GENERAL RELATIVITY
Tutorial problem set 7, 21.10.2016.

H PROBLEM 19 Riemann tensor.

Riemann tensor (with all indices down) is defined to be
Ryop = G0p R o = G (aﬂrgg — 9, 4+ T2 1% — rgargg) . (19.1)
(a) Prove that Riemann tensor is antisymmetric in its first two indices,
Ryopy = —Roxpw (19.2)
and that it is antisymmetric in its last two indices,
Ryopw = —Roowp - (19.3)

Furthermore, prove that is is symmetric under the exchange of left-hand pair and right-
hand pair of indices,

Ryopy = Ruvro - (19.4)
Finally, prove the identity

Ryopw + Ryjwo + Ravop =0 . (19.5)
(The last identity is equivalent to writing Rj(,,.), can you see why?)

(b) Using the symmetries of Riemann tensor derived in (a) show that Riemann tensor in D
dimensions has D?(D? — 1)/12 independent components.

(c) In D = 2 dimensions Riemann tensor has only one independent component. Convince
yourself that we can write it in the following form

R)\cuw - f(l’) (gkugau - g)\ugcru) ) (196)

where f(z) is a scalar function of coordinates. Determine what f is by requireing that
the appropriate contractions of the Riemann tensor yield the Ricci scalar.

(d) Show the Bianchi identities,

vaRpa;w + vuRpm/oz + VVRpaau =0 ) (197)

1
VRag — 5VsR =0 (19.8)



H PROBLEM 20 Geodesic deviation.

Consider a pair of nearby freely falling particles that travel on trajectories z*(7) and
z"(T) + dx#(7). Their equations of motion are

d?x* dx® dzP

T (2) S0 20.1
dr? * aﬁ(x) dr dr 0, (20.1)
d*(z" + dzt) u d(z® + 0z%) d(2” + 62°)

(a) Show that the difference between these two equations to first order in dx* is

&(0at) | Mopdedal o, oy do”d(@af) _

20.3
dr? Oox? dr dr B dr  dr ( )

(b) Show that this can be rewritten in terms of covariant derivatives along the curve z*(7),

D?*(6xH) dz® dx? _
T = —RMaVﬂW?(SI’ . (204)

Remember the definition of the directional derivative along a curve x%(7),

D dx®

~—=2"v,. 20.5
dr dTv ( )

B PROBLEM 21 Weyl tensor.

The Weyl tensor in D dimensions is defined to be

2

9
Coopw = Rpopw — D=2 (%[uRv]a - ga[uRu]p> + D=1)(D=2) Yplugvjo 1R - (21.1)

(a) Determine the number of independent components of the Weyl tensor in D dimensions.

Hint: Show that it has the same symmetries as the Riemann tensor, and in addition
C%uarv = 0.

(b) Show that for D > 4 the Weyl tensor satisfies the following version of Bianchi identity,

D-3 1
VpCP(,W =2 m (V[uRy]g‘ + mgg[ﬂvu]R> . (21.2)

Hint: Use the Bianchi identities from problem 1.

(c) Can you argue why the expression above is not defined for D < 37



