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CHAPTER

INTRODUCTION

Before plunging into the many theoretical descriptions
and experimental results in neutrino physics, we give a
brief overview of the history of the neutrino.

1.1 Historical overview

In this section we will provide a brief overview of the discovery of the neutrino, which
is based on the historical summary in [1]. For a more extended account see [2, Ch.
1] and references therein.

Without giving proper credit to Becquerel, Thompson, Rutherford and all those oth-
ers who were involved in the discovery of and early attempts to explain radioactive
phenomena, let us go back to the early 1900’s and the first studies of 3 radiation. At
the time, it was established that the particles making up the § radiation were actually
the same ones as those coming from cathode ray tubes, namely electrons. The only
other elementary particle was thought to be the proton, all the nuclei of elements
heavier than hydrogen being built up from protons and electrons. The electrons emit-
ted in 3 radiation were assumed to come from the nucleus. Now in spontaneous
beta decay (that is, without any external stimulus such as light or electricity) some
nucleus A with mass M 4 turns into a nucleus A’ of mass M 4 while emitting an elec-
tron (and no more than that). Using conservation of momentum and energy, and
the energy-mass equivalence from Einsteins new theory) then obviously the energy
of the emitted electron should be proportional to M4 — M,,. For a while, this re-
sult was supported by both theoretical and experimental evidence. However, both
turned out to have serious problems. In 1914 detection techniques were sufficiently
advanced that Chadwick could provide definite evidence that the energy E of the
outgoing electron is not sharply peaked aroud M4 — M 4. but continuously takes val-
ues up to F ~ M, — M. It took another 15 years to show that this was in fact a
“real” property, rather than one induced by interactions of the radiation with other
nuclear particles or other radiation. A completely different problem also arose. Under
the assumption of nuclei just containing electrons and protons, ,N should consist of
7 4 14 = 21 fermions, although experiments had revealed that nitrogen was in fact a
boson.
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Rather than thinking the atomic model of nuclei built up from electrons and protons
was wrong (which, of course, it is), other explanations were sought. Niels Bohr
around 1930 went as far as to suspect that maybe the energy conservation principle
would have to be abandoned. Clearly this would solve the problem of the “missing”
energy in 3 decay. Based on the “strange” properties of electrons in nuclei, this idea
was not immediately dismissed; in fact it was considered a very likely explanation.
However, in 1930, Pauli wrote a hesitant letter [3] to the participants of a nuclear
physics conference in Tiibingen (Germany). He proposed that another, as yet unseen,
elementary particle might exist which would have to be electrically neutral, very light
and which he suspected to have spin % He went on to demonstrate that this would
solve both problems, as this new particle could carry away some energy from beta
decays unseen, and adding an odd number of them to the nitrogen nucleus would
make the number of fermions even. He immediately added that the idea was very
daring and “may not seem very probable a priori”, but “only the one who dares can
win” and “from now on, every possible solution must be considered.”

Some years later, in 1932, Chadwick did in fact discover a neutral nuclear con-
stituent. Unfortunately it did not have the properties predicted by Pauli. In particular
it was much heavier, with mass slightly greater than the proton. Soon after, Heisen-
berg, Majorana and Ivanenko all independently assumed that atomic nuclei were not
built out of protons and electrons, but protons and neutrons. Thus they explained
all the existing data. It was Enrico Fermi who, in a play of words, renamed Pauli’s
neutral particle to “neutrino”, where —ino is an Italian diminuitive suffix (neutrino ~
“small neutron”). Moreover, he wrote down a beta decay*

n—p+e +7e, (1.1

and worked out the quantum mechanical theory. In fact, this also allowed for the
calculation of the cross-section of the inverse reaction,

To+p—et +n (1.2)

which was confirmed by Reines and Cowan in 1956.

It took until well into the 1950’s before definite direct experimental evidence for the
neutrino with all the postulated properties was provided. We will come back to this
in later sections where we will discuss the experimental “evolution” of the neutrino
in more detail. Out of theoretical need, a second and even third neutrino type were
later postulated. The second type, the muon neutrino v, was found rather quickly,
but the third one — the tau neutrino v, — was discovered only much later. In fact,
it was the last particle of the minimal Standard Model of elementary particles to be
observed experimentally.

*in contemporary notation, with bars denoting anti-particles and being aware of the existence of two
other neutrino flavours
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THE STANDARD MODEL

In this chapter, we briefly review some important con-
cepts from the minimal Standard Model of physics (SM).
We recall the different particles and fields, the extremely
important concept of gauging and we sketch how the Higgs
mechanism works, which gives the particles their masses.
We also consider the status of the neutrino in the SM and
the shortcomings of this theory.

One can safely say, that the Standard Model of particle physics (SM) is one of the
greatest successes of theoretical physics of the past decades. This theory incorpo-
rates all known elementary particles into a single framework, and it describes the
electroweak and strong interactions. So far, any prediction that has been made by
the Standard Model has been tested experimentally up to great accuracy. Though
the Standard Model does not include the gravitational force it is a very useful the-
ory. In fact there is not much physics which is not described by the SM. One of those
exceptions are neutrinos, which are the topic of this paper. In particular the 1960’s
version of the Standard Model fails to accurately describe neutrino oscillations. Let
us now first recapitulate how the (minimal) SM works by briefly summing up some
of its building blocks.

2.1 Fermions

The basic ingredients of the SM are fermionic fields of spin 1, divided into three

generations*. Each generation consists of two quarks, a lepton and a neutrino, as
indicated in table 2.1. Each of these fermions f also has an anti-particle f. The
two spin degrees of freedom of any (anti-)fermion are described in a Weyl spinor: a

2-component (complex) vector
=(X1). 2.1
X (Xi> 2.1

*This section is based on [4], with the conventions from [5]
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| First generation | Second generation | Third generation

Quarks Up (w) Charm (¢) Top (t)
Down (d) Strange (s) Bottom (b)
Lepton Electron (e) Muon (u) Tau (1)
Neutrino Ve vy, v,

Table 2.1: Fermions in the Standard Model

The constituents of the fermionic part of the Standard Model are then spin fields

Y1(z)
_ | (@) | _ (o(=)
Yal@) = (o - (50): @2

where ¢ and x are Weyl spinors and « = 1, 2, 3, 4 is a spin label (it does not necessarily
take d values in d dimensions, in general it runs through 2ld/2] yalues). We can
consider ¢ as describing the fermion and y the anti-fermion. In general, ¢ and y may
be independent, in which case we call v a Dirac spinor. If they are related by

X = —020", (2.3)

where o5 is a Pauli matrix and the star denotes complex conjugation, v is called a
Majorana spinor.
The fermion fields satisfy the Dirac equation

(i — m)y = 0, (2.4)

where m denotes the mass of the fermion. We have employed Feynman slash nota-
tion, @ def ~*0,, with 0,, = 0/0xz", where v* (u = 0,1, 2, 3) denote the Dirac matrices
which satisfy

L v def v v v
{97 = At At =2 (2.5

Whenever an explicit form is needed for the Minkowski metric n**, we will choose
n*” = diag(1,—1,—1,—1) (in accordance with [5]).

Defining the Dirac conjugate spinor by 1 % T~° with 1 the Hermitian conjugate,
the Dirac equation follows from the Euler-Lagrange formalism applied to

£ =9(d — m)o; (2.6)

for example, it can be obtained immediately from the Euler-Lagrange equation L /9y =
0.
Using the Dirac matrices, we can define

Pr=31+7), PL=11-1), where Y5 = 107172773 2.7)
Using that (ys)? is the identity matrix, up to a sign (with our explicit choice of n*" =

diag(1,—1,—1,—1) it is even precisely the identity), it can be easily shown that these
are orthogonal projection operators. The projection of the fermionic fields

YLr = PLRY (2.8)
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defines two chiralities, left-handed and right-handed respectively. We can decompose
the Dirac Lagrangian (2.6) accordingly [4, § 6.9]:

L =v¢(id —m)p
=¢(Pr + PL)(id — m)(Pr + PL)v
= W PrIPLY + i PLdPrip — my PPy — myp PrPryp (2.9)

= iPLyd(PLy) + iPrY@(Pryp) — mPrip(PLy) — mPL(Prp)
= iYrdvr + WrdYr — myLvr — myryL,

so the kinetic term decomposes into two independent parts, whereas the mass term
mixes the two chiralities. This concept is very important in the Standard Model.

In the Standard Model, the different chiralities play very different roles. In 1958, a
rather ingenious experiment by Goldhaber, Grodzins and Sunyar had measured neu-
trino spins* and observed only left-handed neutrinos. Since no right-handed neutri-
nos were required to explain any phenomena at the time the right-handed neutrinos
vR were, in the 1970s, not included in the Standard Model by choice. By the decom-
position above, neutrinos automatically become massless, which also did not seem to
contradict experiment.

2.2 Gauging and gauge bosons

So far we have only considered fermions with no interactions, except for the mixing
between different chiralities. (Almost) all bosons in the SM arise as gauge bosons.
They arise from local symmetries of the Lagrangian. Let us recall how this works.
Consider the Dirac Lagrangian (2.6). It is clear that under a global phase trans-
formation ¢ (z) — €l9¢4(x), with £ some real number, this Lagrangian is unchanged
(because ¥ (x) — e~ (x)). However, since the phase of ¢ is not measurable, we
would like to have the freedom to choose the phase of v at every point in spacetime
separately. Therefore we with to impose invariance of the Lagrangian under a local
transformation 1(z) — €'9(®)¢)(z). It can be easily checked that now,

Ouib(@) = 0, (D p(x)) = O (9,(2) +ig(0,€(x) (). (2.10)

To restore invariance, we introduce a covariant derivative V,, with the property that
V., (x) — %@V 4)(x). The name covariant derivative has a rigorous meaning in
differential geometry, we will ignore this point for now and will state only that the
Lagrangian does become invariant when we replace the derivative J,, by the covariant
version V, defined by

Vutp = (0 —iqA,(z)))(x) (2.11)

as long as the new field A, transforms as A, — A, + 0,¢. The new field A, is called
a gauge field. After the above replacement, the Lagrangian (2.6) reads

L — (i — m)y + qA byt

- (2.12)
— P(AY —m)p — LF,, Frv.
In the last term of the first line, we automatically get an interaction of the fermions

with the gauge field. If we define F),, def O0uA, — 0, A, we can add another invariant

*For the original paper see [6], a very accessible explanation is given in [7]
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term —1F,, F", which turns out to be the kinetic term for A, when deriving the

field equations for the gauge field; therefore we have also included this term on the
second line.

The idea from the above paragraphs can be generalised. Let G be some finitely gen-
erated Lie-group (called the gauge group) with generators g1, . .., gn. An n-dimensional
representation ¢ of this group assigns to each generator g; an invertible n. x n matrix
gf’ such that the image of the Lie bracket [g;, g;] under ¢ coincides with the matrix
commutator [gj’ , gf] = gf’ g}b - g;bg? . In a given representation ¢, we can express the
elements of the group as n x n matrices through

N
g(x) = exp lz qai(fv)gf’] ; (2.13)
i=1

where «; is some set of real (or complex) smooth functions on spacetime and the
exponent of a matrix is defined as usual by its power series. The constant ¢ is called
the charge of the field under the action of G. (If ¢ = 0 then the field does not
change under the action of G and we say it is uncharged). Usually, the generators
and commutation relations of the Lie algebra are themselves defined by matrices

gz(ﬁmd), which we call the fundamental representation of G. Suppose we have some
theory with a Lagrangian £ which depends on a set of fields ¢; (i = 1,..., N). We
may require that £ be invariant under transformations from G, that is: forany U € G
the Lagrangian does not change under

N
d(x) = Ud(x) or, in matrix notation, b; — Z Uij¢;. (2.149)
j=1

To achieve this, we must again replace any derivatives 0, in the Lagrangian by co-

variant ones V,, which act on the fields by Vv def ) — W1p, with the gauge field

W, = W/g; transforming as
W, - UW, U+ (0,U) U (2.15)
We can also add to the Lagrangian a kinetic term for ,,:
1
_EG’“'GW’ (2.16)

where
G = 0,W, — 0, W, — [W,, W, ], 2.17)

or, in some representation ¢,
Giug! = (OuWu(@))g? = O W,(2))g? = Wo(@) Wo ) (979] —g9) . (2.18)

When imposing such a symmetry on the Lagrangian (2.6),

— (@ +m)p; = —1GLW G — 1 (§+m — gy W,) Ui (2.19)
For a one, two, three or n (> 3) dimensional representation ¢ of G, we say the the
fields 1, . .., 4, transform as a singlet, doublet, triplet or n-tuplet respectively, under

¢

From the discussion above it should be clear that for every generator g; of the gauge
group G, a gauge field Wli appears. These fields have one group index i and a space-
time vector index u, meaning they correspond to spin-1 bosons, carrying interactions
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from one spacetime point to another. In the first case discussed in this section, we had

G = U(1) (the group of 1 x 1 unitary matrices) which has just one generator, Y. The

associated charge ¢ is the electric charge, the gauge field A, is the electromagnetic

vector potential and the corresponding force mediating spin-1 particle is the photon.
The gauge group of the Standard Model is the group product

Gsm = SU(3)C®SU(2)]W ®U(1)y. (2.20)

We will focus on the last two factors. The subscripts will be explained below.
The SU(2) group is the weak isospin group. Its fundamental representation is two-
dimensional, the generators tf.f““d) are one half times the Pauli matrices:

(fund) _ 1 (0 1 (fund) _ 1 (0 —i (fund) _ 1 (1 0
¢ 2<1 0)’ B =27 o) 6™ =5, o) @2
The left handed fermions transform as doublets
i Vi i ’LLi
- ( EE) Cw, = ( di) (2.22)

under this representation, that is they have weak isospin charge Iyy = 3. In the
above expression, ¢ = 1,2, 3 labels the three generations, v*, ¢*,u"* and d* denote the
corresponding neutrino, lepton and quarks, respectively. The right-handed fermions
are singlets under SU(2), in other words, their weak isospin charge is Iy = 0 and
they do not transform under SU(2) transformations). They are denoted ¢! g, ¥ g
and Wi,R for the right-handed electron (muon, tau), right-handed up (charm, top)
quark and right-handed down (strange, bottom) quarks, respectively. Recall that in
the minimal standard model, there are no right-handed neutrinos.

The U(1)y group is not the U(1) group from electromagnetism, the corresponding
charge is not electric charge ¢ but hypercharge Y. Each doublet or singlet has its own
hypercharge, which in general is twice the (in the case of a doublet, average) electric
charge.

The action then reads

3
Lo =i [V W T VP n O i ie] (223
i=1

If we replace the partial derivative by a covariant one, we must introduce four gauge
fields: three fields W} *? for the SU(2)s, group, and one field B, for U(1)y. The
covariant derivative looks like

3 ’
V=0, —ig > Wis — i%BMY. (2.24)
a=1

The SU(2) generators t¢ in representation ¢ will take their form according to the
fermion representation they work on. For example, for left handed fermions they are
the matrices from equation (2.21), while for right-handed fermions they are zero.
Similarly, the representation of Y is in general proportional to an identity matrix,
with the propoprtionality constant determined by the hypercharge of the fermion on
which the derivative acts. The gauge fields from the SU(3). color group, which we
are neglecting at the moment, are the eight gluon fields G,,. In the literature one
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CHAPTER 2. THE STANDARD MODEL

usually encounters the charged and neutral W bosons W+, W9, the neutral Z boson,
and the photon A. They are related to these gauge fields by

1 1
Wl=— W +wWH, Ww?= W, -Wr
CANG) ( N 1 ) " \fl ( ) (2.25)
WEZ = cos(Ow)Z,, + sin(Ow)A,, By, = cos(0w)A, —sin(0w)Z,,

where the weak mixing angle 0y is defined by tan(fy) = ¢'/g.
Implementing the covariant derivative produces in addition to the terms in (2.23)
with the replacement 9 — V, the following interaction terms [8]:

JhZ, —ejbn Ay (2.26)

g - L4 =+ g
—Jkw hee. ) -
Je W+ ) cos Oy

L:f,gauge = - <\/§

In this expression we have defined the charged and neutral vector current

3
Z ViL’Y 61L+'UJZL7 dzL]

= > > Fo (P —sin®(0w)Q) o

f=vi,ei,u;,d; o=L,R

(2.27)

respectively. Of course the nomenclature “charged” and “neutral” is related to the
charge of the corresponding vector bosons, W and Z°. The neutral current contains
the generator ¢> as well as the electric charge Q = I, + %Y, while j# ~ e;yHe; is the
standard electromagnetic current from QED.

2.3 Discrete symmetries and CP violation

Apart from the continuous symmetries discussed in the previous section, there are
also discrete symmetries which are of importance in the Standard Model. Two of
them are spacetime symmetries, acting on the spacetime labels, namely*: parity P
((z%,%) — (2%, —7)) and time reversal T ((2°,%) — (—2° %)). The third one is
charge conjugation C, which transforms a particle into its anti-particle. It acts by
Co = ¢*,CWH = —(W*)* (note that (W*)* = WT). The charge conjugate )¢ of a
fermionic field v is defined by

P L Oy, (2.28)

where C' is the charge conjugation matrix, satisfying
(' =-Cc"yro, ct=c'  andCT=-cC. (2.29)

In the Dirac representation of the gamma-matrices, we can take C = 724" and C
takes the block form
o 0 —09 C __ 2%
C—(UQ 0 >, Y= —"Y". (2.30)
Using that (OQ)T = —09, (0'2)* = —09 and (0'2)_1
that C satisfies the properties in equation (2.29).

= 09, it is straightforward to verify

*Note that in our notation C, P and T we do not discern between the operations themselves and the
symmetry of the theory. For example: T is violated means that the Lagrangian is not invariant under
application of 7. Some authors prefer to make this distinction, and will write something like “7 is
violated, meaning 7L # L£” instead.
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Majorana spinors are now defined as those fermions which are their own anti-
particle:

V=", V= <i> = X = —020", (2.3D

we have thus precisely recovered equation (2.3) for the Majorana condition.

Using the anticommutation properties of 7° < i79414273 we can show that apply-

ing projection operators (1 + %) to the charge conjugate,
PLp, =0, Prof =vf, Puvg =g, Prig =0; (2.32)

that is, charge conjugation inverts the chirality. In other words yet, the anti-particle
of a left-handed fermion is right-handed and vice versa.

For Majorana fermions, we can decompose both the fermion v and its anti-fermion
¢ in left-handed and right-handed fields, then the Majorana condition gives

=1, + YR = YL, + YR. (2.33)

Acting with the left-handed (right-handed) projection operator we find that ¢, g =
Yk - Therefore, we can write ¢ = 91, + ¢f and the mass term reads (up to constant
prefactors)

MDirac (%d& + %1/)11) - MMajorana (JIC}[}L + %d}i) . (234)

The Standard Model violates not only C' and P symmetry separately, also the combi-
nation C'P is not preserved [9]. However, the famous C' PT-theorem states that C PT
is a symmetry of the standard model*. Thus, if C'P is violated in the Standard Model,
it immediately follows that T — time reversal symmetry — is also violated.

2.4 The Higgs mechanism

Experimentally it has been measured [11] that the vector bosons W+ and Z,, are
rather massive, while the photon A, is of course massless. The first attempt to de-
scribe this in the Standard Model might be to insert a term like

%mQZZMZ” + %m%V(W;(W_)“ + W, (WHH). (2.35)
Apart from introducing new parameters into the Lagrangian by hand though, such
a term breaks gauge invariance and renormalisability. It turns out that there is a
very elegant way to make gauge bosons and fermions massive, which is the Higgs
mechanism.

We add to the Standard Model a new (complex) scalar field ® = (¢, ng)T, with
Lagrangian

Lo =—(0,81)(0"®) — V (D), where V(®) = p?(@7®) + A\(@7®)%,  (2.36)

which is the most general globally SU(2) ® U (1) invariant renormalisable Lagrangian
one can write down. In order to bound the energy spectrum from below, we must
have )\ > 0; however ;2 may be either positive or negative. We now choose u? < 0.
The Lagrangian has a SU(2) ® U(1) symmetry, which we make into a local one:

. 1 1
Lo — _(v,t@)(v#cp)—,,ﬂ(qﬂ@)—A(@T®)2—§ Tr(GWGW)—1 Tr(F,, F*), (2.37)

*For a “deaxiomatised” treatment of the CPT theorem see [10], which also contains references to the
original proofs of Pauli-Liiders and Jost.
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CHAPTER 2. THE STANDARD MODEL

where ,
Y, = 0, — igWifnd) — i%BMY,

G = OuWoy = 0, W, — ig[W,, W, (2:38)

F., = 0,B, — 0,B,.

As such a scalar doublet can be parametrised (in analogy to writing a complex number
2 as rel?) as

where U(x) is an SU(2) matrix; we can fix the SU(2) gauge by demanding that
U(z) = I (the 2 x 2 identity matrix) everywhere. Because we chose p? < 0, the
minimum of the potential is not at p(z) = 0, but at p(z) = v def v/ —p? /A, which is
called the vacuum expectation value (vev). If we expand ® around its minimum ®, we
can write p(x) = v + h(z), where h(x) is the Higgs field. Working out the covariant
derivative, the Lagrangian reads

Lo =—1(0,h)? — L(20*\)R? + O(R®, h*)
2,,2
7, 7" — LW (W) + O(WW, hZZ, h*W?, h>Z2).

(2.40)

1l _J -
8 cos?(Ow)

In the first line, we see the kinetic term and the mass term for the Higgs field (m, =
202 )) plus its interactions with itself. On the second line, we notice that the non-zero
vev provides the mass for the Z and W bosons, whereas the photon stays massless.

Now instead of inserting the fermion masses “by hand” into the theory, we only
consider the fermionic Lagrangian iy)@ (cf. equation (2.23)) without the mass term
and we see how the fermions couple to the Higgs field h(z). From symmetry con-
siderations (any term in the Lagrangian must be an SU(2);,, singlet with zero total
hypercharge) we can write down the most general term:

Iw

3
Cxwava = O [TV O] g + [V @0 + [TV 0] +he], (24D

ij=1

where & % ioo® serves to pick out the right component from the doublet. The
fermions couple to the the Higgs doublet through so-called Yukawa coupling. After
the symmetry has been spontaneously broken (that is, ® has acquired a non-zero vev
v), we can again expand in v + h(z) and the Lagrangian reads

Cvave = 3 [Bhomi vl g + 03 mifwh p + 0L omivl g +hel,  (242)

1,j=1
or, in the less cumbersome notation of equation (2.22),
Lxawa = . [ubmifufy + dimd + Gmf e + he.] . (2.43)
i,j=1
. i def y . o .
The matrices m¥ = \%v [ are mass matrices. Unfortunately, in this formulation the
mass matrices are not necessarily (and in general, will not be) diagonal which does
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2.4. THE HIGGS MECHANISM

not allow us to define the mass of the left-handed up-quark field, for instance. On
the other hand, the up quark field is decoupled from, say, the strange quark field; the
fields occuring in the above expression are therefore called flavour eigenstates. We
can define new mass matrices

mpy, = (Sa,L)' Ma - Sar (2.44)

for a = u, d, e, where where S, , are unitary matrices for both chiralities x = L, R. It
turns out that these matrices can be chosen, such that the new mass matrices m/, are
diagonal. If we then also define

def

7711” ax = Sax Vayxs where o = u,d,e and y = L, R (2.45)
meaning
0 = ZS” a, Z Sopul,  dy =Y Siquk, etc.  (2.46)
j=1

we get “proper” mass terms, which only couple left-handed and right-handed compo-
nents of the same fields:

Lyukawa = Z [u LT A+ im0 4+ hee| (2.47)
4,5=1

The primed fields are called the mass eigenstates.

The complete SM Lagrangian is then the sum of the Lagrangians in equations (2.26),
(2.40) and (2.47). We have ensured diagonal mass matrices, at the expense of flavour
mixing: in the former two expressions, terms like

Uiy War = W0 7" [(Sur)tSarn]” 9741 (2.48)

appear, leading to flavour changing interactions

(2.49)
u gVaa
where a = d, s or b. The quark mixing matrix
- def ) i Vud Vus Vub
VI Z [(Ser) Sar]” = [ Vea Ves Ve (2.50)
Via Vis  Vib

is known as the Cabbibo-Kobayashi-Maskawa (CKM) matrix. The latter two received
the 2008 Nobel prize in physics “for the discovery of the origin of the broken symme-
try which predicts the existence of at least three families of quarks in nature” [12].
As an n x n matrix, it has in principle n? complex entries which means it has 2n? real
degrees of freedom. However the unitarity condition ), V~/V7 k =1 imposes n? real
constraints. From the previous discussion it is clear that the quark fields «’ and d’
are invariant under a global rephasing (v — €!%4), and for n generations we have 2n
of these. By simultaneously rephasing all of them nothing changes, so one of these
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CHAPTER 2. THE STANDARD MODEL

is trivial (e.g. we can always make u; real by simultaneously rotating all the quark
fields), so we can apply 2n — 1 phase transformations to get rid of complex phases in
the CKM matrix. Of the remaining n? — (2n — 1) = (n — 1)? real parameters, there are
%n(n — 1) Euler angles which describe a rotation between the flavours, analogously
to an ordinary O(n) matrix, the last (n — 1) — in(n—1) = §(n—1)(n—2) parameters
are phases which cannot be removed and can lead to CP violation.

Applying the general counting argument to the Standard Model case n = 3, we see
that we need three real angles 61, 62, 03 and a complex phase ¢ to parametrise the

CKM matrix. It is commonly written as

C1 —S51€3 —S5183
Vi = | s1¢ca c10283 — S2583¢'9  cqcas3 + sacze® |, (2.51)
$182  €189C3 + Cos3€'® 18985 — cocsel?

where ¢; and s; are cos(6;) and sin(6;) respectively. These parameters have been
measured to agree with the Standard Model predictions very well [13].

To show how the complex factor ¢! can lead to CP-violation, we look back at equa-
tion (2.48) and consider a typical flavour-changing interaction

+ hee o Vgup P W+ Vidiyrui W, T (2.52)

uy, gVij

Now intuitively, C’P-C(;lﬁjugation means replacing all the particles by their respective
antiparticles (C) and then flipping their chirality (P). However, nothing happens to
the coupling constants, which are just numbers. Hence, the C'P conjugated process
of the above interaction reads

I = Vi ul Wy + Vigu o d Wi 253)

The fermion fields have changed positions with respect to the numerical prefactors,
whence I' = I" only if V;; = V3. If we take for example i = 2, j = 3 (charm -
strange), the relevant CKM matrix element is Va3 = ¢ 253 — sas3¢'® which is obviously
potentially non-real.
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CHAPTER

EXTENDING THE STANDARD
MODEL: MASSIVE NEUTRINOS

In the last chapter we have seen that in the Standard
Model, neutrinos are assumed to be massless. However,
several experiments have provided definite evidence of
the existence of a neutrino mass. After an overview of
these experiments, we will describe the possibile exten-
sions of the Standard Model in which neutrinos become
massive and go deeper into some of them in particular,
namely the class of seesaw models.

3.1 Neutrino oscillations

3.1.1 Experiment

As explained in the previous chapter, at the time the Standard Model was constructed
there was no hard evidence for the existence of a neutrino mass and all observed
neutrinos were left-handed, so the Standard Model was constructed to have only
left-handed, massless neutrinos. However, the predictions as made by the minimal
Standard Model do not agree with experiment. As early (or late, considering the
previous and first experiment was 10 years earlier) as 1968 astrophysicists Davis and
Bahcall set up an experiment to measure the neutrino flux from the sun, the famous
Homestake experiment [14]. This experiment was based on ideas worked out by
Pontecorvo and Alvarez in the years 1946 — 1949 [15]. According to the Standard
Solar Model (SSM), neutrinos are produced in the fusion reaction

4p+ + 2 — *He + 2V, (3.1)

inside the sun. Because neutrinos hardly interact with matter, they escape the core
and they can be measured by indicidental reactions that take place in a reactor on
earth. The Homestake project made use of the reaction

Ve +37Cl — 3°Ar + e, (3.2)
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by filling a tank with perchloroethylene solution and counting the number of argon
atoms. However, Davis only measured about 1/3 of the expected flux [16]. Later ex-
periments, which were also sensitive to muon and tau neutrinos, measured that the
total flux did indeed agree with Bahcalls prediction. After this experiment, which has
run for some five years, multiple experiments [17, 18, 19] have confirmed a “disap-
pearance” of electron neutrinos, compensated by other flavours so that the total flux
matches theoretical predictions.

A similar discrepancy occurred in measuring the number of neutrinos produced in
atmospheric decay. They originate from decaying pions in the atmosphere, which are
in turn reaction products of high energetic cosmic rays with nuclei in the atmosphere.
These pions decay according to 7+ — p* + v, and 7~ — u~ + 7, after which the
muons decay by u= — e~ + v* + 7, and p* — et + 7, + v.. Therefore, a measure-
ment should show roughly twice as much v, as v.. However, the observed ratio is only
about 65% of the expected value [20]. Here the breakthrough only occurred in 1998,
when the Super-Kamiokande collaboration [21] showed that there definitely is an
asymmetry between upwards (taking a long way through the earth) and downwards
(directly from the atmosphere) moving high-energy neutrinos, which contradicts an
assumption that nothing happens to the neutrinos between their creation in the at-
mosphere and detection.

For a more complete overview of neutrino (mostly oscillation) experiments see
[22, § 4], [23], [24], [25] and the rather extensive review [26] (more or less in
chronological order). Also a very recent overview is given in [27].

3.1.2 Theory of three-flavour neutrino mixing

The best (and, as it seems [21], only) explanation for the observed flavour conver-
sions is provided by neutrino oscillations. To explain this, we refer back to the dis-
cussion in section 2.4 on mass and flavour eigenstates. The flavour changing of for
example quarks, is well established. When neutrinos are no longer considered to be
massless, something similar happens: the mass eigenstates v; (i = 1,2, 3) differ from
the flavour eigenstates v, (o = e, u, 7) (note that #-dependence is implied and we are
suppressing all other quantum numbers such as helicity and spin, which we assume
fixed). Each flavour eigenstate is a superposition of mass eigenstates, but the precise
composition of mass states is dynamic, because the propagation frequency depends
on the mass. Experimentally only the neutrino flavour is measured, whence the am-
plitude to measure, say, an electron neutrino, depends on time. The mass and flavour
fields are related through a 3 x 3 unitary matrix (similar to the CKM matrix from
section 2.4):

3
Vo = Z Uon'Vi~ (33)
=1

The matrix U is called the PMNS matrix — after Pontecorvo, Maki, Nakagawa and
Sakata — or sometimes by a slight abuse of language the neutrino mixing matrix. It
can be parametrised in many different ways, one of the most customary is

C12€13 $12€13 size” % e’ 0 0
5 s ;
U = | —s12¢23 — c12523513€" C12C23 — S12523513¢€" 823C13 0 €% 0],
05 1)
812823 — C12€23813€"0  —C12523 — S12C23513€"°  C23C13 0 0 1
(3.4a)

where ¢;; and s;; denote cos(¢;;) and sin(f;;) respectively. There are three mixing
angles 612, 613 and 6.3, in the literature also denoted by Oy, fatm and fcnooz for
reasons that will be explained later in section 3.3. There are three phase angles 9,
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¢1 and ¢,. The Dirac phase ¢ is connected to C P-violation, as we will show at the
end of this section. The Majorana phases ¢; (i = 1,2) are connected to the question
whether neutrinos are Dirac or Majorana particles; as only experiment can decide this
we shall address this subject in section 3.3.2. The first factor is similar in form to the
CKM matrix parametrisation (2.51), though it can also be expressed as a product of
three rotation matrices (the second one of which is complex) [28]:

1 0 0 C13 0 81367i5 C12 S12 0
0 C23 S923 0 1 0 —S12 C12 0]. (34b)
0 —S8923 (23 7513616 0 C13 0 0 1

Suppose now that at time ¢ = 0 and position z = 0 a neutrino is created with flavour
a. Our next goal is to derive the probability P(v, — vg) of measuring a neutrino of
flavour 3 at time ¢ and distance x from the creation point, where we assume that
the neutrino propagates essentially in one dimension. We will assume that the state
describing a neutrino with flavour « is given by*

3
Va) = > Ui vi) (3.5)
=1

where U is the same PMNS matrix. In fact, this corresponds to the approximation in
which neutrinos are ultra-relativistic, that is, m < E. Using a loose upper-bound of
m < 1 €V for the neutrino mass, and considering that all current and (near) future
neutrino oscillation experiments are sensitive only to neutrino energies of £ >> keV
or even several MeV, this approximation is definitely justified.

Since from basic quantum mechanics

P(ve — vg) = [(Va |vs(t, 2)) [, (3.6)

where |v,) = |vo(t = z = 0)), we have reduced our problem to calculating the time-
evoluted state |vg(¢,z)). As is usually done in the literature, we consider a mass
eigenstate |v (¢, x)) with a well-defined momentum p;, and energy E), which we can
write as [2, § 8.1]

|vp(t, ) = e iERIFIPET 1)y 3.7

The ket |v;) denotes the initial state; it is clear that this is a solution to both the
Schrédinger evolution equation (the time dependence of the stationary states is sim-
ply given by |vi(p,t)) = e *F* |y (p,0))) and the momentum eigenvalue equation
plvk(t,x)) = pg|ve(t,z)) (the neutrinos are emitted as plane waves |vg(z,0)) =
elP” |1)) [29]. Writing the flavour eigenstate as a superposition of mass states, we
find
3
Valt, ) = > Ulpe R ) (3.8)
k=1

We can re-express this in terms of flavour states by inverting equation (3.5):

3

Va(t,z)) = Ubpe ERFme (N1, jug) | (3.9)

k=1 B

*Usually it is assumed that the neutrinos are produced through a process like A — B + ¢* + v,, where
¢ is a lepton and « indicates the flavour, and detected through v + A — B + ¢, . Then we can
write [va) = Y5_, Sk |vk, €+, B) with &, j some amplitude. In [23, § 3] it is shown, that if the
dependence of the neutrino interaction rate is insensitive to (differences of) the neutrino masses, then
o1, reduces to the PMNS-matrix U, up to some irrelevant phase factor. A similar argument holds for
the detection process. Therefore, the flavour neutrino state of the production process and the detection
process are both given by (3.5).

Neutrino oscillations 15
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where 8 runs over the flavours (e, u, 7). The probability we are interested in now
follows by orthogonality of the flavour states ((v, | v3) = 0a3):

3 2
P(vo — vgit, o) = | Uspe Fettmeegg, | (3.10)
k=1

Because we assume that the neutrinos are ultra-relativistic, we can expand the ex-
pression for the energy to the first contribution in the masses:

2
Ey = \/p} +mj 2pk+;n?’“+o(m;§). (3.11)
k

Since energy must be conserved in the neutrino creation process, and the neutrinos
must satisfy E7 = p? + m7 it easily follows from dimensional considerations that we

can write )

2
~ My ~E_(1—) ™k
Ey=E+igr,  m=E-(1-¢

2F’
for some dimensionless parameter . The numerical value of £ depends on the details
of the production process, for example: if the neutrino is created by pion decay 7+ —
pt + v, then € = (14 m?,/m2)/2 = 0.8. To simplify the calculations, we can assume
that that all mass states carry the same momentum, p; ~ F/¢, such that we can

(3.12)

write B, ~ E + %2“ This assumption is called the equal momentum assumption and
corresponds to £ = 1. A similar way of proceeding, is to assume that all mass states
have the same energy F; = E5 = --- = E, corresponding to £ = 0. We will keep the
parameter £ unspecified for now. First we calculate

Ei— By — 2 1 oA (3.13)
T ]_§ 2E7 pz_p]—_( _f) 2E7 .
where we have introduced Ams; e m2 m3. Now it is possible to expand the
modulus in equation (3.10):

3 3
P(vy — vg) = Z U;anjUﬁiUgje_l(Ei’_Ej)t+l(pi_pj)m

i=1 j=1

3
— Z |Uai‘2|Uﬁi|2 +9 Re Z U(;kiUﬁanjUgje—ifAm?jt/ZE—i(l—E)Am?j;E/QE.
i=1 i>7

(3.14)

The last line follows from splitting the terms with ¢ = j and using that z+ z* = 2Re z
for ~ € C. Note that there is still a dependence on the propagation time ¢, which
is usually unknown in an experiment. Because the neutrinos are ultra-relativistic we
can assume that they travel at the speed of light, which means that we will only
measure it at points on (or negligibly close to) the light-cone, t = x = L, where L is
the distance between the creation and the detection point*. Then the dependence of

* The approximation ¢ = = = L is actually a physical statement about a particle, whereas we are de-
scribing the neutrino as a plane wave. Of course a non-simplified derivation would have to describe
the neutrino as a wave packet (superposition of such plane waves). For a rigorous derivation, imple-
menting a proper time averaging of the relevant matrix density element and assuming the propagation
velocity v to be the speed of light, see [30]. The same author has also shown in [31,32] that the effects
of possible deviations from v = ¢ = 1 are negligible.
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the probability amplitude on the parameter ¢ cancels from equation (3.14), and we
obtain the literature expression

3
P(vo = vp) = Y |Uail*[Upil” + 2Re > Uz UpiUn;Uj e 828, (3.15)
=1

i>7

A crucial observation is that the only mass dependence is through the mass differ-
ence Amfj and not the m; separately. The only other quantities entering the expres-
sion are the elements of the PMNS matrix and the experiment-dependent neutrino
energy F and propagation distance L. Secondly, the probability amplitude for a neu-
trino created with flavour « to be detected with flavour 3 can be split into a constant
part which only depends on the PMNS matrix entries, and some oscillating term. In
cases where the oscillating term is not known well enough, the oscillations can be
averaged out and only the constant first term can be measured.

We are now also in a position to understand why the Dirac phase ¢ in the PMNS ma-
trix gives rise to C'P-violating processes. In order to make this discussion completely

explicit, let us consider the probability amplitude of P e P(ve — v,) of an electron

flavour-neutrino going into a muon flavour-neutrino, and compare it to the proba-

bility P def P(v; — v,) of the charge conjugated process. As we have indicated in

section 2.3, such probabilities are invariant under C PT-symmetry, so instead of look-
ing at the charge-parity conjugated process we can also consider the time reversed
process: P = P(v, — v,). In principle, we can now work out AP = P — P from
equation (3.15). If CP is conserved, then AP should vanish. After some extremely
ugly although straightforward algebra, we find this expression to be equal to

AP = 16 cos 912 sin 912 COS 923 sin 923 COS2 013 sin(d) X

. Am%QL . Am%SL . Am%:))L
sm( 15 >sm( Vo )sm( 15 . (3.16)

Due to the prominent sin(J) term, this expression will vanish if and only if § = 0
or § = w. The other two non-removable phases ¢; (i = 1,2) are absent in this
expression, because they can be factored out in a diagonal (hence commuting) matrix,
cf. equation (3.4a). Therefore the values of ¢1, ¢, cannot be determined by any
oscillatory experiment, as such an experiment necessarily measures the amplitudes
from equation (3.15) which do not depend on these phases.

3.1.3 Two-flavour limit

To gain some intuition on the neutrino oscillation probabilities derived above, let us
study the two-dimensional case in some detail. In this case, only one angle 6 suffices
to parametrise the mixing matrix,

U— ( cos 0 51n9> : (3.17)

—sinf cosf

any phases can be absorbed in redefinitions of the fields (this implies that in the two-
flavour case, no C'P-violation can take place). To find all the probability amplitudes,
it suffices to calculate only one of them, for example, P(v. — v.). The rest then
follows, because P(v, — v,) = 1 — P(ve — v.) (by complementarity: we only have
two flavours), P(v,, — v.) = P(v. — v,) (by the CPT-theorem and the fact that two-
flavour oscillations do not break C P-invariance, because of the absense of complex
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phases) and finally, P(v, — v,) (again, this follows from complementarity). The
calculation can be easily done by hand, starting from the previous result (3.15):

P(Ve - VM) = |U‘31|2|Uvul|2 + |U92|2|UM2|2 + 2Re (UelUuerQU}ﬂe—iAmQL/QE)
= 2sin® @ cos? 0 + 2 Re (— sin? ) cos® Qe_iAmzL/QE)
= 2sin? 0 cos® 0 (1 — cos (Am>L/2E))

2
B 381112(29) X 2sin” (;Am2L/2E) = sin®(26) sin” <Am L) ;

4F
(3.18)

with Am?2 = |m2 — m2|. On the last line the geometric identities 4 cos? #sin® § =
e m g

sin?(26) and 1 — cos(2z) = 2sin?(z) have been used.
The result we then find is

4F

Ply. — 1) = Am2I
(Ve — ve) = AA* = 1 — sin?(20) sin® < m ) ,
(3.19)

P(ve = v,) =1—P(ve — ve).

Apart from looking much simpler than the three-flavour expression (3.15), this ex-
pression has some historical value. Although the existence of the tau neutrino was
suspected soon after the detection of the tau lepton in 1976, the first definite obser-
vation of v, was not announced until 2000 by FermiLab [33]. Therefore, only two
types of neutrinos have long been known and as such, the two flavour model has
been the effective model of the theory in the three flavour case even before the more
general three-flavour mixing was discovered. In fact it is still a good approximation
for experiments in which one type of mixing is dominant, such as solar experiments
(in which v, < v, hardly occurs because of the small mixing angle 6,3, see table 3.1
on page 28).

The probabilities for the two-flavour case have been plotted in figure 3.1. In the
case of maximal mixing (f = 45°, solid black curve) we indeed observe that, if the
neutrino starts out in the electron flavour eigenstate, some time (equivalently, dis-
tance) later, we have a 100% probability to detect it in the muon eigenstate, etc. For
smaller mixing angles, the probability to find the original flavour will still hit 100%
from time to time, however the mixing is clearly non-maximal (there is no definite
chance of measuring another flavour).

3.1.4 Three neutrino mixing in matter

The theory presented in the previous section was derived for neutrinos propagating
in a vacuum. Already in 1978 it was pointed out by Wolfenstein, that due to forward
scattering of neutrinos off leptons, flavour changing effects — if present — could be en-
hanced or even only possible in matter. In the presence of such effects, even massless
neutrinos could experience such an enhancement of the flavour changing probability.
In 1984, Smirnov and Mikheev noticed, that for specific oscillation paramters and
matter properties, a resonance could occur in which a small vacuum mixing angle
becomes effectively very large in matter. This resonance effect has been named the
MSW effect after these three people. Bethe [34] has shown in 1990 that these matter
effects are mainly responsible for the discrepancy between Davis’ result and Bahcalls
prediction in the Homestake experiment.
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L

Figure 3.1: The probabilities P(v. — v,) (top curve) and P(v, — v,) (bottom curve)
for a neutrino that starts out in the electron neutrino eigenstate, for mix-
ing angles 6 = 45° (solid black curve), 8 = 30° (dash-dotted blue curve)
and the expected limiting behaviour for § = 10°, § = 5° and 6 = 0 in the
darkest to lightest green dotted curves, respectively.

We attempt to point out the important steps only, a detailed calculation is given
in [22, § 3.2].

As discussed section 2.2 on fermion-gauge interactions in the Standard Model, we
explained the occurrence of so-called charged current interactions, in which a charged
(W-)boson is exchanged, and neutral current interactions, where the exchanged boson
is neutral (Z-boson). The interactions are shown in the diagrams of figure 3.2. Due
to the electric charge conservation law, charged-current interactions are only possible
when the neutrinos are of electron flavour. For simplicity, we will again consider a
neutrino flavour state with a well-defined momentum

Va(p Z o v (3.20)

a rigorous treatment requires a wave-packet description, as in [35]. We are making
the same assumptions as in the previous section, in particular we assume the PMNS-
matrix U is the matrix describing the mixing of flavour states. We write for the Hamil-
tonian ‘H = Ho + Hi, where Hy and H; are the free (vacuum) Hamiltonian which was
implicit in the previous section, and a part containing the scattering, respectively. Of
course, massive neutrino states with a well-defined momentum are eigenstates of the
non-interacting part, Ho |vx(p,t)) = Ej |vk(p,t)) where E? = p> + m?. The interac-
tions are felt by the flavour states though, H; |v4(p)) = Vi |va(p)). The potential can
be written as V,, = V.04e + Vi, with V, = v/2Gr N, the charged-current interaction
potential (which is only felt by the electron flavours) and V,, = —(1/v/2)GgN, the
neutral-current interaction potential. Here, G is the Fermi constant and N, , denotes
the electron and neutron number densities of the medium. We do not wish to go into
the details of this potential, they are given in [36]. Rather we just point out the sim-
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Ve, Vyy Vr Ve, Vyy Vr

T S

e ,p,n e ,p,n

Figure 3.2: Feynman diagrams of the coherent forward elastic scattering processes
that generate the charged current potential V, through W exchange and
the neutral current potential V; through Z exchange; taken from [22].

ple form and the fact that the neutral current interaction has equal influence on all
three flavours. Finally we mention that for anti-neutrinos all signs are reversed. The
quantum-mechanical states |v,(p)) satisfy the Schrédinger equation, so if the state is
initially purely «-flavoured,

d
ig Pa(p 1)) =Hlvalp,t)),  where [1a(p,0)) = |va(p))- (3.21)
As in the previous section, we consider

Yas(p,t) € (15(p) [ va(p, 1)), (3.22)

with the initial condition 1, 3(p, 0) = dag. If we close the Schrodinger equation above
on the left by an initial state ket, we can use the identities

Va(p, t Z Uak [ve(p,t)),  [vk(pst ZUak Va(p, t (3.23)

to derive a differential equation for the amplitude v,3. From the calculation

(va [H|vs(p, 1)) = (Val Ho (Z Usk [vk(p; t)>> + (Va | Hi|vs(p,1))
k
= Z (Va| UprE (Z ok [Vo(Ps ) + (va | Ve lvs(p,t)) (3.24)

= < Vo (D, t>>

d
iy Pas(p,t) = > (Z Upk ExUpy, + 5ﬁpVﬂ> Yap(p,t). (3.25)
k

p

> UskExUy + Visdg,
k

we thus find

Applying the ultra-relativistic approximation (¢ = z) we find that P(v, — vg) =
|ap(x)|?, where ¢, 5(z) satisfies

1/)a[3 Z (Z Uﬁk k U*k + 5ﬁe(;pevc> ¢ap($)~ (3.26)
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In the last step, we have redefined

2 x
Vap(T) = Yap(z) €XP [—i (p + ;né) T — i/ Va(z') dx’] (3.27)
0

to absorb a common phase factor. Since we are interested in the probability am-
plitudes [¢),3|? only, the neutral-current interactions are therefore irrelevant for this
theory.

Finally, we can rewrite the evolution equation to a matrix vector equation for

Vo (7) = (Yae(), %u(ﬂﬁ), Yar(T)):

d 1
Ay = L
i (x) 5E

T (UAUT + A)¥q, (3.28)

where
A = diag(0, Am3,, Am2,), A = diag(2v2Gg N, = 2EV,,0,0). (3.29)
The solution, from a basic theory of differential equations, can be formally written as

U, (2) = exp —i(UAUT + Az, (3.30)
where the exponent of a matrix M is defined through its power series, eM = S~ M" /n!.
For the rest of this section, we will only consider the two-dimensional case. This is
a good approximation in special cases, for example when the vacuum mixing angle
is small or the mass differences are well separated. In the three flavour case, cal-
culations become less tractable, the theory is treated (partially analytically and then
applied numerically to solar neutrino mixing) by Kuo and Pantaleone [37].
In our two-flavour approximation, the evolution equation can be written as
dw 1
i— = — MV 3.31
Ydr 4B (3.31)
where the vector ¥ = (¢ee, 1e,,) contains all the independent transition probabilities
and

— 2 2 i
e ( Am? cos(20) + 4EV.  Am sm(29>), (3.32)

Am? sin(20) Am? cos(20)

contains a vacuum oscillation term and a term from the forward electron flavour
scattering. This can be readily seen by writing it as

o (—Am? 0 i V2Gp N, 0
M_U< 0 Am2>U +2E< 0 _V3GeN.) (3.33)

where we have subtracted a multiple V. = /2Gr N, of the identity matrix to make
the interaction part look more symmetric. Upon diagonalising M, we get the effective
mass of the neutrinos in matter,

(Am?2)? = (Am? cos(20) — a)? + (Am?sin(26))?, (3.34)

with a = 2v/2EGyr N,/ Am? depends only on Am? and properties of the material. The
matrix used to diagonalise M has precisely the same form as the 2 x 2 PMNS matrix
U, but with a different angle:

cosfy  sinfy . 9 sin?(26)
) , where s 20,,) = . 3.35
(— sinf, cos 0m> sin(26m) (cos(26) — a)2 + sin?(26) (3:35)
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From this expression it is immediately clear, that if the vacuum mixing angle 6 is

very small, there is a resonance for a = cos(26). Tracing back the definitions, this
Am? cos(20)

2V2EGr

If the electron density of the matter is constant, then df,,/dz = 0. In this case it
can be shown [22, § 3.2] that the effective massive neutrinos evolve independently

and the transition probabilities are given by

corresponds to an electron number density N, =

2

A
P(v, — v,) = sin®(20,,) sin” ( Tgx) (3.36)

(recall that this transition probability fixes all others). Note that this has exactly the
same structure as the vacuum probability amplitude (3.19) where the parameters
Am? and @ have been replaced by their effective values in matter. For small propa-
gation distances this is a good approximation, for example the density of the earth
is approximately constant over a distance of 1 — 2 kilometers, which is the typical
depth under the earth surface of an oscillation experiment. However, if the density is
not constant, a numerical simulation must be performed. This is the case in the sun,
for example, or when calculating neutrino fluxes at night, when the neutrinos ap-
proach from the other side of the earth and have to travel through 2R,.,¢;, = 12 500
kilometers of matter with strongly varying density. One way of computing results
is approximating the density profile by patches of constant matter density and then
patching solutions for ¥ together at the boundaries in a smooth way. This is usu-
ally done for the earth density profile. For propagation in the sun, one can use the
approximation

No(R) = No(0) exp(—R/Ry), (3.37)

where N, (0) = 245N, /em?® and Ry = R /10.54 for the electron density as a func-
tion of radial distance; for 0.1 < R/Rs < 0.9 this is a rather accurate description
of the actual Standard Solar Model density profile [22, § 3.2, Fig. 3]. Using such
an approximation of the electron number density profile of the sun and a numerical
approximation of the electron density of the earth it is then possible to derive various
allowed combinations of Am? and the vacuum mixing angle. This allows us to calcu-
late the corrections to the vacuum oscillations rather well and at the same time put
some restrictions on our theoretical parameters based on the available data.

As a final remark, note that in the three flavour case the only occurrence of the
Majorana phases ¢1, ¢- is again in the PMNS matrix U. This enters only in the
combination UAUT, hence in matter — just as in vacuum — these phases drop out. Not
even a matter theory will give us a handle on measuring these elusive paramters, and
we will definitely have to resort to non-oscillatory experiments to find them.

3.2 Adding neutrino mass terms to the Standard Model

For ease of notation and to exhibit the important ideas of this section more clearly, let
us first neglect flavour and suppose that there is only one neutrino field v of which
neither left-handed nor right-handed chiral projection vy, g = Py, g vanishes a priori.
We have seen in section 2.4 that mass terms can be generated by a Yukawa coupling
of fields to the Higgs doublet @, leading to Dirac mass terms of the form

mp (VrRvL + VLYR) , (3.38)

which couple left and right handed fields, as remarked below equation (2.9). The
mass mp is given by mp = %yv, where y is a Yukawa coupling constant and v is
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the vacuum expectation value (vev) of the Higgs field after electroweak symmetry
breaking.

As we have shown in section 2.3, in the case of a Majorana fermion when ) = ¢°,
this mass term reduces to

M (Db, + i) - (3.39)

In general, if we assume that the left-handed and right-handed chiral components
are independent, we can add also a Majorana mass term for both of them, which —
together with the Dirac term above — yields

L, =mp (WVL + WVR) + My, (EVL + TLI/E) + Mg (gl/ﬁ + El/ﬁ) . (3.40)

We can write this in matrix form as

L, x (F R) (ML mD> (VL) +he. (3.41)

mp MR VIC{

or more compactly as

L, < NEM Ny, + h.c. where M & (ML mD) , N, def (V{j) ) (3.42)
mp MR r

The proportionality factor consists of minus signs and factors of 3 which must be
added to avoid overcounting when deriving the Euler-Lagrange equations, which we
are not concerned with here. The doublet N, has a left-handed index, because it only
contains left-handed fields. In analogy with equation (2.45) we can write each of its
components as a combination of left-handed mass eigenstates uﬁ (for:=1,2) as

2 2
vo=Y UV, vg=> U, thatis, Ny =Uny (3.43)
i=1 i=1

for some unitary mixing matrix U and with n; denoting the doublet of mass eigen-
states. The matrix U is fixed by requiring that U* MU is a diagonal matrix, the diago-
nal elements m; and my are then the masses of the mass eigenstates. After diagonal-
isation, the Lagrangian then reads

2
L, x Zml(uﬁ)luﬁ +h.c., (3.44)

i=1

which only contains Majorana mass terms for the massive states.

3.2.1 The see-saw mechanism

It is very interesting to consider the case My, = 0, |mp| < Mgr. We will first explore
this limit and only try to justify it afterwards. Upon diagonalizing the mass matrix in
equation (3.42) for m, = 0, we find entries equal to the eigenvalues

Mg £ \/47)1% +M}2{ - MRiMR(lﬂ-Qm%/MIQ{ (3.45)
2 o 2 )

mio2 =

where ~ indicates that the approximation |mp| <« Mg has been used. Since the
diagonal elements give the masses m; of the neutrino mass states v{ , we see that

2 2
mi '1—@, mgzMR —l—% (346)
R
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The structure of this relations is somewhat similar to a seesaw: the heavier the right-
handed mass state, the lighter the other one is. Therefore this construction is referred
to as the seesaw mechanism. Though MR can in principle take any value, let us assume
that it is large. Because mp was generated by the neutrino fields coupling to the Higgs
field in precisely the same way as the other fermionic fields, one would naively expect
mp to be of the same order of magnitude as, for example, the electron mass. Then
by our assumption on the Majorana mass Mg, one of the mass states will become
very heavy while the mass of the other one will become very small compared to the
electron mass.

If we assume that My, ~ 0 is not precisely zero, but very small compared to the
other masses, the eigenvalues of the matrix are

My, + Mg £ \/4m2D + (ML - MR)2

mi2 = 9
~ X (M 4 M+ (M — M) 14— 1\ @4
=3 L R L R (M, — Mn)? .
which leads to the masses
= Mt —"TD D e D (3.48)
1= L ML_MR— MR7 2 — R ML_MR_ R .

for the massive neutrino states, upon diagonalisation. Indeed this approaches equa-
tion (3.46) as My, — 0. We call this limiting case type I seesaw; we see, however,
that also for small but non-zero left handed Majorana mass the seesaw effect occurs,
where one mass is proportional to My (assumed to be large) and the other one in-
versely proportional. When Mg, is in fact so large, that the My, term dominates m,
one speaks of type II seesaw.

Given that we can somehow justify the assumptions made above, this model there-
fore seems to offer a good explanation for the fact that the neutrino masses are so
tiny compared to the other fermion masses. We shall now attempt to at least make
these assumptions plausible.

A non-zero Majorana mass My, for the left-handed chiralities is prohibited by the
gauge symmetries of the Standard Model. Recall that the left-handed fields e;, and
vy, together form a weak isospin (SU(2)r,,) doublet. However, it is clear that a term
like (3.39) is not invariant under SU(2) rotations. In particular, one can check that
the term v{ 11, has a weak isospin eigenvalue of 1 (it is an SU(2) triplet), whereas
the lepton doublet has an eigenvalue of 1/2. Therefore, to produce a SU(2) singlet
mass term it would have to be coupled to a Higgs triplet, which does not exist in the
minimal Standard Model*. Since the right-handed neutrino field vy is a singlet under
the Standard Model gauge group, there is no problem in adding a Majorana mass for
this field.

Within the Standard Model, little can be said about the other assumption, |mp| <
Mpg. As stated above, My is in principle just a parameter of the model, which can
take any value. However, it is perfectly reasonable to expect that there is some more
symmetric theory, which breaks down to the Standard Model at “low” energy scales.
Such a theory is called a Grand Unification Theory (GUT), the energy scale Mgy at
which its symmetry group Ggur D Gsm breaks to the Standard Model gauge group
Gy is generally expected to be of order 10'* GeV or higher. Standard GUT gauge

*Extensions of the Standard Model are possible, for example by a Higgs singlet (see [38]) or triplet
(see [39]) scalar or by adding fields in the fermionic sector, which lead to the possibility of Majorana
masses for left-handed neutrinos.
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groups include products like SU(3), ® SU(2)r, ® SU(2)r ® U(1) or “easy” groups
such as SO(10) or Eg. It seems natural to expect, since we do not observe right-
handed neutrinos in our low-energy experiment, that the right-handed neutrino mass
is generated by some high-scale process such that Mr ~ Mgyr. Such a theory could
contain operators that are non-renormalisable in the Standard Model, such as [40]

G () (). e
o,

where the sum in « and 3 runs over all flavours. After the Higgs fields ® develops its
non-zero vev, this leads to a Majorana mass

gv?

b
Mgur

my, = (3.50)
in the one-flavour case. For sufficiently high energy scales Mgy, this is small even in
comparison to mp x Yv, with Y some Yukawa coupling of the order of the electron
coupling (Y ~ Y, =~ 0.5 MeV/v).

In conclusion, from the viewpoint of a higher energy unifying theory, the assump-
tions for the seesaw mechanism can be more or less justified. The question whether
the flavour neutrinos are indeed Majorana particles or not will be addressed in sec-
tion 3.3.2, due to the experimental nature of this issue.

3.2.2 Three flavours

Let us now generalise the simplification in the preceding section to the actual case of
three flavours. Recall that in the Standard Model fermion-gauge interactions (2.26)
there are three left-handed neutrinos (corresponding to the three lepton types e,
and 7) which take part in the weak charged and neutral current interactions, to wit:

(e} «
VL VL

Z >fvm.VK\/ and Z >\m—\i\/ (3.5
a=e,u,T 6% a=e,u,T Vﬁ

(with ¢! denoting the left-handed leptons), respectively. Note that there is no flavour
changing. The charge of the W boson depends on the direction of the charge flow,
which has been omitted in the diagrams above. Because these neutrinos interact
(although only weakly, by which they are hard to detect) they are also called active
neutrinos. It has been experimentally verified that the electron, mu and tau neutri-
nos are the only active “light” neutrinos (that is, with mass less than approximately
46 GeV) [41]. The right-handed neutrino fields do not interact, and are therefore
also called sterile neutrinos. Precisely because of this sterility, we have no experi-
mental bounds on their number, but we will assume that there are only three, /.
We can again write down Majorana masses for the left- and right-handed chiralities
separately, and a Dirac mass which couples the both:

1— 1—
L, =TrMPy, — iuﬁMLuL — iuﬁMRVR + h.c. (3.52)
where the factors —3 were again added to avoid overcounting when applying the

Euler-Lagrange formalism. The masses are no longer scalar numbers, but 3 x 3 ma-
trices. The explicit form of the Lagrangian is
3

ZZVRMDV ZWMiﬁVf ~5 > R

a i=1 a,B ij=1

MR J +he  (3.53)

DN =
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where Greek indices such «, 3 run over the left-handed neutrino flavours e, u, 7 and
roman indices 4, j run over the massive states 1, 2, 3.
Analogous to the one-flavour case, we can define a “doublet”

) v o
Ny = ( E) where v, = | i |, andvg = | (WR)° ] . (3.54)
R a (3)°

Then we can write the Lagrangian as

(3.55)

___ L D\t
L, = %NEMNL with M = (M (M) >

MP MR
the 6 x 6 mass matrix. When we diagonalise this we find 6 mass eigenstates v, and
the mass terms in the previous Lagrangian reduce to

6
1 _
Ly =—5 D mygy, +he, (3.56)
p=1
whence we see that the mass states are pure Majorana particles. The six mass states
are mixed by some mixing matrix V, such that

6 6
v = Z VapVp, (VR)¢ = Z Vikvp, (3.57)
p=1 p=1

from which we conclude first of all that the mass states are left-handed and secondly,
that this description in no way prohibits oscillations between active and sterile neu-
trinos.

If we again assume that M" = 0, using a similar plausibility argument as before
(based on the SM gauge group and the absence of Higgs singlets or triplets) and that
the eigenvalues of M® are much larger than those of M, we can (block) diagonalise
M:

M — (Mgght 0 ) where Myghe ~ —(MP) (M®) 7P MP, Myeayy ~ M®

Mheavy
(3.58)
up to order (M®)~1MP. This provides a separation between the heavy (sterile) and
light (active) sectors, where we can neglect the former at low-energy scales (F <
Mheavy >~ Mcur, where Mgyt is again some unifying energy scale at which the right
handed neutrino masses are generated). We can then write for the active neutrinos

3
Vﬁ = ZUakaa (3.59)
p=1

because three of the mass eigenstates do not contribute after the diagonalisation.
The matrix U is the unitary matrix that diagonalises Mj;g; and is precisely the PMNS-
matrix from equations (3.4).

3.3 Experimental evidence

However beautiful a physical theory, it is useless if it cannot be related to experiments,
does not agree with the outcomes of such experiments, and cannot eventually make
predictions before experiments are actually done. Let us inventarise which parame-
ters are present in our theory and what experiments have told us (or might be able to
tell us in the future).
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3.3.1 Oscillation experiments

The important physical parameters which definitely would have to be determined to

complete our theory are the neutrino masses m;, mo and mg and the mixing angles

Oap (012 = bep, 613 = b, and 023 = 6,,;). Oscillation experiments might in principle

be able to give us the latter, as the oscillation amplitudes (3.15) depend on them

through the entries of the PMNS matrix. However, as we have already remarked,

oscillation experiments do not allow for the determination of absolute mass scales,
2

just mass differences, Amfj =mj— m?. In fact there are only two independent mass

differences; one convention is to use Am?, and Am3,, such that

2 2 2 2 2 2 2 2 2
Amis =ms5 —mi =ms5 —m5+m5 —mi = Ami, + Amss,
2 2
Amg; = —Ami,, (3.60)

etc.

Obviously, taking Am?, and Am?, as independent is an equally valid choice. Other
conventions do exist however, in which different mass squared differences and a la-
belling of the massive states are chosen which are more convenient for the purposes
of a specific paper*. Most oscillation experiments are focused on a specific oscillation

between two neutrino flavours and therefore measure 6 ' 0;; and Am? o Am;
for some specific 7 and j. The oscillation experiments can be crudely divided into two
categories, which are characterised by the source - detector distance L and the typical
neutrino energy E. Looking back at equation (3.15), or the effective two-dimensional
theory (3.19), we see that the oscillation probability depends on Am?L/(4FE). For the
oscillations to be measurable this quantity cannot be too small and must be greater
than order 0.1 — 1 [22]. Therefore, the parameters L and F also give a bound on the
mass difference Am? to which the experiment is sensitive. We then discern short
baseline (SBL) and long baseline (LBL) experiments (some authors also speak of
very long baseline (VBL) or even more categories). For short baseline experiments,
L/E <1 eV~ ?yielding a mass sensitivity of Am? > 0.1 eV2. Such experiments use for
example nuclear reactors or muon accelerators as their source of neutrinos, whence
the source — detector distance is relatively short. Long baseline (LBL) typically rely
on atmospheric decays and the solar fusion processes as neutrino sources. For atmo-
spheric experiments, L ~ 1 — 1000 km with a sensitivity of Am? ~ 10=2 - 1073 eV 2.
Solar neutrino experiments, for which L ~ 10® km, can go as far as Am? > 10712 eVZ.

Rather recently, several global fits have been published, combining the data of many
oscillation experiments. The data from this publications agree rather well. As an
example, we quote the results from Fogli [42] in table 3.1, for a more complete
overview see [27, § 7] and the references therein.

Insufficient data are currently available to determine the mixing angle 6;3, or,
equivalently, |U, 3|. The lower bound given in the tabel is a formal one (correspond-
ing to the trivial requirement sin®(f;3) > 0); the current experimental upper limit is
sin2(2913) < 0.17 and comes from the CHOOZ reactor experiment [43]. Currently
preparations are taking place for the experiment, scheduled to begin in 2009, to mea-
sure up to sin?(f13) > 0.03 and to provide either a value or a new (much lower)
upper limit [44]. Whereas the ‘first neutrino event’ is expected by summer 2009, the
full sensitivity of sin?(6;3) ~ 0.03 will only be reached after approximately 5 years of
operation (see figure 1b from [44]).

*When discussing mass hierarchies below, different sources will set up things such that in both hierarchies
m1 < mg < mg, or that changing from one hierarchy to the other amounts to changing the sign of
one of the mass differences squared [42].
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sin? 013 = 0.9723 x 1072
Ami, = 7.927009 x 1075 eV?

sin® 019 = 0.31470 12 (3.61)
Am3, = 241050 x 1073 eV?

sin? fp3 = 0.4415:52

Table 3.1: Current standings in determination of the parameters in the PMNS matrix
(taken from [42])

An other important missing piece of information is the precise mass hierarchy. From
the experimental data in table 3.1 it is clear that |Am?,| < |Am3,| and therefore
|Am?;] ~ |Amas|?. By convention, we label the two mass states with the smallest
mass-difference squared 14, and vs, such that m; < mso. That is, by a relabelling
we can always get Am?2, > 0; however, the sign of Am3; has physical importance. If
Am3; > 0 then m; < my < mj3 and the lightest two neutrinos are almost degenerate,
whereas for Am3; < 0 the masses are ordered according to m3 < ml < m2, as
indicated in figure 3.3. The first case is called normal hierarchy because it has the
same structure as the mass hierarchy of the leptons, while the other is called inverted
hierarchy.

Note that the oscillation probabilities all depend on the squared sine of the mass
differences squared and therefore do not depend on the sign of Amfj. The problem
of mass hierarchy can therefore not be resolved by oscillation experiments. The KA-
TRIN experiment [45], which is presently (February 2009) being built, is designed to
measure the neutrino mass directly through beta decay of tritium. It will attempt to
push the electron neutrino mass down to 0.2 €V, improving the current bound [46] by
one order of magnitude. The KATRIN experiment is expected to be fully operational
by 2012 and run for 5 years.

Finally we mention again that our experimental data do not depend on the Dirac
phase ¢, and therefore we are unable to conclude how many, if any, CP violation takes
place in neutrino oscillations.

3.3.2 The phases

In the preceding paragraphs we have seen that the Standard Model allows for both
Majorana and Dirac mass terms to be added to its Lagrangian, although the Majorana
mass of the light-handed neutrinos is not allowed (or heavily surpressed, if we con-
sider the Standard Model as a low-energy effective theory). We have seen that for the
mass eigenstates, only Majorana terms are present. However, experimentally flavour
eigenstates are measured and the question is whether these are in reality Majorana or
Dirac particles. In the equation for the mixing matrix (3.4) we have seen that, apart
from the three mixing angles which describe the mixing between neutrinos of flavours
« and [, there are also three phases which cannot be absorbed in the definitions of
the fields. One of them is the Dirac phase § which is related to the CP violation and
can therefore — in theory — be measured, as we have seen in section 3.1.2. The
other two phases ¢, ¢ are so-called Majorana phases. They are only present if the
flavour neutrinos are Majorana fermions, because the Majorana mass term is not in-
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normal hierarchy inverted hierarchy

u — (m3)2 (mz)z— —
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(amd),,
v 2

H (Am°) 5
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] (ml)2 (m3)2l I

Figure 3.3: Copied from [1, fig. 12], original caption: Cartoon of the two distinct
neutrino-mass hierarchies that fit all of the current neutrino data, for fixed
values of all mixing angles and mass-squared differences. The color coding
(shading) indicates the fraction |U,;|? of each distinct flavor v, o = e, p, T
contained in each mass eigenstate v;, i = 1,2, 3. For example, |U2|? is equal
to the fraction of the (ms)? “bar” that is painted red (shading labeled as
ve).

variant under phase transformations. They are non-physical if the Majorana term is
absent though, because the remaining terms of the Lagrangian are invariant under
phase rotations.

We have also shown in section 3.1.2, that neutrino oscillation experiments do not
allow us to determine the Majorana phases. Even if present, they are namely irrele-
vant for the measurable quantities in such experiments. Therefore a non-oscillatory
experiment is needed to decide between the Dirac and Majorana nature of neutrinos.
The currently most sought-for is the neutrinoless double beta decay. Ordinarily, beta
decay is given by the reaction

2n — 2p + 2e” + 27, (3.62)
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where the anti-neutrino is right-handed (as the anti-particle of a left-handed electron
neutrino). Hoewever, if the left-handed neutrinos are Majorana particles, then 7; = v,
and the reaction can take place in two steps:

n—pte +7

_ } = 2n — 2p +2e", (3.63)
Ve +t N —p+e

where the neutrino which is produced in the first step, is absorbed in the second step.
The Feynman diagram for this process is shown in figure 3.4. This is obviously only

n p
W=
LY
7 A
—»— €],
n W=
p

Figure 3.4: Feynman diagram of neutrinoless double beta decay (taken from [28]).

allowed when the left-handed neutrinos are Majorana particles, such that the annihi-
lation at the crossed out vertex is possible; observation of this decay would provide
conclusive evidence for the Majorana nature of the left-handed neutrino. Currently,
the NEMO-3 and Cuoricino experiments are searching for this decay, while several
experiments are being planned, such as* CANDLES, CUORE, EXO, GERDA, Majorana,
MOON, SuperNEMO. So far the Heidelberg-Moscow experiment has claimed to have
observed the neutrinoless double beta decay [49, 50], although this has not yet been
confermed independently by for example NEMO [51] or other experiments [52].
Moreover, since the amplitude for the neutrinoless beta decay process is P ~

(m) of | >, U2 my| this would give us an estimate on the Majorana mass. Unfor-
tunately P is quite small ({m) is estimated to 0.3975-1% eV by Heidelberg-Moscow and

IGEX [49]) which means that it is very hard to detect this decay if it is allowed.

3.4 Other theories

Although among current theories, the seesaw theories appear to be the most promis-
ing and they definitely receive the most attention, other attempts have also been
(and are still being) made to provide an explanation for the structure of the neutrino
masses.

One way to approach the problem is “bottom-up”: one attempts to describe the
low-energy phenomenology and tries to fit the theoretical parameters to experimen-
tal results. It is possible, for example, to consider cases where the neutrino mass
matrix has a specific form because there are certain relations between its entries or
certain components vanish. Naturally, it is then required to justify the assumptions

*List is by far non-exhaustive and in alphabetical order, for a more detailed overview see [47,48]
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which are made, and to show that the resulting theory does not directly contradict
any experimental results. The danger of such an approach is of course, that such a jus-
tification may not exist, or that an assumed equality is only an approximate equality
and that the theory — however interesting — must be discarded as non-physical.

The other approach is “top-down”, where an attempt is made to write down a con-
sistent high-energy theory from which a reasonable (that is, containing the Standard
Model and not contradicting any experiment) low-energy description follows as a
limit. Current results can then be explained by requiring that certain symmetries be
broken in that limit. Ideally a high-energy mechanism is uncovered, which creates the
right-handed neutrino masses and accounts for the smallness of the left-handed neu-
trino masses in a natural way. An example of this is the mass-dimension 5 operator
from equation (3.49), which is non-renormalisable in the Standard Model but does
become renormalisable in a more symmetric theory. In this context, unifying theories
with gauge groups like SU(5) or SU(10) and with or without supersymmetry may be
considered.

Seesaw is promising in this respect, as it seems to work quite well from the “bottom
up” point of view, while it also follows naturally in some “top down” theories. For a
more extensive review of promising results and possible research directions for both
approaches, we would like to refer the reader to [53] and the references therein.
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CHAPTER

CONCLUSION

Many papers are currently written on neutrino oscillations, ranging from complete
reviews of currently accepted ideas to wild speculations in an attempt to explain
existing data with a good theory. Many authors of the sources consulted in writing this
report, agree that these are exciting times, when we have recently made such good
progress while still so much is left unknown. We have touched upon the matter of
absolute mass scale, whether flavour neutrinos are Dirac or Majorana, whether there
is C' P violation (and how much), what role neutrinos have played in the development
of our universe, and many smaller (but interesting) questions.

At this point we are sure (at least, as sure as one can be in physics) that the solar
and atmospheric neutrino problems are solved by neutrino oscillations. The theory
of neutrino oscillations is well-understood, however it is not quite clear how to in-
corporate it in the Standard Model. The most promising candidates seem to be the
see-saw theories, which at the same time explain the smallness of left-handed neu-
trino masses with respect to the fermions and the absence of right-handed neutrinos
in our “everyday” experience, while also hinting at some unifying theory (“GUT”). A
well-known example is the theory with gauge group SO(10), containing a 16-tuplet
that can precisely accommodate all fifteen Standard Model fermions plus one extra
fermion field, which would logically be the right-handed neutrino. Also many su-
persymmetric grand unification theories (SUSY GUTs) support the existence of right-
handed neutrinos and neutrino flavour oscillations which are both not possible in the
minimal Standard Model.

But also in unexpected parts of physics, neutrino physics may contribute. For exam-
ple, string theory is currently a (the?) serious candidate for a “theory of everything”
but it has the serious problem of requiring extra dimensions. It turns out that a see-
saw mechanism would work very well if these extra dimensions are small (~ M[jl
for some large mass scale M;) while if these dimensions are large (millimeter scale)
current bounds on neutrino parameters could heavily restrict our theoretical possibil-
ities [53, § VILD].

Moreover, since right-handed neutrinos are believed to have no interactions (except
through gravity) we know very little about them. Therefore it is interesting to theorise
about their role in nature, and see for example how they affect the matter content of
the universe, active neutrino mixing and structure formation. This has lead to the
proposal of sterile neutrinos as candidates for dark matter and as a source of the
matter — anti-matter symmetry through leptogenesis [54, 55].

Although most of the extensions mentioned above are still very new and may seem
unlikely at first sight, history has taught us never to discard a new idea too soon.
There is a chance of falling in the trap of comparison: understanding for example
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quark physics very well, we are quickly inclined to project certain properties of quarks
onto neutrino physics, based on points of similarity. However, the amount of possibil-
ities is very large for us creative theoretic physicists, and it will require a great deal
of ingenuity to devise experiments by which we can test our wild (and not so wild)
guesses.

For the coming years, we can expect experimental determination of several param-
eters of the theory explained in this paper with ever improved precision, which will
hopefully shed some light on the properties of neutrino physics, and physics beyond
the Standard Model in general. Therefore, the reader must agree that the closing
words of C. Giunti and M. Laveder from their 2003 review on neutrinos [22] are
still very much applicable: “...we think that interesting years lie ahead in neutrino
physics research.”
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