodynamics.
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The Gauss theorem is not enough, however, to determine all the components of
E. A vector field A is known if its divergence and its curl, denoted as divA and
rot A respectively, are known. Hence, some information is necessary about the curl
of electric field. This is in fact given by the second equation of electrostatics

rot E=0. (2.7)

The second equation of electrostatics is known as Faraday’s law in the absence of
time-varying magnetic fields, which are obviously not present in electrostatics (since
we required all fields to be time independent). We will derive this equation in the
following way. Starting from the definition of the electric field (Coulomb’s law)
given by equation (2.3), we rewrite it in terms of a gradient and pull the differential
operator outside of the integral

3 (7 o LT g =\ 7 3
E (%) = /P(f) md 7’ = —/P(wl)vx‘f_f/|d '
= =
= -V, B(IZ d*2’ = —grad f<xz B3 . (2.8)
|7 — 2| |7 — 1|

From vector calculus we know that the curl of gradient is always equal to zero, such
that

rot (grad f)=0 = rotE=0.

This derivation shows that the vanishing of rot E is not related to the inverse square
law. It also shows that the electric field is the minus gradient of some scalar potential

E(Z) = —grad ¢.

From the above, it then follows that this scalar potential is given by

o(x) :/ p(x,)/’d?’x', (2.9)

|z —x

where the integration is carried out over the entire space. Obviously, the scalar
potential is defined up to an additive constant; adding any constant to a given o(z)
does not change the corresponding electric field F.

What is the physical interpretation of ¢(z)? Consider the work which has to be
done to move a test charge along a path from point A to B through an electric field

E
B_' . B_' .
W:—/ F-dl:—q/ E-dl.

A A
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Figure 3: The work that has to be done over a charged particle to move it
along the path from A to B through an electric field E.

The minus sign represents the fact that the test charge does work against the electric
forces. By associating the electric field as the gradient of a scalar potential, one
obtains

B B
WIQ/ gradwdl:q/ gﬁdx+gﬁdy+6ﬁdz
A A T Y 0z

_/tB(a_@d_x 9p dy %@)dt_( —04)
), \oxdt  Oydt 0z dt IR GV

where we have parametrized the path as (z(t),y(t),z(t)). The result is just a dif-
ference between the potentials at the end points of the path. This implies that the
potential energy of a test charge is given by

V=qp.

In other words, the potential energy does not depend on the choice of path (hence,
the electric force is a conservative force). If a path is chosen such that it is closed,
i.e. A= B, the integral reduces to zero

%E-df:o.

This result can also be obtained from Stokes’ theorem
f(ﬁdf) :]{rotﬁ-dgzO,
S

where we have used the fact that rot £ = 0.

To summarize, we have derived two laws of electrostatics in the differential form

(7)
(7)

div

rot

o &=
I

=
o
I

8y

V-E(Z Amp (T) | (2.10)
V x E (% (7) =0.
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2.2 Laplace and Poisson equations

In the previous section it was shown that the curl of the electric field is equal to zero,
thus the field is simply the gradient of some scalar function, which can be written as

rot E(f)=0 = E(&)=—-Ve(i).
Substituting the right hand side of this expression into equation (2.10), we obtain
div Vi (&) = —4mp () .
This gives
V2 (Z) = Ap () = —4mp (T) . (2.12)

Equation (2.12) is known as the Poisson equation. In case p (Z) = 0, i.e. in a region
of no charge, the left hand side of (2.12) is zero, which is known as the Laplace
equation. Substituting into (2.12) the form scalar potential ¢, given by (2.9) , we

Vi (Z) = VQ/ p(fg,,‘d%’: /d?’:c’p(f’)VQ <L> .

|7~ |7 — |

get

Without loss of generality we can take 2’ = 0, which is equivalent to choosing the
origin of our coordinate system. By switching to spherical coordinates, we can show

that 1 1 1 d2 1
\V& =Vi-=-—|(r-]=0.
o r rdr? (rr)

This is true everywhere except for r = 0, for which the expression above is undeter-

mined. To determine its value at » = 0 we can use the following trick. Integrating
over volume V', using the Gauss law and the fact that Vr = 77, one obtains

1 - (1 -1
/V2<—>d3x:/divv<—)d3x:j{ﬁ~V—dS
r r r
% % S

ds
Therefore,
1
V2 (—) = —4An)(7) ,
r
or
1
Vi‘ﬁ 7 = —47d (- 7).
l‘ —
Thus, we find

Vip = /p(x') (—47o(x — 2')) d*zs’ = —4np(x).

Hence, we have proved that % solves the Poisson equation with the point charge
source. In general, the functions satisfying V2p = 0 are called harmonic functions.
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2.3 The Green theorems

If in electrostatics we would always deal with discrete or continuous distributions
of charges without any boundary surfaces, then the general expression (where one
integrates over all of space)

d3a’

|z — ']

o) = [ o) (213
would be the most convenient and straightforward solution of the problem. In other
words, given some distribution of charge, one can find the corresponding potential
and, hence, the electric field £ = —V.

In reality, most of the problems deals with finite regions of space (containing
or not containing the charges), on the boundaries of which definite boundary condi-
tions are assumed. These boundary conditions can be created by a specially chosen
distribution of charges outside the region in question. In this situation our general
formula (2.13) cannot be applied with the exception of some particular cases (as in
the method of images). To understand boundary problems, one has to invoke the
Green theorems.

Consider an arbitrary vector field'! A. We have
/divffd?’x = 7{ (A-7)ds. (2.14)
v S
Let us assume that A has the following specific form

where ¢ and ¢ are arbitrary functions. Then

— . = . 0 0 0
div A = div ((p . VQ/J) = div (gpaj) = 57 ((pa;ﬁ)

= Vo Vi + V).
Substituting this back into eq.(2.14), we get

Vo Vi) + oV2) dPr = (Vi) dS = (ﬁ)ds.
[ (5 Fowre) e o (so-m)as = fo (5

\%4

which is known as the first Green formula. When we interchange ¢ for v in the above
expression and take a difference of these two we obtain the second Green formula

/ (V2 — V) A’z = j{ (go% — d—gp) ds. (2.15)

"Now introduced for mathematical convenience, but it will later prove to be of greater impor-

tance.
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By using this formula, the differential Poisson equation can be reduced to an integral
equation. Indeed, consider a function v such that

1

=—=—— = VX=—416(7). 2.16

Substituting it into the second Green formula (2.15) and assuming x is inside the
space V integrated over, one gets

— — —/ 47Tp 7' / d 1 ! dSO '
/(_4W(x)5(g;—x)+F(fl)’> 3z :7{ [90@ (E) - E@}dS :
v

S/

Here we have chosen ¢ (Z) to satisfy the Poisson equation Ag (') = —4mwp (Z'). By
using the sampling property of the delta function, i.e. [, ¢ ()6 (% — ') = ¢ (Z),
the expression above allows one to express p(¥) as

S A CONTW. L}{N_s@_il /
g@(x)—/v R da:+47T | Raw Yo\ T ds’, (2.17)

which is the general solution for the scalar potential. The terms inside the integrals
are equal to zero if z lies outside of V.

Consider the following two special cases:

o If S goes to oo and the electric field vanishes on it faster than %, then the
surface integral turns to zero and (&) turns into our general solution given by
eq.(2.13).

e For a volume which does not contain charges, the potential at any point (which
gives a solution of the Laplace equation) is expressed in terms of the potential
and its normal derivative on the surface enclosing the volume. This result,
however, does not give a solution of the boundary problem, rather it represents
an integral equation, because given ¢ and g—i (Cauchy boundary conditions)
we overdetermined the problem.

Therefore, the question arises which boundary conditions should be imposed to
guarantee a unique solution to the Laplace and Poisson equations. Experience shows
that given a potential on a closed surface uniquely defines the potential inside (e.g.
a system of conductors on which one maintains different potentials). Giving the
potential on a closed surface corresponds to the Dirichlet boundary conditions.

Analogously, given an electric field (i.e. normal derivative of a potential) or

likewise the surface charge distribution (F ~ 47o) also defines a unique solution.
These are the Neumann boundary conditions?.

2Note that both Dirichlet as well as Neumann boundary conditions are not only limited to elec-
trodynamics, but are more general and appear throughout the field of ordinary or partial differential
equations.
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One can prove, with the help of the first Green formula, that the Poisson equation
6290 = _47Tp7

in a volume V' has a unique solution under the Dirichlet or the Neumann conditions
given on a surface S enclosing V. To do so, assume there exist two different solutions
1 and @9 which both have the same boundary conditions. Consider

U=ps— 1.

It solves V2U = 0 inside V and has either U = 0 on S (Dirichlet) or g—g =0on S
(Neumann). In the first Green formula one plugs ¢ =1 = U, so that

’~ 2 9 3 oUu
VU‘ FUVRU ) d' = U (57 ) s (2.18)
1% S

Here the second term in the integral vanishes as V2U = 0 by virtue of being the
solution to the Laplace equation and the right hand side is equal to zero, since we
have assumed that the value of the potential (Dirichlet) or its derivative (Neumann)
vanish at the boundary. This equation is true iff '3

/ VU] =0 — |[VU| =0
\%
— VU =0 (2.19)

Thus, inside V' the function U is constant everywhere. For Dirichlet boundary con-
ditions U = 0 on the boundary and so it is zero uniformly, such that ¢; = o
everywhere, i.e. there is only one solution. Similarly, the solution under Neumann
boundary conditions is also unique up to unessential boundary terms.

2.4 Method of Green’s functions

This method is used to find solutions of many second order differential equations and
provides a formal solution to the boundary problems. The method is based on an
impulse from a source, which is later integrated with the source function over entire

space. Recall
1

— —»/|

|7 — 7

V2 = —4md (-7 . (2.20)

However, the function \lef'\ is just one of many functions which obeys V2 =
—47d (¥ — 7). The functions that are solutions of this second order differential
equation are known as Green’s functions. In general,

V3G (Z,7) = —Ar (T — T) (2.21)
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S

Figure 4: Choosing arbitrarily the surfaces S; and S, where
S is the area between them, we let them expand so that the
average value of the scalar potential tends to zero.

where G (7, %) = = ﬂ,| + F(Z,1), so that V2F (Z,i) = 0, i.e. it obeys the Laplace
equation inside V.
The point is now to find such F' (#,2”), that gets rid of one of the terms in the

— —»/)

integral equation (2.17) we had for ¢ (Z). Letting ¢ = ¢ (%) and v = G (Z,7), we

then get

o= 6N + L |00 25 o HRE a5

By using the arbitrariness in the definition of the Green function we can leave in
the surface integral the desired boundary conditions. For the Dirichlet case we can
choose Gpoundary (7, @) = 0 when 2’ € S, then ¢(Z) simplifies to

1 0G (7

@ = [p@caEm e - o Sso(as)a—n)dS’

where G (Z,7") is referred to as the bulk-to-bulk propagator and === 8G is the bulk-
to-boundary propagator.

For the Neumann case we could try to choose aGa(i’,f/) = 0 when @ € S. However,
one has
oG (7 - -
fﬁds’ = 7{ (VG-7t)as - /divVG &3z’ = /VQG sz’
871 S

= —47?/5(x — &) &% = —4n. (2.22)
For this reason we can not demand aGa—w,m) = 0. Instead, one chooses another simple
condition % = s , where S is the total surface area, and the left hand side of

1341f and only if”.
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the equation is referred to as the Neumann Green function. Using this condition:

. , 1 L 0p ()
o Y N 13,0 / /
<p(3v)—/V,o(yc)GN(JE,:I:')dgn—i——47T SGN(x,x)—an/ ds

1 — l
—f—gjigo (Z)dS (2.23)

The last term represents (), the averaged value of the potential on S. If one takes
the limit .S = 57 + 55 — oo, where S; and S5 are two surfaces enclosing the volume
V' and such that Sy tends to infinity, this average disappears. In any case, the extra
term < $g ¢ (27) dS" is just a constant (doss not depend on z) and, therefore, does
not contribute to the electric field £ = —V.

2.5 Electrostatic problems with spherical symmetry

Frequently, when dealing with electrostatics, one encounters the problems exhibiting
spherical symmetry. As an example, take the Coulomb law (2.1), which depends
on the radial distance only and has no angular dependence. When encountering
a symmetry of that sort, one often chooses a set of convenient coordinates which
greatly simplifies the corresponding problem.

Figure 5: Spherical coordinate system.

It is no surprise that in this case, we will be making use of spherical coordinates,
which in terms of the Cartesian coordinates, are given by

r = /£E2+y2+22,

0 = arccos - ) (2.24)
a2+ y? 4+ 22

¢ = arctan (g> ,
T

To obtain the Cartesian coordinates from the spherical ones, we use

x = rsinfcos ¢,
y = rsinfsin ¢, (2.25)

z = 1rcosb.
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In terms of spherical coordinates our differential operators look different. The
one we will be most interested in, the Laplace operator, becomes

62—1 87‘28 . 1 asin08 n 1 0?
2 \or or r2sin@ \ 00 00 r2sin? f 0¢?
Hence, in these coordinates the Laplace equation reads as

2 2
o2 10 1 9 (Smeago) 1 9%

v =192 0Ot aaraas 0o

r2sin? 96’7452 N

We use the ansatz that ¢ (1,0, ¢) = 22 P (0) Q (¢). Upon substituting this into the

r 2
r° sin“ @

Laplace equation and multiplying both sides by m, one obtains

2 o, [(LOU L (9 098], L2 _
rsm@{(UarQ +T281n0P 60Sln989 +Q8¢2_0‘

Since we only have ¢ dependence in the last term we can state that, since there are

no other terms with ¢, then this term has to be constant (chosen here for convenience
with anticipation of the solution)

19°Q
Q 0¢? '
Hence the solution is Q = e™™? where m is an integer such that @ is single valued.
This leaves us with two separated equations. For P () the equation simplifies to
2

1 d /. dP m
T (Smé’@) + {l(l +1)— i 9} P =0,

and for U (r) one obtains

20U 1(+1
Dy,

dr? 72

where we have just again conveniently picked [({ + 1) to be the integration constant

such that in our solution it will appear in a convenient form. It is easy to verify that
the solution to the equation for U(r) is given by

U(r) = Ar™ + Brt,

where [ is assumed to be positive and A and B are arbitrary constants. The second
equation, on the other hand, is a bit more complicated and upon substitution cosf =
x it transforms into

d dP

— [(1—2%) — I(141) - P=0
dx[( )dx}—i_{(jL) 1—x2} ’
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which one can recognize as the so-called generalized Legendre equation. Its solutions
are the associated Legendre functions. For m? = 0, we obtain the Legendre equation
d dpP
— |1 =2*)— | +1(+1)P=0. 2.26
& la-a5 | v (2.26)
The solutions to this equation are referred to as the Legendre polynomials. In order
for our solution to have physical meaning, it must be finite and continuous on the

interval —1 < x < 1. We try as a solution the following power series (the Frobenius
method)

P(z) =a" Z a;z’ | (2.27)
=0

where o is unknown. Substituting our trial solution (2.27) into the Legendre equation
(2.26), we obtain

Z ((a + ) (a+j—1)a;z®*t77?

j=0

—Ka+ﬁw+j+D—H%Hﬂ%ﬂ“>:0

2 1

For j = 0 and j = 1, the first term will have x* = and 2®~" and the second term

will have 2% and %" respectively, which will never make the equation equal to zero
unless

e ay#0, then a(a—1) =0so that (A) a=0ora=1
e a; #0, then a(a+ 1) =0 so that (B) a=0o0r aa = —1
For other 7, one obtains a recurrence relation

(a+j)(e+i+1)—1(+1)
(a+j+1)(a+7+2) @

Aj+2 =
Cases (A) and (B) are actually equivalent. We will consider case (A) for which o = 0
or 1. The expansion contains only even powers of x for & = 0 and only odd powers

of x for a = 1. We note two properties of this series:

1. The series is convergent for z? < 1 for any .

2. The series is divergent at x = 1 unless it is truncated.

It is obvious from the recurrent formula that the series is truncated in the case
that [ is a non-negative integer. The corresponding polynomials are normalized in
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Figure 6: Profiles of a few Legendre polynomials.

such a way that they are all equal to identity at x = 1. These are the Legendre
polynomials P(x):

(3$2 — 1) ;

o~
&
I
Wl =8 =

(5x3 — 2x) :
1 d 9 !

The general expression given in the last line is also known as the Rodrigues formula.

The Legendre polynomials form a complete system of orthogonal functions on
—1 < < 1. To check whether they are indeed orthogonal, one takes the differential
equation for P, multiplies it by Py, and then integrates

! d dp
Pl —(1—a?)—t )P dz =
/1 ) [dx( :E)dx—l-l(le ) l}d$ 0,

or

! dPy dBP
21 — 1)Py P, =0.
/_1 {(m )d:c dx+l(l+ )P, l)]dx 0
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Now subtract the same equation, but with the interchange of [ and ', such that
the following expression is left

@+ -1+ 1) | ‘pr—0.

-1

The equation above shows that for [ # [’ the polynomials are orthogonal

1
/ PP =0.
-1

By using the Rodrigues formula, one can get an identity

1
2
/1 _Pl/(l’)_Pl(.I')dl' = 9 i 15[/7[ .

For any function defined on —1 <z <1

Z APi(x

2l+1
/f VP

Note that this expansion and its coefficients is not different to any other set of
orthogonal functions in the function space. In situations where there is an azimuthal
symmetry, one can take m = 0. Thus,

— Z (Apr' + Bir= D) By (cos0) .
1=0

If charge is absent anywhere in the vicinity of the coordinate system, one should take
B; = 0. Take a sphere of radius a with the potential V' (#). Then

= ZAlalPl(cos 6)
1=0
so that
20+1 [™
A = ;—l / V(6)P,(cos ) sin 6do .
a - Jo

The Legendre equation is of the second order. Therefore, it must have another independent solution Q. It can
be found in the following way. Consider

d
%(1 —2HP +I(l+1)P =0

i(1 —22)Q +1(1+1)Q = 0.
dz
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Multiply the first equation by @ and another by P and subtract one from the other. We get

L2 - er) =o.

Integration gives
(1-2*)(PQ - QP) =0,

where C is an integration constant. This can be brought to the form
d (Q\ _ C
de \P) (1-az2)P2’

- * dy
Q@) =P [ s

where normalization has been chosen such that Q(co) = 0. For n integer

Integration gives

_ ’ dy
@ =R [ e

the functions Qn(z) are not polynomials because the integrand above exhibits logarithmic singularities at y = +1.

Qn(z) are called as Legendre functions of the second kind.

Example: find the potential of an empty sphere of radius r = a which has two
semi-spheres with separate potentials V' (), such that the potential is equal to V' for
0 <60 < 7 and equal to =V for § < 6 < m. For such a system, the scalar potential
is given by

a

(1. 0) = Vv Z(_l)jfl (27 —3)T'(G—3) (f)% Py (cos0)

=V B (2) Pi(cosb) — g (2)3]33(0051 ) + % (2)5 Ps(cosb) — .. } :

a

Here T'(2) for R (z) > 0 is defined as

F(z):/ t*te~tdt.
0

Finally, we would like to comment on the solutions of the Laplace equation
Ap = 0. It is not difficult to show that one cannot have an absolute minimum or
maximum in the region (in both directions, x and y) because for an extremum to

. . oo . . 920 22 . . .
exist one requires 5= = 0 which results in 5% > 0 or 3£ < 0 implying that in the

other direction the second derivative must have an opposite sign.

Now we come back to the general case when azimuthal symmetry is absent. In
this case we have an equation

d [(1—952) i—ﬂ + [I(HU— 171112}]3:0’

dx
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S

Figure 7: The field ¢ (Z), which obeys the Laplace equation,
has no maximum or minimum inside a region S.

whose solutions are associated Legendre polynomials which can be also written ex-
plicitly with the help of the Rodriges formula
_1)m dl+m

m ( 2
P = =22 o

w[3

(% = 1)

As in the case of Legendre polynomials, one can show that finiteness of the solution

on —1 <z <1 requires m to be an integer running —I, —(l — 1),...,0,...,1 — 1,1
Solutions of the Laplace equation are represented as the product of three terms

depending on r, 6 and ¢ respectively. It is convenient to combine an angular depen-

dence and construct a complete system of orthogonal functions on a sphere. Such
functions are called spherical harmonics. Such functions are chosen to be

204+ 1 (1 —m)!
A7 (I +m)!

Vi (0, 0) = ( ) " (cos 0)e™ |

They are normalized as

2m s
/ d¢/ dé sin 6 Yl:‘n(é, (b)YE/m/(Q, ¢) = 5ll’5mm’ .
0 0

An arbitrary function f(6,¢) on a sphere can be expanded in a series over spherical

harmonics
oo m=l1

=0 m=-—I
Coeflicients Ay, are found by using orthogonality condition for spherical harmonics.
This completes our discussion of solving the Laplace equation in spherical coordi-
nates.!

14 Analogously, one can treat the case of cylindrical, elliptical or other orthogonal coordinate
systems.
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’

Figure 8: Multipole expansion is an expansion of the exact expression for the scalar
potential on distances that are large in comparison with a region of charge localization.

2.6 Multipole expansion for scalar potential

Let us assumed that electric charge is localized with the local charge density p(z)
inside a bounded region V. We chose an origin of a coordinate system somewhere
inside V. Let us call max|y| = L, where y is an arbitrary point in V', “the size” of
our system of charges.

It is interesting to know the scalar potential ¢(x) outside V', that is in the region
r = |x| > L. Clearly, on large distances one can treat the system of charges as a
point-like charge ¢ that creates the potential ¢ = q/r. The multipole expansion is a
representation of the exact answer

B p(y)
Wx)—/vdy\x_y\

in the form of a power series, which contains all the corrections to the simplest

approximation ¢ = ¢/r. To build up the multipole expansion, we simply expand
|z — y|~! into Taylor series in variable y:

1 (1) 1
:§ ey O O —

n!
n=0
where |y| < || = r. Substituting this expansion into the expression for the potential,
we get
o0
(1) 1
90(‘1‘) - Z nl ﬂlln ail U aln ; )
n=0 )
where

711‘1---'LAn = /dy p<y>y21 e yzn °
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This is a multipole expansion and T; are called the multipole momenta. The first

1.2%n

ones are

Q= /dy p(y) — total electric charge
d; = /dy p(y)y; — dipole moment (2.28)
Ty = / dy p(y)yiyr — quadrupole moment
The multipole momenta have the following properties:
e Symmetry with respect to permutation of indices i . . . 4,.

e They are tensors with respect to the action of the orthogonal group.

e Transformation properties with respect to shifts of the origin: y; — y; = y; +a.
Since dy’ = dy, one gets

T = / dy p(y) (o + @) -~ (g, + )

that upon opening the brackets give 2" terms. The first term is the tensor
1
momenta of lower rank than n, i.e.;

itself, while all the other terms will contain a multiplied by multipole

1.4%n

T =

11...0n

i1, 1 contributions of lower 7T'.

Thus, T;, ;, do not depend on the choice of the origin of the coordinate system
if and only if all lower multipole moments vanish. In other words, only the first
non-trivial moment is invariant with respect to shifts of the origin. The first
moment which is a total charge is always invariant under shifts. The second
moment, which is the dipole moment, is invariant only if the total charge ¢ is
equal to zero.!®

Now we discuss how to construct the multipole expansion in terms of irreducible
moments. Recall that a tensor is called irreducible if being contracted on any pair
of two indices it gives zero. Irreducibility means that that from a given tensor one

5For a discrete system of charges the arguing is very similar. The dipole moment is d =
Zf\il e;Z; , where e; is the magnitude of a charge at some distance R; taken from an arbitrary
point, in this case chosen to be the origin. For neutral system Zfil d; = 0. Thus, shifting all
ﬁi — ﬁz — d gives

Qll

N
:E ei(fi—(i): E ei:i:}-—c?g 62‘:5 Eifi:d.
=1

i=1 i=1 =1
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cannot construct by contacting indices a simpler object — a tenor of lower rank.
Any tensor can be reduced to its irreducible component by adding proper terms
containing Kronecker’s delta. For, instance, for a second rank tensor one finds that
its irreducible component is

5,

so that the irreducible tensor of quadrupole moment is

2

Tij = /dy p(y) (yiy; — yg@“) :

It turns out that the multipole expansion is unchanged if one replaces all multi-
pole momenta for their irreducible components. This follows from the fact that

1 1
52]826]; — A; - 0,

as there is no charge located at x. Thus, the multipole expansion can be written as

— (1" 1
- Tt O Or
We further notice that
1 i
61-— — x—g,
T T
5 i (2.29)
ij
0.0~ = =2+ (-1)(=3)5
and so on. In general,
1 n ” mil e xin

where ... stand for all the terms containing Kronecker’s delta. Since all such terms
drop out when being contracted with irreducible tensors, one finds that the multipole
expansion takes the form

o(z) = Z — Ty iy ———— .

2n+1
r
n=0

Explicitly, ; 2
o(x) = g + + —L=2 4

r3 o

The first term vanishes as 1/r as r — oo, the second one representing the dipole
moment as 1/r%, the third term as 1/7® and so on. Thus, if a potential vanishes
faster than 1/r, its first several moments must be zero. For instance, if ¢ ~ 1/73,
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then the total charge and the dipole moment must be zero, while the quadrupole
moment must not.

If one knows an expansion of ¢(z) in power series in 1/r, then one can restore

all irreducible moments .7 and vice versa, knowing all .7; one can restore

1.n 1...%n

the potential. That is there is a one-to-one map between a set of multiple moments

and the corresponding potential. Knowing 7}, ; one can also uniquely restore the

1...0n

potential, but the inverse is not true.

Thus, for the potential we find

E»:_ﬁ(:md) :3n(n-d)—d.
3 3

Thus, for a neutral system the electric field at large distances from this system
behaves itself as 1/r3!

3. Magnetostatics

3.1 Laws of magnetostatics

In the case when electric field is static, i.e. it does not depend on time, the second
pair of the Maxwell equations take the form

— — 4 —
divH =0, rotH:—Wj.
c

The first equation allows one to write
H=rot A.

Substituting this in the second equation, we obtain

471'—3

graddiv%f— AA = —J.
c

Because of gauge invariance the vector potential is not uniquely defined, therefore,
we can subject it to one additional constraint, which will chose to be

divA=0.

Then, the equation defining the vector potential of time-independent magnetic field
takes the form
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Obviously, this is the Poisson equation, very similar to the equation for the electro-
static potential. Therefore, the solution reads as

-

Ty ! [ 1

|z — 2|

= T 1 = 1 - 1 [j(«"), ]
H=rot A== [ [V '}:—/d?”—,’,
10 . / x j(x") . T
where the bracket means the vector product'®. This is the Biot-Savart law. It
describes the magnetic field produced by time-independent currents.

The integral form of Maxwell’s equation rot H= 47”; is called Ampere’s law. To
derive it, consider a surface S enclosed by a contour C'. The flux of both sides of the
last equation through S is

— 4 —
/ (rot H - #@)dS = — [ (j-@)dS.
S ¢ Js
Application of the Stocks theorem gives
S 4 - 4
}[H-df:—” (j-m)dS = —1
c ¢ Js c

where I = [ (j - @)dS is the full current through the surface S. This is the Ampere
law.

3.2 Magnetic (dipole) moment

Free magnetic charges do not exist. The really existing object which plays the basic
role!” in study of magnetic phenomena is the so-called magnetic dipole. A small
magnetic dipole is a magnetic arrow (like the compass arrow) which aligns along the
direction of an external magnetic field.

Consider magnetic field created by a system of stationary moving charges on
distances large in comparison with the size of this system. We choose a center of a
reference frame somewhere inside the system of moving charges. Then 2/ << x and
we can expand

1 (@2
o= fa] 2P

Therefore, for the vector potential we get

1 .y /
Aw) = / (@) A +

1 . o o
o5 [ )

|

16Here we have used the formula rot fA = frot A + [grad f, ff]
17The same role as elementary electric charge in electrostatics.
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From the continuity equation % + divj' = 0 we have divj' = (. Taking this into
account, for any function f(x) we can write

0= [ f@)dvids == [(9f-fa,

where we have integrated by parts. Picking now f = z;, we get (6%)] = 0,5, so that
(Vx; ;) = 4;. Thus, we arrive at

/jz-(:v’)d?’x’ =0 for any i.

This is also intuitively clear, because the current is assumed to have vanishing normal
components everywhere on the surface S — the current is concentrated in the volume
surrounded by S and never flows out through S. Hence, the leading term of the
vector potential is

J(p— / i@ 7 d

L

To make further progress, we recall an identity

which allows one to write
(7 7)) = (- )& -7 x (& x j).

It turns out that the integral from (7 - 7' )j is equal up to the minus sign to the
integral from (Z - ;):i" . Indeed, since divj = 0, we have

/dgx' Jrrh = /d%’ div (2 ))x] by pasts —/d3x/ 2 (7 - grad’ ) = —/d3x/ 0 Ji -
From here we deduce that

/d%'(f-f)x; = —/d%,(f'ﬂ;’)ji,
or, in the vector form,

/d%'(f-j)f': —/d?’x’(f- )7

Therefore, we arrive at

o z 1 =
A:_W X 2—C/d3$':p’><j(x').

Define the density of the magnetic moment as
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and the magnetic moment as

Mz/d%'/ﬂ(z') =

| _Ro | R | | R | | R, |
a b d d

Force between magnetic dipoles depends not only on the distance between them
but also on their mutual orientation: a) magnetic dipoles attract (Up < 0), b) and

¢) magnetic dipoles repeal Up; > 0), d) the sign of energy Uy, is determined by the
_ (My-Ma)—3(M;-@i12)(Ma-ii12) Fi1o = Ris
- R§2 ) 12 — Ris °

general formula Upys

We, therefore, find
- M x Z
Alr) =
(x) PE

This is the leading term in the expansion of the vector potential for a bounded

stationary current distribution. As a result, the magnetic field of a magnetic dipole
is
3a(i - M) — M

| z[? ’

where 7 is the unit vector in the direction of #. This expression for the magnetic

Flzrotg:

field coincides with the formula for the electric field of an electric dipole.

3.3 Gyromagnetic ratio. Magnetic moment of electron.

Suppose that the current I flows over a closed flat loop C' on an arbitrary shape. For
the magnetic moment we have

— — 1 — 1 g
M = /d?’x’/\/l(x') = Q—/d?’x’f’ X j(2') = —/dS’dﬁ 7 x j(x'),

c 2c

where dS’ is an area differential corresponding the transverse section of the (thin)
loop C. Since the current [ is defined as

1= [ G-as.
S

we have
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so that the magnetic moment can be written in the form

I .
M=— j{ T xdl.
2c C
Since 7 x df = 2dS , where dS is the area of an elementary triangle formed by the
radii drawn from the origin of the coordinate system to the end points of the element

dZ, the integral above is equal to the total area S enclosed by the current loop C.

Therefore,

IS
Ml =22
C

independently of the shape of the contour. Here |M| is a magnitude of the magnetic
dipole moment of a current loop.

If the current is formed by particles of masses m; with charges e; moving with
velocities v; << ¢, then the magnetic moment can be expressed via the angular
momentum. We have

where 7; is the radius-vector of ¢'th particle. In this case the magnetic moment is

M = % Zei(xi X U;) = Z 2cm; (i x mv;) = Z 2cm; %, 7]

7 7 % =
L;
where [; = [#;, p;] is the angular momentum of the i'th particle and we have used
the fact that for v << ¢ the expression mv coincides with the particle momentum p.
If for all the particles the ratio of charge to mass is the same, e;/m; = e/m, then
. e - e -
M = Li=—0L
2cm Z Y 2em

(2

where L is the total angular momentum of a system of particles. The relation

- e = M e
M = Q_mcL = T = ome
is an important classical relation between the magnetic and the angular momenta.
This relation is remarkable — for a loop of current it expresses the ratio of two macro-
scopic quantities (the magnetic moment of the current loop and the total angular
momentum of electrons) via a combination of microscopic quantities characterizing
the charge carriers! The quantity
M e
ST e
is called a gyromagnetic ratio. In a conductor charge carriers are electrons, 7. e.
e

7= 2mec
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Gyromagnetic ratio is often measured in units of v = 5, in particular, 7 is taken
for unity. Indeed, if the current in a conductor would be carried by ions rather than
electrons, then the gyromagnetic ratio will be thousand times less. It is difficult to
imagine that gyromagnetic ratio could be bigger than one — electrons the lightest

particles carrying the charge!

4. Relativistic Mechanics

4.1 Newton’s relativity principle

In order to describe a dynamical system one has to choose a reference frame. The
reference frame is a system of coordinates and a clock which measures the time in
this coordinate system, see Figure 9. In mechanics one introduces the notion of an
intertial frame. In such frames a free motion (i.e. the motion in the absence of forces)
happens with a uniform velocity. Excluding trivial translations of coordinates, any
two inertial frames are related by an orthogonal transformation, i.e. by a rotation
with possible reflections of coordinate axes.

Experience shows that that the relativity principle is valid. According to this
principle, all laws of Nature are the same in all inertial frames. In other words, the
equations which encode the laws of Nature are invariant with respect to transfor-
mations from one inertial system of coordinates to another. This means that an
equation encoding a physical law when expressed through spatial coordinates and
time in different inertial frames must have the one and the same form.

In order to give a mathematical description of the relativity principle, one has to
find formulas which relate special coordinates and time in different inertial frames. In
Newtonian mechanics it was assumed for a long time that inertial frames are related
by Galilean transformations

7 = R(Z — 0t) @
t '

t

Here R is a matrix of orthogonal transformations of coordinates.
4.2 Einstein’s relativity principle

In classical mechanics interaction of particles is described by means of potential
energy, which is a function of coordinates of interacting particles. Such a description
is based on an assumption of instantaneous interactions. Indeed, forces which act on
particles depend only on the positions of particles in the same moment when these
positions are measured. Any change in the motion of any of the particles immediately
reflects on the others with no time delay. On the other hand, experience shows that
instantaneous interactions are impossible in Nature. Therefore, any mechanics which
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Figure 9: Reference frame — a coordinate system and a clock.

is based on the principle of instantaneous interactions has certain limitations. If
something happens to one body, the time is needed for the corresponding changes to
reach another body. Therefore, there must exist a maximal velocity of propagating
the interactions and it must be the same in all inertial frames. This universal velocity
happens to coincide with the speed of light in vacuum and it is equal to

c = 2.99792458 - 10° m/sec.

This is a fundamental physical constant. Since this speed is so high, in our everyday
life the classical mechanics is a good approximation.

Conjunction of the relativity principle with the finiteness of the speed of inter-
action propagation (speed of light) is called Einstein’s relativity principle (Einstein,
1905). The mechanics which is based on Einstein’s relativity principle is called rel-
ativistic. The mechanics which arises in the limiting case when formally ¢ — oo is
called Newtonian or classical.

Three fundamental effects of Special Relativity are

e Time delay measured by a moving clock
e Lorentz contraction of the length of a moving body

e Abberation of light
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>+

O > T

Figure 10: Galilean boost. The inclined line represents the trajectory of the origin of
the reference frame M’ which moves with velocity v in the z-direction with respect to the
reference frame M. An event which happens in M at the position = at time ¢ occurs at =’
at time ¢ = ¢ in the moving frame M’. Hence, 2/ = x — vt.

4.3 Defining Lorentz transformations

We will use the notion of "event”. Every event is characterized by the place (coor-
dinates) where it happened and by the time when it happened. Define the so-called
interval between two events

S12 = 02(?52 - t1)2 - («’752 - 351)2 - (yg - 91)2 - (22 - 21)2-
If two events are close to each other we have an infinitezimal interval:
ds? = 2dt? — da® — dy® — d=*.

The fact that the speed of light is the one and the same constant in all inertial frames
leads to the fact that the infinitezimal interval between two events is also the same
in all inertial frames

ds? = ds™.

From the equality of infinitezimal intervals, the equality of finite intervals follows
s=¢.

The interval between two events is the same in all inertial frames, i.e. it is
imwvariant under transformations from one inertial frame to another. This invariance
encodes the constancy of the speed of light.

The intervals can be naturally classified as follows. Introduce

@2 = (w3 — 531)2 + (y2 — ZJl)2 + (22 — 21)2-
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Then, s2, = c*t2,— (2, and the equality of the intervals in two different inertial frames
is expressed as
2 2,2 2 2,12 2

S1p = Ctiy — Uy =ty — {75

e Time-like interval. This is an interval for which s3, > 0, i.e. the interval is
real. For such an interval there exists an inertial system for which the two
events happen in the one and the same space point, i.e. ¢ %2 = 0. If two events
happened to the one and the same body then the interval between them is
always time-like. Indeed, the distance ¢15 = vt;5 which the body passes cannot
be bigger than cti5 as v < c.

Remember: Real intervals are time-like. They describe events which happen
to a (massive) body.

e Space-like intervals. For these intervals s, < 0, i.e. they are imaginary.
For a space-like interval one can always find an inertial system in which the
corresponding two events happened as the same moment of time, so that /15 =
0. The distance between these events is /15 = 1515.

e Light-like intervals (null intervals). For these intervals s12 = 0.
It is convenient introduce the diagonal 4 x 4-matrix
N =1, = diag(+1,-1,—1,-1).
It is called the Minkowski metric and it defines a quadratic form
ds* = Nudx"dx”

which is an infinitezimal interval and we consider the index p running from 0 to 3,
so that 2° = ¢t and 2! = z, 2% = y, and 2® = 2 stand for three spacial coordinates.

Thus, the set (ct, x,y, z) can be considered as components of a vector in a four-
dimensional space. The square of the "length” of the vector is

$2 <I0)2 _ <x1)2 _ <x2)2 _ (l’3>2 — 77;;1/37#37”-

Geometry in which the length of a vector is given by the above formula is called
pseudo-euclidean.

According to the discussion above, the transformations from one inertial frame
to another must be such that they preserve the interval. In the four-dimensional
space they can be only the global shifts of the coordinate system

at — o +a*
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or rotations
at — Aba”.

Under the rotations the quadratic form transforms as
2% = A Njz” =, AiNGza’ = o
so that the transformation matrices must satisfy the requirement
NuAGAE = Nap -
The matrices satisfying this requirement are called Lorentz transformations.

4.4 Lorentz group and its connected components

Lorentz transformations for a group. Before showing this, we give a general definition
of a group.

A group G is a set of any nature which satisfies the following set of axioms:

1. For any two elements g;, go € G one can define their product g;g> which is also
an element of G. The product is associative

(9192)93 = 91(9293) -
2. There exists a unit element e € GG such that for any g € GG
ge=eg=g.

3. For any g € G there exists it’s inverse g=! € G. that is

In other words, all elements in a group are invertible.

An important class of groups constitute Lie groups. A Lie group is a group which
is also a smooth manifold.!® The Lorentz group is a Lie group.

Let us show that Lorentz transformations form a group. In the matrix form the
Lorentz transformations can be written as

A'nA = 1.

Any matrix A which satisfies this relation (defining relation) defines a Lorentz trans-
formation.!® Suppose we have two such matrices

AinAy =1, AsnAs =1,

8In other words, group elements of a Lie group can be continuously parametrized by a set of
parameters.

9Would 71 be identity matrix, then the relation A’A = 1 would define the group of orthogonal
transformations.
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then their product is also satisfies the defining relation of the Lorentz group:
(AlAg)tT](AlAg) = AtQ(AtlnAl)AQ = Ag?”]AQ =1.

Identity matrix is a (trivial) Lorentz transformation. Finally, any A has an inverse
which also a Lorentz transformation. Indeed,

det(A'nA) = det(A)*detn = detn =  detA = £1.
This means that A is non-degenerate. Then, from the defining relation®’
At =nAly.
Thus,

(A™'A™" = (pA'n)'n(nAtn) = AnpA' =1,

that is A~! is a Lorentz transformation. Thus, Lorentz transformations form a group.
We have also shown that if A is a Lorentz transformation, then

A—l ’ At ’ (At)—l

are also Lorentz transformations.

Notice that the defining relation of the Lorentz group implies that
nuwAgAg = (M) — (Ay)* =1,

that is (AJ)? = 1+ (A})? > 1. Thus, for any Lorentz transformation either A > 1
or A§ < —1.

The Lorentz group is a 6-dimensional non-compact Lie group O(1,3) which con-
sists of four connected components (four topologically separated pieces), each of them
is not simply connected, see Figure 11. To understand this topological structure of
the Lorentz group, let us notice that a Lorentz transformation may or may not

e reverse the direction of time (or more precisely, transform a future-pointing
time-like vector into a past-pointing one),

e reverse the orientation of a four-dimensional reference frame.

Lorentz transformations with A > 0 preserve the direction of time and are called
orthochronous. The product of two orthochronous transformations is also an or-
thochronous transformation. To see this, we notice that (A9)? = 14(A{)? > 1 implies
that |AJ] > [|A}|] and analogously, by changing A — A, one gets |[AJ| > ||AY||, where

20Tt follows from A~ = nA’n by multiplying it from the right with A that the following relation
is also true AnAt = 5. This shows that matrix A? is also a Lorentz transformation.
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AJ <0,detA =1

A > 0,detA = ~1 A§ <0, detA = -1

7

P A) > 0,detA =1

Figure 11: Four connected components of the Lorentz group. The component with
A < 1 and det A = 1 is a subgroup of proper orthochronous transformations SO™(1,3)
(the restricted Lorentz group).

A§ and AY are understood as vectors with components ¢ = 1,2,3. For a product of
two transformations A and A’ one has

(AN = AJAY + AGAY .
By the Cauchy-Bunyakovsky-Schwarz inequality?!, one obtains that
[AGAT] < [[AGlINIATI] < [AQIIAGT = AGAD .

Hence, (AN')§ > 0 if both A and A are positive. The subgroup of orthochronous
transformations is often denoted O (1, 3).

Lorentz transformations which preserve orientation are called proper, and as
linear transformations they have determinant +1. (The improper Lorentz transfor-
mations have determinant -1.) The subgroup of proper Lorentz transformations is
denoted SO(1, 3).

The identity component of the Lorentz group, i.e. the component containing the
identity element, is the set of all Lorentz transformations preserving both orientation
and the direction of time. It is the proper, orthochronous Lorentz group, which is
sometimes also called the restricted Lorentz group SO™(1,3).

Every element in O(1,3) can be written as the semidirect product of a proper,
orthochronous transformation and an element of the discrete group

{1, P, T, PT}

2For any two vectors x and y: |(z,y)| < ||z||||y]].
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where P and T are the space inversion and time reversal operators:

P = diag(1,-1,-1,—1)
T = diag(—1,1,1,1)
The four elements of this isomorphic copy of the Klein four-group label the four
connected components of the Lorentz group.
As stated above, the restricted Lorentz group is the identity component of the
Lorentz group. This means that it consists of all Lorentz transformations which can
be connected to the identity by a continuous curve lying in the group. The restricted

Lorentz group is a connected normal subgroup?? of the full Lorentz group with the
same dimension (in this case, 6 dimensions).

4.5 Structure of Lorentz transformations

Introduce two four-vectors in the original and a Lorentz-transformed coordinate sys-

20 / 20
r=1 . |, =1 _ |-
T T

The relation is 2’ = Az and x = A~'2’. In what follows it is convenient to parametrize

t t t
_[(an t_ [ @ vy 1 at [ a —vy
A_<025)’ A_(Ulst)’ A —UAH—(_Ul St)'

Here a is a scalar, v; and vy are vectors and S is a 3 x 3 matrix. We recall that

tems, respectively,

a matrix A of Lorentz transformation satisfies the conditions A'nA = 7 and, as a
consequence, AnA? = 7. In particular, A'nA = n implies

(1 0>:(av§)(1 O)(avi):( a® — vl avt — vk S )
0—1 vy St 0—1 vy S avy — S'vy vy @0t —S'S )
Thus, we find three conditions

a?—vi=1, avt—0vlS=0, v,®v-585=-1.
The change A — A! gives

CZQ—’U%:l, avy — S'v; =0, vg®v§—StS:—1.

Now we are going to clarify the meaning of the vectors v; and v, and the matrix S.
To this end, consider the transformation = A~'a’. Explicitly, it is

1 = ar”® — (),

7= -2+ S'7.

22A subgroup N C G is called normal, if gNg~! C N for any g € G.
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In the moving coordinate system M’ it’s origin O" has coordinates 2’ = 0, therefore,
the formulae before takes the form

IO — a:L‘/O,

= —17137/0.
Dividing second formula by the first, we get x% = g = —%1, where 7 is the velocity of
O’ with respect to the stationary coordinate system M. Thus, v} = —ag . Further,

from the condition a® — v? = 1 it follows that
1
\/:1)2 .
T2
We chose “+”7 sign here which corresponds considering orthochronous transforma-
tions AJ > 1.

Now we turn our attention to the equation

a==+

SIS =1+ @v}.
Explicitly, the matrix 1 + v; ® v} has the following matrix elements
(14 v, @ v})i; = i + viv; .
Consider for the moment another matrix
Q=(1+av @), =0d;+avw;,.
where « is an arbitrary number. Compute its squire

5= (0 + avg) (0 + @ vpvy) = 05 + (2a 4 (0 — 1)) viv; -

Thus, we see that if we subject the coefficient o to the condition
20+ a*(a®* —1) =1,
then the following property will be satisfied
1+ @ = Q2.
Solving the quadratic equation for «, one finds

1
ETA
We pick the solution with “+” and denote the corresponding @) by ). The relation
S1S = @2 can be written as Q7' S'SQL" = (SQ7N)I(SQL') = 1, since Q; is a sym-
metric matrix. Hence R = .5 erl is an orthogonal matrix, as R'R = 1. Furthermore,

o

since now S = RQ),, we get that

1 1 1 1
vy = anSt = EUEQJrRt = avf(l +av @R = 5(1 +a(a® = 1))n R = v R,
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that is v9 = Rv;. To summarize, we have established that generic matrix A has the
following structure

1 1 v
2 2 ¢
1-2% 1-25
A=
1 v
~—~=R:  RQ:
2

We immediately see that this matrix factorizes into a product of the following ma-
trices

vt

_ 1+ <;2 - 1) ;
-4 Vi-% v

The first matrix is just an orthogonal transformation of a three-dimensional vector of

spacial coordinates, while the second matrix is the Lorentz boost. With this matrix
A at hand, we find for 2/ = Ax the following explicit formulae, where we use that
2° = ct and 2" = ¢/,

v2 7
-2
F=R|T— ———— + _q | B (4.2)

v2 v2 v?
) )
These are Lorentz transformations® which describe how coordinates (Z,t) of an even

in a stationary reference frame transform to coordinates (2’,t") of a reference frame
which moves with respect to the stationary frame with an arbitrary velocity . Note

that for ¢ — oo, i.e. when v << ¢, the factor /1 — Z—z — 1 and the Lorentz
transformations reduce to the Galilean ones:

=t

# = R(z — vt).

Inverse Lorentz transformations are obtained from x = A~'2’, but they can be alter-
natively obtained from direct transformations above by changing primed indices for

Z3Regrouping terms, the expression for 2/ can be also written in the following form

¥ =R

e L t- ”]

Vimg imE
T2 =
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unprimed and changing the sign of velocity ¢’ (Check it!). One obtains

v+ &R
= ==,
V-~ &
ut! 1 (v
T=R |7+ + -1 (2) . (4.3)
12 11— v
c? c?
It is of interest to see what the second solution with a = ﬁ gives. Denoting

the corresponding @) by ()_, we get
SIS = Q2 = Q2
or
QZIStSQZI — Q_T_lStSQ_T_l — 1
which gives rise to two orthogonal matrices R, = SQ;' and R_ = SQ~'. Obviously,

R, and R_ differ from each other by an orthogonal transformation R"'R,. The
nature of this transformation can be understood by computing its determinant
_det@_

o det@Q

The direct computation shows that for Q(a), the corresponding determinant is
detQ(a) = 1+ av? = 1 + a(a® —1). Thus, detQ, = a and detQ_ = —a, so
that det(R_'R,) = —1 contains a reflection of the coordinate axes. Hence, we see

det(RZ'Ry) = det(Q-S'SQ ")

that the choice of +a and a = ﬁ precisely give rise to four connected components
of the Lorentz group.
Note that the simplest example of the Lorentz transformation is a rotation in the tz-plane.

This rotation must leave the interval (ct)? — a2
new coordinates is described by the formulas

invariant. The relation between the old and the

x =’ cosh® + ct'sinhy, ¢t = 2'sinh + ct’ coshp.
Indeed,
(ct)? — 2% = (2’ sinh ) + ct’ cosh9))? — (2 cosh ¥y + ct’ sinhp)? = (ct')? — 22,

Substituting here the coordinate =’ = 0 of the center of the moving system, we get
x W

z =ct'sinhv, ct=ct coshyy = tanhwz—t:f.

c c

From here we find

z 1
sinhy = £ , coshy =
v2 v2
e ez
and, therefore,
' +ot! '+ 5o
=, y=y, z2={, t=-—7=,

/1 — v2 ’ 2
c? c2
This transformation is called the Lorentz boost as it describes the change of coordinates and time

due to boosting one coordinate system with respect to the other. The reader can verify that this

particular example fits our general discussion of arbitrary Lorentz transformations.
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4.6 Addition of velocities

Suppose in the moving frame M’ a particle is moving with velocity , that is @’ = ut.
We want to find its velocity in the stationary frame M. To this end, we take the
inverse Lorentz transformations and substitute there @’ = ut. We get

(uv)

1+ D
t= —
U2
e
— 1 — [ ——
F= |0+ ——— + R UGS (4.4)

v2 v2 v?
T2 2

In the stationary frame the particle moves according to ¥ = wt, where w is the
velocity we are looking for. Thus,

- ) 1 . U(01)
g=2= 2 2
t 14+
2
-3

c

This is a low for addition of velocities in the relativistic case. In the non-relativistic
limit ¢ — oo, it reduces to the Galilean law: @ = 4 + .

4.7 Lie algebra of the Lorentz group

First we recall the basic facts about the rotation group in three dimensions and then
concentrate our attention on certain aspects of the Lorentz group.

Any rotation has the form
x

v | =Ry or r'=Rr.
z

Under rotations the distance to the origin remains unchanged, that is

/ / / i
x2+y2—|—z2:x2+y2+z2, or '’ =rlr.

This means that
r"R'Rr=r'r die. RR=1.
This means that R is an orthogonal 3 x 3 matrix. Orthogonal matrices form a group

called O(3).

Rotation of a vector on a finite angle # around z-axis is

v/ cosf sinf 0 Va
V, | = | —sind cost 0 Vy
1% o o0 1) \wv
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so that
cosf sinf 0

R.(0) = | —sinf cosf 0
0 0 1

Analogously, the rotation matrices around the axes z and y have the form

1 0 0 cosy 0 —siny
R.(¢)=10 cos¢sing |, R,(¢)= 0 1 0
0 —sin¢ cos ¢ siny 0 cosv

These matrices do not commute between themselves:

R.(0)Re(¢) # Re(¢)R:(0).

This means that the rotation group is a non-abelian group. That is also a Lie group,
1.e. a continuous group with infinite number of elements, because the values of the
group parameters (angles) form a continuum. Any rotation is determined by three
parameters: the matrix R has 9 elements and the relation R'R = 1 imposes on them
6 conditions. These three parameters can be chosen to be the Euler angles. Three
parameters give rise to three generators defined as

0—i0
1dR.(0 .
Jz:; de()|9:0_ 72 00 R
000
1dR,(¢) v o
Jx:; d¢ ’qj:O: 00 —2 R
0i 0
1R, () 00
Jy = 2 l—o=| 000
—i00

These generators are hermitian. The infinitezimal rotations are given by
R.(60) =1+ 1J,60, R.(0¢) =1+1iJ, 00, R,(0¢) =14 1iJ,0¢.
Commutators of two generators
[Ju, Jy] = 1J, + cyclic permutations

coincide with the commutation relations of angular momentum. Rotation on a finite
angle around z-axis is

cosf sinf 0
R.(0) = e = | —sin® cos 0
0 0 1
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If one considers a rotation around an arbitrary axis 7, then

Ri(9) = &7

Now we turn our attention to the Lorentz group. Mathematically, the Lorentz
group may be described as the generalized orthogonal group O(1, 3), the matrix Lie
group which preserves the quadratic form

ct,x,y,z) — ct)? —ax? —y? — 22,
(ct, 2,y y

This quadratic form is the metric tensor of Minkowski spacetime, so this definition
is simply a restatement of the fact that Lorentz transformations are precisely the
linear transformations which are also isometries of Minkowski spacetime.?*

The restricted Lorentz group is generated by ordinary spatial rotations and
Lorentz boosts (which can be thought of as hyperbolic rotations in a plane that
includes a time-like direction). The set of all boosts, however, does not form a sub-
group, since composing two boosts does not, in general, result in another boost.
Indeed, introducing the identification

xozct, r =z =y T =2z

we can write the Lorentz boost as

0/

x cosh ¢ sinhp 00 x
2V | | sinh¢p coshp 00 x!
2| 0 0 10 || a?
z? 0 0 01/ \a°

The generator corresponding to the infinitezimal boost is defined as

0 —200

1dB.(y) —1 000

1 dy 0 000

0 000

The other boost generators are

0 0—20 0 00—
K, - 0‘000 7 K. = 0000
—20 0 0 0000
0000 - 000

24The Lorentz group is a subgroup of the Poincaré group, the group of all isometries of Minkowski
spacetime. The Lorentz transformations are precisely the isometries which leave the origin fixed.
Thus, the Lorentz group is an isotropy subgroup of the isometry group of Minkowski spacetime.
For this reason, the Lorentz group is sometimes called the homogeneous Lorentz group while the
Poincaré group is sometimes called the inhomogeneous Lorentz group.
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The set of all rotations forms a Lie subgroup isomorphic to the ordinary rotation
group SO(3). The usual rotation generators now look like

000 O 0000 00 00
000 O 0002 00—0
Jx: . ) Jy = s Jz: .
000 — Y 0000 0z 00
00z O 0—200 00 00

One can compute the commutators

K., K,] = —iJ, + cyclic permutations
[Joy K| = [Jvay] =[L,K.]=0 (4.5)
[Jo, K| = 1K, + cyclic permutations

Boosts do not form a group; commutator of two boosts is a rotation.

A boost in some direction, or a rotation about some axis, each generate a one-
parameter subgroup. An arbitrary rotation is specified by 3 real parameters, as is an
arbitrary boost. Since every proper, orthochronous Lorentz transformation can be
written as a product of a rotation and a boost, it takes 6 real numbers (parameters)
to specify an arbitrary proper orthochronous Lorentz transformation.

The 6 generators K and J can be combined into one skew-symmetric matrix My,

with the following commutation relations
[M/u/a Mp)\] = i(nupMVA - anMu)\ - nu/\MVp + nu/\Mup)

representing the Lie algebra relations of the Lorentz group.

4.8 Relativistic particle

Let us first revisit some of the basics of special relativity written using tensor no-
BERE _)
and we will use the convention that the Latin indices run only over the space coor-
dinates (i.e. i, 7, k... = 1,2, 3), whereas the Greek indices will include both time and

tation. The Minkowski metric 7, that we will use has the signature (+,

space coordinates (i.e. p,v,0,p... = 0,1,2,3). Additionally, in special relativity we
will have to distinguish between 3-vectors (those with only space components) and
4-vectors (having both space and time components). The convention that we will
use is that A will denote a 3-vector, whereas A* will denote a 4-vector.

Using these definitions, we can define the Lorentz invariant relativistic interval
given by the expression

ds? = dz,da" = *dt* — (dxi)2 . (4.6)

The action for a relativistic particle has the following form

b b
S:—a/ Vds? = —« ds.
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~_

Figure 12: The simplest form of action is given by the length
of the space-time interval between points A and B.

Rewriting (4.6), we get

oy dar o _ Ao, dot

=V ¥ V&

(4.7)

Here we have used the convention V,V# = 1, V#V" where 1,, is the Minkowski
metric.

dax U2
%:(0,6), ds=VE-—R=cy/l——.

t1 'I_JQ
S:—@c/ 1 ——dt,
to c

where in non-relativistic physics we assume f—z < 1. In general, S = ft';l L dt where L

Therefore,

is the so-called Lagrangian of the system, which in the non-relativistic limit is given

by:
= = =
Ez—acy/l—i—z—ac(l—%%—---)%—ac—l—ag—c. (4.8)

If we want to recover the usual form of the Lagrangian £ = Kin Energy — V%
for a free particle V' = 0 (hence £ = %mz‘fz), we need to set &« = mec. When we do
so, equation (4.8) turns into

1
L =—mc®+ §m172 )

Thus, one can rewrite £ as
L = —mey/T,aH .

When we use the canonical momentum p* defined as the derivative of £ with respect
to ¥, we get
. 0L T,
=5, T T e—.
oxH L
Now when we take

T, "
P’ =pupt =mit—LE—— =m?c.

(VEP)
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Hence, the particle trajectories which minimize the action must satisfy the constraint

p? —m?2c? = 0, which is referred to as the mass-shell condition.

The action is invariant under reparametrizations of 7:
dat = ¢&(T)0x"  aslongas (1) =&(m) =0.

Let us show this
— 1 e ., SN
(5(\/1'“5[)“) = W(2$ 51‘11) = :t:“:tlﬂx 87-(51'”) =
1 T e 1 . —
— W[IE T, + & x,,] = Wm &, & + £0-(\/ T, 2H)
= /2, 0HE + E0-(\/TuiH) = O (/T i) .

Therefore, we arrive at

S = —m / A7 0, (6\/T) = —m [gw/gzugzu] =m0,

0

i.e., the action is indeed invariant w.r.t. the local reparametrization transformations.

In the static (temporal) gauge ¢t = 7, the mass-shell condition takes the form
2 2 E? 2 2

pOPO_ﬁQ:mC - C—Q—ﬁQ:mC.

5. Classical Electrodynamics

5.1 Relativistic particle in electromagnetic field

Let us now define the vector potential, which is an underlying field (a Lorentz in-
variant 4-vector) in electrodynamics that we will base our further derivations on. It
reads

AF = ((p (@,J(@) .
Notice that
At — A, =1, A = ((p (z), —ff(w)) :

The properties of a charged particle with respect to its interaction with electro-
magnetic field are characterized by a single parameter: the electric charge e. The
properties of the electromagnetic field itself are determined by the vector A*, the
electromagnetic potential introduced above. Using these quantities, one can intro-
duce the action of a charged particle in electromagnetic field, which has the form

b e
S:—mc/ ds——/Audx“.
" 1
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Figure 13: In the presence of the vector potential A* = (go, ff) the action
of a charged particle contains an additional term describing an interaction
with the vector potential.

Using Hamilton’s principle, stating that particles follow paths that minimize their
action (05 = 0), we can derive the equations of motion in which we neglect the back
reaction of the charge on the electromagnetic field

e

0 =55 = —me / %d(éaz“) < / (5A,)da” + A,d(5e")] . (5.1)

Using (4.7), the term ds in the first integral becomes dds = %, whereas in

the second integral we have simply used the product rule of differentiation. Let us
consider for a moment the U* = % term, which we will refer to as 4-velocity. The
explicit form of U* is

dzH dzH 1 U

Ukt = —— = = : . (5.2)
b efi-Za \J1-% c\/1-%

and it has an interesting property that

dx, dxt
UUt=—L— —1
a ds ds
Note that this result is only valid for the signature of the metric that we chose. If
we were to invert the signature, the result would be —1 instead. Using the fact that
0A, = Ay(z, + 62,) — Au(z,) = 0,A,62" + -+, we can rewrite equation (5.1) as
follows

58 = me / U, 62" + = / (8, Ay da szt — 9,A,62"da") = 0.
&

This imposes the following condition for the extremum

dU, e
e L C DA, — 0, ANTY = 0.
me—+ —i—c(a,, u— 0, A,)U" =0

Identifying the tensor F),, of the electromagnetic field

0,A, —0A, =F,,=—F,, (5.3)
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we can write the equation of motion of the charge in the electromagnetic field as
follows

dU*

e
= ™y, 5.4
mce = . (5.4)

This expression can also be written in a more suggestive form if we define the

momentum p* = mcU* (which is consistent with the requirement p? = m?c? since
dUu* __ d%zt

U? = 1), so that one can express the acceleration term W = e

as

dp* dptdt e,
E_EE—EF“ U, , (5.5)
where the right hand side of the equation is referred to as the Lorentz force, whereas
the left hand side is simply the rate of change of momentum with respect to the
relativistic interval. This equation is comparable with the Newtonian statement:
force is the rate of change of momentum. Note that this derivation has assumed that
the electromagnetic field is given (fized) and that we vary the trajectory of the particle
only (the endpoints remain fized).

The tensor of the electromagnetic field can be then written as

and, therefore,

PV — Ty, = e (5.7)

where we have defined the Fpy; components to be the electric fields and the Fj; com-
ponents to be magnetic fields. Equation (5.3) leads to the following relation between
electric and magnetic fields and the corresponding components of the 4-potential

EFE=-Vo——-— and H=rotA. (5.8)
c Ot
For reader’s convenience we also present the relationship between the electromagnetic

tensor and its components via indices

5 ) ) ) ) 1
p=A% A=A E=F'=-F"=F, F*=—euH, H= —Eéilekl-
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5.2 Lorentz transformations of the electromagnetic field

First we consider the 4-potential A*. Under Lorentz transformations of space-time
coordinates, A* transforms as a vector:

AM(x") = ArAY (2).

Recall that the matrix A of a Lorentz transformation from a stationary to a moving
with velocity v frame is of the form

A_< a ‘%“t) | (5.9)

a

. Thus, the scalar and vector potentials in

—§.. 4 azl, — 1
where Aj; = d; + “5vw; and a = —

the moving frame are

o =ap——(v-A) = =,
C 02
T2
. N . . ) 1 G- A
Ao lppt Avaim Ay =i Lo (L )24
C

v2 v2 v?
2 2

Now we come to the electromagnetic field (E, q ). It is important to realize that
components of the electromagnetic field transform as components of the second rank
tensor! Namely, one has

(') = ADNVFPT ().

For E; one therefore gets

= (ALAG — AGAD) By, + ALAY (—€njm Hin)
CL2 a
= a(0i + dvivy) By — gUiUkEk — (0 + dUiUk:)EUj(_ekijm)
CL2 — a
= aF; + (ad - 072)%(17 E) + Efiijme .

The final formula reads as

_, a _,
(5 )+ 2[5, H);.
(@ B) + 2[5, A

E{:aEﬁ_u

Now we come to the magnetic field. We have
1 . 1 , . :
H! = —§eiij/Jk = —ieijk(A%AfLFO” + AJAEF™ 4 AJ AR )
1 : , 1 .
= —ieijk(AéAfL — A ARYFO — ieijk/\anfLan .
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We proceed by substituting the matrix elements of A:

1
1
— §€ijk <(6m] + d'Um'Uj)((snk + vnvk)>an :

Making use of the formula for the pairing of two e-tensors in the second line of the
last formula, we arrive at

a d
HZ/ = _EfijntEn +H; — 5 ((51716195 - 52’55nk)vkvan + (5im5js - 5is5jm)UijHs>
a _,
= H; — EEijnvjEn + d(HwQ — ’L)Z(l_f H)) (5.10)
The final expression is

a—1 - a,., =
H/: Hi_—i_)'H___'yEi-
| = al; — v (¥ H) - 2[5, E]

We summarize the transformation formulae

o =ap—=(F-4),
4 . B (5.11)
A=A—-pi+ (v~ A)
and
- - -1 S -
E' = aE — "5 E) + [, H],
a” ] Ca (5.12)
A = aff - i@ B) - Y5 B
afl — (i #) - 2[5, £
The inverse transformations are
p=ag + (5 A),
. . ) (5.13)
A=A+ - T+ —5—0(7- A
v
and
— — —1 — —
E=oF - 55 - E) - 2[5 7],
a“ 1 Ca (5.14)
H=aH — 5@ -H)+ ~[v.E.
afl - “==i(i- B+ [0,

This completes our discussion of the transformation properties of the 4-potential and
the electromagnetic field under Lorentz transformations.
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5.3 Momentum and energy of a particle in a static gauge

In a static gauge t = 7, where ¢ is a time measured by a non-moving (static) observer.
In this gauge the action takes the form

2 .
S— [ Ldt= [—mc2 1—Zar— Ca,dz — SAda] |
c2 c c

i.e. the Lagrangian is

The momentum is

P=—=——=+-4 5.15
o7 — ¢ (5.15)
2
and the Hamiltonian
oL 2
H=_—v-L= e + ep
v 12 N
c? potential energy
——

kinetic energy

Expressing from eq.(5.15) the velocity @ in terms of the canonical momentum P, we
find that

. NE
H= \/mzc4+02<P—EA> +ep.
c

We stress that such an expression for the hamiltonian arises only due to our choice
of the static gauge.

5.4 Maxwell’s equations and gauge invariance

All the physical properties of the electromagnetic field as well as the properties of
charge in the electromagnetic field are determined not by A,,, but rather by F},,. The
underlying reason for this is that electrodynamics exhibits an important new type of
symmetry?®. To understand this issue, we may decide to change the vector potential
in the following way

A, — A, —0ux, (5.16)
which can be rewritten in a less abstract form of space and time components sepa-
rately:

S S 10
A— A+Vyx and go—)go——a—z(. (5.17)
c

2>This symmetry extends to many other physical theories besides electrodynamics.
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These transformations are referred to as the gauge transformations. Let us see what
effect they have on the tensor of the electromagnetic field:

0F,, =0, (A, +0ux) — 0y (A, +0,X) — Fl
= 0,0,x — 0,0,x =0. (5.18)

Thus, the transformation (5.16) does not change the form of the electromagnetic
field tensor. For this reason electromagnetism is a gauge invariant theory!

From the electric and magnetic fields one can make invariants, i.e. objects that
remain unchanged under Lorentz transformations. In terms of the tensor of the
electromagnetic field two such invariants are

F,,F" =inv; (5.19)
et Fe =inv. (5.20)

Let us inspect the gauge invariance of the electric and magnetic fields E and H , which
from the form and their in terms of the electromagnetic field tensor components can
be expressed in terms of the vector potential as

E=-Vyp-— 1od and H =rotA. (5.21)
c Ot

One can easily see that in the first case an extra ¢ term cancels with an extra A term
and in the second case we have the gauge transformation contribution vanishing due
to the fact that rot grady = 0. We look back at the expression for the Lorentz force
and try to write it in terms of electric and magnetic fields. Rearranging (5.5), we get

dpl e . e .. ds
= (-FU, —F”U~>—:
dt (c 0+c 1) dt
| g J 02
| i 1-2 (5.22)
c 72 C 2 c
1_0_2 C 1—0—2

Here we used the fact that F"* = —F% = —(—F") = E' and U; = ——~—. We can

thus rewrite the expression for the Lorentz force as

7

dp
dt

— eE +§ [17, ﬁ} . (5.23)
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Concerning this result, it is interesting to point out that?®

. 2 D -
dEkm_i mc :U@:e(EU)

dt  dt [; _ » dt

This is the work of the electromagnetic field on the charge. Hence, the magnetic field

does not play any role is kinetic energy changes, but rather only affects the direction
of the movement of the particle! Using basic vector calculus and the definitions of
the electric and magnetic fields (5.21), the first two Maxwell’s equations are attained

div H = divrot A=0=divH = 0; (5.24)
B 1 10 - . 10H
rot E = —ZI'Ot grad QO — Earot A = rot E = —EE . (525)

Equation (5.24) is known as the no magnetic monopole rule and (5.25) is referred
to as Faraday’s law, which we have already encountered in the previous section,
but then the right hand side was suppressed due to time independence requirement.
Together these two equations constitute the first pair of Maxwell’s equations. Notice
that these are 4 equations in total, as Faraday’s law represents three equations - one
for every space direction. Additionally, notice that Faraday’s law is consistent with
electrostatics; if the magnetic field is time independent then the right hand side of
the equation is equal 0, which is exactly equation (2.11). These equations also have
an integral form. Integrating (5.25) over a surface S with the boundary 05 and using
Stokes’” theorem, we arrive at

frot Bodg— 74E A= _lﬁfﬁdg. (5.26)
c Ot

S os S

For eq.(5.24) one integrates both sides over the volume and uses the Gauss-Ostrogradsky
theorem to arrive at

/divﬁdV:]{ﬁ-dgzO. (5.27)
\% ov

5.5 Fields produced by moving charges

Let us now consider the case where the moving particles produce the fields themselves.
The new action will be then

S = Sparticles + Sint + Sfield 5

26We have )

dpr  mb mu (T -)

+
dt 1_ o (l—ﬁ)S/Q c?

so that
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where we have added a new term S';cq, which represents the interaction between the
particles and the field that they have produced themselves. We will write it as

Stield ~ /FWF’W d'z = /FMVF“”cdt d*z.
Then adding the proportionality constants the total action is written as

e 1
= — —— | Adat — —— | F,,F* 3
S mc/ds c/ pda 167rc/ L cdtd’z,

where we have adopted the Gauss system of units, i.e. gy = 47 and gy = ﬁ. Note
that we can rewrite the second term as

e 1 1 da#
1 1
= - / JrAAVdE = — / j*AdY, (5.28)
& c
where in the second line we have introduced, the current j¢ = pdd—f = (pc, pv).

Including this, we can now write the action of the moving test charge as

1. 1 )
S:—mc/ds—g/] A, d*x — 167TC/FMVF“ cdtd®z .

Keeping sources constant and the path unchanged (i.e. §j* = 0 and ds = 0), we can

write the deviation from the action as follows

1 1
6S = —— / U5 A, At — — / F,,0F™ cdtd®x
2 e

N O R B o) 2T ;
= [ /j 0A,d x+47r/ D dA,cdtd x} : (5.29)

c|C

where in the last term in the first line, we have used that
OFH = H§AY — 0§ A .

To find the extremum, we need to satisfy 65 = 0, which due to eq.(5.29), is
equivalent

Upon rearrangement, this gives us the second pair of Maxwell’s equations

o+ 47 »

o ¢’

Notice that for vanishing currents, these equation resemble the first pair of Maxwell’s

equations, when currents are to vanish (i.e. j# = 0). Below we dwell more on this
point.
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Identifying the respective components of the electromagnetic tensor we can
rewrite the second pair of Maxwell’s equations in a more familiar form

— 47'('—_» 135

rot H = It By and  div E = 47p, (5.30)
where 4?”5 and 4mp are the sources and %%—? is the so-called displacement current.

The first expression is Ampére’s law (also known as the Biot-Savart law), whereas
the second one is Coulomb’s law, which we have already found before, but using a
different principle. Finally, we notice that the covariant conservation of the current

% = 0 is equivalent to the continuity equation
ap -
— +divy =0.
or

Below we include here a short digression on the tensor of the electromagnetic
field. It is easy to check that, using the definition of the tensor, the following is true:

aij aFyo’ + aFO’}L

dF = =0. 5.31
ox° * OxH oxVv (5:31)
With a change of indices, this takes the form
OF,
wor —_22 — ) 5.32

which are four equations in disguise, since we are free to pick any value of the index
p. Let us introduce the so-called dual tensor

* UV 1 Vpo
P = et Ey, (5.33)

Then we can rewrite equation (5.32) as

OF*H
ox”

Omitting the currents in the second pair, the first and second pair of Maxwell’s

=0. (5.34)

equations are similar. Indeed, we have

aF*;},V -

oxh ’

oF™
oxH

The main difference between them is that the first pair never involves any currents:

e first pair of Maxwell’s equations does not involve any density or current: p,j;

—

e second pair of Maxwell’s equations does involve the density and current: p, j.
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This has a deeper meaning. The magnetic field, as opposed to the electric field,
is an axial vector, i.e. one that does not change sign under reflection of all coordinate
axes. Thus, if there would be sources for the first pair of Maxwell equations, they
should be an axial vector and a pseudoscalar?’. The classical description of particles
does not allow to construct such quantities from dynamical variables associated to
particle.

5.6 Electromagnetic waves

When the electric charge source and current terms are absent, we obtain the electro-
magnetic wave solutions. In this case the Maxwell equations reduce to

. 10H .
rotE:——a—7 divk =0,
c Ot
. 19E .
rotH = ——, divH =0.
c Ot

These equations can have non-zero solutions meaning that the electromagnetic
fields can exist without any charges or currents. FElectromagnetic fields, which exist
in the absence of any charges, are called electromagnetic waves. Starting with the
definitions of the electric and magnetic fields given in terms of the vector potential
in equation (5.21), one can choose a gauge, i.e. fix A* which will simplify the
mathematical expressions as well as the calculations, we will be dealing with. The
reason why we are allowed to make this choice is that gauge symmetry transforms
one solution into another, both solutions being physically equivalent®®. By making a
gauge choice one breaks the gauge symmetry. This removes the excessive, unphysical
degrees of freedom, which make two physically equivalent solutions to the equations
of motion appear different. Obviously the simplicity of these equations and their
solutions drastically depends on the gauge choice.

One of the convenient gauge choices involves setting d,A" = 0, which is the
covariant gauge choice known as the Lorenz gauge®’. This however is not a complete
gauge choice, because, as will be shown later, there are still the gauge transformations
that leave the electromagnetic field tensor unchanged. A further specification of the
Lorenz gauge known as the Coulomb gauge sets the divergence of the vector or the
scalar potential equal to zero, i.e. divA = 0 and ¢ = 0. We will return back to the
comparison of these gauge choices later.

27 A physical quantity that behaves like a scalar, only it changes sign under parity inversion e.g.
an improper rotation.

28Both solutions belong the same gauge orbit.

290ften erroneously referred to as the Lorentz gauge, due to the similarity with the name Lorentz
as in Lorentz transformations, developed by Dutch physicist Hendrik Lorentz. However it was a
Danish physicist, Ludvig Lorenz, who actually introduced the Lorenz gauge.
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To see the process of gauge fixing and how we can use it to simplify the equations
of motion, consider the gauge transformations

A’%A»—i—ﬁf,
10f
T o

If f does not depend on t, ¢ will not change, however A will. On the other hand, divA

does not depend on t by the Maxwell equations®’

(5.21) become

. Thus, in this gauge, equations

q -~ 10A 10A
Fe_ve__-22__292
v c Ot c ot’

ﬁ = rotff.

Plugging this into (5.30), our Maxwell’s equation describing the curl of the magnetic
field, we obtain

- o1 —19A 19%A
rotH = rotrotA = —2 <_8_> — 9

cot\ ¢ ot ] cor2’
- . —10%4
= —AA + grad leA = gw .

In this gauge we can choose f, such that the term involving the divergence of A
disappears. The equation that remains is known as d’Alembert’s equation (or the
wave equation,) )
A— %GQ—A = 0.
2 Ot?
When we only consider the plane-wave solutions (i.e. only z-dependence), then
the equation reduces to

2F 1 0°f

oxr? 2 0t?

It can be further written in the factorized form

0 0 0 0

With a change of variables { =t — £ andn=1+ 2 = 83;—8{7 = 0. Hence, the solution

to the equation is

f=1@©+rfm).

30Under the gauge transformation with the time-independent function f we have
divA — divA + divV f, therefore, the function f should be determined from the Poisson equation
Af = —divA.
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Changing our variables back to x and ¢, we find that the general solution for f is
given by

x x

f=f (t——>+f2<t+—> .

c c
Notice that this solution simply represents the sum of right- and left-moving plane
waves of any arbitrary profile, respectively.

Let us return to the issue of the Coulomb versus the Lorenz gauge choice, and

first consider the latter. The Lorenz gauge condition reads as follows

OAH > 10p
= =divA + ——.
0 OxH diva + c Ot

We see that under gauge transformations the Lorenz gauge condition transforms as

m

0A
aﬂ (AN + a’uX) = ax'u

+0,0"x

and it remains unchanged provided 9,0y = 0. Thus, the Lorenz gauge does not
kill the gauge freedom completely. We still have a possibility to perform gauge
transformations of the special type 0,0"x = 0. Hence there will be still an excessive
number of solutions that are physically equivalent and transform into each other

under gauge transformations involving harmonic functions.

This problem is fixed with the introduction of the complete gauge choice. Start-

ing over, one can always fix ¢ = 0 by choosing a suitable function x (Z,t), i.e. a
19x

-5+ Under the gauge transformations we have

function such that ¢ =

X
Sp—=2 = p=
14 c Ot 14

Transforming the new ¢ = 0 with a new, only space-dependent function x (z,y, z),

we obtain®!

19% L
0=¢p— ——a—Xzo and A— A+ Vy.
c ot

Since E = —ﬁgo — %6—’5 and ¢ = 0, we find

ot
I 10, - .=

divE =—-—divA and divE =0,
c ot
where the right hand side has to be equal to zero from our original assumption -
lack of sources of electromagnetic fields. From the above equation we can infer that
% div A = 0. We can use yet another gauge freedom to set the space-dependent and
time-independent Y, such that div A = —div Vx, which means that we have reached
the Coulomb gauge

div A — div A+ divVy = 0.

3INote that % =0.
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Figure 14: Oscillations of the electric and magnetic fields
in electromagnetic wave.

Having fixed the gauge, let us now consider plane wave solution to the d’Alambert

equation. In this case the derivatives of the y and z component of the vector potential
with respect to y and z components respectively should vanish as we will only look
at oscillations in the x direction. This implies that

0A, 0A, 0A, 0A,

A==
div 0 ox + oy 0z ox

If % = 0 everywhere, then 8;;4; = 0, which leaves the wave equation in the form

A, 1PA

0x? 2 ot?
1 0%A, 0*A, 0A,
~ 35 =0= BT =0= T = const.

Since we are not interested in a constant electric field E,, we need to fix A, = 0.
Since F = —%%—? and H =rot A, then
Lo y 1 o .

= |V o) A] === |, £ A| = [, B,

(-2) ;5] = .2
where [ff, E] denotes the cross-product of two vectors. From the definition of the
cross product one can see that the electric field £ and the magnetic field H are
perpendicular to each other. Waves with this property are referred to as transversal
waves.

Electromagnetic waves are known to carry energy; we can define the energy fluz
to be
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Since [6, [5, EH = g(c_i, E) — E(c?, 5), Where(c?, 5) denotes the scalar product between
vectors @ and l;, we find the following result

— C -,
§= i
47rn ’

where due to orthogonality of 77 and E the contribution of the second term vanishes.
The energy density is given by

1, -
W=_—(E*+ H?).
o )
For electromagnetic waves ‘E | = |ﬁ |, so that W = ﬁﬁz. Hence, there exists a
simple relationship
S =cWi.

We define the momentum associated to the electromagnetic wave to be

p=

For a particle moving along 7, we have p = % Consider a particle moving with
velocity v. We then have p = ”C—;E which for v — ¢ becomes p = %; the dispersion

relation for a relativistic particle moving at the speed of light (photon).

5.7 Hamiltonian formulation of electrodynamics

To obtain the Hamiltonian formulation of classical electrodynamics (without sources),
we start for the action for electromagnetic field (we put ¢ = 1)
§=—— [ daF,
167 "
and rewrite it in the first order formalism. To do so, we first compute the canonical
momentum conjugate to A*. We have

5L 1 5@,A"(y)) 1 1

T A dn Sy W5y~ k@) = 3R

pu(x)

We see that we have a primary constraint®?

pOZOa

i.e. the momentum conjugate to Ay vanishes. This is a straightforward consequence
of the fact that the Lagrangian does not contain the time derivative of Ay. In other

32Thus, we are dealing with a singular Lagrangian system.
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words, the velocity for Aq is absent so that Ag is not a dynamical field! As to the
components of the canonical momentum, they simply coincide with the electric field:

1 1 1

This relation allows us to find the velocities AZ via the electric field
A; = E; + 0,4 .

Now we write the Lagrangian in the Hamiltonian form

L= /dgmpl(a:)AZ(x) —rest

[

~
symplectic structure

or

rest = /d%pi(:v)Az(x) — L= /d‘gmpi(x)Al(m) + 16n /de (—2Fy Foi + F; Fyj)

The rest must be reexpressed via canonical coordinates and momenta (electric field),
i.e. all the velocities must be excluded in favor of the canonical momenta. We have

1 1
rest = — /d?’x Ei(E; + 0;A0) + — /dgw (—2E} + F;Fy).
47 167

We also notice that H = rotA which can be also written as
1
H; = _§€z‘ijjk-

Since we have
€ijk€imn = 5jm5kn - 5jn6km7

we see that 1 1
o} = Zeijkeimnijan = EFijFij-

Thus, we arrive at

1
rest = o /de (EZ2 + H? — QAOE)Z»Ei) :

T

Thus, the original Lagrangian takes the following form

1 . 1 1
L=— [ @eEA - — [ & (E} + Hf) — — | Bz ADE; .
47 8T 7
N Vv 4 N TV - N NV 4
symplectic structure Hamiltonian Constraint

Here

|
H:—/d%(EerHf)
8
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is the Hamiltonian of the electromagnetic field. This is nothing else as the energy of
the electromagnetic field! The first term defines the Poisson bracket

1 .
00T = 9).

{B(@). 4,0) = -

The last term in the Lagrangian is a constraint. Indeed, varying the Lagrangian with
respect to Ay we find the following constraint:

C(z)=diE(x) =0 = divE =0,
which is nothing else as the Gauss law. As an exercise, check that
C={H Cx)}=0,
that is the constraint is preserved in time. Also, one can easily see that
{C(),C(y)} = 0.

We can also verify that the Lagrangian (written in the Hamiltonian form) is invariant
with respect to gauge transformations

AOZ@%AO—X.

Under the gauge transformations we find

1 1
47 4

After integrating by parts 9; we obtain dL = 0.

Concluding this chapter, we will list the gauge conditions usually used in the
literature

0, A" =0 Lorenz gauge
Ao =0 Hamilton gauge
0, A" =0 Coulomb gauge
A3 =0 Axial gauge
z, A" =0 Fixed point gauge

The last gauge has been introduced by Fock. It is easy to check that the potential

1
A, (z) :/o A 2V F,, (Ax)

satisfies the gauge condition z, A" = 0 and that 0,4, — 0,4, = F),,.
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5.8 Solving Maxwell’s equations with sources

Continuing, we are now interested in the case of fields created by moving charges.
So far we have discussed

e Motion of a charged particle in an external electromagnetic field (the Lorentz
force);

e Time-dependent fields but without charges (electromagnetic waves).

We will now study time-dependent fields in the presence of arbitrary moving charges®3.

Consider
o 47 »
= -]
oxv c
0 0? 0? 47
AV _ QY AR — v _ po_ Ny
ox” (0747 = 07 A%) ax”ﬁxﬂA 8ZEV0$VA ¢’

Imposing the Lorenz condition

0AY
=0

ox? ’

we obtain from the previous equation

0? A
dzvoxr, ¢ J

The last equation can be split into two

14» 1 8214) 471'—,»

“aar T e
1 0%p

These wave equations represent a structure, which is already familiar to us, namely

1 0% -
To solve this problem, as in electrostatics, it is useful to first find the Green’s function
G (Z,t;2',1'), defined as a solution of the following equation

1 02 . S /
(Ax—CG%)G(x,t,x,t)——47r5(x—$)5(t—t). (5.36)

33The motion of the charges has to be strictly defined, i.e. even though the charges produce an
electromagnetic field, their motion will not be influenced by the presence of external electromagnetic
fields.
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Note that G (Z,t; 2", t") is not unique and it has to be specified in a number of ways.
Additionally, it is referred to as the propagator (especially in the field of quantum
electrodynamics). The solution to equation (5.35) reads

Y (Z,t) = /G(i:’,t;f’,t’)f(f/,t’) d32/dt .

1 0°
2 o2
and move it into the integral - two delta functions will emerge by virtue of (5.36),

To check that this is actually the solution, one can apply the operator A, —

which upon integration will turn f (z',¢') into f (Z,t). In what follows we will need
the Fourier transforms of all the elements of equation (5.36)

1 & o0 o )
0 (f — f’) A (t . t/) — _4/ dBk,/ dw ezk.(x,x )efzw(tft) ’
(2m)" Jow -
G(Z,t;7,t) = / d3k;/ dw g (;;’7 w) R (F—T)—iw(t—t)

Plugging these into the equation, we obtain

- w? 1 1
k B+ =)= dr— = ——
g(k,w) ( ™ 02) 7T(27T)4 473
which amounts to
- 1 1
k = —"s .
g( ,w) drd g2 2

From this one can find an integral expression for G (7, ¢; 7', t')

= o gl 1 > 3 Oo eiE'(iff/)fiw(tft/)
G(:L‘,t,x,t)——43 d’k dw = )
™ J -0 —o0

k2 —

The complex function inside the integral is singular at k2 = °C’—22 and thus has two first
order poles at w = ic!E } We have to find the proper way to treat this singularity.
This is done by using the following physical reasoning. The Green function is a wave-
type perturbation produced by a point source sitting at 2’ and emanating during an
infinitesimal time at t = ¢’. We can expect that this wave propagates with the speed
of light as a spherical wave. Thus, we should require that

a) G =0 in the whole space for ¢t <t/
b) G is a diverging wave for t > ¢’

We shall see that the above only represents one of the possible Green’s functions,
since a different treatment of the poles produces different Green’s functions - an
advanced or a retarded one:
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Retarded Green function states G =0 if t < ¢/

Advanced Green function states G =0 if t > ¢/

Notice that the difference of the two Guqy, — Gret, called the Pauli Green’s function
G pauii, satisfies the homogenous equation.

Consider the retarded Green’s function. For ¢t > t', it should give a wave prop-
agating from a point-like source. Let us define 7 =t —t/, R=7— 2 and R = ‘R‘
Then we have

—iw(t—t") Swr

since 7 > 0. Thus we need to require that Sw < 0 in order to have a decaying function
at large w, hence we have to integrate over the lower complex plane. In opposite, for
t < t', the contour over which we integrate in the upper half of the complex plane
should give zero contribution due to the aforementioned physical reasons. As a result,
one could infinitesimally shift the poles into the lower half plane when performing
the analytic continuation. According to this prescription, the Green’s function is
specified as follows

G(f,t;f/,t/> — L/diik/dw eikain |
473 K2 — L(w+ie)?

We can conveniently rewrite the previous statement, by making use of partial frac-
tions

G2, t; 7 t) = (5.37)

1 [ o 7o C 1 1 ,
- d3k d kR~ . —iwT
47r3/_ /_ REY? [ck—ie—w "k —ie—w|©
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In the limit ¢ — 0, using Cauchy’s theorem®!, we find

1 b = ) .
G@ 6T ) = / d%e”“'%m’i [e7"FT — '] (5.38)
=0 ) ’ sin(ckT)
00 ™ 2w
= % dk k sin(clm’)/ sin@d@/ dip eFHeos?
212 Jo 0 0

00 1
= E/ dk k Sin(ckT)/ dx e'FFe
0 _

7r 1

— :—; OOO dksin(kR) sin(ckr) (5.39)
= WLR _Z d (ck) sin <@) sin ((ck) 7) (5.40)
_ _ﬁ : o (e —eiet) (07 — o) (5.41)
_ # :dx (eiz(T—%) B eix(T-‘r%))

CL( B Ls(re D) o

= (T - g) (5.43)

Note that in the meantime we have used: partial fractions (5.37), the Cauchy theorem
in (5.37-5.38), switched to spherical coordinates and integrated over the angles(5.39),
substituted ck = x (5.40), expanded the trigonometric functions in terms of their
complex exponentials (5.41), and identified Fourier transforms of delta functions
(5.42). On the last step we have rejected ¢ (7’ + %), because for 7, R,c > 0, the
result will always be zero. Substituting back our original variables, we get

6(t’+@—t>

7— 7

Gret (fa ta *f/a t,) =

The result can be understood as the signal propagating at the speed of light, which

|77

was emitted at ¢’ and will travel for and will be observed at time ¢. Thus,

this Green function reflects a natural causal sequence of events. The time ¢ is then

34Cauchy integral formula reads

fa)= = § &4,

C2mi Joz—a

where a function f(z) is holomorphic inside the region surrounded by a contour C' and integration
is performed in counter-clockwize direction.
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expressed in terms of the retarded time ¢’

Substituting this solution and integrating over t', we obtain the “retarded” potentials

) (t’ + =2 t)
o (Z,t) = / p (T, ) dP2'dt’ + ¢

|7 — 2|
A
:/ o e, (5.44)

) . 5@+Eﬂ—0ﬁ
A(:E,t)——/ J@ ) B+ A

c |Z — 2|
pi(Ee )

:—/ — d3JI,+A07 (5'45)
c |7 — 2|

where ¢y and Ay are the solutions of the homogeneous d’Alambert equations (those
corresponding to the free electromagnetic field).

Note that for ¢ in the case of time—independent p and jwe have

/ C13/
|—§

This is just the electrostatic formula for the scalar potential. Moreover, if the current

1/ﬂdgl’/ .
c) |Z—17

This potential defines the following magnetic field

ﬁ L1 t,1(7) = 1 -
H:roth:—/ [m o) (2 )+v$| ; xj(f’)] &3 (5.46)

c |7 — 2| -7

fis time-independent, we obtain

Note the use above of the following identity
rot(pd) = protd+ Vo X a.

The first term in (5.46) vanishes, because curl is taken with respect to coordinates
z, while the current j depends on z’. This leaves

L1 [Rx@ L=
H:__/Rx_ﬂx)dggj/:_/{ }dsx,‘

R3 c |7 — 2|3
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This is the famous law of Biot-Savart, which relates magnetic fields to their source
currents.

Let us now show that G,.; is Lorentz invariant. We write

5<t’+@—t)

[

Gt (T, 17, 4)=O(t — 1

Here the extra term © (¢ — ¢') ensures that G, (Z,t;27,t') = 0 for t < t/, because

@(t—t’):{

0,t<t
I,t>t
When we use 5 )
x— x;
0(f(@)=) o7 -
2T
In the last formula the derivative is evaluated at the set of points z;, such that
f (z;) = 0. Realizing that for a wave propagating at the speed of light ds* = 0 and
using some algebraic trickery®, we get
0 (17— —c(t—t))
2|7 — 2
(| Z—=2—c(t—1t))
7 =& +c(t—1t)

=20 (t— )5 (|:zf— 7Pt — t')2) ,

Gret (T, 6,7 ,1") = 2¢O (t — 1)

=20 (t —t')

where the argument of the delta function is the 4-interval between two events (&, t)
and (2’,t'), which is a Lorentz invariant object. From this we can conclude that
the Green’s function is invariant under proper orthochronical (ones that maintain
causality) Lorentz transformations.

5.9 Causality principle

A quick word on intervals. A spacetime interval we have already defined as
ds* = *dt* — da? (5.47)

We refer to them differently depending on the sign of ds*:

3SIntroduce u = |% — | — ¢ (t —t'). Then
5 (\f— P2 (t— t’)2> - 5(u(u +2e(t — t’))) - 5(u2 + 2ue(t — t’))) .

Thus, we introduce f(u) = u? + 2uc(t —t') with f'(u) = 2u + 2¢(t — t'). Equation f(u) = 0 has
two solutions: v = 0 and u = —2¢(t — t’). The second one will not contribute into the formula
describing the change of variables in the delta-function because of ©(t — t'). Thus,
(|2 —2|—c(t—t (|2 -2 |—c(t—1
(12— = e—ry) < SUE=TI=c=0) _ 6(a=21—clt=t)
(2u + 2¢(t — t'))|u=0 2e(t —t')
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———— light-like

absolute
future

X space-like

time-like

Figure 15: At every point in time every observer has his past light cone,
which is a set of all events that could have influenced his presence, and a
future light cone, the set of events which the observer can influence. The
boundaries of the light cones also define the split between different kinds of
space-time intervals. On the light cone itself the intervals are all light-like,
time-like on the inside and space-like on the outside.

time-like intervals if ds? > 0
space-like intervals if ds? < 0

light-like intervals (also called null intervals) if ds* = 0

Consider Figure 10 representing the light-cone built over a point X. Signals in

X can come only from points X', which are in the past light-cone of X. We say

X > X' (X is later than X’). The influence of a current j in X’ on potential A at

X is a signal from X’ to X. Thus, the causality principle is reflected in the fact that
A(X) can depend on 4-currents j(X’) only for those X’ for which X > X’. Thus,

JA(X)

0j(X')

for X < X’ or points X’ that are space-like to X. Hence, the causality principle for

~G(X—-X)=0 (5.48)

the Green function is

GX'-X)=0, (5.49)
in terms of the conditions described above. The retarded Green’s function is the only
relativistic Green’s function which has this property.

6. Radiation

The last part of these lectures will treat two classical radiation problems: Liénard-
Wiechert potentials and the dipole radiation. Before studying the radiation problems,
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we consider the field produced by an electric charge which moves uniformly with
velocity .

6.1 Fields of a uniformly moving charge
The Lorentz transformation of & is

— — — a_l
r = —avt+ 5

- 0(VT) .

In what follows we need to know 2. We compute

a—1)% __ o a—1,_ s
z? = x2+a21)2t2—|—(v2)(v )2 — 2a(TZ)t + 2 2 (07)% — 2a(a — 1)(VZ)t
22
=22+ a2+ (U;) ((a— D2 +42(a—-1)+1 —1) — 242 (¥7)t
2 22,2, 001 2 2 2 229, @ 2 2
= z° + a“v’t —I—T(EH) — 2a*(VZ)t = x° + a“v*t +072(6H) — 2a*(02)t,
since aigl = i—j Then, we proceed as follows
2
2 = 22 = 2(TD)t + v 2 +(a® — 1) (0%t — 2(02)t + 2% — %) + 2—2(17_')2
a2
= (& —t)* 4 a® = (T — Ut)* — 0—2(v2x2 (77)?)
= =2 2“2 a’ 2.2 2
= (- ) (1+a C—2>—§(U 2% — (50)?)
—_———
a2
Thus,
) 2 2 a5, 2 2 s a 2
' = a*(Z — Ut) —E(U x* — (V7)) = a* (¥ — vt) —g[v,x] :

We further note that in the vector product [¢/, ¥] one can replace Z for ¥ — it without
changing the result. The final answer we need reads as
2

2% = a*(F — vt)? — 0—2(112252 — (7)) = a2<(x — ot)? — C—z[v,x - Ut]2> .

The electric and magnetic fields in the stationary frame are

N . ~1 . . N -1 N
E=aBF - 5@ E) - 5, 0 = aE' - “—#(5- ),
v & v 6 1)
7 7! a—1 I__’[/ a E_’/ a E_u’/ ( '
b—afl’ — _— a.. _ A
Wl = i )+ 25 B = 25 B,
because in the moving frame H' = 0. The electric field is E' = eg%. Thus, we
compute
- e a(a—1) , . a—1_ L
E:F(ax—a%t—i— 3 (%) — " v((v ) — av’t + (a — 1)(¥ ))> ,
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which results into a very simple formula
e(Z — ut)

E(x,t) = 57
a2<(f —ot)2 — L[5 7 - Ut]2>

We recall that in the last formula (7, ¢) is a (observation) point in a stationary frame
where the field E(Z,t) is measured and R = & — 0t is vector from the charge to the
observation point. Note that E is collinear to R. Introducing an angle 6 between
velocity @ (the direction of motion) and R, the last formula can be written as

» R —=
Bla,t) = 2 -
) /2
R (1~ % sin0)

As to the magnetic field, one gets

- e a
H=—|U,—(Z—att +
el o

Obviously, the last expression can be written as

— 1 —.
H(z,t)=-U,E].
c
The corresponding energy flux is
S(a,t) = (B, H] = (BB, 7] = —(#E* — B(E - 9))
’ 40 A U A4 '

A charge moving with a uniform velocity is not radiating energy. It is not radiating
energy in the rest frame, and, therefore, the same must hold in any other inertial
frame.

6.2 Fields of an arbitrary moving charge

The charge distribution in space and time of a single point-like charge is given by

(7,1) = 6 (T = 7(1)),
(7,1) = evd (¥ =7(1)) -

Here 7 is the position of the observer, 7(t) is the trajectory of the charge and v = 7 (),

S
“Hl &1
I

e

its velocity. The potential then reads

o (7,1) = / 5<t/+ = t> ed (& — 7 () dBz'dt’ (6.2)

|7 — 7|
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Let us take @ = 7(t), because only then the integrand is non-zero. Then eq.(6.2)

can be integrated over 7 and we get
5 (t’ + =Tl t)
7,t) = - dt’. 6.3
Take f (') =t + & T(t U —t and use 0 (f (z)) = ‘f((x))‘ where f'(z) is evaluated at
the point were f (2) = 0, i.e. at ¢ which solves ¢/ + 2= i( A =0
df ¢y . 1@—-#¢)-7t) . 1R-@
dt’ c |lZ-r@) ¢c R~
In the last equation we have used the fact that B = # — #(#') and ¢ = #*(t). The
potential then becomes
e 1 e
o (Zt) == s = == (6.4)
S

(6.5)

The formulae (6.4) and (6.5) are the Liénard-Wiechert potentials. Let us compute

the corresponding electric and magnetic fields

We have
-, 104
E=—-—-——-Vp
c ot

H = rotA.

Moreover, R(t') is given by the difference in the times ¢ and ¢’ with an overall factor of ¢
=c(t—t).

R(t) =
Therefore,
OR(t) OR()ot _ R-vot _ (ot
ot oY ot R ot ot)
From this relation, it follows that
o _ 1
ot 1 _ Rw
=%
Analogously, one can also start from the expressions R(t') = c¢(t — t') and ¢’ = t/(¢, &), such that
S, >, , e le (o o0 =
VR (') = —cVt' = Vt' = ==VR(t') = ==V, |£ — 7 (t' (Z,1))]
c c
1 (R 0R.
=—-|=+=Vt],
c <R + ot’ >
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OR

where one can again identify g7 with the previous result from (6.6) and finally obtain

— —

and VR=

Vi =y -l
(r-£1)

Now we have all the necessary ingredients, which we can use to find E and FI, i.e. to obtain the Liénard-Wiechert
fields.
First let’s calculate the quantity Vo,

The first term is
VR = —cVt

and we can rewrite the second term by using of the vector identities
V(R -0)=(R-V)T+ (#-V)R+ R x (VX7 +7x (VxR).
Now we have to calculate these quantities one at a time. A difficult quantity is
(T-V)R = (7- V)& — (7- V)F(t).
Switching to index notation hugely simplifies this

VmOmRi = VmOmTi — UmOmT;
= UmOmi — vmviamtl

!
= V; — ViUmOmt v;.

Here I have used that O, r; = d‘f:; = ‘é:," d‘it:n = v;0mt’. Going back to vector notation
(7-V)R = 57— (7-Vt')7.
Similarly
(R-V)T = (R-Vt)v
Now we calculate
(V X U i = Ei]'kaj’l)k
= Eijkajt/i)k
= (V') x ¥)4,
and similarly
VXR=VXZ-Vx7F=—(Vt')x7.
Now use an identity A x (B x &) = B(A-C) — (A - B), and we finally get
V(R-0) =3+ V'(R-7—v?).

Substituting all the quantities finally gives

Vo = ;dq (—I%(c2 — 0>+ R- %)+ cB(R — RU)) .
c2(R— £I)3 c

c

A similar (but a little bit easier) exercise for % gives

C

o = ((R R'ﬁ)(ﬁRcﬁ)+?(c2v2+ﬁ-ﬁ)>.

U
o~
o
~
Iay
|
il
&
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Putting these together we obtain

Xé):é([{@)—é(ﬁﬁ) we now find

By using R? = R-R and again the relation A x (E
. e - R v2 1 = = RU, .
E = ——((R- 290 -5) + 5 (Bx (- 22) x )
(R— C-v)3 c c c c
For the magnetic field we use
. - 1 ~ 1 . -
H=VxA=-Vx(¢0) = - (p(Vx0)+ (Vp) x 7).
c c

Substituting the quantities gives
e R v? 1 2
(=)= 5+ 5(-R*)

c c c

X
7\3

=

=yl i=v1}
Bl

R —
R(”(E-ﬁ)—i?(]?-ﬁ))).

—~

° ‘

3
We see that we almost have the electric field (from the equation just above the final result for E), but we are missing
- 2 - o . o
the quantities R(1— Z—Q) and C%R(R-ﬁ). However, the cross product with these quantities will vanish, since Rx R = 0,
and therefore we can simply add these quantities. We finally have

H==xE.

o =vl

To summarize, the Liénard-Wiechert fields are given by the following expressions

7-b[ne).
_(1-5)(R-2R) e[R[R-ri]
(p-te) e(r- )

Notice that in the last equation the first term only depends on the velocity of the
1. (short distance), whereas the second term

moving particle and is proportional to 47
depends on acceleration and is proportional to }% providing, therefore, the long-

distance dominating contribution, the so-called wave-zone. Note also that flux is

proportional to E? hence is also proportional to %. Therefore,
v ~ [ £ Rr2do -4
R -

which is a constant flux of E at large distances. It is worth stressing that there is
no energy (radiation) coming from a charge moving at a constant velocity, because
we can always choose a frame where it is stationary, hence H = 0 = E - H = 0,

consequently it cannot emit energy.
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P(x, y,Z)

Figure 16: A diagrammatic representation of a dipole

6.3 Dipole Radiation

Field of a neutral system is expressed with the help of the so-called electric moment
given in its discretized form as

N
i=1

where e; is the magnitude of a charge at some distance R; taken from an arbitrary
point, in this case chosen to be the origin. For a neutral system we require that

N

Note that for such a system, electric moment does not depend on the choice of the
origin of the reference frame, i.e. shifting all R; — R; — @ gives

N N N N
dd': E €; <RZ—J> = E elRZ—cT E €; = E ele:d
i=1 i=1 i=1 i=1

Let us now consider a neutral system of moving charges. From diagram 16 using
Pythagorean theorem and assuming that | < Ry, [ being the characteristic size, we
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get36

- S\ 2 _ R _»
R=/(Bo— R) = /B —2Ry Rt A2~

N _’._)/ _)._»’ _)._"
~ | R (1—2R°ﬁR)zRO<1—ROﬁR>:RO—Ro iy

Rj Rj

By using (5.44), we then find the retarded scalar potential

o [P

R

/ds ot =) Ry R 9 pladt—")
. Ro R, O0R, Ry

R, 0 1 . Ro
- _ 9. 7 - d3 /R/ /t——
Ry 83030/ ! p(x, 0)7

where the first term vanishes because it is proportional the complete charge of the

system, which we have set to zero, by defining the system to be neutral. In the

remaining term we will write the integral as d (t — %), the electric moment at time

¢t — Ho which is just a continuous version of (6.7)

J(t—&) :/d3x’]§’p (x',t—&>.
c c

Therefore37,

"""R'OR R
Further, we find
dit—8) . .1 - d-R 1, -
div(TC):d-VE—l—Edivd:— Rf—i-ﬁdivd,
div g~ 9di _ 0d; OR _ R ad
~Ort OROxt \R OR)’
so that
d(t—12 ‘R
NEET I 39 ¥4
R R3 R?20R
On the other hand,
d-R R 0d

3Here R = (z/,y/, 7).
37To simplify our further treatment, the have changed the notation Ry — R.
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Thus,
p = —div

Here divergence is taken over coordinates of the point P (x,y, z) where the observer
is located. Using expression (5.45), the vector potential becomes

P YL YR

c R
1 [t =B By R0 j(at =)
_c/dx[ Ro R, 0Ry R }

First integral can also be expressed via electric moment, which can be achieved by
using the continuity equation

0 , Ro\ ., =(, Ry
5% <x,t—7>— d1V](x,t c)'

Multiplying both sides of this equation by time independent R , integrating over
entire space and using the definition (6.8), we can then state that

2“(t—@) :—/dg’x'é’div’j(x’,t—@).
ot c c

To proceed, let us sidetrack and consider an arbitrary unit vector a, i.e. |d| = 1.
Then

where the last step follows from @ being a constant and V’ R’ = 1. Based on that we
can write

L 0 - R (2o . - R
a-ad (t—f) :—/d3x'dlv' (](@R’)) +a-/d3x'j (x’,t—%).

Since currents do not leave the volume V| we find that

/ B div’ [j‘ (aﬁ’)] _ jqf (aR') jndS = 0

as the normal component j, of the current vanishes (all currents never leave the
integration volume V). This gives

6-20?(15—@) :6-/d3x’5<x’,t—@>.
ot c c
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Since the last relation is valid for any unit vector @, we obtain that

J - RO o 3 47 / RO
8td(t C)—/dx](x,t - )

Therefore, we arrive at®®

We see that both the scalar and the vector potential of any arbitrary neutral system

on large distances are defined via the electric moment of this system.

The simplest system of this type is a dipole, i.e. two opposite electric charges
separated by a certain distance from each other. A dipole whose moment d changes

in time is called an oscillator (or a vibrator).

Radiation of an oscillator plays an important role in the electromagnetic the-

ory (radiotelegraphic antennae, radiating bodies, proton-electron systems, etc.). To

advance our investigation of a dipole, let us introduce the Hertz vector

P(t,R) = ——&~.
( Y ) R
It is interesting to see that
_ oo 102P
AP (t,R) = V*P(t,R) = = —.
( ’ ) \Y ( ) ) 02 8t2

This can be derived as follows. First, we notice that

—

0p_ _10R; 10d0R _ x5 = 0d

o R?0x cRotdr  R®  cR2Ot’
since % = %. Differentiating once again, we get

P g Vg grte 32704 1 0d 1220
or2 R3 R5 cRYOt cR20t c2R30t?’

so that
23: P51 od
or?" AR o2’

=1

which represents the spherically symmetric solution of the wave equation.

Consider the retarded potentials

o(R,t) = —divP (t,R), A(R,t)=-"—"""/

38Here we again changed the notation Ry — R.
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The potentials are spherically symmetric, i.e. they depend on the distance R only.
For the electromagnetic fields we have

— — 1 8 —
H =rotA(t) = EarotP (t,R) ;
- 10AM) o  18PtR) . =
E = —E ot —V@——ET—VdIVP(t,R)
1P (t,R) == 5
— _C_QT—I—V P (t,R) +rotrot P(t,R) .

On the last line the sum of the first two terms is equal to zero by virtue of the wave
equation. This results in
E =rotrot P(t,R) . (6.10)
Assume that the electric moment changes only its magnitude, but not its direction,
i.e.
d(t) =dof(t) .
This is not a restriction because moment d of an arbitrary oscillator can be decom-

posed into three mutually orthogonal directions and a field in each direction can be
studied separately. Based on this we have

_ R
Per -4 s),

_R
rotﬁ:}i%rom{@i,d@:g(f(t C>>

OR
- o (17 ) 12

as rot CZ] = 0. In the spherical coordinate system we compute the corresponding

=

components
Hé, _E)} = Rdysinf,
7], = 7], >
[ﬁ, “0} — _Rdysin0.
¢
and get®”

(rot ﬁ) = (rot ﬁ) =0,
R 0

. 0 t— & d
<rot P>¢ = —dpsin 9@ (JC(—RC)> = —Sin0ﬁP(t, R) .

39Note that P here is the numerical value of the Herz vector B.
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Since the magnetic field components are the components of the curl of the vector
potential, the latter is written in terms of the Hertz vector (6.9), where we find

Hr =Hy=0

. 10°P(t,R)
Hy = —smﬁg—at R

The components of curl of any vector field @ in spherical coordinates are given by

= . 1 0 . 8&9 )
(I‘Ot (l)R = m (% (Sln 0a¢) — %> 3

(rot a), = ! (% A (Rsin 9%)) ;

Rsinf \ 0¢p  OR

. 1 /0 oa
(rot @), = = (ﬁ (Rag) — 8_9R> :

Using these formulae together with equation (6.10), we also find the components of
the electric field

Er = Rslinﬁ% [sin@(— sin 6) %P (t,R)}
1 o1.,, 0P 2cosf 0P
= T Resnd o0 [Sm "ﬁ] =R R
By = _Rslme sin@% {R(—sin 0) %P(t,R)} -
_ sinf 9 (Ra_P) .
R oR \''0R)
E;=0.

From the above expressions we can see that electric and magnetic fields are always
perpendicular; magnetic lines coincide with circles parallel to the equator, while
electric field lines are in the meridian planes. Now let us further assume that

f(t) = coswt = J(t—g) = dy cosw (t—E)

C

or in a complex form
J(t - 5) = dpe (%) . (6.11)

Then

— 96 —



and

0 oP 0 iwR 1 w WR
aﬁﬁﬁﬁ:—aﬂO*‘f)ﬂz(ﬁ+7——r)P

Thus, for this particular case we get the following result

H, = Es.irﬂ(%—i—E)P(R,t) ;

c c
1 w
Er = 2cosf (ﬁ +£) P(R,t);

1 W w?

E@—Slﬂ@(ﬁ—f—a—?)P(R?ﬂ .

These are the exact expressions for electromagnetic fields of a harmonic oscillator.
They are complicated and we will look more closely only on what happens close and
far away from the oscillator. To do that we will aid ourselves with the concept of a
characteristic scale, which is determined by the competition between

w_27r_27r

I i o

where T and A\ are the period and the wavelength of the electromagnetic wave,
respectively.

Close to the oscillator

By “close to the oscillator” we mean:

R<<>\ 1>>w 2w
— o = — = —
2m R c A

( R) w 2R
wlt—— )| =wt—R—=wt — —— =~ wt,
c A

so that
d(t—3) d()
R R

Using the “close to oscillator condition”, fields are determined by the electric moment

P(t,R) =

d (t) and its derivative 9¢ without retarding

iw . P dw . d(t) 1sinf0d(t)
H(b%?smHEz?sm@—RZ =T o

because iwd (t) = 82—?),

dence of the oscillator that we have made in (6.11). Similarly in this limit the electric

which follows from the particular choice of the time depen-
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field components become

2 cost B 2 cosf

sin sin 0
Ey = 7 P= E d(t) .

At any given moment ¢, this is a field of a static dipole. For the magnetic field we
find .

~ 1 |od(t) = J 1> =

H:— —,R :_|:€,Ri|

cR3 | Ot cR3

Given that this introduced current J obeys JU = %, this expression gives the
magnetic field of a current element of length ¢. This is known as the Biot-Savart
lauw™.

Far away from the oscillator

Let us now consider the region far away from the oscillator, i.e. the region where

R A 1 < w 27
— o =KL —=—.
2m R c A

Distances greater than the wavelength are called wave-zone. In this particular limit

our field components become

W W A (t—7)
Hy = —gstP = —gsmﬁT;
ERZO;

2 d(t-=&
Eg——w—2sin9 ( C) = Hy

c

Thus summarizing we get
Er=FEs=Hr=Hyg=0,

and

w?sin @

R
Ey=Hy = — 2% dy cos w (t——) 7

C
or

sin 6 0%d (t — %)
AR ot?

Ey=Hy=

This last result is valid for any arbitrary d (t), not necessarily dyf (t), because we
can always perform a harmonic Fourier decomposition of any function. Thus in the

“ONote that E ~ g5 and H ~ 23.
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wave zone the electric and magnetic fields are equal to each other and vanish as %.
Additionally, vectors E, H, and R are perpendicular®. Note that the phase of £

and H, i.e. w (t — %) moves with the speed of light.

Thus, in the wave zone of the oscillator an electromagnetic wave is propagating!

2
/\:cT:iC.
w

This wave propagates in the radial direction, i.e. its phase depends on the distance
to the center.

Let us now look at the Poynting vector

. 9 2704 RY\?Z
:iEH_ism@(@d(t C)) |

S= |24

4dm 471 BR? ot?

where on the first step we have used the fact that the electric and the magnetic fields
are perpendicular. Additionally note that the second derivative with respect to time
inside the square is an acceleration. Energy flux through the sphere of radius R is

2

Y = //Sstin€d¢d9—
0 0
21

™ 2 2
1 sin20 (9% (1 — B 2 |Pd(t— & 2 .
_ // sin” 0 ( C) R2sin9d¢d0= M :—d2,
A 3R? o2 3¢3 ot? 3¢?
0 0

For d (t — %) = dgcosw (t — %) the flux for one period is

T

T
2

/Edt: —dgw4/C082u} t—E dt =
3c3 c

0

0
Bw'T  2ndiw®  2md; (27‘(‘)3

3c3 33 3 By

The averaged radiation in a unit time is then

<z>:%/zdt:%‘l‘%(2§>4. (6.12)

0

Thus, the oscillator continuously radiates energy into surrounding space with average
rate (X) ~ dj5;. In particular this explains that when transmitting radio signals by

4“INote that E, H and R have completely mismatching components i.e. if one vector has a
particular non-zero component, for the other two this component is zero.
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telegraphing one should use waves of relatively short wavelengths*? (or equivalently
high frequencies w). On the other hand, radiation of low frequency currents is highly
suppressed, which explains the effect of the sky appearing in blue, which is to the

high frequency end of the visible light*® spectrum.

Lastly, let us finally focus on the concept of resistance to radiation, which is
given by R, such that

() =R\(J?).

- ad(t_R
Recall that we have previously defined J such that it obeys J¢ = %. Using this
definition, we get

T

T 2
214 1/ 8]5'(15—%) _
/Jdt_TEQ 5 dt =
0

0

(%) =

N[ =

1 2w wdiw?  diw?

R
_ 22 ;o2 _
_TKQ/dOW sin w(t—z>dt— TW;_E?%%)_ o
0

Using the result (6.12), it is now easy to find R,

po_ ot or\* 202 2c f2n\' 1 2 [2m0\®
A3 \N ) Bw? 32\ A (Zc)? 3\ A )

6.4 Applicability of Classical Electrodynamics

We conclude this section by pointing out the range of applicability of classical elec-
trodynamics.

The energy of the charge distribution in electrodynamics is given by

Uzlfmmuwu»

2
Putting electron at rest, one can assume that the entire energy of the electron coin-
cides with its electromagnetic energy (electric charge is assumed to be homogeneously
distributed over a ball of the radius r.)

2 e’
me’ ~ —,
Te

42Generally these range from tens of meters to tens of kilometers.
43In this case charge polarized chemical bonds between the atoms in the particles in the atmo-
sphere act as little oscillators.
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where m and e are the mass and the charge of electron. Thus, we can define the
classical radius of electron

2

e
re=—5~2818-10"""m.
mc
In SI units it reads as r, = 47350 ni? . At distances less than r., the classical electro-

dynamics is not applicable.

In reality, due to quantum effects the classical electrodynamics fails even at
larger distances. The characteristic scale is the Compton wavelength, which is the
fundamental limitation on measuring the position of a particle taking both quantum
mechanics and special relativity into account. Its theoretical value is given by

h
— ~ 1377, ~ 1073 m,
mc
where a = % = %z is the fine structure constant for electromagnetism. The most

recent experimental measurement of campton wavelenght (CODATA 2002) is one
order of magnitude larger and is approximately equal to 2.426 - 10712 m.

6.5 Darvin’s Lagrangian

In classical mechanics a system of interacting particles can be described by a proper
Lagrangian which depends on coordinates and velocities of all particles taken at
the one and the same moment. This is possible because in mechanics the speed of
propagation of signals is assumed to be infinite.

On the other hand, in electrodynamics field should be considered as an inde-
pendent entity having its own degrees of freedom. Therefore, if one has a system
of interacting charges (particles) for its description one should consider a system
comprising both these particles and the field. Thus, taking into account that the
propagation speed of interactions is finite, we arrive at the conclusion that the rigor-
ous description of a system of interacting particles with the help of the Lagrangian
depending on their coordinates and velocities but do not containing degrees of free-
dom related to the field is tmpossible.

However, if velocities v of all the particles are small with respect to the speed
of light, then such a system can be approximately described by some Lagrangian.

. . . . . . 2
The introduction of the Lagrangian function is possible up to the terms of order .
This is related to the fact that radiation of electromagnetic waves by moving charges
(that is an appearance of independent field) arises in the third order of ¥ only.

At zero approximation, .e. by completely neglecting retarding of the potentials,
the Lagrangian for a system of charges has the form

L(O)—Zm%ﬁ—zeﬁzj‘

i 1>7
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The second term is the potential energy of non-moving charges.

In order to find higher approximation, we first write the Lagrangian for a charge

—,

e; in an external electromagnetic field (¢, A):

2 L
Li:—mCQ\/1—Z—;—eiap+%(A-17i).

Picking up one of the charges, we determine electromagnetic potentials created by all
the other charges in a point where this charge sits and express them via coordinates
and velocities of the corresponding charges (this can be done only approximately:
¢ can be determined up to the order Z—; and A up to ¥). Substituting the found
expressions for the potentials in the previous formula, we will find the Lagrangian

for the whole system.

Consider the retarded potentials

C

6(t’+w—t>

oz, t) = /d%’dt’ e p(z' 1),
Awt) =1 / ol (= 1) (' t)
’ c |z — 2/ o
As before, integrating over t’ we get
(-52) )
o(x,t) = /d3x' BT Az, t) = Z/d?’x’ T

If velocities of all the charges are small in comparison to the speed of light,
then the distribution of charges does not change much for the time m;cm Thus, the

|lz—='|

sources can be expanded in series in . we have

,p(t) 10 ) 1 02 ,
o(x,t) :/d3x %—Ea/d?’x ,0(15)—1—@@/&)’3: Rp(t) + ...

where R = |z — 2/|. Since [ d?z/ p(t) is a constant charge of the system, we have at
leading and subleading orders the following expression for the scalar potential

t 1 02 ,
o(x,t) = /d?’x/&R) + @ﬁ/d?’x Rp(t).

Analogous expansion takes place for the vector potential. Since expression for the
vector potential via the current already contains 1/c and after the substitution in the
Lagrangian is multiplied by another power 1/¢, it is enough to keep in the expansion

- 1 puU
A== [ dd —.
c/xR

of A the leading term only, i.e.
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If the field is created by a single charge, we have

_e, e R o et
PTR 2202 R’
To simplify further treatment, we will make the gauge transformation
10x -
'=p——-== A=A+V
L T + VX,
where
e OR
X =90
This gives
, € ., eU e =0R
==, A = V
" TR R 2ot

1!

Here 6%—];” a V Rand V,R = E = 1, where 77 is the unit vector directed from the
charge to the observatlon point. Thus,

g€t co (R _e e (R RR\ _ei e (v BR
~¢R 2¢0t\R] ¢R 2¢\R R2) ¢R 20\ R R2)°

Finally, since R? = B2, we find RR = R - R = —R - 7. In this way we find

gO/*E A7f€[17+(17~ﬁ)ﬁ}
R’ 2cR '
If the field is created by several charges then this expression must be summed for all
the charges.
Now substituting the potentials created by all the other charges into the La-
grangian for a given charge e; we obtain

Li — 7 4z T e 7
2 ¢ B} 2 B}
2 8 ¢ o Tij  2C pw Tij

mv? 1 mvt e; e; e; .
’ ’ [(Uz ) UJ) + (5 - nzy)(” nz])] .

Here we have also expanded the relativistic Lagrangian for the point particle up to

the order %. From this expression we can find the total Lagrangian
2
L=2.7 + e 802 -2 TJ] +D_ 3 52, [ 5) + (@ i) (5 7))
i i i>j i>j

This Lagrangian was obtained by Darvin in 1922 and it expresses an effect of elec-
tromagnetic interaction between charges up to the second order in 7.

It is interesting to find out what happens if we expand the potential further. For
the scalar potential at third order in 1/c and for the vector potential at second order
in 1/c one finds

(3) - _ - " d3 / R2 A(2) - _ - = /d3 17 )
v 6¢3 Ot3 / T c2 ot v
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Performing a gauge transformation

19 L. -
= A =A1Vy
c ot

with
1 0?
6¢2 Ot2

we transform ) into zero. The new vector potential will take the form

14'/(2) — _%%/di’y / _m@v/de/ R2

X=- a’ Rp,

10 1 0?
= —— [ & —— | & Rp =
@ | P79~ 3g5m | @0 Ro =
1 L1 [, P .
= Y g [ Ro-p =55 Yei (613

In the last formula we pass to the discrete distribution of charges. This potential

leads to a vanishing magnetic field H = rot fo(Q), as curl is taken with respect to the

coordinates x of observation point which A'® does not depend on. For the electric

field one finds E = —A'® /¢, so that
F=_21,

3c3

where d is the dipole moment of the system. Thus, additional terms of the third

order in the expansion of fields lead to the appearance of additional forces which are

not contained in Darvin’s Lagrangian; these forces do depend on time derivatives of

charge accelerations.

Compute the averaged work performed by fields for one unit of time. Each charge
experienced a force F' = eF so that

2e

F =
3c3

The work produced is
S 2e . 2 uon o 2.d, . n 205
Z(F-v):@(d-Zev):—(d-d):—,—(d-d)——d.

Performing time average we arrive at

Now one can recognize that the expression of the right hand side of the last formula
is nothing else but the average radiation of the system for one unit of time. Thus,
the forces arising at third order describe the backreaction which radiation causes on
charges. These forces are known as bracing by radiation or Lorentz friction forces.
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7. Advanced magnetic phenomena

Magnetic properties of all substances admit a clear and logical systematization. At
high temperatures all of the substances are either diamagnetics or paramagnetics.

If some stuff is put between the poles of a magnet, the magnetic lines change in
comparison to the situation when the staff is absent. Under applying magnetic field,
all the substances get magnetized. This means that every piece of volume behave
itself as a magnetic, while the magnetic moment of the whole body is a vector sum
of magnetic moments of all volume elements. A measure of magnetization is given
by M which is the magnetic moment density (the magnetic dipole moment per unit
volume). The product /\71‘/, where V' is the volume, gives a total magnetic moment
of a body M = MV.

A non-zero M appears only when external magnetic field is applied. When
magnetic field is not very strong, M changes linearly with the magnetic field H:

M=xH.
Here x is called magnetic susceptibility (it is a dimensionless quantity). Then

e Paramagnetics are the substances for which xy > 0
e Diamagnetics are the substances for which y < 0

e Substances with x = 0 are absent in Nature

Magnetic properties of substances are often described not by y but rather by the
magnetic permeability:
k=1+4my.

For paramagnetics k > 1 and for diamagnetics x < 1. Introduce the magnetic
induction B:
B=H+4nM .

Then, B =kH and k = 1+4my. Although vector B is called by a vector of magnetic
induction and H by a vector of magnetic field, the actual sense of B is that it is B
(but not H ) is the average magnetic field in media.

For x = —1/4m we have x = 0. This is the situation of an ideal diamagnetic,
in which the average magnetic field B = 0. Ideal magnetics do exists — they are

superconductors. Absence of a magnetic field inside a superconductor is known as
the Meissner-Ochsenfeld effect (1933).

In 1895 Pierre Curie discovered that magnetic susceptibility is inversely pro-
portional to the temperature. The behavior of x = x(7T') is well described by the
following Curie-Weiss law

C
X(T)—ﬁ,

where C' is a constant and 7T, is known as the paramagnetic Curie temperature.
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7.1 Exchange interactions

Identical particles behave very differently in classical and quantum mechanics. Clas-
sical particles move each over its own trajectory. If positions of all the particles
were fixed at the initial moment of time, solving equations of motion one can always
identify the positions of particles at later times. In quantum mechanics the situation
is different, because the notion of trajectory is absent. If we fix a particle at a given
moment of time, we have no possibility to identify it among other particles at later
moments of time. In other words, in quantum mechanics identical particles are ab-
solutely indistinguishable. This principle implies that permutation of two identical
particles does not change a quantum state of a system.

Consider a wave-function of two particles (1, 2). Under permutation ¥(1,2) —
U(2,1) a state of a system should not change. This means that

U(2,1) = e *¥(1,2),

where e is a phase factor. Applying permutation again, we get e*® = 1, i.e.
e’ = 41. Thus, there are two types of particles:

1. ¥(1,2) = ¥(2,1) which corresponds to the Bose-Einstein statistics

2. U(1,2) = —(2,1) which corresponds to the Fermi-Dirac statistics

Furthermore, an internal property which defines to which class/statistics a par-
ticle belongs is the spin. Particles with zero or integer spin obey the Bose-Einstein
statistics, particles with half-integer spin obeys the Fermi-Dirac statistics.

Spin of electron is 1/2, and, therefore, electrons are fermions. As such, they obey
the Pauli exclusion principle — in each quantum state one can find only one electron.

Consider a system consisting of two electrons which interact only electrostati-
cally. Neglecting magnetic interaction between the electrons means neglecting the
existence of spins. Let 1 (7,73) be the orbital wave function. Here 7 and 7% are
coordinates of electrons. One cannot completely forget about spins because the total
wave function

\Ij(l, 2) == S(O’l, 0'2)’@[)(7?1, 7”3)
must be anti-symmetric. Here S(oy,03) is the spin wave function which describes a

spin state of electrons. For two electrons there are four states which lead to either
anti-symmetric wave function with the total spin S = 0:

s=0, -l
or symmetric wave function with S = 1:
s, =—1 H
s:=0 T+
Sz = 1 TT
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Here s, is the projection of spin on z-axis. For two electrons
S =5 +3,
and taking square (quantum mechanically!) we obtain
S(S+1)=s1(s1+1) +s2(52 + 1)+ 257 - 53
so that

|
S1 SS9 = 5(5(5 -+ 1) — 81(51 —+ 1) — 82(82 -+ 1))

From this formula we therefore find that

s}-s‘éz{

Returning back to the wave function we conclude that

for =0
for S=1

= o

for S=0 (r,rm)=1s — — symmetric function

for S=1 (r,7) =1, — — anti-symmetric function

Symmetric and anti-symmetric functions describe different orbital motion of electrons
and therefore they correspond to different values of energies. Which energy is realized
depends on a problem at hand. For instance, for a molecule of Hy the minimal energy
corresponds to the symmetric wave function and, as a result, the electron spin S is
equal to zero.

E,<— S=0
E,<— 5=1

Spin Hamiltonian

1
H, = Z(ES +3E,) + (E, — Es)$1 - $5

Here the first term i(ES +3E,) = E does not depend on spin and represents the
energy averaged over all spin states (three states for S = 1 and one state for S = 0).
The second term depends on spins of electrons. Introducing A = E, — F,, we can
write

H,=FE — As; - 5

This allows to relate energetic preference of states with S = 0 and S = 1 with the
sign of A. For A < 0 the ”anti-parallel” configuration of spins is preferred, while for
A > 0—"parallel”. The parameter A is called an exchange integral. The Hamiltonian
H, describes the so-called exchange interaction.
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7.2 One-dimensional Heisenberg model of ferromagnetism

Here we will study in detail so-called one-dimensional spin—% Heisenberg model of
ferromagnetism. We will solve it exactly by a special technique known as coordinate
Bethe ansatz.

Consider a discrete circle which is a collection of ordered points labelled by the
index n with the identification n = n + L reflecting periodic boundary conditions.
Here L is a positive integer which plays the role of the length (volume) of the space.
The numbers n = 1,..., L form a fundamental domain. To each integer n along the
chain we associate a two-dimensional vector space V = C2. In each vector space we
pick up the basis

We will call the first element “spin up” and the second one “spin down”. We introduce
the spin algebra which is generated by the spin variables Sf, where a = 1, 2, 3, with
commutation relations

(S, SB] = ihe®.S76 .

The spin operators have the following realization in terms of the standard Pauli

matrices: S¢ = 20 and the form the Lie algebra su(2). Spin variables are subject

to the periodic boundary condition Sy = Sy ;.

The Hilbert space of the model has a dimension 2% and it is

L
H=][eVi=Vi® @V

n=1

This space carries a representation of the global spin algebra whose generators are

L
SO‘:Z]IQ@...@ S R---RI.
— —~~
n—th place

The Hamiltonian of the model is
L
H=-J Z S St s
n=1
where J is the coupling constant. More general Hamiltonian of the form
L
H=-) JSese.,,
n=1

where all three constants J* are different defines the so-called XYZ model. In what
follows we consider only XXX model. The basic problem we would like to solve is to
find the spectrum of the Hamiltonian H.
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The first interesting observation is that the Hamiltonian H commutes with the spin

operators. Indeed,

L L
[H,5% = =J > [S2S0.1,85] = —J >[5, 551501 + SJ[S041, Sa]
n,m=1 n,m=1

L
= —ih Z (5nm6°‘ﬁ”5552+1 - 5n+1,m€a575532+1) =0.

n,m=1

In other words, the Hamiltonian is central w.r.t all su(2) generators. Thus, the
spectrum of the model will be degenerate — all states in each su(2) multiplet have

the same energy.

In what follows we choose i = 1 and introduce the raising and lowering operators
SE = S1 4452 They are realized as

01 00
+_ _:
woln) ()

The action of these spin operators on the basis vectors are

STty =0, ST =11, Sty =511,
ST =0, ST =14, Sy =314
This indices the action of the spin operators in the Hilbert space
Syl te) =0, Silde) =1 1h) Sel te) = 51 ),
Si 1) =0, Si | Te) =1 4&) Sl i) = =51 da) -
The Hamiltonian can be then written as
L
H= _JZ 35Sy Spy1 5, 81) + SpSn i1 s
n=1

For L = 2 we have

H:—J(S+®s—+s—®s++2s3®s3> —_J

O O O N
[ )
O NI = O
N o o O

This matrix has three eigenvalues which are equal to —%J and one which is %J .
Three states

1 0 0
0 1 0
hw
Ys=1 = | o | 1] 0
0 0 1
——
h.w.
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corresponding to equal eigenvalues form a representation of su(2) with spin s = 1
and the state

0
-1
hw __
US:O - 1
0
——
h.w.

which corresponds to %J is a singlet of su(2). Indeed, the generators of the global
su(2) are realized as

0110 0000 100 0
0001 1000 000 O
+ _ - _ 3 _
ST = 0001 )] 5= 1000 |’ 5= 000 O
0000 0110 000 —1

The vectors v"¥, and v'%, are the highest-weight vectors of the s = 1 and s = 0
representations respectively, because they are annihilated by S™ and are eigenstates
of S3. In fact, v"¥, is also annihilated by S~ which shows that this state has zero

spin. Thus, we completely understood the structure of the Hilbert space for L = 2.

In general, the Hamiltonian can be realized as 2 x 2% symmetric matrix which
means that it has a complete orthogonal system of eigenvectors. The Hilbert space
split into sum of irreducible representations of su(2). Thus, for L being finite the
problem of finding the eigenvalues of H reduces to the problem of diagonalizing a
symmetric 27 x 2F matrix. This can be easily achieved by computer provided L is suf-
ficiently small. However, for the physically interesting regime L — oo corresponding
to the thermodynamic limit new analytic methods are required.

In what follows it is useful to introduce the following operator:
P 1<®H+Z “® “) 2<1H®H+ZSO‘®SO‘)
= — o' ®o®) =2(=
2 (0% 4 «

which acts on C? ® C? as the permutation: P(a ® b) =b® a.

It is appropriate to call S* the operator of the total spin. On a state |¢)) with
M spins down we have

$) = (500 - M) = 500} = (52— M)l

Since [H, S?] = 0 the Hamiltonian can be diagonalized within each subspace of the
full Hilbert space with a given total spin (which is uniquely characterized by the
number of spins down).

Let M < L be a number of overturned spins. If M = 0 we have a unique state

Fy =1 1)
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This state is an eigenstate of the Hamiltonian with the eigenvalue Fy = —<ZE:

JL
H|F) = —JZS3S3+1| Pty ==t 1),

Let M be arbitrary. Since the M-th space has the dimension m one should

find the same number of eigenvectors of H in this subspace. So let us write the
eigenvectors of H in the form

wy=" Y alna,....nu)lna,. )

1<ni<--<npy <L

with some unknown coefficients a(ny,...,nys). Here

1, .. nag) = S-S ... S |F)

niTn2 nm
and non-coincident integers describe the positions of the overturned spins. Obviously,
the coefficients a(nq, ..., ny ) must satisfy the following requirement of periodicity:

a(ng,...,ny,ny + N) =a(ng,...,ny).

The coordinate Bethe ansatz postulates the form of these coefficients (Hans Bethe,
1931)

a(ny, ..., ny Z A exp( Zp”(ﬂ nj>

TESM

Here for each of the M overturned spins we introduced the variable p; which is
called pseudo-momentum and S)p; denotes the permutation group over the labels
{1,...,M}. To determine the coeflicients A, as well as the set of pseudo-momenta
{p;} we have to use the eigenvalue equation for H and the periodicity condition for
a(ny,...,nyr). It is instructive to work in detail the cases M =1 and M = 2 first.

For M =1 case we have

Wy =Y am)n),  a(n) = AeP".

Thus, in this case
L
=A Z e |n)
n=1

is nothing else but the Fourier transform. The periodicity condition leads to deter-
mination of the pseudo-momenta

aln+L)=aln) = ePr=1,
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i.e. the T)'l' = L allowed values of the pseudo-momenta are

ok
p:% with k=0,--- [ —1.

Further, we have the eigenvalue equation

_JA
2

m,n=1

Hlp) = S Sy + Sy Sty + 25583, Im) = @)l

To work out the 1.h.s. we have to use the formulae
Sy Sppalm) = dpmlm +1), Sy Sy Im) = dpyrmlm — 1)
as well as
28253 1Im) = |m> ,  for m#nn+1,

1
2535’3+1|m)——§|m>, for m=n, or m=n+1.

Taking this into account we obtain

L L
_JA , . 1 .
ipn ip(n+1) - ipm
Hyp) = > [Zl<ep]n+1>+ep ]n))—l—zz_l( Zl )ep |m)
= m= n;é;rlzjmfl
1 & 1 &
-3 Zezpn|n> -3 Zew(n-i-l)m + 1>} )
n=1 n=1
Using periodicity conditions we finally get
_JA , ‘ L—-4 Jr . . L—4
H|p) = (e””(”*” + (D) —e“””) In) = —= (e*”” +eP + —) ) .
2 — 2 2 2
From here we read off the eigenvalue
E— Ey=J(1 - cosp) = zjsmﬂg,
where Ey = —ZL. Excitation of the spin chain around the pseudo-vacuum |F)

carrying the pseudo-momentum p is called a magnon**. Thus, magnon can be viewed

44The concept of a magnon was introduced in 1930 by Felix Bloch in order to explain the reduction
of the spontaneous magnetization in a ferromagnet. At absolute zero temperature, a ferromagnet
reaches the state of lowest energy, in which all of the atomic spins (and hence magnetic moments)
point in the same direction. As the temperature increases, more and more spins deviate randomly
from the common direction, thus increasing the internal energy and reducing the net magnetiza-
tion. If one views the perfectly magnetized state at zero temperature as the vacuum state of the
ferromagnet, the low-temperature state with a few spins out of alignment can be viewed as a gas
of quasi-particles, in this case magnons. Each magnon reduces the total spin along the direction of
magnetization by one unit of and the magnetization itself by, where g is the gyromagnetic ratio.
The quantitative theory of quantized spin waves, or magnons, was developed further by Ted Hol-
stein and Henry Primakoff (1940) and Freeman Dyson (1956). By using the formalism of second
quantization they showed that the magnons behave as weakly interacting quasi-particles obeying
the Bose-Einstein statistics (the bosons).
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as the pseudo-particle with the momentum p = #, k=20,...,L—1 and the energy

E:2Jsin2§.

The last expression is the dispersion relation for one-magnon states.

Let us comment on the sign of the coupling constant. If J < 0 then E; < 0
and |F') is not the ground state, i.e. a state with the lowest energy. In other words,
in this case, |F) is not a vacuum, but rather a pseudo-vacuum, or “false” vacuum.
The true ground state in non-trivial and needs some work to be identified. The
case J < 0 is called the anti-ferromagnetic one. Oppositely, if J > 0 then |F') is a
state with the lowest energy and, therefore, is the true vacuum. Later on we will
see that the anti-ferromagnetic ground state corresponds M = %L and, therefore, it
is spinless. The ferromagnetic ground state corresponds to M = 0 and, therefore,
carries maximal spin S% = 1L.%°

Let us now turn to the more complicated case M = 2. Here we have
W)= Y a(ni,na)lng,no),
1<n1<n2<L

where

a(nl,nQ) — Aez(p1m+p2n2) + Bez(mnl"'pm?)'

The eigenvalue equation for H imposes conditions on a(ni,ny) analogous to the
M =1 case. Special care is needed, however, when two overturned spins are sitting
next to each other. Thus, we are led to consider

J L ,
HY) = =5 3 alning) Y [S5Sm + St + 255,85 Iy, o)

1<n1<n2<L m=1

J
_5[ Z a(nl,ng)(|n1 +1,n2) + [n1,m2 + 1) + [n1 — 1,n2) + [n1,n2 — 1))

1<ny<ng<L

na>ni+1
L—-4 1

t— > a(na,n)lng,ng) — 74 > a(nlan2)|n1,n2>} +
1<ni<ng<L 1<nj<ngo<L
ng>ni+1 no>ni+1

J L—-2
+ *5 Z a(nl,n1+1){|n1,n1+2>+\n1—1,n1+1>+(T—l)|n1,n1+1>}
1<n:<L

45Many crystals possess the ordered magnetic structure. This means that in absence of external
magnetic field the averaged quantum-mechanical magnetic moment in each elementary crystal cell
is different from zero. In the ferromagnetic crystals (Fe, Ni, Co) the averaged values of magnetic
moments of all the atoms have the same orientation unless the temperature does not exceed a certain
critical value called the Curie temperature. Due to this, ferromagnets have a spontaneous magnetic
moment, i.e. a macroscopic magnetic moment different from zero in the vanishing external field.
In more complicated anti-ferromagnetic crystals (carbons, sulfates, oxides) the averaged values of
magnetic moments of individual atoms compensate each other within every elementary crystal cell.
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Here in the first bracket we consider the terms with ny > n;+1, while the last bracket
represents the result of action of H on terms with ny = ny + 1. Using periodicity
conditions we are allowed to make shifts of the summation variables ny,ny in the
first bracket to bring all the states to the uniform expression |nq,ny). We therefore
get

Hy) = —g { Z a(ny — 1,n9)ng, na) + Z a(ny,ng — 1)ng, na)

na2>ni nao>ni+2
L-38
+ Z a(ni + 1,n2)n1, na2) + Z a(ni,ne + 1)|n1,n2) + 5 Z a(ni,na)lni, n2)
na>ni+2 na>ni na>ni+1
J —4
75 Z a(nl,nlJrl) {\nl,n1+2>+|n171,n1+1>+ |n1,n1+1>} .
1<n <L

Now we complete the sums in the first bracket to run the range ny > n;. This is
achieved by adding and subtracting the missing terms. As the result we will get

Hly) =

J
D) { Z (a(m —1,n2) +a(ni,n2 — 1) +a(ny +1,n2) +a(ni,n2 + 1)

nz>ni

S, m2) ) In1, o)
_ Z (a(nl,n1)|n1,n1+1>+a(n1+1,n1+1)|n1,n1+1>+

1<n, <L

+a(ni,ny + 1)|ny,ny + 2) +a(ng, ng + 2)|ng,ny + 2) +

-8
a(ni,ny + 1)|n1,ny + 1})}

—4n1,n1+1>}} .

J
2{ Z a(nl,n1+1) |n1,n1+2>+|n171,n1+1>+

1<n, <L

The underbraced terms cancel out and we finally get

Hly) =

J L-8
_2{ Z (a(nl—17n2)+a(n1,n2—1)+a(n1+1,n2)+a(n1,n2+1)+ 5 a(n17n2)>|n17n2>}

n2>ni

1<ni<L

J
+2{ > (a(n1,n1)+a(n1+1,n1+1)—2a(n1,n1+1)>|n1,n1+1>}.

If we impose the requirement that
a(ny,ny) +a(ng +1,n +1) —2a(ny,n +1)=0 (7.1)

then the second bracket in the eigenvalue equation vanishes and the eigenvalue prob-
lem reduces to the following equation

2(E — Ey)a(ni,nz) = J[4a(ni,nz) = Y a(ny +o,ny) + a(ni,na +0)] . (7.2)

o==+1
Substituting in eq.(7.1) the Bethe ansatz for a(ny,ny) we get
AePrHpan o Beilpitp2)n | pp(prtp2)(n+l) | Bei(pitp2)(n+l)
_ Q(Ae i(p1n+tp2(n+l1)) + Bét (p2n+p1(n+1))> = 0.
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This allows one to determine the ratio

et(P1+p2) + 1 — 2¢'P2

et(P1tp2) 4 1 — Qeip1

B__
~ =

Problem. Show that for real values of momenta the ratio % is the pure phase:

B )
Z = 619(192,[11) = S(pg,pl) .

This phase is called the S-matrix. We further note that it obeys the following relation

S(Fh]b)s(pz,pl) =1.

Thus, the two-magnon Bethe ansatz takes the form
a(nb n2) — eiP1natp2n2) + S(p2’p1)€i(p2n1+p1n2) 7
where we factored out the unessential normalization coeflicient A.

Let us now substitute the Bethe ansatz in eq.(7.2). We get

2(E _ EO) (Aei(p1n1+p2n2) +B€i(p2n1+p1n2)> _ J|:4(Aei(p1n1+p2n2) +B€i(p2n1+p1n2)) _

_ (Aei(plm-‘rpznz)eim =+ Bei(pg'rtl+p17b2)eip2) _ (Aei(p1n1+p2n2)e—ip1 + Bei(pg’rb1+p1n2)e—ip2)
_ (Ae’i(P1n1+:D2n2)6i;D2 + Bei(p2n1+171’ﬂ2)eip1) _ (Aei(P1n1+P2n2)6*i;D2 + Bei(p2n1+171’ﬂ2)e*ip1>:| .

We see that the dependence on A and B cancel out completely and we get the
following equation for the energy

2
E—E0:J<2—cosp1—cosp2> :2JZsin2%.

k=1

Quite remarkably, the energy appears to be additive, i.e. the energy of a two-magnon
state appears to be equal to the sum of energies of one-magnon states! This shows
that magnons essentially behave themselves as free particles in the box.

Finally, we have to impose the periodicity condition a(ng,ny + L) = a(ny,ny). This
results into

ei(p1n2+p2n1)€ip2L + EeiplLei(p2n2+p1n1) — ei(p1n1+p2n2) 4 Eei(pznl-i-plnz)
which implies

' A . B
€’Lp1L:§:S(plup2)7 eZPQL:Z:S<p27p1)'
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The last equations are called “Bethe equations”. They are nothing else but the
quantization conditions for momenta py.

Let us note the following useful representation for the S-matrix.
We have

5 ) eiP2 (eim _ 1) 41— ¢ eiP2 %P1 (eépl _ 67%1?1) +e ( —5p2 _ e%pz)
P2,P1) = —— - - = 5 Z
etp1 (elpz — 1) + 1 — ¢t ezplegjh (62p2 — e 2pz) + 6 (6 3P1 _ e%m)
e2P?sin B — e” 2P sin B2 (cosp2 —&—zsmj"z)smp1 (cosp1 —zsm%l)sm%2
= T i = N
3P1 qin P2 _ o~ 3P2 qjn PL pP1 b2 b2 b2 p1
e2P1 gin 2 e 2P2 gin 5 (COS + 4sin & )sm (COS 7sin 5 )sm 5
pP1 :D2 1 p2 1 p1
_ cos 2 sin 2 2 cos 5+ 2 sin 22 4- 24 sin 2L 2 sin B2 2 _ 2 cot 2 L cot +1
DL D2 _ Ll P pL_
 cos 2 5 sin 2 5 cos 22 5 sin B + 21 sin Z 5 sin 22 2 5 cot -3 cot i

Thus, we obtained

S ) %cot%—%cot%—i—z
D1, P2 -1 p1 1 P2
200’5 3 —§cot7 1

It is therefore convenient to introduce the variable A = %coté—’ which is called

rapidity and get
A — Ao+

Al — A —i
Hence, on the rapidity plane the S-matrix depends only on the difference of rapidities

S(A, Ae) =

of scattering particles.

Taking the logarithm of the Bethe equations we obtain

Lpy = 2wmy + 0(p1, pa) , Lpy = 2mmay + 0(p2, p1) ,

where the integers m; € {0,1,...,L — 1} are called Bethe quantum numbers. The
Bethe quantum numbers are useful to distinguish eigenstates with different physical
properties. Furthermore, these equations imply that the total momentum is

s
P =p;+p2 = f(ml +m2)
Writing the equations in the form
2mmy 2mmey
= —6 = )
p=—7—+70(p1p2), p2=—7—+70(p2 1),
S—— S——

we see that the magnon interaction is reflected in the phase shift 6 and in the de-
viation of the momenta py, ps from the values of the underbraced one-magnon wave
numbers. What is very interesting, as we will see, that magnons either scatter off
each other or form the bound states.
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The first problem is to find all possible Bethe quantum numbers (m;,ms) for
which Bethe equations have solutions. The allowed pairs (my,ms) are restricted to

OgmlngSL—l

This is because switching m; and msy simply interchanges p; and p, and produces
the same solution. There are %L(L + 1) pairs which meet this restriction but only
sL(L — 1) of them yield a solution of the Bethe equations. Some of these solutions
have real p; and p,, the others yield the complex conjugate momenta py = pj.

The simplest solutions are the pairs for which one of the Bethe numbers is zero,
eg. m =0, m=my=0,1,..., L — 1. For such a pair we have

Lpy = 0(p1,p2), Lpy = 2mm + 6(p2, p1) ,

which is solved by p; = 0 and py = %Tm Indeed, for p; = 0 the phase shift vanishes:
6(0,p2) = 0. These solutions have the dispersion relation

E—E0:2Jsin2§, D = P2

which is the same as the dispersion for the one-magnon states. These solutions are
nothing else but su(2)-descendants of the solutions with M = 1.
One can show that for M = 2 all solutions are divided into three distinct classes

Descendents , Scattering States, Bound States
— N —_—
L I L3
L(L2 5) +3
so that
L(L—5)

1
L+ +3+L-3=2L(L~-1)

gives a complete solution space of the two-magnon problem.

The most non-trivial fact about the Bethe ansatz is that many-body (multi-
magnon) problem reduces to the two-body one. It means, in particular, that the
multi-magnon S-matrix appears to be expressed as the product of the two-body
ones. Also the energy is additive quantity. Such a particular situation is spoken
about as “Factorized Scattering”. In a sense, factorized scattering for the quantum
many-body system is the same as integrability because it appears to be a consequence
of existence of additional conservation laws. For the M-magnon problem the Bethe
equations read

M
e’ipkL _ H S(pk,pj) )
=1

i#k
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The most simple description of the bound states is obtained in the limit when

L — oo. If p; has a non-trivial positive imaginary part then e** tends to co and

this means that the bound states correspond in this limit to poles of the r.h.s. of the
Bethe equations. In particular, for the case M = 2 the bound states correspond to
poles in the two-body S-matrix. In particular, we find such a pole when

1 1 P2 _
2001:2 200’52—2.

This state has the total momentum p = p; + ps which must be real. These conditions
can be solved by taking

p1:§+iv, p2:§—z‘v.

The substitution gives

(e i) sind (2 —in) —cosi(2 —iv)sind(2 4
COS 3 (2 ZU) S1n 2 (2 Z’U) COS 3 (2 ZU) Sin 3 (2 ’L’U)
—92isini(2+iv)sindi(? —;
21 sin 5 (2 ZU> S1n 3 <2 ZU) s

which is

COS - =¢€ .

The energy of such a state is

E = 2J<sin2% + sin® %) = 2J<sin2 (g —l—zg) + sin? <§ —z%)) .

We therefore get

2p
241
E:2J<1—cosgcoshv> :2J<1—cos]—jcos—2> = Jsinﬂ—).

2 2005% 2

Thus, the position of the pole uniquely fixes the dispersion relation of the bound
state.

8. Non-linear phenomena in media

Remarkably, there exist certain differential equations for functions depending on two
variables (z,t) which can be treated as integrable Hamiltonian systems with infinite
number of degrees of freedom. This is an (incomplete) list of such models

e The Korteweg-de-Vries equation

u
ot

= 6UlUy — Ugpy -
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e The non-linear Schrodinger equation

z’%—f = — e + 26|01,

where ¢ = 9(z,t) is a complex-valued function.

e The Sine-Gordon equation

2o %0 m?
o o2 T g M=
e The classical Heisenberg magnet
oS 5 0§
e S e
ot " a2

where S(z, ) lies on the unit sphere in R3.

The complete specification of each model requires also boundary and initial condi-
tions. Among the important cases are

1. Rapidly decreasing case. We impose the condition that
Y(z,t) -0 when |z| = o0

sufficiently fast, i.e., for instance, it belongs to the Schwarz space . (R'), which
means that v is differentiable function which vanishes faster than any power
of |z|~! when |z] — oo.

2. Periodic boundary conditions. Here we require that 1 is differentiable and
satisfies the periodicity requirement

(x+ 2w, t) = P(x,t).

The soliton was first discovered by accident by the naval architect, John Scott Russell,
in August 1834 on the Glasgow to Edinburg channel.* The modern theory originates
from the work of Kruskal and Zabusky in 1965. They were the first ones to call
Russel’s solitary wave a solition.

46Russel described his discovery as follows: “I believe I shall best introduce this phenomenon by
describing the circumstances of my own first acquaintance with it. I was observing the motion of a
boat which was rapidly drawn along a narrow channel by a pair of horses, when the boat suddenly
stopped-not so the mass of the water in the channel which it had put in motion; it accumulated
round the prow of the vessel in a state of violent agitation, then suddenly leaving it behind, rolled
forward with great velocity, assuming the form of a large solitary elevation, a rounded, smooth
and well-defined heap of water, which continued its course along the channel apparently without
change of form or diminution of speed. I followed it on horseback, and overtook it still rolling on
at a rate of some eight or nine miles an hour, preserving its original figure some thirty feet along
and a foot or foot and a half in height. Its height gradually diminished, and after a chase of one
or two miles I lost it in the windings of the channel. Such, in the month of August 1834, was my
first chance interview with that singular and beautiful phenomenon which I have called the Wave
of Translation, a name which it now very generally bears.
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8.1 Solitons

Here we discuss the simplest cnoidal wave type (periodic) and also one-soliton so-
lutions of the KAV and SG equations For the discussion of the cnoidal wave and
the one-soliton solution of the non-linear Schrodinger equation see the corresponding
problem in the problem set.

Korteweg-de-Vries cnoidal wave and soliton

By rescaling of ¢, z and u one can bring the KdV equation to the canonical form
U + Uty + Ugyr = 0.

We will look for a solution of this equation in the form of a single-phase periodic
wave of a permanent shape

u(z,t) = u(zr —vt),
where v = const is the phase velocity. Plugging this ansatz into the equation we

obtain

d
—vux+6uux+umm:d—(—vu+3u2+um) =0.
T

We thus get
—vu—|—3u2—|—um+e:0,

where e is an integration constant. Multiplying this equation with an integrating
factor u, we get

d 1
—vuty 4 3uuy + Uglyy + €Uy = %( — guz +ud + éui + eu) =0,

We thus obtain
u? =k —2eu +vu? — 2u® = —2(u — by)(u — by)(u — bs),

where k is another integration constant. In the last equation we traded the integra-
tion constants e, k for three parameters by > by > b; which satisfy the relation

U:2<b1+b2+b3).

Equation
u? = —2(u —by)(u — by)(u — bs),

describes motion of a "particle” with the coordinate u and the time x in the potential
V = 2(u — by)(u — by)(u — b3). Since u2 > 0 for by < u < b3 the particle oscillates
between the end points b, and b3 with the period

b3

b /—2(u—b1)(u—bo)(u—bs) (b5 —b2)'/?
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where m is an elliptic modulus 0 < m = Igg%gf <1

The equation

u? = —2(u — by)(u — by)(u — bs),

can be integrated in terms of Jacobi elliptic cosine function cn(z, m) to give
u(a,t) = by + (bs — ba) en?(/{by — b1)/2(x = vt — o) m) |

where z( is an initial phase. This solution is often called as cnoidal wave. When
m — 1, i.e. by — by the cnoidal wave turns into a solitary wave

A

cosh? <\/§(x — vt — x0)> ‘

Here the velocity v = 2(by 4 by + b3) = 2(2by + b3) = 2(3b; + bs — by) is connected to
the amplitude A = b3 — b; by the relation

u(x,t) = by +

U:6b1+2A

Here u(z,t) = by is called a background flow because u(z,t) — by as © — Foo.
One can further note that the background flow can be eliminated by a passage to
a moving frame and using the invariance of the KdV equation w.r.t. the Galilean
transformation u — u + d, x — x — 6dt, where d is constant.

To sum up the cnoidal waves form a three-parameter family of the KdV solutions
while solitons are parametrized by two independent parameters (with an account of
the background flow).

Sine-Gordon cnoidal wave and soliton
Consider the Sine-Gordon equation
2

m
¢tt - ¢xx + ﬁ

where we assume that the functions ¢(z,t) and ¢(x,t) + 27/ are assumed to be

sin B =0,

equivalent. Make an ansatz

which leads to )

(U2 - 1)¢x:)c + % Sinﬁ¢ =0.
This can be integrated once
m? 21

6 — g eosBo="—

_1)2—1
2

2m? B m?
2 .9
os + 52 sin” =~ — ik

C
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where C' is an integration constant. This is nothing else as the conservation law of
energy for the mathematical pendulum in the gravitational field of the Earth! We
further bring equation to the form

¢i:1]22 (C+———sin —) (8.1)

B

As in the case of the pendulum we make a substitution y = sin 52 which gives

N2 m’ 2 C+Tg_22 2
(y):m(l—y) e Y] -

B2

This leads to solutions in terms of elliptic functions which are analogous to the cnoidal
waves of the KdV equation. However, as we know the pendulum has three phases
of motion: oscillatory (elliptic solution), rotatory (elliptic solution) and motion with
an infinite period. The later solution is precisely the one that would correspond to
the Sine-Gordon soliton we are interested in. Assuming v? < 1 we see?” that such

a solution would arise from (8.1) if we take C' = In this case equation (8.1)

m?
— .
reduces to

This can be integrated to*®

m(x—vt—xo)).

V1—02?

Here ¢y = £1. This solution can be interpreted in terms of relativistic particle moving

4
oz, t) = —EOE arctan exp (

with the velocity v. The field ¢(x,t) has an important characteristic — topological
charge

B 99 _p

Q= [ dasl = 2 (6(00) — d(~00)).

On our solutions we have

(3G
=2 —e=)(=—-0)=—
Q=5(~a3)G-0=—a,
because arctan(+oc) = £7 and arctan0 = 0. In addition to the continuous pa-

rameters v and xg, the soliton of the SG model has another important discrete
characteristic — topological charge () = —¢y. Solutions with () = 1 are called solitons

(kinks), while solutions with () = —1 are called ani-solitons (anti-kinks).

4TRestoring the speed of light ¢ this condition for the velocity becomes v? < ¢2, i.e., the center
of mass of the soliton cannot propagate faster than light.
48From the equation above we see that if ¢(x,t) is a solution then —¢(z,t) is also a solution.
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Here we provide another useful representation for the SG soliton, namely

m(z—vt—zq)

24 1+ e 1-v2
P(z,t) = GOE log —— =7 -
1—ie Vi-?

Indeed, looking at the solution we found we see that we can cast it in the form arctana = z =
m(x—vt—xzq)
B

—2Z¢(x,t) or @« = tanz = 72% where @« = e V1-»2 | From here z = 1 - log 7 Ltia 414 the
4deq ? e?rz419 —tx

announced formula follows.

Remark. The stability of solitons stems from the delicate balance of "nonlinearity”
and "dispersion” in the model equations. Nonlinearity drives a solitary wave to
concentrate further; dispersion is the effect to spread such a localized wave. If one
of these two competing effects is lost, solitons become unstable and, eventually,
cease to exist. In this respect, solitons are completely different from ”linear waves”
like sinusoidal waves. In fact, sinusoidal waves are rather unstable in some model
equations of soliton phenomena.

Sine-Gordon model has even more sophisticated solutions. Consider the following

4 " sin (mwl (t— va:) + ¢ )
¢(z,t) = — arctan — :
ﬁ w1 cosh (mwz(mfvtfzo))

V1—v?

This is solution of the SG model which is called a double-soliton or breather. Except
motion with velocity v corresponding to a relativistic particle the breather oscillates

muwi mwi

both in space and in time with frequencies T and i respectively. The pa-

rameter ¢y plays a role of the initial phase. In particular, if v = 0 the breather is a
time-periodic solution of the SG equation. It has zero topological charge and can be
interpreted as the bound state of the soliton and anti-soliton.
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9. Appendices

9.1 Appendix 1: Trigonometric formulae

Some important trigonometric formulae

sin(z £ y) = sinx cosy £ siny cos

cos(x +y) = coszcosy Fsinxsiny

+
sinxisinyzZSinxzyCOSx;Fy
cosx%—cosy:?cosm;_ycosx;y

. Tty . =y
coOsST — Ccosy = —2sin 5 sin 5

9.2 Appendix 2: Tensors

Many geometric and physical quantities can be described only as a set of functions

depending on a chosen coordinate system (z',...,2™). The representation of these

quantities may drastically change if another coordinate system is chosen (2!,...,2"):
ot =2t (2.2, i=1,....n

Vectors

Consider, for instance, a velocity vector along a given curve 2/ = 27(t). In z-

coordinates the components of the velocity vector are

dz! dz" ) .
<E,,E> —(7],,7’] )

In the other coordinate system we will have

da? dz™ "
(E,,E) :(617,5 )

Obviously,

j=

Therefore, for the components of the velocity vector one finds
e

(. J )
¢ ;n o

Here &' are components of the vector in coordinates (z',...,z™) at a given point,

while 1" are components of the vector in coordinates (z!,...,2") at the same point.
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Co-vectors

Consider the gradient of a function f(z!,..., z"):
_(9f of \ _
vf_(%a7axn>_(§l77£n>

In z-coordinates one has

Vf= (ﬁ .. ﬁ) = (M, 1) -

0zt Oz
Obviously, ' .
of "L Of O o)
azz_;%azi = W= ub

To compare vector and co-vector transformation laws, let us introduce the Jacobi
matrix A with elements A;'» = %. It is convenient to think about a vector as being
a column and about a co-vector as being a row, i.e. transposed column. Then we
have

Velocity vector & =An,
Gradient nt =¢'A.

After taking transposition of the second line, we get

Velocity vector &= An,
Gradient n = A'¢.

This clearly shows that vectors and co-vectors have different transformation laws.

Metric

Recall that the length of a curve is the length of the velocity vector integrated
over time. Therefore, in order for the length to be an invariant quantity, that is
not to depend on a choice of the coordinate system, the square of the length of the
velocity vector

of* = 9i;€'¢’
should be independent of the coordinates chosen. This requirement together with
the transformation law for vectors leads to the following transformation law for the
metric under general coordinate transformation
9z O

Metric constitutes an example of a second rank tensor (it has two indices) with two
lower indices, both of them transforming in the co-vector fashion.
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These examples of tensorial objects can be continued. For instance, a linear operator
A{f represents an example of a tensor with one index up and another index down
signifying that under general coordinate transformations the index j transforms in
the same way as the index of a vector, while ¢ transforms in the same way as the

jl---jq
11...0p

indices transforming in the vector fashion and ¢ lower indices transforming in the

index of a co-vector. Finally, assuming that there is an object ¢ with p upper

co-vector one, we arrive at the general definition of a (p, ¢)-type tensor presented in
section 1.4.

9.3 Appendix 3: Functional derivative

Let F[f] be a functional and 7 is a differentiable function. The functional derivative

oF = % is a distribution defined for a test function 7 as

_d
(0F,n) = lim — F[f + en] .

Consider for instance the following functional

Fla(t) = 5 [ dtgy(a(®)i'e!.

Here g¢;j(x) is a metric on a smooth n-dimensional manifold M"™ which has local
coordinates x*(t). Then

1 . . ) )
(6F.) = tim S5 [ dtg(a(t) + en) (@' + i) + i) =
. d 1 8gijk cied cied
= 11_1)%&5/&[%]-(:6) —i—e(%kn - } [q: ) + 2ei'ry —i—]
d 10gij ;..
= [ gty + L0 g

Thus, for the corresponding variational derivative we find

5F . d .k 1691] i

S~ )t 50

Vanishing of this functional derivative gives an extremality condition for the corre-
sponding functional.

Note that a function itself, i.e. u(x), can be considered as the functional

u(z) = / de u(y)o(z — ).

From this one can deduce the functional derivative
du(x)
du(y)

=d(z —y).
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9.4 Appendix 4: Introduction to Lie groups and Lie algebras

To introduce a concept of a Lie group we need two notions: the notion of a group
and the notion of a smooth manifold.

Definition of a group. A set of elements G is called a group if it is endowed with
two operations: for any pair g and A from G there is a third element from G which
is called the product gh, for any element g € G there is the inverse element ¢g=* € G.
The following properties must be satisfied

o (fg)h = [f(gh)

e there exists an identity element I € G such that [g =gl =g

o g9 ' =1

Definition of a smooth manifold. Now we introduce the notion of a differentiable
manifold. Any set of points is called a differentiable manifold if it is supplied with
the following structure

e M is a union: M = U,U,, where U, is homeomorphic (i.e. a continuous one-
to-one map) to the n-dimensional Euclidean space

e Any U, is supplied with coordinates zj called the local coordinates. The regions
U, are called coordinate charts.

e any intersection U,NU,, if it is not empty, is also a region of the Euclidean space
where two coordinate systems zj and z are defined. It is required that any
of these two coordinate systems is expressible via the other by a differentiable

map:
x?zxfj(mé,---x?), a=1,
a8 = al(xy, - al), a=1,--n (9.1)
Then the Jacobian det(?—%) is different from zero. The functions (9.1) are
Zq

called transition functions from coordinates zy to z; and vice versa. If all the
transition functions are infinitely differentiable (i.e. have all partial derivatives)
the corresponding manifold is called smooth.

Definition of a Lie group: A smooth manifold G of dimension n is called a Lie
group if G is supplied with the structure of a group (multiplication and inversion)
which is compatible with the structure of a smooth manifold, i.e., the group opera-
tions are smooth. In other words, a Lie group is a group which is simultaneously a
smooth manifold and the group operations are smooth.
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The list of basic matriz Lie groups

e The group of n x n invertible matrices with complex or real matrix elements:
A=al, detA # 0

It is called the general linear group GL(n,C) or GL(n,R). Consider for in-
stance GL(n,R). Product of two invertible matrices is an invertible matrix is
invertible; an invertible matrix has its inverse. Thus, GL(n,R) is a group. Con-
dition detA # 0 defines a domain in the space of all matrices M (n,R) which is
a linear space of dimension n?. Thus, the general linear group is a domain in
the linear space R". Coordinates in M (n,R) are the matrix elements a’. If A
and B are two matrices then their product C' = AB has the form

.
Cg—aibk

It follows from this formula that the coordinates of the product of two matrices
is expressible via their individual coordinates with the help of smooth functions
(polynomials). In other words, the group operation which is the map

GL(n,R) x GL(n,R) — GL(n,R)

is smooth. Matrix elements of the inverse matrix are expressible via the matrix
elements of the original matrix as no-where singular rational functions (since
detA # 0) which also defines a smooth mapping. Thus, the general Lie group
is a Lie group.

Special linear group SL(n,R) or SL(n,C) is a group of real or complex matrices
satisfying the condition

detA=1.

Special orthogonal group SO(n,R) or SO(n,C) is a group or real or complex
matrices satisfying the conditions

AA' =T, detA=1.

Pseudo-orthogonal groups SO(p,q). Let g will be pseudo-Euclidean metric in
the space R} with p+¢ = n. The group SO(p, q) is the group of real matrices
which preserve the form g:

AgAt =g, detA=1.

Unitary group U(n) — the group of unitary n x n matrices:

UUt =1.
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e Special unitary group SU(n) — the group of unitary n X n matrices with the
unit determinant

UUt =1, detU = 1.
e Pseudo-unitary group U(p,q):
AgAT =g,

where ¢ is the pseudo-Euclidean metric. Special pseudo-unitary group requires
in addition the unit determinant detA = 1.

e Symplectic group Sp(2n,R) or Sp(2n,C) is a group or real or complex matrices
satisfying the condition
AJA =

7= (4)

Question to the class: What are the eigenvalues of J? Answer:

where J is 2n x 2n matrix

and I is n X n unit matrix.

J = diag(i, - -i; —i, - , —1).
Thus, the group Sp(2n) is really different from SO(2n)!

The powerful tool in the theory of Lie groups are the Lie algebras. Let us see how
they arise by using as an example SO(3). Let A be “close” to the identity matrix

A=1+e¢ca
is an orthogonal matrix A* = A~!. Therefore,
I+ea'=I+ea)t =1—ea+ea®+---

From here a' = —a. The space of matrices a such that a! = —a is denoted as
so(3) and called the Lie algebra of the Lie group SO(3). The properties of this Lie
algebra: so(3) is a linear space, in so(3) the commutator is defined: if a,b € so(3)
then [a, b] also belongs to so(3). A linear space of matrices is called a Lie algebra if
the commutator does not lead out of this space. Commutator of matrices naturally
arises from the commutator in the group:

ABAT'B™' = (I+ ea)(IT + eb)(I + ea) (I + eb) ™
= ([T +ea)I+eb)(I—ea+e®a®+--)I—eb+b* +---) =
=T+ela+b—a—0b)+e*(ab—a*—ab—ba—b*+ab+a*+b*)+-- =
=T+ e[a,b] +---
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The algebra and the Lie group in our example are related as

expazz%:AESO(S)

n=0

Exponential of matrix. The exponent expa of the matrix a is the sum of the

following series
> m

a
expa:Z—.
m)!

m=0
This series shares the properties of the usual exponential function, in particular it is
convergent for any matrix A. The following obvious properties are

e If matrices X and Y commute then

exp(X +Y) = exp(X) exp(Y)

e The matrix A = exp X is invertible and A™! = exp(—X).

e exp(X') = (exp X)' .

Definition of a Lie algebra: A linear vector space J (over a field R or C) supplied
with the multiplication operation (this operation is called the commutator) [£,n)] for
&,m e J is called a Lie algebra if the following properties are satisfied

1. The commutator [£,n] is a bilinear operation, i.e.
(161 + oy, B + Bama] = an Bi[§1, m] + aaBi[€2, m] + 1 B2[€1, 7] + 2 B2[€2, 7o)

2. The commutator is skew-symmetric: [, n] = —[n, ]

3. The Jacobi identity

[, n], <]+, ¢, 1+ 1¢,€Lm =0

Let J be a Lie algebra of dimension n. Choose a basis e1,--- ,e, € J. We have
lei, e;] = C’fjek

The numbers C’fj are called structure constants of the Lie algebra. Upon changing
the basis these structure constants change as the tensor quantity. Let e, = Ale; and

1] 1k !
e}, €] = Cije), then

Clh AV e, = AL Alle,, €] = AL ASCllesy
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Thus, the structure constants in the new basis are related to the constants in the
original basis as

ClF = ATASCT (AT (9.2)

jrs m

Skew-symmetry and the Jacobi identity for the commutator imply that the tensor
ij defines the Lie algebra if and only if

Cl=-Ck e, =0

i pli™jk] = V-
Classify all Lie algebras means in fact to find all solutions of these equations modulo

the equivalence relation (9.2).

Ezxample. The Lie algebra so(3,R) of the Lie group SO(3,R). It consists of 3 x 3
skew-symmetric matrices. We can introduce a basis in the space of these matrices

00 0 0 01 0-10
Xi=100-11], Xo=1 000], Xz=1100
01 0 -100 000

In this basis the Lie algebra relations take the form
(X1, Xo] = X3, (X, X3] = X1, (X3, Xq] = X5
These three relation can be encoded into one

[Xi,Xj] = Eiijk: .

Ezxample. The Lie algebra su(2) of the Lie group SU(2). It consists of 2 x 2 skew-
symmetric matrices. The basis can be constructed with the help of the so-called
Pauli matrices o;

o 01 S 0 —1 S 10
" \10) = \io0 ) T\o-1)
These matrices satisfy the relations

[O'i, O'j] == 2i6’ijk0-k27 {Ji7 Oj} == 25” .

.
trices then the su(2) Lie algebra relations read

If we introduce X; = —x0; which are three linearly independent anti-hermitian ma-

(X, Xj] = € Xk

Note that the structure constants are real! Comparing with the previous example
we see that the Lie algebra su(2) is isomorphic to that of so(3,R):

su(2) ~ so(3,R).
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With every matrix group we considered above one can associate the correspond-
ing matrix Lie algebra. The vector space of this Lie algebra is the tangent space at
the identity element of the group. For this case the operation “commutator” is the
usual matrix commutator. The tangent space to a Lie group at the identity element
naturally appears in this discussion. To understand why let us return to the case
of the Lie group GL(n,R). Consider a one-parameter curve A(t) € GL(n,R), i.e, a
family of matrices A(t) from GL(n,R) which depend on the parameter ¢t. Let this
curve to pass though the identity at ¢t = 0, i.e., A(0) = I. Then the tangent vector
(the velocity vector!) at ¢ = 0 is the matrix A(t)|,—o. Other way around, let X be
an arbitrary matrix. Then the curve A(t) = I+ ¢tX for ¢ sufficiently closed to zero
lies in GL(n,R). It is clear that

In this way we demonstrated that the space of vectors which are tangent to the group
GL(n,R) at the identity coincide with the space of all n x n matrices. This example
of GL(n,R) demonstrates a universal connection between Lie group G and its Lie
algebra: The tangent space to G at the identity element is the Lie algebra w.r.t. to
the commutator. This Lie algebra is called the Lie algebra of the group G.

Exercise to do in the class: making infinitesimal expansion of a group element
close to the identity compute the Lie algebras for the classical matrix groups discussed
above. The answer is the following list:

The list of basic matrixz Lie algebras

e The general Lie group GL(n,R) or GL(n,C) has the matrix Lie algebra which
is M (n,R) or M(n,C), where M (n) is the space of all real or complex matrices.

e Special linear group SL(n,R) or SL(n,C) has the Lie algebra si(n,R) or
sl(n,C) which coincides with the space of all real or complex matrices with
zero trace.

e Special orthogonal group SO(n,R) or SO(n,C) has the Lie algebra so(n,R) or
so(n,C) which are real or complex matrices satisfying the condition

X'=-X.
e Pseudo-orthogonal group SO(p, q) has the Lie algebra which is the algebra of

matrices X satisfying the condition

Xg+gX'=0.
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We see that if we introduce the matrix u = X g then the relation defining the
Lie algebra reads
u+tu =0.

Thus, the matrix u is skew-symmetric ' + v = 0. This map establishes the
isomorphism between so(p, ¢) and the space of all skew-symmetric matrices.

e Unitary group U(n) has the Lie algebra which is the space of all anti-hermitian
matrices

XT=-X.

e Special unitary group SU(n) has the Lie algebra which is the space of all anti-
hermitian matrices with zero trace

X =-X, trX =0.

e Pseudo-unitary group U(p,q) has the Lie algebra which is the space of all
matrices obeying the relation

Xg+gXT=0.

The space u(p, q) is isomorphic to the space of anti-hermitian matrices. The
isomorphism is established by the formula © = Xg¢. Finally the Lie algebra of
the special pseudo-unitary group is defined by further requirement of vanishing
trace for X.

e The symplectic group Sp(2n,R) or Sp(2n,C) has the Lie algebra which com-
prises all is the is a group or real or complex matrices satisfying the condition

XJ+JX"=0

=(4)

where J is 2n X 2n matrix

and I is n X n unit matrix.

Linear representations of Lie groups Consider an action of a Lie group a n-
dimensional vector space R". This action is called a linear representation of Lie
group G on R" if for any g € G the map

p: g—plg)
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is a linear operator on R™. In other words, by a linear representation of G on
R™ we call the homomorphism p which maps G into GL(n,R), the group of linear
transformations of R”. The homomorphism means that under this map the group
structure is preserved, i.e.

p(9192) = p(91)p(g2) -

Any Lie group G has a distinguished element — go = I and the tangent space T  at
this point. Transformation

G—G: g — hgh™!

is called internal automorphism corresponding to an element h € (. This transfor-
mation leaves unity invariant: hlh~! = I and it transforms the tangent space T into
itself:

Ad(h): T —T.

This map has the following properties:
Ad(R™) = (Adh)™*, Ad(hihy) = AdhyAdhs .
In other words, the map h — Adh is a linear representation of G-
Ad: G — GL(n,R),

where n is the dimension of the group.

Generally, one-parameter subgroups of a Lie group G are defined as parameterized
curves F'(t) C G such that F(0) = Tand F(t;+t3) = F(t,)F (t2) and F(—t) = F(t)~".
As we have already discussed for matrix groups they have the form

F(t) = exp(At)

where A is an element of the corresponding Lie algebra. In an abstract Lie group G
for a curve F'(t) one defines the t-dependent vector

FlFeT.

If this curve F'(t) is one-parameter subgroup then this vector does not depend on ¢!

Indeed,
. dF(t+e) B dF (e)
b= de le=0 = F(t)< de >670’

ie. F'= F(t)F(0) and F~'(t)F(t) = F(0) = const. Oppositely, for any non-zero
a € T there exists a unique one-parameter subgroup with

F'F=q.
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This follows from the theorem about the existence and uniqueness of solutions of
usual differential equations.

It is important to realize that even for the case of matrix Lie groups there are matrices
which are not images of any one-parameter subgroup. The exercise to do in the class:
Consider the following matrix:

-2 0
= LT(2,R
o= ) ecrrem).

where GL*(2,R) is a subgroup of GL(2,R) with positive determinant. Show that
there does not exist any real matrix £ such that

et =g.

The answer: it is impossible because since the matrix & is real the eigenvalues A; o

of ¢ must be either real of complex conjugate. The eigenvalues of e¢ are e’ and e*2.

Ai

If \; are real then e* > 0. If \; are complex conjugate then e are also complex

conjugate.

It is also important to realize that different vectors & under the exponential map can
be mapped on the one and the same group element. As an example, consider the

10 01
e=fat)+o( ),

where o, f € R. Exponent e* can be computed by noting that
01\ /10
-10)  \01)°
10 01
£ _ _a :
e =e [(Ol)cosﬁ—i-(_lo)smﬁ}.
It is clear that

a(éi’)w(_?é), a([1)(1)>+(6+27rk:)<_(1)(1))

has the the same image under the exponential map. In the sufficiently small neigh-

matrices of the form

Then we have

bourhood of 0 in M (n,R) the map exp A is a diffeomorphism. The inverse map is
constructed by means of series

lnx:(x—]l)—%(x—ﬂ)2+%(x_ﬂ)3_...

for x sufficiently close to the identity.
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Linear representation of a Lie algebra. Adjoint representation. Let 7 be a
Lie algebra. We say that a map

p: J— M(n,R)
defines a representation of the Lie algebra J is the following equality is satisfied

pl¢nl = [p(n), p(¢)]

for any two vectors (,n € J.

Let F(t) be a one-parameter subgroup in G. Then g — FgF~! generates a one-
parameter group of transformations in the Lie algebra

AdF(t): T —>T.

The vector £AdF(t)],—o lies in the Lie algebra. Let a € T and let F(t) = exp(bt)
then

%AdF(tﬂt:O o= %(exp(bt)aexp(—bt)) lieo = [b, ]

Thus to any element b € J we associate an operator ad, which acts on the Lie
algebra:
ady: J — J, adpa = [b, a] .

This action defines a representation of the Lie algebra on itself. This representation
is called adjoint. To see that this is indeed representation we have to show that it
preserves the commutation relations, i.e. that from [z,y] = z it follows that

[adz, ady] = adz .
We compute
[adz, ady|w = adzx adyw — ady adzw = [z, [y, w]] — [y, [z, w]] = [z, [y, w]] + [y, [w, z]] =
— [w, [z,y]] = [z, y], w] = [z, 0] = adzw.

Here the Jacobi identity has been used.

Semi-simple and simple Lie algebras. General classification of Lie algebras is
a very complicated problem. To make a progress simplifying assumptions about the
structure of the algebra are needed. The class of the so-called simple and semi-simple
Lie algebras admits a complete classification.

A Lie subalgebra H of a Lie algebra J is a linear subspace H C J which is closed
w.r.t. to the commutation operation. An ideal H C J is a subspace in J such that
for any x € J the following relation holds

[z, H] CH.
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A Lie algebra 7 which does not have any ideals except the trivial one and the one
coincident with J is called simple. A Lie algebra which have no commutative (i.e.
abelian) ideals is called semi-simple. One can show that any semi-simple Lie algebra
is a sum of simple Lie algebras. Consider for instance the Lie algebra u(n) which is
the algebra of anti-hermitian matrices

u+uT:O.

The Lie algebra su(n) is further distinguished by imposing the condition of vanishing
trace: tru = 0. The difference between u(n) and su(n) constitute all the matrices
which are proportional to the identity matrix ¢I. Since

[Ail,u] =0

the matrices proportional to ¢I form an ideal in u(n) which is abelian. Thus, u(n)
has the abelian ideal and, therefore, u(n) is not semi-simple. In opposite, su(n) has
no non-trivial ideals and therefore it is the simple Lie algebra.

A powerful tool in the Lie theory is the so-called Cartan-Killing from on a Lie algebra.
Consider the adjoint representation of J. The Cartan-Killing form on J is defined
as

(a,b) = —tr(ad,ady)

for any two a,b € J. The following central theorem in the Lie algebra theory can
be proven: A Lie algebra is semi-simple if and only if its Cartan-Killing form is
non-degenerate.

For a simple Lie algebra J of a group G the internal automorphisms Adg constitute
the linear irreducible representation (i.e. a representation which does not have in-
variant subspaces) of G in J. Indeed, if Ad(g) has an invariant subspace H C J,
i.e. gHg™' C H for any g then sending g to the identity we will get

(T, H] CH

i.e. ‘H is an ideal which contradicts to the assumption that 7 is the semi-simple Lie
algebra.

Cartan subalgebra. To demonstrate the construction of the adjoint representation
and introduce the notion of the Cartan subalgebra of the Lie algebra we use the
concrete example of su(3). The Lie algebra su(3) comprises the matrices of the form
1M, where M is traceless 3 x 3 hermitian matrix. The basis consists of eight matrices
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which we chose to be the Gell-Mann matrices:

010 0—20 1 00
)\1: 100 5 )\2: ZOO ; )\3: 0—10
000 000 000
001 00— 000
M=1000 |, A=1000 , XM=1001
100 100 010
000 1 10 0
AM=100—: |, d=—7=[010
000 V3 00 -2

There are two diagonal matrices among these: A3 and Ag which we replace by T, =
%/\3 and Y = \/Lg)\g. We introduce the following linear combinations of the generators

1 1 1
ti = 5()\1 + Z/\Q) s V4 = 5()\4 + Z/\5) s U4+ = 5()\6 + Z)\y) .
One can easily compute, e.g.,

[t+,t+] = 0, [t+, tf} = Qtz, [t+,tz] = —t+ N [t+,U+] = V4, [t+, u,} = O,
[t+,U+] =0, [t-l—’v—] = —u—, [t+7y] =0.

Since the Lie algebra of su(3) is eight-dimensional the adjoint representation is eight-
dimensional too. Picking up (t,,t_,t.,uy,u_,v ,v_,y) as the basis we can realize
the adjoint action by 8 x 8 matrices. For instance,

t, 00000000\ [t

t 00200 000]| ]| ¢

t, ~1000 0 000 t

w, || 2] 00000 100 Y
o 00000 000]|]|u
v 00000000]|]| vy

v_ 0000-1000|] v

y 00000000 y

~
matrix realization of ¢4

Note that both ad; and ad, are diagonal. Thus, if z = at, + by then ad, is also
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diagonal. Explicitly we find

a 00 0 0 0 0 0
0—al 0 0 0 0 0
000 0 0 0 0 0

o — 000—3a+b 0 0 0 0

’ 000 0 a—=b 0 0 0
000 O 0 fa+b 0 0
000 O 0 0 —3a—1b0
000 0 0 0 0 0

In other words, the basis elements (t,,t_,t,, uy,u_,v,,v_,y) are all eigenvectors
of ad, with eigenvalues a, —a, 0, —%a + b, %a — b, —%a — b and 0 respectively. The
procedure we followed in crucial for analysis of other (larger) Lie algebras. We found
a two-dimensional subalgebra generated by ¢, and y which is abelian. Further, we
have chosen a basis for the rest of the Lie algebra such that each element of the basis
is an eigenvector of ad, if = is from this abelian subalgebra. This abelian subalgebra
is called the Cartan subalgebra.

In general the Cartan subalgebra H is determined in the following way. An
element h € H is called regular if ad, has as simple as possible number of zero eigen-
values (i.e. multiplicity of zero eigenvalue is minimal). For instance, for su(3) the
clement ad;, has two zero eigenvalues, while ad, has for zero eigenvalues. Thus, the
element ad,, is regular, while ad, is not. A Cartan subalgebra is a mazimal commu-
tative subalgebra which contains a reqular element. In our example the subalgebra
generated by ¢, and y is commutative and its maximal since there is no other element
we can add to it which would not destroy the commutativity.

Roots. It is very important fact proved in the theory of Lie algebras that any simple
Lie algebra has a Cartan subalgebra and it admits a basis where each basis vector
is an eigenstate of all Cartan generators; the corresponding eigenvalues depend of
course on a Cartan generator. In our example of su(3) for an element = = at, + by
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we have

adxt+ = at+

ad,t_ = at_
ad,t, = 0t,
1
ade+ = (—501 + b)U+
1
adu_ = (za —b)u_
2
1
ad,vy = (5(1 + b)u,
1
ad,v_ = (—§a —b)v_
ad,y = Oy .

We see that all eigenvalues are linear functions of the Cartan element x, in other
words, if we denote by e, the six elements t4,v4,uq and by h; the two Cartan
elements t.,y we can write all the relations above as

[hi7 h]] =0

[hi, ea] = a(hi)ea

where a(h;) is a linear function of h;. The generators e,, which are eigenstates of the
Cartan subalgebra, are called root vectors, while the corresponding linear functions
a(h) are called roots. To every root vector e, we associate the root a which is a
linear function on the Cartan sualgebra H. Linear functions on H, by definition,
form the dual space H* to the Cartan subalgebra H.

The Cartan-Weyl basis. Now we can also investigate what is the commutator of
the root vectors. By using the Jacobi identity we find

[, [ea, es]] = —leas [es; h]] = [es, [h, ea]] = (alh) + B(h))[ea, €] -
This clearly means that there are three distinct possibilities
e [c,,ep5] is zero
e [e., €3] is a root vector with the root a + 3

e o+ (=0 in which case [e,, eg] commutes with every h € H and, therefore, is
an element of the Cartan subalgebra.

Thus,
[€a, 5] = Napears
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if a + [ is a root,

[eou €,a] ~ ha

and [eq,es] = 0 if @ + (3 is not a root. The numbers N,z depend on the
normalization of the root vectors. The basis (h;, e,) of a Lie algebra with the
properties described above is called the Cartan-Weyl basis.

10. Problem Set

The problems in the problem set are ordered in accord with the sections of the lecture
material.

10.1 Problems to section 1

Problem 1. Shortest distance between two points. By using the action principle,
determine the shortest distance between two points on a two-dimensional plane.

Problem 2. Minimal surface of revolution. Consider a surface obtained by rotation
around y-axis of some curve passing through two given points (x1,y;) and (xs,ys).
Find the equation for the curve for which the area of this surface is minimal.

Problem 3. Poisson brackets. Check that the Poisson bracket

"\ /OF G  OF 0G
F,G xTr) = _— — — ] .
{ }H=) ; <8pj oy Og 8pj>

satisfies the following conditions

{F,G} =—{G. I},
{F>{G7H}}+{G’{H7F}}+{H’{F7G}}:0

for arbitrary functions F, G, H.

Problem 4. Consider a point particle moving in the potential U of the form depicted
in figure 1.

Fig. 1. Potential energy of a particle
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Draw the phase curve of this particle. Hint: consult the case of the harmonic oscil-
lator.

Problem 5. Consider a point particle moving in the potential U of the forms
depicted in figure 2.

U

a) b)

Fig. 2. Potential energies of a particle

Draw the corresponding phase curves.

Problem 6. Consider a point particle of unit mass m which moves in one dimension
(the coordinate ¢ and the momentum p) in the potential U(q), where

e case l:

U(q)=%, E>0

and ¢? is a (coupling) constant.

e case 2: )
g
U(q) = , E>0
(9) sinh? q
e case 3: )
U(q) = — J —, —-¢*<E<0
cosh” q
e case 4: )
g
Ulg) = ———, E >0
(@) cosh? ¢

Solve equations of motion for each of these potentials. In which case the motion if
finite?
Problem 7. Harmonic oscillator. The Lagrangian for the harmonic oscillator is

1 1
L= ém(f — §mw2q2 )
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Derive the corresponding equation of motion and write down its solution satisfying
q(t1) = ¢1 and ¢(t2) = go. Compute the value of the corresponding action on this
solution.

Problem 8. Find the Hamiltonian and Hamilton’s equations of motion for a system
with two degrees of freedom with the following Lagrangian

m m
L:—lﬁc%+72

5 i3 4 Biody + Borwydy — Uy, 22) .

Problem 9. The transformations below are not canonical. Find a simple way to
modify them so that they become canonical

1. P=p+q, Q=3q(e?)” +1)+ p(2e®+9” — 1),

2. P=pq, Q=n(p*¢")

Problem 10. We know that the change of the Lagrangian by a total derivative of
some function f(q,t)

d

does not change the Euler-Lagrange equations. Find the corresponding change in
the momentum and the Hamiltonian. Show that it corresponds to performing a
canonical transformation.

Problem 11. Use Noether’s theorem to find conserved charges corresponding to the
rotational symmetry of the Lagrangian of a particle moving in a n-dimensional flat

1
L= -mv?—rke ™, r=4/22
2

How many independent charges are there?

space

Problem 12. Conserved charges corresponding to the rotational symmetry of the
Lagrangian from the previous problem:

Jij = piT; — pjT;.

Compute the Poisson brackets of the charges with the momenta pg, coordinates
and themselves, 1.e.

{igsoets it iy, Jut-

Problem 13. Consider a one-dimensional harmonic oscillator with the frequency w
and compute the area surrounded by the phase curve corresponding to the energy
E. Show that the period of motion along this phase curve is given by T' = %.
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Problem 14. Let Ej be the value of the potential at a minimum point £&. Find the
period Ty = limg_, g, T(E) of small oscillations in a neighborhood of the point .

Problem 15. In the Kepler problem of planetary motion the three components J;
of the angular momentum have the following Poisson brackets

{J“ Jj} = —Ez‘ijk

Show that there are three conserved quantities which commute between themselves
with respect to the Poisson bracket (i.e. they are in involution)

H, J3, J*=J;+J;+J;
Here H is Kepler’s Hamiltonian.
Problem 16. Introduce the polar coordinates for the Kepler problem
r1 =rsinflcos¢p, x9=rsinfsing, x3=1rcost

Construct the canonical Hamiltonian H for the Kepler problem in the polar coordi-
nates. Obtain the expressions for

Js, JP=J+Ji+J;
in terms of the polar coordinates and the corresponding conjugate momenta.

Problem 17. The Euclidean space R? can be endowed with the structure of a Pois-
son manifold, in local coordinates %, i = 1,2, 3 the corresponding Poisson bracket is

of the form
{af, 27} = éThgh
Show that
e the bracket is indeed Poisson;

the bracket is degenerate and the function (z%)? is in its center;

reduce the Poisson bracket on the constant level manifold (z°)> = r? = const

(a two-sphere); use for this spherical coordinates.

write the corresponding symplectic form in spherical coordinate system.

Problem 18. Consider a string which perform small transverse oscillations in the
(z,y)-plane around its equilibrium position coinciding with the z-axis. Denote by
y(x,t) the transversal displacement of the string from its equilibrium at the point x
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at the moment of time t. Assuming that oscillations are small, derive the equation
of motion for y(z,1).

Problem 19. Consider the Lagrangian density of a real relativistic scalar field
1 v 1 2 2
L = -n"0,00,¢ — —m~¢°.
2 2
Here n* =7, = diag(+1, —1, -1, —1) is the Minkowski metric.
e Derive the corresponding Euler-Lagrange equations (the Klein-Gordon equa-
tion).
e Construct the corresponding Hamiltonian.

e By using Noether’s theorem, derive the stress-energy tensor.

Problem 20. Consider the Lagrangian density of a complex relativistic scalar field

1 v * 1 *
32—77“ ,ugb V¢__m2¢ gb)
2 2
where * means complex conjugation. Verify that the Lagrangian is invariant under
the transformation ¢ — e®¢, where « is a real constant parameter. By using
Noether’s theorem, construct the corresponding conserved current and conserved

charge.

Problem 21. Consider a theory which involves N scalar fields ¢,, all of them have
the same mass, and has the following Lagrangian density

| X m2 N )
L =3 0u0a0 0 — Y 6E - (D)
a=1 a=1 a=1

Here the last term described non-linear interactions with the strength g (the coupling
constant). Show that this Lagrangian density is invariant under the non-abelian
symmetry group G = O(N) (the group of orthogonal matrices).

Problem 22. Sine-Gordon Lagrangian. Consider the Sine-Gordon model with the

Lagrangian density
m2

BQ (1 — COS qu)

over two-dimensional Minkowski space-time. Using the canonical formalism con-

1
L = S0,00" +

struct the Hamiltonian (the generator of time translations) of the model. Using the
Noether theorem construct the momentum P (the generator of space translations)
and the generator K of Lorentz rotations.
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Problem 23. A Hamiltonian structure of the Korteweg-de-Vries equation . Let u(x)
be a real-valued function on R. Consider the following evolution equation

U = 6UUL — Ugpyy -

This is the so-called Korteweg-de-Vries equation (KdV). Consider the following Pois-
son bracket

{u(@),u(y)} = (u(z) +u(y))d' (x —y) + " (z —y)

where c is a constant. Find the Hamiltonian which produces the KdV equation with
respect this Poisson bracket.

Problem 24. Prove that if a second rank tensor 7}, is anti-symmetric in one
coordinate system, then it remains anti-symmetric in any other coordinate system.
Verify the same property for the symmetric tensor.

Problem 25. Counting tensor components.

e How many independent components has a tensor 7% of rank r, which has no
symmetry properties, in an n-dimensional space?

e How many components has a tensor which is anti-symmetric in s indices?

e How many components has a tensor which is symmetric in s indices?

10.2 Problems to section 2

Problem 1. Prove the following formulae of vector analysis:

e For any vector A:
divrot A = 0.

e For any function f:
rot grad f = 0.

e For any two vectors A and B:

—

grad (AB) = (AV)B 4 (BV)A+ B xrot A+ A x rot B .

e For any function f and a vector A

rot fA = frot A+ VfxA.
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Problem 2. A conducter is a material inside of which electric charges can freely
move under an electric field. In the electrostatic equilibrium a charged conducter
has its charge distributed on the surface. By using the Gauss theorem together with

/E-dizo

e the electric field on the surface of a conducter is always normal to this surface;

show that

e the value of the electric field on the surface is F = 4wo, where o is the surface
charged densisty.

Problem 3. The simplest capacitor is made of two isolated conductors A and B
placed close to each other. If we put on these conductors equal but sign opposite
charges ¢ and —¢ then they will acquire certain potentials ¢4 and ¢g. The ratio of
the charge to the difference of the potentials is called a capacitance

c=—21 |
PA — ¥PB

By using the Gauss theorem find the capacitance of
e two big plates of surface area S put on a distance d from each other;

e two concentric spheres with radii Ry and Ry (Ry > Ry);

e two concentric cylinders of length L and radii Ry and Ry (Ry > Ry).

Problem 4. Find the value a = a(d) for which a function

1
L iz — 2/[@

is harmonic in d dimensions (i.e. it is a solution of the Laplace equation VZp = 0
outside z = /).

Problem 4. Write the Laplace operator in spherical coordinates.

Problem 5. By using the Rodrigues formula, compute the norm of a Legendre
polynomial

/_1 da Py(z)? =?

1
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Problem 6. Consider the following function f(z) on —1 <z < I:

flz)=1 for x>0
flz)=—-1 for x<0.

Expand this function into the series over Legendre polynomials.

Problem 7. Prove that for any single-valued function ¢(x):
() = 3 bl — ),

where 0(z) is the Dirac delta-function and x; are the roots of the equation ¢(z) = 0.

Problem 8. Consider two static electric charges of the values ¢ and —q separated
by a small distance d. Find the scalar potential and the electric field on the distances
much large than d.

Problem 9. An infinite plate of width a is charged homogeneously with the charge
density p. Find the scalar potential and the corresponding electric field.

Problem 10. Electric charge is distributed in space with the following density p =
po cos(aux) cos(By) cos(yz) making an infinite periodic lattice. Find the corresponding
scalar potential.

Problem 11. Find the scalar potential potential and the electric field of a homoge-
neously charged ball. The radius of the ball is R and its charge is q.

Problem 12. Suppose it is known that all charges are contained in a volume of a
size 1m3. We want to know the potential on a distance 100m with accuracy up to
1/100 %, that is up to 104, How many terms in the multipole expansion are suffice
to keep?

Problem 13. Find an equation describing equipotential lines of a system of two
point charges: charge +q sitting at 2z = a and charge +g¢, sitting at z = —a; draw
these lines. Hint: Use the cylindrical coordinate system.

10.3 Problems to section 3

Problem 1. The vector potential produced by a magnetic dipole moment M is

. M xR
Ay = M B
|’

where B = #— Ty, where Ty is a location of the magnetic moment and 7 is a point at
which the vector potential is measured. Show that the corresponding magnetic field

— 148 —



is given by
3n(nM) — M
I
Problem 2. Consider an infinite long wire with the stationary current /. Find

the value of the magnetic field in the surrounding space produced by this current
distribution.

Problem 3. Determine the ratio of the magnetic and angular momenta for a system
of two charged particles with the charges e; and e, and masses m; and my assuming
that their velocities are much less than the speed of light.

10.4 Problems to section 4

Problem 1. Verify that the unitary 2 x 2-matrices g'g = 1 form a group.

Problem 2. Prove that for any matrix A the following identity is valid
det(exp A) = exp(tra),

or, equivalently,
exp(trin A) = detA.

Remark. This is very important identity which enters into the proofs of many for-
mulas from various branches of mathematics and theoretical physics. It must always
stay with you. Learn it by heart by repeating the magic words ”exponent trace of
log is determinant”.

Problem 3.
Let
0 —C3 C2
A= C3 0 —C1
—Cy C1 0

Show that the matrices
O(Cl, Co, Cg) = (]I + A)(]I — A)il

belong to the group SO(3). Show that the multiplication operation in SO(3) written
in coordinates (cy, ¢, c3) takes the form

O(c)O(d) = O(")
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where
d=(c+d+exd)/(1—(c)).

Here ¢ = (c1, ¢, ¢c3) is viewed as three-dimensional vector.

Problem 4. Use the Lorentz transformation

dx’ + vdt dt' + Sdz’
de = ———r ', dy=dy, dz=d, dt = ——=—
v2 v2
2 2

to derive the formulae for the Lorentz transformation of the velocity vector.

Problem 5. An inertial system M’ moves with the velocity ¥ with respect to a
system M. In the system M’ a bullet is shooted with the velocity ¢ under the angle
0'. Find the value of this angle in the system M. What happens if this bullet is a
photon?

Problem 6. Let €,,,, is a totally anti-symmetric tensor in Minkowski space. Com-
pute

VpN __

® c et ="
vpo __

® EMVP)\EM po =7
vTo __

Eppr €77 =7

TO __
€wpr€ 177 =7

Problem 7. Prove that for any tensor Ay:

€a575AﬁA€AZA§A = euupkdetHAgH .

Problem 8. Find four linearly independent null vectors in Minkowski space. Is it
possible to find four null vectors which are orthogonal?

Problem 9. Let system S’ moves with respect to the system S with velocity v along
the axis z. A clock resting in S’ in a point (xy, ¥}, 2;) in a moment t; passes through
a point (xg, Yo, 20) in the system S where the corresponding clock shows the time .
Write the Lorentz transformations witch relate two systems to each other.

Problem 10. (How velocities add in the relativistic case?) Prove the following
formula

02 1 + (U_;V) ’
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where @ and v’ are velocities of a particle in a systems S and S’, respectively, and v
is a velocity of S’ with respect to S.

Problem 11. Prove that

\/(17/ + ‘_/')2 _ (17’X2V)2
|77’ = —— )

where ¥ and v/ are velocities of a particle in a systems S and S’, respectively, and 1%
is a velocity of S’ with respect to S.

Problem 12. Derive the addition formula for velocities assuming that the velocity
V of S" with respect to S has an arbitrary direction. Represent the corresponding
formula in vector notation.

Problem 13. Two beams of electrons collide with velocities v = 0.9¢ measured
with respect to the laboratory coordinate system. What is the relative velocity of
electrons

e from the point of view of a laboratory observer?

e from the point of view of an observer moving with one of the beams?

Problem 14. (The Doppler effect). Find how the frequency w and the wave
vector k of a plane monochromatic wave transform form one inertial frame to another.
The direction of the relative velocity V' between two inertial frames is arbitrary.

Problem 15. Construct the Hamiltonian of a relativistic particle in a static gauge
t = 7, where 7 is a world-line parameter.

Problem 16. Calculate the work which should be applied in order to accelerate an
electron up to velocity 10° m/c. Treat an electron as a ball of the radius 2.8 x 1071
meter, whose charge is homogeneously distributed over its surface.

Problem 17. Consider the motion of a charged (with charge e) relativistic massive
particle (with mass m) in the Coulomb field with a potential ¢ = €'/r. Solve the
corresponding equations of motion.

Problem 18. Express momentum p of a relativistic particle via its kinetic energy.
Problem 19. Express the velocity v of a relativistic particle via its momentum p.

Problem 20. A relativistic particle with mass m; and velocity v; collides with a
standing particle of mass ms so that both particles form now a single particle (a
bound state). Find the mass M and the velocity V' of this composite particle.
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10.5 Problems to section 5

Problem 1. Consider a four-vector A#(x) = A*(t,Z) in a four-dimensional space
with the Minkowski metric. Construct the following Lagrangian density

1 v
L =—1FuF",  Fu=0,A,-0,A,.

e Derive the corresponding Euler-Lagrange equations (there are Maxwell’s equa-
tions in a vacuum)

e Verify that the action remains invariant under constant shifts:
at — ot + e

and derive the stress-energy tensor of the electromagnetic field. This tensor
obtained directly from Noether’s method will not be symmetric TH # T"*.
Show that one can add a total derivative term 7" — T"" + 0,x*** which will
make it symmetric.

e Verify that the action remains invariant under the following (Lorentz) trans-
formations

oxt — Az, , A = —AVH 22 = " x,x, .
Derive the corresponding Noether current.
e Verify that the action remains invariant under rescalings (dilatation):
xt — Az,

where A is a constant. Derive the Noether current corresponding to this sym-
metry.

e Consider special conformal transformations of the Minkowski space-time gen-
erated by the vector field

K =L

Ly = 2(:628“ —2x,2"0,), Ozt =€K, z".

Verify the invariance of the action under special conformal transformations and
construct the corresponding Noether current.

Problem 2. Write the Lorentz invariants

F,, F*

VoA
ehrr F;WFp/\
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via the electric and magnetic fields E and B. How adding the second invariant to
the action of the electromagnetic field will influence the corresponding equations of
motion?

Problem 3. Write the stress-energy tensor T"" of the electromagnetic fields via elec-
tric and magnetic fields E and B. Show that this tensor is conserved as a consequence
of the Maxwell equations. Explain the physical meaning of various components of
the stress-energy tensor.

Problem 4. Consider a charged particle which moves in a time-independent homo-
geneous electric field . Find the solution of the corresponding equations of motion.

Problem 5. Consider a charged particle which moves in a time-independent ho-
mogeneous magnetic field H. Find the solution of the corresponding equations of
motion.

Problem 6. Let the coordinate system S’ moves with respect to the coordinate
system S with velocity v along the axis x. Suppose in the system S there is a
electromagnetic field described by the four-potential A* = (A% A, A%, A3). Find the
components of the four-potential A in the coordinate system S’.

Problem 7. Let the coordinate system S’ moves with respect to the coordinate
system S with velocity v along the axis x. Suppose in the system S there is a
electromagnetic field (E, H). Find the electromagnetic field (E/, H') in the coordinate
system S’

Problem 8. Let the coordinate system S’ moves with respect to the coordinate
system S with velocity v along the axis x. In the framework of the previous problem,
assume that v << ¢. Find the transformation law between (E, H) and (E', H') up
to terms of order 2.

Problem 9. In the lecture notes the retarded Green function for the wave equation
has been determined. Find the advanced Green function and the Pauli-Green func-
tion which is given by the difference of the advanced and retarded Green functions:

GPauli = Gadv - Gret .
Show that the latter function obeys the homogeneous wave equation.

Problem 10. By using Cauchy’s theorem calculate the following integrals

1.
2 dt-
/ — (a>b>0);
o (

a+bcost)?’
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2
14 2cost)” t 1
/ (1+ cos)cosn(h57 lca<k
0 1—a—2acost 3

> coszdx
o T2+ a?’

o
sin z
dzx .
0 T

Problem 11. Consider the stress-energy tensor of electromagnetic field:

1 1
T, = E( — F,,F,"+ ZUWF,,AF”A) .

3. (Laplace)

4. (Euler)

The following problems are in order
e Verify that T,/ =0

e Using Maxwell’s equations with sources find the divergence

T,
oz,

=?

Problem 12. An electric dipole with the moment p moves with velocity ¢ with

respect to a rest coordinate system. Find electromagnetic field created by this dipole:

go,ffand E, H.

Problem 13. Electromagnetic wave for which the electromagnetic field depends
on one coordinate x (and on time) only, is called flat (plane). Assuming the gauge

divA = 0, solve the Maxwell equations for flat (plane) electromagnetic waves.

Problem 14. Find the force acting on a wall which reflects (with the reflection

coefficient R) a flat electromagnetic wave.

Problem 15. Suppose electromagnetic potential A, would a massive vector field

with the action .
§=—7 [ / d*2Fy ™+ m? A, A%

Show that

e This action is not invariant under gauge transformations

e Derive an analogue of the Coulomb law implied by this massive vector field (in

other words, find the electric field produced by a point-like static source).
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Problem 16. Consider free (without charges) electomagnetic field in a finite volume
of space, being a parallelepiped with sites equal to a,b and c.

e Write a Fourier decomposition of the vector potential

Write the condition divA = 0 in the Fourier space

Show that the Fourier coefficients of A satisfy the equations of motion of the

harmonic oscillator

Write the expressions for E and H via the Fourier coefficients of A

Find the Hamiltonian of free electomagnetic field in the Fourier space

10.6 Problems to section 6

Problem 1. Determine the Poynting vector for the fields produced by a charge e
which moves with constant velocity ¥. Show by explicit calculation that no energy
is emitted by the charge during its motion.

Problem 2. Complete the derivation of the Lienart-Wiechert electric and magnetic
fields

i = ).
g Lo B)(A-IR) R (A

(r-fe)’ er-f)

starting from the corresponding vector and scalar potential derived in the lecture
notes.

Problem 3. Calculate the Poynting vector and the energy flux produced by an
arbitrary moving charge by using the expressions for the Lienard-Wiechert fields.

Problem 4. An electric dipole with constant electric dipole moment magnitude is
located at a point in the zy-plane and rotates with constant angular frequency.

e Determine the time-dependent electromagnetic fields at large distances from
the dipole.

e Determine the radiated average power angular distribution and the total radi-
ated power.

Problem 5. Let a positive charge +e¢ is concentrated at the origin of a coordi-
nate system and negative charge —e performs harmonic oscillations along the z-axis

- 155 —



around the positive charge. Find the radiation field of the corresponding system of
charges. Compute the average radiated power.

Problem 6. Estimate the time of falling down of electron on the kernel in a hydrogen
atom because of radiation of electromagnetic waves. Assume that electron moves on
a circular orbit.

Problem 7. Determine the intensivity of dipole radiation of two charged particles
(with charges e; and ey and masses my and my) interacting by means of Coulomb
potential.

Problem 8. Determine the average intensivity of dipole radiation of electron which
moves over an elliptic orbit with respect to proton in a hydrogen atom.

Problem 9. Consider the following idealized situation with an infinitely long, thin,
conducting wire along the 2z axis. For ¢ < 0, it is current free, but at time ¢t = 0
a constant current J is applied simultaneously over the entire length of the wire.
Consequently, the wire carries the current

i(2) = 0,t<0
T =0 t>0

It is assumed that the conductor is kept uncharged, i.e. p = 0. Determine E , H and
the Poynting vector S in the whole space.
10.7 Problems to section 7

Problem 1. Consider XXX Heisenberg model. For the chain of length L = 3
find the matrix form of the Hamiltonian as well as its eigenvalues. Construct the

corresponding matrix representation of the global su(2) generators. How many su(2)
multiplets the Hilbert space of the L = 3 model contains?

Problem 2. Carry out an explicit construction of the Bethe wave-function a(nq, ns)
for two-magnon states of the Heisenberg model. Derive the corresponding Bethe
equations.

Problem 3. Show that L two-magnon states of the Heisenberg model with p; = 0

and py = %Tm with m = 0,1,...,L — 1 are su(2)-descendants of the one-magnon

states.

Problem 4. Show that on the rapidity plane A\ = %cotg the S-matrix of the
Heisenberg model takes the form

Al — Ay 1
S(M,)\z):)\i_—)\z_i-

Hence, it depends only on the difference of rapidities of scattering particles.
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