
GENERAL RELATIVITY

Tutorial problem set 4, 30.09.2016.

� PROBLEM 10 Volume element.

The volume element can be written in terms of an n-form as

dnx ≡ 1
n! ε̃µ1...µndx

µ1 ∧ dxµ2 ∧ · · · ∧ dxµn , (10.1)

where ε̃µ1...µn is the totally antisymmetric Levi-Civita symbol.
(a) Show that

√
−gdnx is the invariant volume element under coordinate transformations,

where g ≡ det(gµν). Conclude from there that εµνρσ =
√
−g ε̃µνρσ is a tensor.

(b) Can you discuss what happens to the volume element in n = 3 space when you introduce a
left-handed instead of right-handed coordinate system? Hint: Consider first a left-handed
and right-handed coordinate system on an n = 2 surface embeded in n = 3 space, and a
surface element on it, and think of orientability.

� PROBLEM 11 The Eötvös experiment.

Figure 1: Torsion balance modelling the one used by Loránd Eötvös. Two weights on the ends
of the rod are made of different materials. The mirror reflects the light beam such that one can
detect the rotation due to the torque.

An experimental set-up in Figure 1 shows an idealized picture of how Eötvös tested the
Equivalence principle (i.e. Mgrav. = Minert.). The rod in the laboratory frame (the one tied to
the surface of the Earth) is aligned to be perpendicular to the meridian. Since this is not an
inertial frame, the two weights experience a centrifugal force, apart from gravitational one.

The gravitational force on the surface of the Earth is

~Fg = −GNM⊕Mgrav.
~r

r3 , (11.1)

while the centrifugal force is

~Fω = Minert.ω
2
(
~r − (~ω · ~r)

ω2 ~ω

)
, (11.2)

where ω is Earth’s angular velocity, and r is the Earth’s radius.
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(a) Convince yourself of the validity of these two formulas. Draw the two forces acting on
objects in the torsion balance of Figure 1.

(b) the main idea of the experiment was to check whether M
(1)
inert.

M
(1)
grav.

= M
(2)
inert.

M
(2)
grav.

for different
materials. If this were true, then the Equivalence principle holds. (The actual value of
the ratio is somewhat ambiguous and depends on the definition. The value is fixed to be 1
by choosing the appropriate Newton’s constant.) Show that the measurable misalignment
between the forces ~F (i) = ~F

(i)
g + ~F

(i)
ω acting on two objects is

α = |
~F (1) × ~F (2)|
|~F (1)||~F (2)|

=

∣∣∣∣∣M (1)
inert.

M
(1)
grav.

− M
(2)
inert.

M
(2)
grav.

∣∣∣∣∣ (~ω · ~r)|~ω × ~r|r
GNM⊕

. (11.3)

Assume that the gravitational force is much stronger than the centrifugal one.

(c) Using the previous result of the previous point, what would happen if somebody carried
out the Eötvös experiment at the equator? What is the most favourable latitude to
carry out the experiment (namely, at which latitude the possible misalignment would be
largest)?

� PROBLEM 12 Relativistic particle in an electromagnetic field.

The properties of the electromagnetic field are governed by the vector potential Aµ. It is given
by

Aµ(xν) =
(
ϕ(xν), ~A(xν)

)
.1 (12.1)

The action of a charged particle in the presence of an electromagnetic field is given by

S = −mc
∫ b

a

dτ − e

c

∫
Aµ(xν)dxµ, (12.2)

where dτ =
√
−ηµνdxµdxν/c is the proper time, m denotes particle’s mass and the charge

e of the particle governs its interaction strength with the electromagentic field given by the
vector potential Aµ. In this problem, we would like to calculate the equation of motion for this
particle, in the presence of the electromagnetic vector potential Aµ.
(a) Write down the variation of the action δxS = 0 with respect to xν for a neutral particle

(e = 0). You should first derive

δdτ = −dxµd(δxµ)
c2dτ

. (12.3)

(b) Let us now define the following quantity

uµ = dxµ
dτ = dxµ√

1− ~v2

c2 dt
=

 c√
1− ~v2

c2

,
~v√

1− ~v2

c2

 . (12.4)

Evaluate uµuµ!

(c) Now, Taylor expand Aµ(xν + δxν) around xν to find δAµ. Furthermore, piecing things
together, derive the differential equation that governs the motion of our charged particle
whose action is given by (12.2). Give the physical interpretation of the (time-like and
space-like) terms obtained by the variation of the second term in Eq. (12.2).

1Note that Aµ → Aµ = ηµνA
ν = (−ϕ, ~A).
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