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Cosmology Formulae Midterm 2013-14

Metric compatibility, covariant derivative and the (Levi-Cività) connection Γαµν:

∇αgµν = 0 , ∇αωβ = ∂αωβ−Γµαβωµ , ∇αA
µ = ∂αA

µ+ΓµαβA
β , Γαµν = gαβ

(
∂(µgν)β−

1

2
∂βgµν

)
(1)

Geodesic equation and geodesic deviation (λ is an affine parameter):

Duµ

dλ
+ Γµαβu

αuβ = 0 , uα =
dxα

dλ
,

D

dλ

dξµ

dλ
= Rµ

αβγu
αuβξγ (2)

Einstein’s equations:

Gµν −
Λ

c2
gµν =

8πGN

c4
Tµν , Gµν = Rµν −

1

2
gµνR (3)

Riemann and Ricci tensors (for a symmetric – or Levi-Cività – connection):

Rα
βγδ = 2∂[γΓ

α
δ]β + 2Γαµ[γΓ

µ
δ]β , Rαβ = Rγ

αγβ , R = gαβRαβ (4)

Covariant actions (Hilbert-Einstein and matter):

SHE = − c4

16πGN

∫
d4x
√
−g
(
R+ 2

Λ

c2

)
, Smatter =

∫
d4x
√
−gLmatter(ψmatter, gαβ) (5)

Einstein’s equation and matter field equations are obtained by the variation principles:

δ(SHE + Smatter)

δgµν
= 0 ,

δSmatter

δψmatter

= 0. (6)

Matter actions (scalar, vector, fermionic) [Fµν = ∂µAν − ∂νAµ,∇µψ = (∂µ − Γµ)ψ]:

Lφ =
1

2
(∂µφ)(∂νφ)gµν − V (φ)− ξ

2
Rφ2 , LA = −1

4
FµνFρσg

µρgνσ , Lψ = ψ̄ıγµ∇µψ −mψψ̄ψ (7)

NB: Spin(or) connection Γµ is determined by the compatibility condition (γµ = eµaγ
a):

∇µγν = ∂µγν − Γαµνγα − Γµγν + γνΓµ = 0 (8)

Stress-energy tensor (general and perfect fluid):

Tµν =
2√
−g

δSmatter

δgµν
, (Tµν)perf.fluid = (ρ+ P)

uµuν
c2
− gµνP (9)

Gravitational dilatation and redshift (cosmological redshift: z(t) = (a0/a(t))− 1):

δt1
δt2

=

√
g00(r2)

g00(r1)
' 1 +

φN(r2)−φN(r1)

c2
,

E1

E2

=
ν1

ν2

=
λ2

λ1

=

√
g00(r2)

g00(r1)
' 1 +

φN(r2)−φN(r1)

c2
(10)

Light deflection:

~α = − 2

c2

∫ observer

source

dλ∇⊥φN (11)
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FLRW metric (conformal time: dη = dt/a, Gauss’ curvature Rc = 1/
√
|κ|):

ds2 = c2dt2 − a2(t)
( dr2

1− κr2
+ r2dθ2 + r2 sin2(θ)dφ2

)
(12)

FLRW (Friedmann) equations (H = (d/dt) ln(a), a(t0) = a0 = 1):

H2 =
8πGN

3c2
ρ+

Λ

3
− c2κ

a2
,

ä

a
= −4πGN

3c2
(ρ+ 3P) +

Λ

3
(13)

These come together with a conservation equation, and another form of the 2nd equation:

ρ̇+ 3H(ρ+ P) = 0 , Ḣ = −4πGN

c2
(ρ+ P) +

c2κ

a2
(14)

The principal slow roll parameter ε and the EoS parameter w:

ε = − Ḣ

H2
=

d

dt

(
1

H

)
, when Λ = 0 = κ : ε =

3

2
(1 + w) , w =

P
ρ

(15)

(Physical) particle horizon (ds = 0) [comoving horizon `c = `phys/a]:

`phys =

∫ r

rin

√
grr(r′)dr

′ = a(t)

∫ r

rin

dr′√
1− κr′2

= ac(η − ηin) (16)

NB: rin = initial radius (may be zero); Hubble radius: RH = c/H, Hubble time: tH = 1/H.

Friedmann equation and relative densities Ωi for today (t = t0, H0 = H(t0)):

1 =
∑
i

Ωi + ΩΛ + Ωκ , Ωi =
ρi
ρcr

, ρcr =
3c2

8πGN

H2
0 , ΩΛ =

Λ

3H2
0

, Ωκ = −c
2κ

H2
0

(17)

The age of the Universe (in conformal time: multiply the integrand by 1/ã):

tH0 =

∫ a

0

dã√
Ωmã−1 + Ωγ ã−2 + ΩΛã2 + Ωκ + ΩQã−1−3wQ

, (18)

Apparent and absolute magnitudes; luminosity distance dL:

m−M = 5 log10

(
r

Mpc

)
+ 25 , F =

L
4πd2

L

(19)

Luminosity distance in various geometries:

dL(z) = (1 + z)Rc sinh
( c

H0Rc

∫ z

0

dz′

E(z′)

)
(open universe) (20)

dL(z) = (1 + z)
c

H0

∫ z

0

dz′

E(z′)
(flat universe) (21)

dL(z) = (1 + z)Rc sin
( c

H0Rc

∫ z

0

dz′

E(z′)

)
(closed universe) (22)

with (here Ωi are defined today at t = t0)

E(z)2 = Ωm(1 + z)3 + Ωγ(1 + z)4 + ΩΛ + ΩQ(1 + z)3(1+wQ) + Ωκ(1 + z)2 . (23)


