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Problem set 4 for Cosmology (ns-tp430m)

Problems are due at Thu Mar 6 (in total 17 points).

8. Fermions in curved space-times. (7 points)

Consider the following covariant Dirac action for fermions in curved space times,

Sfermion =

∫
d4x
√
−g
(
ψ̄iγµ∇µψ −mψψ̄ψ

)
, (1)

where ψ̄ = ψ†γ0(x) and mψ denotes the fermion mass. The covariant derivative acting on a fermion

field is given in terms of the spin connection Γµ as,

∇µψ = (∂µ − Γµ)ψ , (2)

which is in turn defined by

∇µγν ≡ ∂µγν − Γαµνγα − Γµγν + γνΓµ = 0 . (3)

By recalling that,

γµ = ebµγb , (4)

one can show that a solution of (3) is

Γµ = −1

8
eνc

(
∂µeνd − Γαµνeαd

)
[γc, γd] , (5)

where [γc, γd] = γcγd − γdγc denotes the commutator. Here we are using a, b, c, d, .. for the tangent

space indices, on which γa and ηab are space-time independent, and µ, ν, ρ, σ, .. for the space-time

indices.

We consider homogeneous conformal space-times, with the conformally flat metric tensor,

gµν = a2(η)ηµν ≡ ebµ(η)ecν(η)ηbc , ηbc = diag(1,−1,−1,−1) , (b, c = 0, 1, 2, 3) , (6)

where the scale factor a = a(η) is a function of conformal time η (e.g. in de Sitter space-time,

a = −1/(HIη) (η < 0), where HI denotes the Hubble parameter of de Sitter space).

(a) (1 point)

Check that in conformal space-times the vierbein has the form

ecµ(η) = δcµa(η) , eµc (η) = δµc a(η)−1 , (µ = 0, 1, 2, 3; c = 0, 1, 2, 3) . (7)

and that the Dirac matrices obeying the correct anticommutation relation are,

γµ(η) = eµbγ
b = a(η)−1δµbγ

b . (8)
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(b) (3 points)

Show that the Levi-Cività connection Γαµν and the spin connection Γµ are of the form,

Γαµν =
1

c

a′

a

(
δ0µδ

α
ν + δ0νδ

α
µ − δα0 ηµν

)
Γµ =

1

4

a′

a

[
γ0, γb

]
ηµb , (9)

where a′ = da/dη and ηµb = diag(1,−1,−1,−1).

(c) (3 points)

Show that, when contracted with gamma matrices, the covariant derivative acting on a spinor

acquires the form,

i∇/ ≡ eµc iγ
c∇µ = a−

5
2 iγcδ µc ∂µa

3
2 . (10)

Show that from here it then follows that the Dirac equation for fermions in homogeneous

conformal space-times can be written as(
iγcδ µc ∂µ − amψ

)
ψcf = 0 , ψc = a3/2ψ , (11)

where ψc denotes a conformally rescaled spinor. Comment on the physical implications of this

result.

9. The Friedmann equation. (10 points)

Consider the spatially flat metric of an expanding universe,

gµν = diag(1,−a2,−a2,−a2) , (12)

where a = a(t) is the scale factor (of the Universe), and it is a function of time.

(a) (2 points)

Calculate the corresponding Levi-Cività connection,

Γµαβ =
1

2
gµν
(
∂αgνβ + ∂βgνα − ∂νgαβ

)
. (13)

(b) (3 points)

Calculate the Ricci tensor, by making use of the expressions,

Rαβ = Rµ
αµβ , Rµ

αβγ = ∂βΓµαγ − ∂γΓ
µ
αβ + ΓµσβΓσγα − ΓµσγΓ

σ
βα , (14)
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and show that the Ricci tensor is of the form,

R00 = − 3

c2
ä

a
, Rij = − 1

c2

( ä
a

+ 2
ȧ2

a2

)
gij , (gij = −a2δij) , (15)

while the Ricci scalar reads,

R ≡ gµνRµν = − 6

c2

( ä
a

+
ȧ2

a2

)
. (16)

(c) (2 points)

Make use of the Einstein equation

Gµν −
1

c2
Λgµν =

8πGN

c4
Tµν , (17)

where

Gµν = Rµν −
1

2
gµνR , (18)

denotes the Einstein curvature tensor, Λ is the cosmological term, and the stress-energy tensor

of an ideal fluid equals in the fluid rest frame, in which uµ = c(1,~0 ),

Tµν = (ρ+ P)
uµuν
c2
− gµνP , (19)

and derive the Friedmann (Friedmann-Lemâıtre-Robertson-Walker, FLRW) equations,

H2 ≡ ȧ2

a2
=

8πGN

3c2
ρ+

Λ

3
ä

a
= −4πGN

3c2
(ρ+ 3P) +

Λ

3
, (20)

where ȧ = da/dt and ä = d2a/dt2, and H = H(t) is the Hubble parameter.

(d) (3 points)

Show that the covariant stress-energy conservation, ∇µTµν = 0, implies,

ρ̇+ 3H(ρ+ P) = 0 , (21)

where ρ = ρ(t) and P = P(t). Show that this is not an independent constraint, and that it

can be derived from Eqs. (20).

Discuss the solutions of equations (20–21) for the cases (1) ρ = P = 0, Λ = Λ0 = const.

(de Sitter space), (2) P = wρ ∝ 1/a4, Λ = 0 (what is the value of w in this case?), and (3)

ρ ∝ 1/a3, Λ = 0 (what is the value of w in this case?).


