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consider the set JN of rear (o" complex) porynomials in n variabres

of d.egree < N. (N a large natr:ral number ) ' The poJ'-ynomials vith

cri t ieal point O, are cal led. singutari t ies '  They form a l inear sub-

space S of JN. .q, pof 'nomial g is cal led' Right-equivalent with f  i f

it can be d.erived" from f by apptying a smooth coord-inatetransformation

of Rt. The Right-equivalenceclasses are immersed" submanifold's in JN'

One ean consid.er the fol lowing two problems:

crassi-f lca.t ipJrp.roblglt :  Give a t ist of Right-equivalenceclasses for

increasing cod. imension in  S '

Adi-aegnc,v.p.roble,$: Give a description

that can occur for arbitrarity sma1l

mia l .  Or  more genera l :  Descr ibe the

eouivalenceclasses '

rn  par t  r  o f  th is  thes is  the e lass i f icat ionproblem is  t reated in  the

context of germs of rear functions. rt  d-epends heavi ly on the work

of I4ATHER t19] and. uses also WASSERMANN l2Tl' vho gaYe in his thesis

a.  genera l izat ion of  Matherr  s  work to  the Right le f t -case '

rn g 1 r recal l  definit ions and. theorems concerning Right-equivarence '

In  53 a l is t  o f  equiva l -enceclasses wi th codimension 1 9 is  presented- '

The fu l t  proof  is  g iven in  gh.  One of  the reasons for  t reat ing the

probrem of equivalence in k-parameter fanrir ies of germs ( in 52) is

the ex is tence of  1-parameter  famir ies in  my l is t .  55 conta ins a

counterexample to a conjecture of Zeemant concerning an algebraic

cond.i t ion f or a porynomial to be k-det ermined ( ror the def ini t  ion

see  g1) .  Moreover  r  d . i scuss  in  g I  the  c lass i f i ca t ion  under  R ieh t - re f t -

equivalence.

of  the Right-equiva lenceclasses '

perturbations of a given PolYno-

topotogY of the set of Right-
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professor R. Thom began the theory and crassif ied- the singulari t ies

in cod.imension smaller than or equal to four. He used- the theory for

a study of morphogenesis (to be appried. in various scienees ) ,  intro-

d,ueed the notion of universal unfolding and posed a large number of

inportant and. hard' mathematical problems '

In 1958-1970 J. Mather solved a number of these in his fundanental

papers on Right-equivalence of funetions ' A preliminary manuscript

.was informally distributeÖ. He d.id. not conclude this work in the form

of a paper however. Many mathematicians showed interest in the manus-

cript,  which contained" interesting new definit ions and- theorems on

universal unfold-ings .

In 1g'(O-71 the manuscript \qas studied- in a seminar of Professor

N . H . Kuyper at the univers ity of Amsterd.am . During the next year

(  1,gT1-  1gT2 )  I  s tar ted. ,  my researeh on the c lass i f  icat ion of  s ingular i -

t ies of real smooth functions and. improved. the classif icat ion for

cod.imension < j  by Mather to the classif icat ion in cod.imension < 8.

see tz3] , in which the results are formurated" with some ind.ications

of  the proof .

After the publication of my list for codimension <. B o ind'epend'ent

AFNOLD 11] publ ished. end 1gT2 a paper, i t  which he gave anong others

a l ist of the so-cal led. simple singrr lari t ies. This was a subset

of my l ist,  but complete with respect to the interesting sinpl i-

city problem. Very recently there appeared' two papers of A'RNOLD t2l

and. [3] , in which he gave a very extensive list, narnely of al-I fami- 
'

I ies with 0 and 1 parameter. I t  refers also to my paper and' contains

alt singulari t ies of cod.imension < 12, I  bel- ieve that my presentation

is st i l l  of some ind.epend.ent interest, since Arnold- omits the proofs

and. only treat Right-equivalence in the complex case, and. my presen-

tat ion includ.es the real case and Right-Ieft-equivalence'

The ad.jaeencyprobrem is treated in part rr of this thesis. r stud-y

there the complex anaryt ic case, ir  which the Milnorf ibrat ion .gives

some topological invariants. We refer to p. 6Z for the introduction

of part I I .  The results are i l - lustrated. in l ist 3 at '  the end' '
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In t i : . is 5 we recal l  some d.ef init ions and theorems '  As general

references we give MATHERtIgl and. WASSERMANN[27] .

(1 .1 )  te t  x  and .  y  be  topo log ica l  spaces  and  le t  x  €  x .  Two c* -mapp ings

f : U + Y and g : V + Y where U and- V are neighborhoods of x in X

are called. germ:..eqpiv9.Ient at x if there is a neighborhood' lü c u n v

o f  x  in  x  such  tha t  g lw  =  h lw .  The  equ iva rencec lasses  a re  ca r led

mapgerms at x € X from X into Y. We d.enote by i : X + Y the

equivalenceclass,  conta in ing f  :  U + Y '  Composi t ion of  mapgerms is

d.ef ined by composi t ion of  the representat ives.

!ile d.enote by E,, the set of germs at q € Rt of C*-functions

f r R* * R. E' has a natural ft-algebra structure ind'uced from R' As

a r ing E, has a unique pq4ima}.- id'ea! '  *ni f f in is the set of germs

f ' Pr" * P.. "t 9 such that f (g) = 0'

L i s the s et of germs at -Q. € R" of C*-d-if f eomorphi sms
n

O : (f t tro) + (f t*ro). Every fr e l ,r ,  r ta,= the propert ies +(-o) = O and

a+(O) has maximal rank. ! tre can make Ln into a group by taking as the

group operation the composit ion of mapgerms '

( t -e)  le t  X and.  Y be C*-mani fo ld.s  and le t  x  € X and k € N U {0} '  Two

C*-mappings f : U + Y and, g : V + Y where U and V are neighborhoods

of x in x are calred k-jet;equiv-aLep.t at -T i f  and onry i f  r(x) = e(x)

and a l l  the i r  par t ia l  der ivat ives of  order  < k  at  x  agree ( in  some'

and" hence in any system of local eoord' inates ) '  The equivalence-

c lasses  a re  ca l led  k - ie ts .  The  equ iva lencec lass  a t  x t  con ta in ing

)

)n

)
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f  :  U - t "  Y is  d.enoted bY i f t r l '

.tk(nrt ) is the set of f.iä= at 0 € R" of C*-mu'ppings f t P-" * ft

lk ( n, t  )  has a natr:ral vectorspace structure and is isomorphic with

the vectorspace of  a l l  po lynomt-*= in  x1r '  '  '  'x+]  o f  d 'ee;ee < k '

, l k ( n , t  )  c o n t a i n s  t h e  s u b s p a c e  J o ( n , 1 )  =  { z  =  j E ( f  )  €  J k ( n ' 1 )  l f  ( 0 ) = O }  '

By fo r,re denote the Tayrorseries of f at !. € Rt up to the kth degree

terms. Tlqo mappings f and g are crearly k- jet-equivalent i f f  fo - Eg'

t 
k ( ,, ) i, the set of k- j ets at -Q' € R* of c*-d'if f eomorphi sms

+ ,  (R t r ! . )  +  (R t r ' ) .  ; ( " )  i "  a  g roup  i ^ r i th  the  compos i t i on  ( taxe

representatives ) as prod.uct .  This act ion i  s well-d'ef ined '  since

(g . f  )O dePends onlY on gk and' fk '

For simplici ty o ve shal l  often ind' icate germs

name of a representative '

and i  ets bY giving the

( t . 1) There exist canolriggr p-roi e.cti 'qns't 
n n 1

. r k * 1  f n - 1  )  
- [ . ] , l k ( r r , r  )  *  r o - 1  1 r , , t  )  - +  .  r .  * ' t  ( n , 1  )  " g  J o ( n o t  )

*  t J  \ r r t '

T T I

and- E.  
nB to(n '  1)  d"ef inea in  an obvious way '

For the maximal id'eal mn - '  Ker[ i lo '  &" *^t:(";  t  ) ]  w* [ave

2 rn 
- ; - ;  

+  J t  ( r , ,1  ) l  '  An 
" r "*" " t  

?  e *? is  car led,  a s i 'ng l lar

mi - '  Ker [ l l" ' '  n 
' : . '  

: '  
'  

^.-, . ,  * 
'  

ratent to f ' (g) = o

gelq or a ,inguia-rily ' fhis cond"ition is equll

a n d  d - f ( O )  =  0 '  o r  t o  f 1  =  0 '

(t  .  h) Two^serms ? ,ä € *n are carled- (Riebt-)-gquiyalent i f  there

ex is ts  a  +  €  Lnsuch tha t  f  =  g+ '  Nota t ion :  t " ^ . *  t i r  i5 'e ) '  
l to

germs i,ä e ^nare cal led" Rieht-1.g{t-eq.u-i=alq'n! i f  
there exist + e Ln

A

and. ü e 1., such that qrf = gO' Notation: f EL 
g'

Two k_jets jk(r  )  and ik(e )  :  
r l ( r , ,1 )  are carred (nie-rr t  ) -eq*iva]gn!

i f  there "*t=rr 'u,  
;ot i l  L #J" i  such that fk = (e$ )k '  * : - :" : t : " 'o,-

. k , - . r .E  i k (e )  o r  , ,5  u ' . "  ; ' ä ; '  Two k - je ts  i k ( r )  ' "4  iu (F )  e  J : (n '1 )

i ' " ( r ) * . ^  , :  
- (e l  o r  

l :  
-  " '  =_ :T^-_ :  , ,  . " " "=  ex is t  i k (o  )  e  l k ( r , )  and

are called' Right-lef't '-equivale'nt if there ex 
- k

'r- 1
j^(ü; e i- . , . t  r  )  such that (üf )r = (e+ )o' Notation: r f t  

g'  The sroup

L acts on m* by composi t ion on the r ight ;  the R-equivalence-c lasses

.1""."" "'*t*"t","'ni";;";;"t*'o" 
' rhe sroup L t- 

x t:. 
1"t= 

on m" bv

composit ion on the r ight r^r i th erements of Ln and- on the left  with
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elements of .L.,  .  The Ftr-equivalenceclasses are the orbits of this

groupact ion.  Notat ions:  orr (?)  and.  or t " ( i )  for  the Right-equivarence-

c rasses  and .  o r t r r ( i )  fo r  the  R igh t - Ie f t -equ iva rencecrasses .  The

k 
IllJ

id.eals trr* are invariant und'er the two groupactions '

In  a s imi l -ar  way there are groupact ions of  r ,k(" )  o"  " rk(n, t  )  and of

, t t t l  .  l - . , k ( r , )  
" ; . i f ( r , 1 ) .  

T h e  o r b i t s  a r e  d e n o t e d  b y  o " l k ( r )  o r

Orb 'k( f )  in  the f i -case and by Ort f i r ( f )  in  the RL-case'

I t  is very important that ' the last two actions aTe algebraic '

(J . :J Ds.f i-n-iti.ons :

R-igh.t,--k-determi.ned- ( or io ( r ) i s Right-k-

g . = m :
11

f  =  E -  *?Bä .-k  ok I l

A germ i e mnis ca1led. Right- left-.k--d.ete.rqined' (o" ik(r) i= Right-

l-eft-k-suff icient ) i f  for any g € nrrt

fx  =  Bk *  ?  p  A.

The property of being k-d.etermined is invariant und-er Ftr-equivarence '

A germ I € ^n is cal led'

suff icient ) i r  for any

L.em.rna: Let f be s-deteYmined and

1 o  f \ . a  g

2o A is s-determined

p-roof  :  f ' l  Et  so there is  O e Ln

r..1 e then

such  tha t  f=  =  (S+) .  so  f  r ^  80  and  *

a lso 
? 

is  s-determined- '

v -su f f i c iencY o f  j e ts

th is  impl ies f  "a 8.

Since s-d.eterminacy is a property of the orbit  '

Other  re lated quest ions

( c f  K i J O I i 5 ] ) .

are Co -suf f ic iencY and'

E-x-a.n'p.Ies:

10  I f  f  i s  regu la r  i n

r ( x t r . . r r * r )  =  * 1 .

i f  g 1  =  f 1  t h e n  a l s o  e

coörd-inates such that

0 e R" there exist eoörd.inates such that

is  regular in I  €

g ( * t ! r . . . r * r r )  =  * 1 '

n11

K and. we can

CleartY g t,^ f ;

choose

s o  ' f  i s
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1-d.etermined-.

Zo if 0 is no.Jr:d"eg.en-erate criti cal-p.oint of f ' then the classical

Morsse-lemma saYS:

f t ,n f ' 2

f ^  then a lso't

2 2
r , ^  e " X .  * . . . *  e - - X -

l t  n n
O is a nond.egenerate

w i t h  e .  =  +  1 .
]-

eri t ical point of g and-Tf cr =o2

E t r t  82.

S o  g v n g z =  f 2 * f ;  s o  f  i s  2 - d ' e t e r m i n e d '

( t  .J,) ror

ä 1 f  , . .  .  1 ä

Theorem:

Pr* * p, ttre

d-enoted- bY

= *n obegs

id.eal '

^ ( f  ) .

k + 1
m

n

f :

f i s
n

T f f

L an R-modul'e and

e N and. cr-. .3 E m such
r J

generated. by the part ial  derivatives

c  m  
2 l ( r )  +

11.

= f .  t r le  d .e f ine F,  P, "  x  P + R tV
K

.  Deno te  r - ( x )  =  F (x r t ) ,  hence  Fo  =  f

R, {o} x R) -> (P," ,0) such that the map

k + 2  , a
m Enen t' is lrdeter-

n

mined.

Pr-o.of : Take any g € E, witn gk

F ( x , t )  =  r ( x )  +  t [ e ( x )  r ( x ) ]

and  F . ,  =  g .

We try to find- a map h t (R" x

( t .6 ). Nakay?,mat s ]-emma-:

Let R be a contrutatiue nr,ng uith 1; m an ideal,

M and N submodules of L. SuPPose:
4

a)  (1  +  x) - '  en is ts  in  R for  e 'DeYA x  E m

b ) M zs finiteLY generated

e )  M  C  N  +  mM

Then: M g N.

P r o o f :

L e t  € 1  o . . .  r e n  g e n e r a t e  M .  B y  c )  t h e r e  a r e  t i

nt h a t t  
* ,  =  , i  +  j E r  o i j " j .

Hence ( f  A)ä = ? (matr ixequat ion wi th [  =  ( " i  j
+ r r T

a n d -  e  =  ( e 1  r . . . r e n , l

a n a  i  =  ( f t r . r . r f r r ) T ) .

s i n c e  d e t ( 1  -  A )  :  i  +  a  w i t h  a € m  a n d .  1  +  a  i s  i n v e r t i b r e  i n  R o

a l s o  ( t  A ) - 1  e x i s t s  a n d

ä =  ( i  a ) -1?

s o  
" i  

€  i u ( i  =  ' 1  
t  " '  , n ) '  H e n c e  M  c 1 g '



ap

ht ,  def ined by fr,  (x ) =

that is

h(xr t  )  is  a d i f feomorphism and.  moreover

t * ( n r ( x ) )  =  F o ( x ) ,

F ( h ( x , t  ) , t  ) ( r )

Di f fe ren t ia t ing  ( t )  w i th  respec t  to

+  ä F  t t t - -  + \  + \  ä h *  ( u  + \  *  E F
i l f  A *  \ n \ x  t T  ) t T  )  .  

F  \ x r t  /  *  
E

1

vF(h (x , t ) , t )  .  #  
(x , t )  +  s (h (x , t ) )

where VF = (ä. f .  ÄF \  '  Ah

"1 
"" ' ry"  i  anoTt=

Def ine  g  ,  R t *1  *  Rn ly  t ( r , (x , t )o t )

Subs t i tu t ion  in  (e )  g i ves

v F (  h ( x , t ) , t )  .  B t n ( x o t ) , t )  +  e ( h ( x , t ) )  -  r ( r r ( x , t ) )  =  0 .

Since (* r t )  is  arb i t rary and ht  is  a d. i f feomorphism th is  is  equi -

v a l - e n t t o : V F ( x , t )  . ä ( x , t )  + e ( x )  f ( x )  = 0 .  ( l + )

I 'Je next  t ry  to  so lve the d. i f ferent ia lequat ions (S)  + (h) .  We need-

therefore two l_emmar s .

Iremma -1 : Let rr.o*1 g *n'a(r) + *:*' , Then there enists foy aLL

t € ft a *opguo* ! , Rt*l * Pr" defined, on a ner,ghborhood. u of

(o , to )  e  Rn*1 ,  uhzeh  sa t i s f i es :

( i )  t (o , t )  =  o  for  aLL (o , t )  €  u

( i i )  vF(x , t )  .  E(x , t )  +  e(x)  f (x )  =  o  for  aLL (x , t )  €  u .

Proo f :  Le t  E r *1  be  the  r ing  o f  ge rms a t  (o , to )  o r  c * - func t ions

Rt*t -> 
ft and ffin+1 the maximal ideat of En+1 . Let

A * ( t r ' )  =  8 n + 1 ( a , , r r . . . r E r r F ) .  \ , ' I e  h a v e  i n c l u s i o n s  S r r  a * r - r * 1  a n d  n n  a * n * ,

( s u b r i n g s ) .  T o  s a t i s f y  ( i )  a n d .  ( i i )  w e  n e e d . .  ̂ n o * 1  a  o * ( r ' ) ( E r * t r r )

or equivalently *nO* 
1 a o* (f '  )rnn ( every element of A* (F ) (*rr* 

trr,  )  has

t h e  f o r m  V F ( x r t )  .  E ( x , t )  a n d  q i  =  U r , *  
1 n n ,  s o  g i ( O , t o )  =  0 ) .

=  F ( x , O ) .

t  g i v e s :

(n(x , t  )  , t  )

r (n(x , t ) )

,  ah1
I E

t  
ä t  

t  .  .  o  t

ah /  \=  
a t { , x r t / .

= 0

= o (a)

ahn  \
;T -  i '

(s)
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rvo* ff i  
= 

* * t 
ü,e-r) 

hence 
ä 

= 
ä 

- t 
Ots-r).E x .

1 l_

So  a ( r )  c  6 * ( r )  +  En+1m

s ince  m  
k+1  Cyx  2 l ( r )  *

nn

Err* 
ltrrk* 

1 
-t 8rr* ',nrr2'r ( r )

c pr.24* (r  )  + mn+18n+1nn

n
k+2

m 1\7e nave:
n

. . a k + 2 D , r J k + 2r  G  . - m  C m  
- A * ( F )  

r  c o  . m
n + t  n  n  n + t  n

k + 1 .

C

Gt  k+1  D
so 8rra1mrr"' '  F nrrr-a* (r ') * *n*1En+1fi

lüe appfy Nakayamar s lemma with

(RomrLrMtN)  =  (8 r r *  
1 r f f i n+ r  ,E r+ r r8 r r+1mr ro* t  , *n2L*F)  and  ge t :

k+1  cE . . ^k*1  a*  za* ( r ' )
*n  

n 'F r  n  n

H e n c e  m  
k + l  c m  2 n * ( r ' )  c m . A * ( F )  a s  r e q u i r e d . .

n n n

Lemma 2z Fot' each t o€Rthe re i se
,  .  1 1  |  I

t  ü L E n  l t - t  |  <  r .'  o '

Proof :  I t  fo l - lows f  rom the fund amental  exi  stence theorem for

solut ions of ord. inary d. i f ferential equations that there exists a

smooth mapgerm h , P*1 * Pl satisfying the d. i f ferential equation:

A h  |  .  t , -  !

*  
( * , t  )  =  q (n (  x , t  )  , t  )

the in i t ia l -  condi t ion:

h ( x r t o )  =  x .

S ince  h to  i s  the  iden t i t y ,  the re  ex is t  E

d i f feomorph ism i s  fo r  a l l  t  w i th  ; t - to l

I f  x  =  0  the  d i f fe ren t ia l  equa t ion  has  un ique  so lu t ion  h (Or t )  =  O,  fo r
f

J+ (0, t )  = ät r t to , t ) , t )  = B{o, t ;  = 0 ( lemma 1( i ) )
1ar
I
t  r r (o , to )  =  o
r l  t -  .  |  \  \  d  t a t .  |  ,  \

M o r e o v e r  *  
( t r n . , ( x ) )  =  

ä T ( t ( t r ( * o t ) , t )  
=

vF (h ( * , t ) , t )  .  #  
( x , t )  +  s (h ( x , t ) )  -  f ( h ( x , t ) )  =

=  vF (h (x , t ) , t )  ,  ? (h ( x , t ) , t )  +  e (h ( x , t ) )  -  r ( r r ( x , t ) , t )  =  0

acco rd . i ng  to  l emma 1 ( i ) .

k + 1
n

a )

and.

b )



S o  F ,  =  F ,  h ,  =  F ,  h ,  f o r  a l l  t  w i t h+ + +
t J t / t r U U
o o o

The theorem fol lows now by "continuous

[ 0 , 1 ]  .

Remarks: By the Nakayama-l_emma the c o n d i t i o n m - k + l  C m  2 n ( f  
)  + m  k + 2

n n n

Moreover k-suff iciency of f

k + 1  k - 1  - , _ \  k
o r  m - - -  C  ^ ( f  )  +  mn n

I t - to l  .  e ;

ind.uct ionr t

1 1

s o  F ,  , n F , .
t/ (r

o
over the interval

(-l . g ) T4e.o.rem : rf t = *n is k-d.etev,mined. then rno*' S rr.o (r) + rno*',

troof :  ide d.ef ine U = {e = Srrl*O = tO} = f * *rrO*'

a n d .  V  =  { e  €  E r l  g * f  }  -  o r b i t  o f  f  =  f t r r r .

i r i e  cons id .e r  the  na tu ra r  p ro iec t ion ,  nk*1  ,  8 r ,  *  Jk+1(n r1 ) .

The sets uk*1 = nt* t (u)  and vo*. ,  =  no*. ,  (u)  are submani fo ld.s  of

Jk+1  (n ,1  )  .  Le t  .  (un* t  )  and .  , ( v t * t  )  be  the  tangen tspaces  to  uk*1  resp .

vk*1  in  f k * t  e  , l k (n r  1  )  .

is equivalent

fol-lows al-so

By the assumption

f n ord.er to prove

a)  r (ur . * r  )

b)  r (vo*r  )

t o  m  
k + i  c 7 n  2 a ( r ) .

n n

f y o m m  k  c m  A ( f )  + m
n n n

u g v i  so arso uk*1 a uo*, ,  and.  t (uo*t  )  c  r (uo*r  ) .

t he  theorem,  i t  i s  su f f i c ien t  to  show:

k + 1  |  -  k + 2 ,
= m |rmod.. /7? )n n

=  m  l ( r )  ' |  -  k + 2
n  

(mod ' '  r? r r ' * ' - )

cond i t ion a ) fot lows immed iate from the d"ef ini t ion of u.

Now we p rove  cond i t i on  I ) :  The  e lements  o f  r (UO* . , ,  )  can  be  desc r ibed

a s  f o t - t - o w s :  L e t  f o r  t  €  [ o , e  )  n ,  t  ( R n , o )  - ]  ( P r t , o )  b e  a  g e r m  o f

d-i f feomorphism with ho = 1 . An element of -(v*+t ) is equatr to

nk*1($; * '-  
l r=0,. r ' ie have $;trn*t lr=o = vr '  #l t=o € 8,.(ä.,r,

ah ,
Let E = #then ätol  = ry l .=o 

= o since rrr(o) = 0.
S o  t i  = r r n  ( : _  =  1 r . . . r r r ) .

' ä n f )



1 2

d
That  * " " *=  $  

( fh t ) l r=o  €  rnna( r ) ,  wh ich  proves  t (v r * t )  c  *nn( r )

(Moauto rrrO*t).  Moreover every element o of mrrA d'ef ines an elenent

o f  t ( V O * 1 ) .  F o r  l e t  o ( x )  =  V f  ( x )  .  E ( * )  w i t h  E L  €  * n ,  a n d '

t r * (x)  = x  + tä(*) ;  then ht  = Ln for  smaI l  t  and-  ve have:

fo tn,lr=o =

which  p rove$  t ( v6+1  )  rmr ra ( r )

d.h
--c, 

---t1 
= vf . E = crVr  .  i l l t=O 

'  =

(mod.uro *k*2 ) .

RSmarF l :  Accord-ing to

1 r + 1  
f r \  +  m k - + 2m  

Ä '  I  c m  A l
n  n  

\  j  /  - n

Nakayamars lemma

is equivalent to

the condi t ion

m  
k + 1  c m  A ( f  ) .

n n

R.emark- ?: In the Proof of theorem L

the tal-gents!.ace of the orbit of f

n-  (m A( f  )  )  .  Somet imes we wi t l  re fer
K '  n

space  to  the  o rb i t  o f  f  i n  E r '

we showed.

i n  J k ( n r t  )

to nrrr l  ( t  )

that for

is equal

a lso  as

every f e m

t o

the tangent-

(  t - .9 , )  We shal l  now d- iscuss the Right- le f t -case '

This is treated- thoroughlY

The-orem:

If f is RL-detetmined then

Bemar4. 1 : f * (tf ) is the image of m., und'er the p,-algebra homomorphism

f * : 8., * Er,. Mod-uro *:*' r* (nr., ) is spanned as pr-algebra by

f  , f?r f3 o.  ,  .  , f { r .  .  .  Accord- ing to the Malgrange preparat iontheorem

the cond. i t ion t r rk* l  c  t r r l ( r )  + r* (nr ' ,  )  *  ^ :* '  is  equivarent  to

r r ro *1  c  n r r rn ( r )  +  f " (n . ,  ) .

by !üASSERMANN lzTl He s ta tes  (p*e.  39 )  :

k + 1
m  r m

n , ra ( r )  
+  r * ( r t )  +  * : * '
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Lemna i Foy
2= m ue naue:f

n
I

a)  cod . im t i l  =  d imn, , .  l -? -
' r  n

b) codim", ( f  )  = d. impm n( r )  +  f *T*  i
n  ' r r t : ,  )

P r o o f : WASSERVIANN l2Tl, proposition 2. 19 .

Remark :  Accord ing  to  remarks  ( t .B )  and  ( t .9 )  *u  can  id .en t i f y  n r r rn ( f  )
( resp .  n  n (  f  )  +  r *  (n r . ,  )  )  w i th  the  tangen tspace  to  the  F -o rb i t  ( r " rp .- n

F t r -o rb i t )  o f  f  i n  m^2 .  Th is  jus t i f i es  the  use  o f  the  te rm eod imens ion ;n
so the condi t ion of  f  is  equal  to  the codimension of  the f i -orb i t  o f

21' ln /??n-; and the Etr-cod.imension of f  is equal to the cod.imension of

the Ftr-orbit  of f  in m
n

Pro"ogsjt ion : Equiualent are:

a)  cod im t? l

b)  codim,. . , ,  t? I
tllJ

c) f is k-determined.for some k € N

d) f is RL-k-determined for some k € N

e) Foy, some k € N , rrrk C nrr.n(r) * rrro*'

Pro.o:l: ef I\IASSERMANN lZll i

Remark 2 :  The tangentspace of  the Etr -orb i t  o f  f  in  . rk(n,  t  )  is  equal

t o  no [n rnA ( r )  +  f * ( r u1  ) ] .

( t . t o )  D e f i n i t i o n  :  c q d . i m e n s i o n :  F o r  ? e * 2  \ ^ r e  d e f i n e :

a )  c o d i m  ( ? )  n= olmR a(f l-  m
b) codim", (r)  = dimp

The def in i t ion d-epends

a ( r )  +  1 * (m1

-only on the

\
I

Atr-equivalencecl.ass of i .



1 l +

f- l  .  I  U Ex.amples: For n=2 i t  is possibte to compute the eod' imension

and- to d i  s cover k-d eterminacy using a d. i  agram, containing the

canoniear generators of the vectorspace of formarpower series in x

and. y:

D L
1) f  =  x : 'z  + yu ;  Dt f  = 2x and-  äaf  = )*Y '

{ ' 2x _
txy

3xy

m
2

m

m"
hm

a )

b )

cod im  ( f )  =  2

As  *3  c  A ( f  )  *  * \

bv  ( t . T ) .

=  * [  +  y l *  i  E t f  = h*3 and ?zt = )+Y

)+
then ru c  ma( f  )  + m2 and. so f is h-d.etermined

2 ) f

1 ' h
Ä _"fu1 22

xy

m

2
m

J
rn

I
4

m
t
+

X

m
2

m
3

m
L
4

m
tr

m '
6

m
a

a

cod. im ( r )  =  B

As  m i  cm}a ( f  )  *  m6 ,

*2y ; ätf = 2xY and.

3 2
x-y

f  i s  \ - d . e t e r r n i n e d  b Y  ( 1 . 7 ) .

?
D2f = x

v

a )

b )

3 )  f  =

a )

b )

c odim

f i s

( r )  =  @

not f  in i tety d.etermined..
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)+) f  = x3 + xy3 ; n .,t = 3*2 + ,3 and. t rt 
= 3*yZ

x y

hxy
1 ' l+  zxy x"y-

Remark that ' *a. t  =  3*3 + xy
I

?
3x" Mod.ulo mn (f )

M o d u l o  m n ( f )
2  ? 2  5  5

y-ä2f  = 3x-y-  + y '  =  y '

Reil-at ions that are not in the picture:

3*2+y3=o

3*2y+yh=o

a )  c o d . i m  ( f )  =  B  2  =  6

b )  A s  * '  9 * n  *  * 6 ;  s o  f  i s  5 - d e t e r m i n e d .  b y  ( 1 . 7 ) .

5)  f  =  *3 + y3 + ,3;  ä t ,  =  3*2 and.  äef  = 3y2 and-  n3t  = 3rZ

a )  e o d i m  ( r )  =  T

b )  A s  * \  a  ^ '  +  * 5  ;  s o  f  i s  3 - d . e t e r m i n e d .  b y  ( t  . 7 ) .

tn
I I L

'l

m

V

{
m"

hm
-)

n -

6m

:d.

3

+

2

3
)+
q

6

2 2X Y  X Y

2 i
x y -  x y
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52,. Equilrall?nee _arrÄ non:e.qu.i_vglens.e. in k:'pgramete.r_faqj1i.e.s. oJ g,erp.s.

(?.._u_fntrod.uction: I n  (  t . 7 )  
" iU  

(  1 .8 )  * "  f ound . :

m  
s + l  c m z n ( r ) + r n s + 2 + f  i s s - d . e t e r m i n e d . + i  

s * 1  ' ' - \  s * 2
n  n  n  

+ 1 ' 1 S S - d e t e r m ] - n e d . - * n  L l t ' l n a ( t ' J * * n

Let  o ( f  )  be the smal lest  in teger  s  such,  that  f  i  s  s-d.etermined. .  I f

no such in teger  ex is ts  we wr i te  o( f )  = s .  o( f )  is  ca l l -ed the d.egrqg.

of d.etermina,cy.

I n  m o s t  c a s e s  ( t . T )  a n d .  (  1 . 8 )  a o  n o t  d . e t e r m i n e  o ( f  ) ,  b u t  o n l y  u p  t o

a choice between two consecutive numbers. Further computations are

need.ed. to d.etermine s(f )  completefy.

Let  us consid.er  a polynomial  f  o f  d .egree s,  which sat is f ies

m  
s + l  c m  A ( f )  * m s * 2

n n n

h e n c e  m  s + 2  c m  2 n ( r )  + m  s + 3
n n n

So f  i s  ( s+ i ) -ae te rmined-  and  o (= f  )  =  s+1  o r  s .  Le t  p  be  a  homogeneous

polynomial  o f  degree s* i ,  wi th  say k var iab le coef f ic ients.  Then

f + p can be consid.ered. as a k-parameter fa,:ni ly of germs. Jn ord.er

to prove,  that  f  is  s-d.etermined. ,  i t  is  suf f ic ient  to  show that

f + p v\ f  for atI  p. For this reason 'we stud.y k-parameter famil ies

of germs. We start with 1-parameter famil- ies and. try to el iminate

the parameter.

(r.?) PT.op.o.sit ion: Let f* = f + t+ be defined for t C I (a eonnected

' interual  of  RJ, r f  O € r , r l ( t  + t+) for aLL t  € r  then f t*  f t  for

t . t  €  r .' o

Proo f :  f t  i s

o

s u f f i c i e n t  t o  s a t i s f y  t h e  d . i f f e r e n t i a l e q u a t i o n  o f  (  t . T )

l emma 1 :



1T

f  , . ,  l r  -  \
t  ( i  )  E (0 , t )  =  0
{
I

I t t i )  vr (* , t )  .  B(* , t )  +

w h e r e  F ( x , t )  =  f r ( x )  =  f ( x )

e q u i v a l e n t t o O € m A ( f + t
s .  n

proposit ion fol lornis .

0=o

+  tS (x ) ,

O ) .  Next

The cond. i t ions

-  |  -  - \' w e  a p p l y  l t . t ' l

( i )  a n d  ( i i )  a r e

lemma 2 and. our

9oro$ary: Let tt =

of R/. rf for aLL t

defined for

k + 1  .  t  ^I  m  A t l 'nn

ö  e  m  A ( fn

f +

E I

t+  be

:  ' 1  m

o
a

t € I (conneeted interuaL

. r+2
+ t0) *  rnrr*

\  k+ l+  t 0 )  *  ^n - -

t h e n . ' f . r - , - f  ,  f o r  t . t  e  I .t " o o

Proo f : Nakayama I s lemma gives :

A p p l y  t h e  p r o p o s i t i o n  ( Z . Z ) .

(  a.  3 )  Pr,oposi t ion :  Let f t  =

interual  of  RJ. I f  O € rrr l ( r

f t ä  f t  f o r  t , t o  €  r .
o

Proot: The proof is simil_ar

s i t i on  (z  .Z )  .  We t ry  to  f  i nd .

,n - -k* l  c  r  n ( r  +  t+ )
n n

so  +  €  m, . ,4 ( f  + t0 ) .

f + t0 be defined for t € I (eonneeted

+  t+ )  +  ( f  +  t 0 ) *n ,  f o r  aLL  t  e  I  t hen

to the proof of theorem ( t  .7 ) and. propo-

maps:

bed

Y'l

z \
I  l /

h ,  (R t  x  r ,  { to }  x  R l  +  (R" , .0 )

k  '  (R  x  r ,  { to }  x  R l  ->  (R  ,o )

such that tr(- r t  )  and. to( - , t  )  are d. i f f  eomorphisms and- moreover:
- 1  .(o )  o ; ' ( r r (h . (x ) ) )  =  F t  ( x )

o
Di f fe ren t ia t ing  (  O )  w i th  respec t  to  t  g ives  the  fo l low ing  th ree

cond . i t i ons :
- a

ä k . '
( t )  ; i t r (x , t )d y

/ n \  A h ,  \\ c /  E - l x r r /  
=

/ ^ \  Ek ,  \\ 5 /  
ä - ( . y , t )  

=

)  [v r (x , t )  .  t (x , t )  .  
S tx , t )  

+  n( r ' (x , t ) , t ) ]  =  o

äCi . tx , t  )  , t  )

- n ( k ( y , t  ) , t  )



1 B

together  wi th some in i t ia l  condi t ior ls .

Compare I^IASSERMANN [Zt ] pae . 22-30.

I f  i t  is  possib le to  so lve ( f  )  l4 ie  ean sol -ve the equat ions (Z)  and

(: ) local ly and in the same way as in theorem (1 .T) we f ind the

Ftr-equivalence of Ft and- Fo for alt t € I.

The cond. i t ion (  1)  is  impl ied by

(\) # ='
fn  our  case

A F
s]-nce 

ät  
=

( : )  + =*n

( 2 . l + )  r n  t he

Theorem: Let
]t

o € ft^ and D

Linesegment

a )  i f  R+ l  + .

b )  i f  R+ i  * .

Proof :  Let  r

cas e of k-parameter famil-i es ve have :

f .  =  f  +  . t ü t ,  + . . . +  r t  0 t  w i t h  r  =  ( r 1 r .  . .  r r k )  €  P ,o .  Le t

a, sutbset of Ro, sueh that for euer7 r € o also the

or ds contained in Dr then:

. . *  Ron  t  t r ro ( f r )

, r a * (P )  
+  r * ( n . ,  )

F ( x , t )  =  r ( x )  +  t q ( x ) .

+  the condi t ion ( l { )  i s  a  consequence o f

A ( f  +  t 0 )  +  ( r  +  t p ) *n r , ,  f o r  a l l  t  €  I .

. . *  Roo  a  r r ro ( f . )  +  ( r r ) *m. , ,

€ Rk be given and }et o =

Y t € o  t h e n  f - v ^

V'r

(or

=t

foV t€o

€ I  then f  **  f  Yt  € D,
r  R L  

- o

.  , o k ) .  D e f i n e

o 
+ t+ and let

o f  p ropos i t i on  ( z , z ) ;  so

o f  p ropos i t i on  1e . : ) ;  so

t r .

I n  ease  a ) :  g t  and .

8 1 *  B o  a n d .  f r *  f o

I n  c a s e  b ) :  B *  a n d

sat is fy  the cond. i t ions

sat is fy  the condi t ions

I

I

fElFn  go  and '  f rE  fo '

(2 .5 )  Exampl -e  1 l  Le t  f t  =  * . ,3  +  t *a )+  t  +

have n( f t )  =  t3* . ,2 ,  h t * r3) .
\=*o( f t )  v t  +  os ince*rh=häzr t .

can  app ly  p ropos i t i on  (z .z )  t

0 .

We

E:

B

x
t̂

We



D .

' rAt

' S O

l g

so if t € ( 0, *) al-l- ft are mutually equivalent , f or example

f t * f1  =  * . .1  t  +  * rL .  A rso  i f  t  e  ( - * r0 )  a r l  f t  a re  mutua l l y  equ i -

valent ,  for example ft  * f_ 
1 

= *.,  3 *r\  .  Remark, that expl ici t

formuraf  s  for  the d i f feomorphisms are obta ined f rom f t  = * . ,3  + t t ; * r )h

i f t

E x a m p . - l - e . ? :  L e t f  = * 3 +  * y 6  +  a y g  + l y l o w i t h b  #  O .

we shat-t- show t 
ä 

*= * *y6 + ay9 + y1o

l {e have:  (arr  = 3x2 *  y6
J '

ln"t = 6*vi + 9*yB + 1oby9

Moreover'];i 
= H: - 

nr"lr'n- 'il,, 
e*3 /

+3x ä ., f = *3*y6 n,.t )+ 1

Y A 2 f - 9 f + 3 x ä . , f  =  l y 1 0

so  , ' o  =  ma( r )  +  , * (m)  ro r  a r - r  a )  and  a r t  b  +  o .  we  now app fy

p r o p o s i t i o n  ( 2 . 3 )  a n d  o b t a i n  t E * = + * u 6 +  u , " 9 * u r o  f o r b  #  0 .

Af ter  replac ing x by -x ;  y  by -y  and f  by - f  we can get

ryL*3+ *6  +  uyg +uto

rn th is  exampre a lso i t  is  possib le to  g ive expl ic i t  formulats  for

the d. i f feomorphisms,  s inee

17n9r  =  t9*3  +  l9*y6  +  *u9y9 +  o 'o r to=

=  (u3* )3  +  ( r3* ) ( ry )6  +  * (ny )9  +  (uy ) '0 ,Ä  *3  +  *y6  +  ayg  +  y10

0n the other  hand r  4s T4re shov in  (Z. lZ)  i t  is  impossib l_e to e l iminate

the parameter a.

r'!(-
X .  X ^

r J

g i s

+  * r3  
t3 "2  

+

l+-d etermined. , and-

Exam'ple. 3: Let g =

B # 0. We show that

L L q
B*1  '  +  Cx . ,  

' x ,  +  D*1-  l r i t h

S O



i,le shall- use
I

l , I e  h a v e : [ ä . , r I
I '
I

a n

l o p 8
t-
L a ,g

J _

So mod.ul-o mls r3,  . ,s

^3a re
and-

Moreover :

a)  o  =  *1*2ä1g =  * . , * r * r2  +  3k t=* r '

so :  t *e* , ' [ * ,  =  0o  hence  * r \ * ,  =  0

_ \  2  2  2  l +
b )  0  =  x . , - ä r g  =  * 1 - * 3  +  3 A x . '  

' x '  +

so :  hs* . ,  5  =  o ,  hence  * , ,  5  =  o

Now it follows that

*5 cmA(e )  *  *6 for  a l l

So g is 5-determined for alt C and.

* r3  +  A*" ,3x ,  +  B*1 l * '

+ \B*13 + Lc*. ,3* ,  + 5n*th
L

c* l  '

*r'*= = o

3*r'*3 = o

*1*3r  =  0

) '
+ l+Bx.,-

(  s i n c e
q

hBx.'' '

(  s i nce

*z

B + 0)

B #  0 )

values of C and.

D .

20

gives that

g , 'n*. ,*3t  +

th i s  i n  ( )+ .1  1  ) .
= *=' + 3Ax',2x,

=  3*22 *  * , ,=  +

= t * . ' *3

(e)  +  *6  we have:

D .

Beeause k . ,U* ,  +  R*15 cm5 c  ma(e)  for  a t - r  C and D theorem (e . )+)

2 3 1g (/-, *i*3 + xZ' + Ax., 'x,
L

B*1 
'

and. so g is h-d.etermined.

(a.6)_ Somet imes the e l iminat ion of  a  parameter  can be shown to be

impossib le.  F i rs t  ve t reat  the case of  a 1-parameter fami ly .

Pefi .ni! , io.n: Let {fr}1 e I 
be a family of germso continuously depen-

ding on i ,  and let I  be an open interval of R. We cal l  t  a Ioga1

invar iant  of  the fami ly  { f - } -  c .  r  i f  Vt_ € I  Js
|  

-  
I I c I  O

germs { t r l  l t - to l  *  e}  are  a l l  in  d i f fe rent  orb i ts .  A s imi }ar

d.ef init ion exists for Ftr-equival-ence.

:
(

j

J

T
i

A,

a

b ;

A

+
o

t a

So
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(e- .7)  t - , . t  A be a subset  in  f .  I , r Ie  denote by A*

tbe Z.a.riski-topologJ. That is :

A *  =  { x  €  P r " l ( p ( a )  =  0 )  i m p l i e s  ( p ( x )  =  0 )  f o r

Since A* is cl-osed- in the ord"inary topology i t

the  c losure  o f  A  in

a l l  rea l  po lynomia ls  P ] .

c o n t a i n s  E .

Def in i t i on :  A closed set F in tr is a r.ea-l .alge.hr-ajc .sej, iff F* = F.

P_r-opo.si t i .o} :  Orb(z) r .s open dn [Orb(z)]* .

Proof  :  c f  TH0M-LEVINE[25]  p .  1B-19 propos i t ions 1  and.  2 .

a f in i te  number of  no ints .

a co l lect ion 'o f  open in tervals  of  L .

(-z.B) Bry.sit lon r Let L be a, 1-dimensional afftne subspaee of J]K(n,1)

and.  Let  ,  €  Jk(n,1 ) .  Then there are two possib i l i t ies for  l ,  o  Orb(z ) :

10 g, il Orb ( z ) consists of a ft)nite ru.mtber of points .

20 r, fl Orb ( z ) eonsists of a eolleetion of open interuals of L ,

P r o g . f  :  S i n c e  [ O r b ( " ) 1 *  i s  r e a l  a l g e b r a i c ,  v e  h a v e  e i t h e r  I ,  n  [ O r b ( z ) ] *

i s  a  f i n i te  number  o f  po in ts r  o r  ! ,  n  [Orb ( " ) ] *  =  9 , .

S i n c e  I n O r b ( z )  i s  o p e n  i n  9 ,  n  [ 0 r b ( r ) ] *  t h e  p r o p o s i t i o n  f o l 1 o w s .

(a..9.)- Theo.Teln z Let f+ = f + t+ be a, 1-parametez, faniLg of germs

defined for t in q eonnected interual I of R.
If 1 o f* ds t<-determined for aLL t € I,- t

20 te  r :g#mnt ( t  + to ) * r r ro* ' .

Then t is a Loeal inuariant,
Pr.oof :  Because f.  is k-d.etermined. for al l  t  € I  ,  we can work entirely

i n  J k ( n , 1 ) .  L e t  ;  =  ; k ( r 1 o )  +  R + .
Accord ing  to  p ropos i t i on  (a .8 )  the re  a re  on ly  2  poss ib i l i t i es :

a )  P '  o o r b  ( f *  )  c o n s i s t s  o f
"o

b)  P ,  t l  o rb  ( f t  )  cons is ts  o f
o

A necessary condi t ion of  b)  is  that  there ex is ts  a neighborhood" U of

to in  I  such that  the d i rect ion of  the l ine L is  conta ined in  the

t a n g e n t s p a c e  o f  O r b ( f t o )  i n  j k ( r t o ) .

so + € mn(r  + t+)  *  r r ro*1 fo"  ar l  t  €  [J .
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Since th is  is  not  the case 'we can conclud.e,

consists only of a f ini te nr. lrnber of points.

that .e, fl Orb (ft )
o

,  ,  \  k + lt+ )  *  t r r " '  +  ( f  +  t+ ) *mt

for fr1,-equivalence.

Remark: I f  we have

i n  t h e o r e m  ( 2 . 9 )  ,

the condit ion 6 F nrrrn(f  +

we get the conclusion also

1 e. t o ) P.roEos_iti_o{r:

enists q r

Proo f :

We consid.er the

' ?
Y(mr r - l ( t  +  t + ) )

d.epend.ing on t .

r f  pä ' ' t t )  * . . . *

r f  *no*t  S *n 'a ( f  )  +

tha t  m k+ i  cm zn( r
n n

^no*' and. 0 = *n, then therD

+ t+ )  *  *no* '  for aLL l t  l

v: 
*n 

/  o*,  *  *no*/  k+2 .
/mn  /  *n

tä . ,  t t )  , . . . ,  ä * { t ) }  con t i nuous l y

canon ica l  p ro jec t ion

is spanned. by vectors

Pä*ctl = *n = 0 , then the same hold.s

d.epend.ing on t ) ftas to be

k+2 for t

smal-I t  since a d.eterminant (eontinuously

unequal  to  u ero.

s o  v ( m r r 2 l ( r  +  t o ) )  =  * : . ' / k + 2  
w h i c h  i s

*^k*1 . * *2a( r  +  t+)  +  *^o* ' l
n n n

co r ,o t - t a r y t  r f  10  * ^k *1  c * ^2n ( r )  * * ^ \ * ''  n  n  n '

and  zo  OFm*a ( f )  * r - k * t
nn

then there enist r '

aLL l t l

Proo f :

10  imp l ies  tha t  f  +  t+

2 0  i m p l i e s  t h a t  j k ( r )  *

number of  points .

equivalent to

is k-d.etermined for al l  t  cl-ose to 0.

R+ r l  Orb ( jk f  )  consis t  s  onry of  a  f in i te



2 ?

( 2 . i J )  T h e o l e g ,  f f  1 0

^o
c.

30

then thez,e esists rf

i f  l t l

*^k* '  a *
r t n

0 F nrrra(r)

A(f  )  *  777 k+2
n

* 777 k+l

* 1 c o d i m  ( r  +

r sueh that

pro.€:

I t  i s  su f f i c ien t  to  p rove  O F  m^( r  +  t0  )  +  f t i  k+ l  F^_-
+  f f  \ -  wY  /  '  , , , n  IO f  sma l_ l  t .  Le t
b l ( t )  , . . . ,  ü * { t )  u u  t h e  g e n e r a t o r s  o f

nirra(r + to ) * *nn*/*k+l 
in 

*nr6l 
x*t

/ *n ,/ "'n
and' let ü uu the representative of o in" *n7 

k*1
/ ' ,  nL e t  e ( t )  b e  t h e  m a t r i x  w i t h  c o t u m n v e c t o r s  f ' , C i )  0 . . . ,  ü r { t )  a n d

n " ( t )  l e  t h e  m a t r i x  v i t h  c o l u m n v e c t o r s  ü ' r { t )  0 . . . ,  ü * { t ) , ü .  s i n c e
rank B( t )  = k  = constant  for  smal l  t  and rank n"( t )  = k  + 1 for
t  =  0  (because ü  g  S. ,  to t  * . . . *  S_r0) ) ,  we have:
rank B"( t )  r  t r  +  1  for  smarr  t ;  so ü g f f i . ,  t r l  # . . . *  s* r r r  for  smal l  t .

(2. .J-d.  Exanrpte -1 :  Let  , ,  =  *L + rh + t *zy l  ( tz  + , * ) .
One can shov that cod.im (ft  )  = B for al_l_ tz # h .
M o r e o v e ,  , 5  S r z t  ( r * )  *  m 6  i f  t  =  o

and  *2y2  #  *2 r  ( f t )  +  m5 i f  t  =  o .

so accord ' ing to theorem (2,  l  l  )  t  is  a  10ca1 invar iant  of  , t  in  a
neighborhood of  t  =  0.

Remark that this invariant has arso a geometricar meaning. since ft
i s  4 -d .e te rm ined  we  can  work  en t i re l y  in  rL ( r r1 ) .  Because  f t  i s  homo_
geneous of  degree 4 the orb i t  o f  f t  und.er  , \  ( r )  co inc id es wi th the
o r b i t  o f  f  u n d e r  t r 1 1 a ;  =  c r , ( e ) .

t f

t 0 )  i s  eons tan t  f oz ,  aLL  t  w i th  l t l * ,
t is a Loeal inuariant of f + t+

f .

-v
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our l-ocal- invariant t d epends on the cros s ratio of the f our ( eonplex )

l ines with equation ft  = 0 since every element of + e cl i ,  (2 ) induces

a pro ject ive t ransformat ion in  the penci l  o f  r ines through the or ig in

in the (complex)  x-y-ptane,  sending f t  =  0 onto f t4  = 0.  Cross rat io

is an invariant und.er complex transformations '

+

r r ( x r r )  =  * \+y \+  t *2y2=  o

E4ampl.e 2: Let f = *3 + *Y6 + wy

( compare also 2.5 , examPle 2 ) '

rn this case y9 f; nrn (r ) + f * (nr )

One can d.educe this from:

10+y

Va € R,

m
aff T . r* (m., )

fr
t t a

o1 m
R

r  I '

q =  13 .

So a is a local E.L-invariant '

( 2...t 3J De-f.i-nit-ioJr : Let D be an open connected- sub s et of RO '

T  =  ( a t  r . r r o  t k )

f ami l y  { f_ } t  €  D

s e r m s  { f r l l l o - t l l  <

is called a (tr-dilne.nei.onal ) I.ocal. inv?ria}-t of the

if  for every o € D there exist e

e } a r e a l l i n d i f f e r e n t o r b i t s . } t r e a l s o S ä Y : t h a t

( t . ,  r . . . ,  T k )  i s  a set of local invariants of the family '

Examplq:  The fami ly  t r  
r= 

= xy(x+y)(x+ty)(x+sy)  t ras the set  of  local -

i n v a r i a n t s  ( s r t ) .

f t ( 0 ( * , y )
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famiLg of genms, defined,

{ . )
They  a re  re la ted  to  two  c ross  ra t io rs  in  the  se t
b Y  t r r ,  =  o '

25

o f  5  l i nes ,  d .e f ined

( z ' t 'U -  :  Le t  t -  =  f  + ' 10 t  +  ' i .  +  t i . o t  be  a .k -pa ramete r fam i l y
of germs, defined in an open connected, subset D ,f prk and, Let,:

1o t, be p-determined, for aLL r c p

2a  tR+ . ,  +  . . .  +  Roo l  n . [ ru r ,a ( f r )  *  rnp* i ]  =  i _q l

then r is a. (t<-dimensional ) Loeal inuarrant,
Proof :

Because f  is  p-determined for  a1l -  r  €  ur  we can work ent i re ly  inT

J p ( n , l ) .  L e t  o  €  D  a n d  l - e t  V  =  j p { f o )  +

W e  c o n s i d e r  V  r l  O r b  ( j p ( f o ) ) .  T h e r e  a r e

a )  t o  i s  i s o l a t e d .  i n  V  f - i  O r b  ( j p ( f ^ ) ) .

b )  f -  i s  no t  i so ta ted .  i n  V  O Orb  (  i p f r  )  )
O  

- ,  v r v  \ d  \ r O / / .

rn case b )  the eurvesel -ect ion lemma (  c f  MTLNOR [20]  ,  pag.  25)  impl ies

that  there is  a real  analy t ic  curve:

P  :  [ o , e )  - +  v

i ^ r i t h  p ( 0 )  =  t o  a n d  n ( t ;  e  v  r t  O r b  ( j p ( f o ) ) .  f n  t h a t  c a s e  t h e  i n t e r _

sec t ion  o f  the  tangen tspaces  on to  V  and  Orb  ( jp ( f * ) )  i s  a t  l eas t

l - d i m e n s i o n a t r  s o :  [ R + 1  +  . . .  +  R + k ]  n r r - r A ( r o )  #  r o r .  T h i s  g i v e s  a "

c o n t r a d i c t i o n ;  s o  w e  a r e  i n  c a s e  a ) .  N o w , o  i s  i s o l a t e d  i n

v  o  Orb  ( ip ( fo ) )  and  so  the re  i s  a  ne ighbcrhood .  o f  i p ( r  )  i n  v  such
o

that no f in this neighborhood is equivalent t ,o f^. sinee o rrasT

arbitrary in D , r^r.e are d.one .

( e . t 5 )  Th .eo rem:  Le t  f _  =
L

+  t tÖ t  +  . . .  +  r t $ t  be  d ,k -paz ,ametey , -

q,n open eonneeted. subset of D ,f prk and, Let

ttrrH.stbl' -

n . F r  t
Rj ' (0 , )  +  . . .  +  R iP(ör ) .

t w o  p o s s i b i l i t i e s :

;he

1e

at

f

in



z ' r  tR+ , ,  * . . . *  P r0g1  n  [ f f i r r l ( f r )  +  ( f r ) * (m1 )  +  mP+ l ,  =  { o }

RL-dnuariant.

I  n  r  l '  \
\ C . .  l L +  J .

t hen r i saLoea l

Proof:  s imi lar to

( 2 . . t 6 )  R e m a . r k :  P r o p o s i t i o n  ( 2 . 1 0 )  a n d .  t h e o r e m  ( a . l t )  r e m a i n  v a ] - i d .  i n

the case of k-parameterfamil- ies.

-G-. ]J-) Exa.urple: Let f = *J + yj

From the picture \^re conclud.e

l o m T  c n z 2 a ( r )  +  ^ B  s o ,  
x

f is 6-d.etermined. *2 xy

20  cod . im( f  )=  1  5  *3  *2y

Consid.er

A .

D] .nee  |  >

I^re haVe

Pr*3v2 +

( u o v r w )

Remark,

nori  f  ( . , r r , r r*)  
= xJ + y5 + *3y2 + 

"*tut  
+ t*3y3'

is the minimal cod.imension for a germ t = m2 i^rith fL = 0,

cod im fq ' , r r r r r * )

R* t "3  +  P r *3y3  #mt (xJ  +  yJ )  +  mT.  Theorem (e . r r )  imp l i es :

is  a  set  of  local  invar iants for  (urvorr )  smal- l - .

that w is not a l-ocal- Rtr- invariant.

e
T

Pr

Th

wh,

So

We

Let

Dok

A s s

26

l o f. be p-determined for aLL r € P

v

xy

!
T}



2T

(-3.  t . )  wu eonsid.er

geneous of d.egree

f  = 1 n' Z  -  l i o  j = ' '  t i j * i * j  w h e r e

The rank of the matrix

,  va l -ence.

De.f ini t i .gn: The corank of

^2'.
t o r r

{ - l*ax .äx .  /  ,  , 'r -  J  ( 0 )

Notat ion:-corank ( f  )  = n

Since ft  = 0 the polynomial fZ is homo_

t  . . 2+
t l o l \

a - : :  -  X  \ - '1 J  Z  ' ä x .  ä x .  ' (-ql 
'

invariant und.er ätr-equi-

f  is n minus the rank of the matrix

f

2 :

2= m
n

, a? f  \\ailil/
1 J

r _ J

i s

^2. .
. r O J . \ranK(;;5:J

r. J (_ql

(3 . - i l -  sp f j t t i ng - I -enmaz  Le t  f  emn?,  cod im ( r )

T h e n :  f ( x l r . . r r * * ) -  g ( x l r . . . r * " )  +  e r + . l  * r * 1 2  +  , . ,  +  u n * n t  w h e t , e

e r + 1  =  t  1 1 " ' v  * r ,  =  +  1  a n d  g ,  =  o .

Proo f :

There  ex is ts  a  l i near  i somorph ism such  tha t  fZ*  e r+1* r *12  * . . . *u r r * r ,

w h e r e  e r + 1  =  - + . 1  ! r r r ,  e n  =  * 1  a n d .  r  =  c o r a n k  ( r ) .

S o  f , 9 e  . . x  +  +  e  x  
2 .- r + 1 ' - r + 1  '  " '  n  n

We continue now by ind.uction on k.
- kLe t  f  Ä  gk ( * . ,  , . . . r x r )  +  e r+1* " *12  +  . . .  +  u r * r , . t  w i t h  k  >  z  and .

8 t  G  *n3 .

Asse r t i on :  f  ' g , t * n * t ( * t  r . . . r * r )  +  e r+ i * " * j 2  +  r . .  +  u r r * r r 2  w i t h  gk *1e " r ,



28

W e  h a v e  f  E f  e o ( x 1 r .  . .  o * r )  *  p ( x 1  t  '  r  '  r * r )  +

where p is homogeneous of d'egree k+1 '

!üe write P in the following form:

p ( x 1 r . . .  r * r r )  =  * r r h r ( x 1 r ' "  o * t )  *  x n - 1 h r r - t  ( * t

+  x r + 1 h r + l ( * t r " ' . o * " + 1  )  +  p ( x 1 t r ' r ' * t )

where hnr. .  .  ,hr+1 are homogeneous of d'egree

functiontheorem

In  s tead .  o f  ( x )

er+1xr+1 + " '  + 
"rr*n2

Y  )  +  . . .  +
t  '  '  r  t ^ n - 1  '

k and. p is homogeneous

of d.egr ee k+ 1 .

Def ine + ,  (R*,9)  '+ (R*,0 )  bY

t 4

f  + '  ( x10 " ' oxn )  =  *1
I

\ :

/ , , \  J ; "  ( *1  , " ' r xn )  =  * t
( * /  l . r+ t

l+ ' " (x1 r . . . r * r )  
=  x r+1  +  o r+1

t .
t :
t+ "  (x1 r " ' r x r r )  =  *n  *  o '

where  01  0 . . .  rS [  a re  the  componen ts  o f

f ixed later ) .

a

N

S

W

f
o and or+1 r r .  .  ,or, € *rrk (to be

The Jacobianmatrix of + in 0 € R* is the id.enti tymatrix. The inverse-

X  , 4
r + l

a

x
n

implies that 0 is a germ of d'iff eomorphism '

ve shal l  use the short-hand-notation:

* 1

x

x r+1  +  o r+1

o
n

get (Mod.ulo

+  p ( * t r . . .

IT,
\ :
l x

( * * )  {  r

( ;

rl

pI

ar

i r

MT

oO r

no

=x (_s

wi

1 e

2e

By substi tut ion

k + 1  t
f  i r 1 .  8 t l * . 1  , . .  .

k+2 '
m  ) i

n

\ ,  1
, * r r )  +  e r + 1 ( * r * 1 + o r + 1 )2  * .  .  . *  

" r r ( *n+on

n

we

'xy J



=  g o ( x 1  , . . . r x r )  +  p ( * t r , . . r * " )  +  x r + 1 h r + 1 ( * r r . . . r * " * 1 )

+  * r r h r r ( x 1 ' " ' o x n )  +  e r + J * " + 1 2  +  r u r * l x r + 1 o r + 1  +  . . .

=  8 n ( x 1  , . . - r x " )  +  n ( x r r . . , r * " )  +  e r + 1 * r + 1 2  +  . . .  +  u r a *

+  x r + 1 [ n r * t  ( * t  t . .  r  r x r + 1 )  +  t * " * 1 o r + 1 ]  * . . . *  x n [ h r r ( x ,

=  8 k * 1 ( * 1  ,  '  "  o x "  )  +  e r + l  * r * j Z  * .  . . f  u r T r r t .

. ,.: :',: .:.. ., :,
:,',:.- .,:,'.

;:<: :,.:1ii; ;:.;;;,; ;1.

+  r . .  +

, * " ) .

f  i s  s -de te rmined .

C X
n n

2g

2urr*rrort
. ,+ e x  +

n n

+
71

\
t .  .  .  t * r )  + 2e  o  In n .

i f  
Io"* i  

= 
# [n"*r (* r r . ' , * r*1) ]  =*no

{ :  
r +1  ' "  '

l ;  -  -1
L  n  , * ' -  l h n ( x l  " " ' * * ) J  

= t r r u

t * u  u o * t ( * t r . . . r * " )  =  s o ( x 1 r . . . r x r )  *  p ( * t r . . .

Now the asser t ion is  proved for  a l l  k  .  2 .

Since cod. im ( r  )

i ^ / i t h  ( t . : ) ] -e *ma the re  fo l l ows :

b e  t ( x t t ' r ' x n ) t ^  B ( x . ,  t . r r r * = )  +  e r + 1 * " * 1 2  +  , . ,  +

:se_ 
( s. s ). Rem_arE:

* o )
1 n

The above proof  of  the spl i t t ingremma is  due to MATHERt lg] .  o ther
proofs ,  not  requi r ing that  codi rn ( f  )
and GROMOLL-MEYERI13] .  rn  the last  case the spl i t t ing lemma is  g iven
in a Hi lber  t 'space context .  They ment ion a lso an observat ion of
MATHER, that given any two splittings of the form f r-n g + Q with
g2 = 0 artd'  A a non-d'egenerate quadratie formo then the eorresponding
non-degenerate parts and. d.egenerate parts are Right-equivalent.

l t  I  \
\5 .4 .J_  Le-mma:  Le t  f  f  x_

wi th  s ,  =  o ;  then:
, e
l -  c o d . i r n  ( e )  =  c o J i m  ( r )

^ eI g :.s k-d.etermined. + f

, * r r )  =  s ( x . ,  r . . .  r * " )  +  e r + 1 * " * 1 2  * . . . * . r r * r ,

i s  k -de te rmined .
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Proojl:

1o  A ( f )  =  ( ä . ,  e , .

a(e)  = (a. ,s , .

20 Let  ik  = fk .

f  ( x t  !  .  r  r  , * r ,  )

So there is

this implies

Corolla,rf,: The

cation of g €, 7x

c lass i f i ca t ion

3
ar

#
E
4

f,
it
t

F
&
{
i:*
iI
]
f

. . r ä " 8 ,  * " * 1 0 . . . r * n )  e  m n

n  - \'  .  r  o f6  ,  =  * r ,

From the proof of the spl i t t inglemma it  fo110ws,

* - -  f r ( x1  o . . .  r x " )  +  e r+1* " *12  * . . . *  u r r * ra2  v i t h  gk  =

a d i f feornorph ism o: (RTg)  -+  ( f ,o - ) ,  v i th  e+ = g  and
that f  n f .  (extend. ing 

O by the ident i ty) .

of t  = *n' - f lolJ-ows from the elassif i_

that :

ö k .

(  S .  5  )  Lemma:  Le t  f ( x ,  o  .

wi th  gZ = 0.

'  ' * r )  =  g ( " t  r . .  r  r * r )  +  e r + 1 * " * 1 2  * . . . *  u n * n 2

r  = 0 =+ eod. im ( r )  = O
r  =  1  =+  cod im ( r )

T  =  Z  :+  cod im ( f  )
r  =  3  : +  c o d i m  ( r )  Z T
r  >  4  +  cod im ( r )  l -  t l +

T h e  p r o o f  i s  d . i r e c t  c o m p u t a t i o n ,  c o n e e r n i n g  t h e  i d e a l  ( a . , S ! . , r r ä " g )

for  g a funct ion of  lowest  degree 3.  "

(:.. 6f CLA.SS.TF I9ATIONTHEOREM :

For f = *n with cod.im

eithez': f ^ Q + g-'where g zs q

Lt,st on the nent püge,

or :  cod. im ( r )

( r )

germ of one of the polgnomials

an 'd '  a  =  er+1* t *12 + . . .  +  ur* r ,

in the

ICor

PB t
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F=n

r=1

Y=2

g =  0

1tt

g  = .+  x r  ( t  ,  3 )

2 k
8=*1  * z1x2 '  ( t f  l + )

g  =  * r3 ' *  * ^4
t - l

j ?
g  =  x 1 "  +  * 1 * 2 '

? qg = x l " + * Z '

e=- . ,  J+* r * rL+8*26

e  =  ( " t t  ! *22) ( * ,  +  *z

e=* . ,  
\1 * , ' * r '+  

o* r j

g=  *3 * r '  + * . , =+g . , x . , x=2+  * z *3 ,

g  =  * . , 3  +  * r ' * 31  * i 2 "3  +  ß *3 , l *

g  =  * . ,  3  +  * r ' *3  *  x , ' *=  +  ß*35

e = *r  3.* 
,*r2!*r*='  + A[xe\16*r2*rt**ru

g =

g =  * . , *3 t  +  * r=  +  o* . ,  3 * ,  
t  * th

s imple

s ingular i t ies

A
" 1

A' 1 -1

n
"k+ 1

Er
"6

E-7

F

"B

T' 1 0

x^

xto

P.B

v- 9
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1 0

R t  
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k-2
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k-2
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m
p
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R c
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o
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tr
b0
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o

' r {
(n
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E.rl

TJ
o
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(l)
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>l
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[ cond i t i ons ,  J t 0 ,  t * n3  +  zTB2  #  0 ;  X9 ,  o  #  0 ,_1 r1 ;  x l 0 ,  o  I  o ;

B.
r , ? Öug i  +  zTsz  #  0 ;  t g r  ß  #  o ;  p10 ,  ß  f  0 ;  R lo ,  A  f 0  and  B  f 01 .
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The proof fol_lows increas ing corank r of
the l is t  is  eomplete.  In  the sect ions on

about some germs of cod.imension

f .  In  corank r=0 and.  r=1
y=2 and. r=3 we ad.d. remarks

proof wiJ-l be given in S l+ .

,(3 . TL ReraF,Tk: Two germs of d ifferent type are not equivalent . Within
one typer we may have equivalenb oires. An example is 

\_.,  
with t t  od.d..

The  paramete rs  in  the  fami l i es  X9 ,  X10 ,  p9o  p1O,  QtO u rd  R10  a re  lo_
cal- invariants . The fanilies J 

t O 
and P* have a 1-d.imensional l-ocal

invariant, d-epend.ing on the two parameters. The equivarenee in these
f a m i l i e s  i s  d . i s c u s s e d  i n  ( ) + . r )  r o r  J t o i  i n  ( r + . t o )  f o r  p B  a n d  i n
( l+.13)  for  R10.  rn 5 l+ we a l -so t reat  the d. i f ference be,r ,we€n the
fr -c lass i f icat ion and the Ftr -c l -ass i f icat ion.

(3 . .8J RemarI :  We can consider  the c lass i f  icat ionproblem al -so in  other
cases: f t-analyt ic, p*-formal po' lrerseries and. also the f,*analyt ic case
and' f- formal powerseries. fn al l-  these cases ve have the sErme results
as here in  the C*-pr-case,  beeause i t  turns out  thaf  c l -ass i f ieat ion
of germs of f  ini te cod.imension can be done wittr  polynonial-function s .
In the f,-case we can replace al l  +-signs by +-signs and sometimes i t
i  s pos sible to give ni c er normal-forms for the orbit  s .  (  See the l- i  st I
at the end. ) .
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' ks

\  l l

l " t  r

bh in

od"d..

e lo-

ea I

, h e s e

other

case

e sul-t s

ion

. ion  s  .

res i t

, i s t  I

g )+ Proof of the g: Ias s i f i c at i ont he orerrr

r f  no eonfus ion is  possib ler  we use the abbrevat ion A
m f o r m .

n

l eo r+nk  =  0 l

f o r  A ( e )  a n d

( l + . t )  T h e o l e m :  I f  r  =  0  t h e n  f ( x . ,  , .
P roo f :

S ince  r  =  0  we  have  f ( x1  , r . . r * r . . , ) . . . - 1  
" , * 12  

* . . . * . r r * r r t .
so l ( rr)  = m and ^3 cm?n(tr)  *"* \  which impl ies that f r  is
2-d.etermined.; so f vt f  

, ,
Remark: we may take *1 ] .z I  .  .  .  I  *rr,  There are n+1 equivalence-
c lasses ,  correspond. ing to +++.  .  +++,  +++.  .  ++-  ,  +++.  .  +- -  ,  e tc  .

lc*üFlt

(L.t) Th,e.oTe.m: f f  r  = 1 then

(Ar . )  (n  z  e)e i the r :  r ( x t  , .  .  .  , * r )  *  *  x . , o * t  +  uz * r ,  * .  .  . *  u r , .
o r :  c o d . i m  ( f )  =  @ .

Proo.f :

L e t  c o d i m  ( r )

Le t  gk  =  * * . ,o  v i th  a  +  o ,  then  a (eo)  =  *o - t ;  so

and so gk is k-d.etermined o which gives g - gk.

If  k is even and a

I f  k i s o d . d . g ( x , , ) L  * . , o f o r a l l  a i  O .

n

2u 
z*2
k+1

m

2
+ . . . +  e  x  

- .
11 11

? . ,  ,  k + 2C  m " L ( S o )  +  m

Reruar,.l!:

T4.  r  .
{ I K ] - S

I f k i s

In the

tr{e may take uZ Z *3 I .. . I "rr.
even we have 2n equivalenceclasses.

od.d.  T4re have n equivalencecl-asses.

sequel  ve shal l  no longer ment ion the var ious quadrat ic cases.
!

7.
t;

L
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eol"ank = 2 |

f ( x1 r . . . , * r ) ; g ( x , ,  , x r )  +  
"3 *3 t

where g3 is in enaetly one of the following

1o  s= (x1  , *2  )  =  * , ' * r  1  *a3

20  B r ( x1 r *2 )  =  * , ' * ,

30 B=(x1 , *2  )  =  * . , '  3

l +o  B= (x1o*2 )  =  o

P r o o f :

Because ez = O i t  fo l lows that  €r(x . i  ,x2)  i=  a homogeneous porynomi,

We may factor g3 into l inear forms over C. The four cases correspo:

to 3,  2  )  1  or  O l inear  factors.  By a l inear  map we can arrange,  th

93 gets the g iven form.

2
+ . . . +  € - X - - t

n n

four ea.ses:

=  * 1

e x
n n

xz, Ite hau

(Dr . )  ( t  :

( 4 .41  Theorem:  f f  r  =  2  and .  e3  =  * . '

e i ther :  f (x  Y ) " ' ^  2  k -1
1 r . . . r X n / " ' X j  X Z A * Z

wt ' th  cod- i rn ( f  )  =  k-1.

or :  cod. im ( f  )  =  s .

Proof :  Let  eod. im ( f  )

3 oP g3

2  * . . . *

*z

+

! *z

'3*3

2

a

I n  case  ' l o  ve  have  Er (x1  , *2  )

A(g3)  =  (2x . , x r ,  * r ' ! 3 * r2 )

a - 1

x1 "  =  * t äeB3  +  
ä  *eä tB3

so  ̂ 3  t ra(Bs)  *  rL

2=*r*z

2
*1  *z

2*  1 *z
3*Z

= +"rärB3
= 1 *  I  c r

2 "2"  2 '3

=**" räes3;ä* rärB3

So g"  is  3-determined and I  r  Be.

rn  
"J "u  

zo  i s  s=(x1r *2 )  =  * . ,2 * r -u . r rd  a (g3)  =  (2x t *a rx f ) ,  so  g3  i s

f init ely d.etermined . So we have to c ons id.er higher j et s than S-i e'
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, t .

rd.

rt

L-emma. 1: Let k > h then

2  k  k - l* 1  * Z  +  o o * 1  " l -  o 1 * 1  
' x z

Proo f :

* .  .  . *  oo*rk,*  * r ' * ,  + oo*rk*-^ *r ' * r1 *ek

We d.efine an element of LZ by:

( * . t  
=  *1  +  p1  w i th  p1  g  - f t . l * , ,o - t  * , . . *  ok_ i  * ro - ' l  e  ^k ' -2

l " r t=  
*z  +  pz  w i th  pz l  -oo* . ,o - t  e  *k ' -2

So rre have:

* r ' * ,  +  oo* ro  +  o1*1o= ' * ,  + . . .+  on* rk  5

J"  ( * i  +  0 . ,  )2 t * ,  +  oz)  +  oo* ro  +  o1*1o- ' * ,  * .  .  . *  ok - l * . , * rk -1  *  oo* rk -A

5 *  12*z  
+  * r ' r ,  +  2*1*2p 1  

*  oo*1o *o1* . ,o - t * ,  * .  .  . *ok_1*1*2k  1*ou* rk  
5

k2r - ' .  x  l * z  
+  *1 t [p2*oo* , ,o - t ]  +  *1 *2 [2p t *o1* . ,o - t * . . . *ok - . , * ro -2 ]  *  *o * ro  =

I *  r ' * ,  + oo*ro* * , ' *r  1 *2k.
t a

tsmqa 2, 8k = *,'*r 1 *rk is k-d,etermined..

Prqo-f :

l ( ek )  =  ( 2x . , x r r  * r ' l t * r k - ]  )

we have *k c *A * ,k*1 ,irr"*

*k-?* 
r*, 

= tk-2a .,so

*.,o = * ., 
o-tn 

sgr. 
T 

ä " 
,, 
k- 1x2k-t, 

.,, uo

*ro = + *eä28r.  ;  h *1ä18r.

l i e  a p p l y  L e m m a  1  f o r  k  =  h r 5 r . . . 1 1 ,  \ , ü e  g e t

B[*  * r ' * r+  ßh*n4 +. . .+  ß [ - t * ru- '  *  ßu*rn

Let  k  be the smal lest  in teger  such that  ßk # O.

In that case is gk k-d"etermined and. consequently

g .,^ gk .^ *,'*r r *ek (oo*.' ) .

e :
t , '

h ) ,

Ls rI

j  e t s
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(h . l )

( t+ .s )

Lemma. J :

?
X " -  +  O r

t 4

wherre op

Proof :

+ . . . +  O  .  +
n - l

p - 1
=  c [  x . x ^ -

p  t ' 4

Theorem t ff r = 2 and we are in the ease
3g3 = *1 - of propositior

2 D
u3*3-  * . . . *  

" r * r r - ,  
t t t he re

( E , '

(n,' l
I

(nu)

+ 8*26 ()+a3+e7e2#o) (Jrc

then"  e i the r ;  f ( x1 r . . . r xn ) . , ^  g (x . ,  , x r )  +

e( * t r *a )  =  * . ,3  * -  * r [

e ( * t , *z )  =  * r=  +  *1* r3

e( * to*2 )  =  * . ' t  +  * r j

e ( * l  , *z )  =  * . ,3  +  * . , * r4

or: cod.im (f )
n 3

fn Jlo the .numbev k = F r+

b;3ffiä 
i" an intsatiant, Tz'to genms of the

family J t o ave equiualent i.f and only if they haue equal k and equal

sign of B, If $ = 0 they ave equiualent iff the sign of A is the same.

Prcof: Fol lows from Lemma 1-5.

Remark f i rs t ,  that  s=(x1,*2)  = * . , ,3  is  not  f in i tery  d.etermined. .

n
T L ^

n

+ ß * ^ F
p t

3* 1

und

O r .  * . . . *  O  .  +  O
4  n - t  n

homogeneous of degree n.
n

Define an element of LZ by 
f*,' 

r = *i + en_z with pn_2 e mn-'?

l*r,= *z
* . , =  +  ob  * . . . *  on -1  +  , r ,  J . .  * ' 3  +  3 * r2on -2+  o ,4  * . . . *  on -1  +  , n  =

=  * . , 3  +  sL  * . . . *  on_1  +  [ 3 * t ' r n - r+  , r r ]  =

=  * . , =  +  ob  * . . . *  on -1  +  o '

i f  we choose gn-a such that 3*,20n_2+ rr ,  = orr*1*rt- '  *  ßrr*2t  = on.

[Remark that the coöf ri c ient s of x 1 *2t 1 *rrd. *rt have not changed ] .

Corol lary:

If e Ä *.,t

( Normalform ) :

, 1  n  3E n e n  g u ^ x 1  + = op*1*rn-t * ßn*rn.o 4  * . . . *  o n D h e r e  o p
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Lemma 2z Let kt r

:)

\ i
l '

\ ,
t i

\ :

- \  3  k  I  Ja J  g k  =  x 1 -  +  o k * z  l o k  T

.  ?  k _ 1
b )  g k  =  * 1 -  +  o k _ 1 * . 1 * 2 ' -

(z t  -  j ) -d .etermined.

Proo f :

0 )  
'  a )  , . ,  (eo )  =  3* j2  and  a r (so )  =  k  ok*2o- i  

" r rd -  
th i s  read .s  d . i rec t t y  to :

*k  cm;  *  * k * '

b)  a . ,  (so)  =  3* j2  +  on- , t * ro - '

a r (eo)  =  ( r . - t  )oo-  i *1*zk-2

We shal-l- show , *Zk-t I ^O + m2k-2. We compute nov modulo rnA + m2k-2 '

to  o  =  mar(eo)  =  * r * rk -z^

zo 0 = *2k-5a.,  (eo) = *r2*2k-5 + ok-1*ro-1m2k- '  = * ,2*2k-5

-o k-2 , \ 2_- k-2 L -. v 2k-3 = 2]K-3
3  0  =  x z "  

* ä l ( g k )  =  3 x . , - x r - -  
-  +  o k _ 1 ^ 2  o k _ 1 * 2  '

2k_3
so  * r - "  J  =  o  s ince  ok_1  i  O .

we have nolr atr generators of *2k-3, so m2k-3 C mL + mzk-z and

gk is ( ar-:  )-d.etermined.

2k-l+ 
# mL + *2k'3 we have that gk is not (ax-I )-determined..D l n c e  x p  Y m a  t  m  

_ o _

lüe apply Lemma 1 f or n=l+ ; so let :

84 = * , | '  + oL*1*r3 + ß,**r [

I f  ß\  + O d.ef ine an e lement  of  Lp bf : (x . ,  :  =  *1

{*r  
'  =  xz-px, ,  - r i t t r  F aßL , ,

So we have:

L 3
84 t  ,a  x . , -  +

=  * ' , 3  +

g  * ' , t  +

O ) zs k-detev,nined,

(on_., I o ) is ( et- 3)-detev'mined and not

oh* 1 
( *r-n*. '  )3 +
Ir ' | 3

y1*1*  + " , (z* l *z
)+3

Y1*1  +  ' ( r x r - x ,

ß4 (xr-nx.,

2+ Y3*1  *a
_r
I+ Y3*t  *z

l ,

I
+

+

(o,4-)+pß4 )x 1*23 
+ ßh*e

L
4

ßl**2 
'  
.
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Next appry again Lemma 1. since the coeff icien-'  -  ?
b s  o f  x 1 * 2 '

d .onr t  change  we ge t :

. l +ano *2

s4 -)- *., 3 + e4*r4} *.,3 * *r\

e4 is l+-d.etermined. ( lemma Z) ,  so

g r-^ *., 3 
t *ru (nu )

r f  ßL=o and.  cr4#o then s4 = * . ,= + oL*1*r3J,  * . ,3 + * l * r3.  Then s1 is

5-d etermined. ( Lemma z ) , so T^re have to cons id er

g5 =  * . ,  3  +  * r * r3  +  ,o *15  * .  .  . *  ,  j * r i  ,

temR? 3:

a )  g ,  =  * . ,  =  +  * . , * r3

b )  s4  =  * . , =  +  * ' , * r 3

+ ,o*r5 * . . . *  , r * rJJ * r= r  *1*r3

is \-determined,

an outl ine of the computation:P r o o f : we shall  give

s t e p  1 :

s tep

s t e p  3 :

st ep

Using 
f " . , r  

=  *1
1
( *2 ,  =  *2

we get s, J. *., 3

U s i n g  ( " . ' t  =  * 1

1
{ *2 t  

=  * z

'we get  s ,  ä  * . ,3

The coäff ic ient

Using 
f  " r ,  

= *1
1
l, 

*r '  = P*1

ve set s,  Ä *. ,  3

Using f " , , ,  
=  *1

1
{ * t t  

=  * z

we set  s ,  ä  * . ,3

The coäf f ic ient

+ p  v i th  p  =  
{ ( ro* . ,3  * . . . *  r3 * r3  )  €  m3

* . , * r3  +  v4x . , x rL  +  , j * r l ,

ow i th  o  =  -1  2  2
T Y4*e t 777

? q
* . , * " "  +  . ( . \o '

I  c -  ) , c _

*r i  i  s  s t i l l  the same as in  s tep

+

+

o f 1 l

+ *z wittr p =

+  x1 (nx . ,  +  * r )=

+ n
fJ

with p =

{
+  * 1 * 2 -  +

5
o f  * Z '  i s

t :=R

+ ßr (nx . ,  +  * r )5

-{{n3*., ' t  + 3F2*.,*, + 3px2 ) e m2

*1 . l deg ree  t+1  +  o *a3  +  , j * r j

equal to -p + yj  = O.



s t e p  J :

step

Remark 2:

Rem.a.r.k .1 :

r t  i s  a l so  poss ib re  to  p rove  * r i  =  n rn (x . ,3  +  * , , * r3  +  Or* r5  )  *  ,6  fo r

a l l -  ß  j  and  then  to  use  p ropos i t i on  (2 .2 )  to  p rove

3  3  5 5  ?  3
* 1 -  +  * 1 * z -  +  B  j * z ' , Ä  x ;  +  * 1 * 2 "  .

39

Appfy again the system of  s tep 1 and 2,  The coöf f ic ient  of

q q ? 3
,Z '  d .oes not  change r  so we get  :  U_j  ̂  *  

r -  
+ *  1*z

Sinee 84 is  5-determined and e,  , i  s4 for  a l l -  yo,  .  .  .  ,y5 we

get  g5 is  5-d.etermined and so a lso 85 ^  B)* .  Let  hh = 84 then

5 5
n 5  =  g ) +  +  y o * 1 '  * . , . *  \ j * Z ' f o r  s o m e  v a l u e s  o f  y o o . . . r y ' .

Since the r ighthand.sid.e is 5-determined. we have

h  , ^  g h  +  , o * r  
5  * .  .  . *  y  ' x z S  

r - ^ , 8 4 .

So  g1  i s  \ -au t * "m ined .

to the case that ß4 = 0 and oh + O.

Lemrna 3 i t  fo l lows that e4,I* . ,3 + *, ,*r3 is l+-d.etermined.

g  *  x13  +  * , * r 3  (E r  )

and ß)+ = O we have S4 = *,,3 and we consid.er

e i=  *13  +  o r * , | * rL  +  U i * r5

then l fe ean d.er ive in the saJne vay as in the case E6 that

5 ? 5
+  B  j * r / , u ^  

x r -  +  * Z ' ,  v h i c h  i s  5 - d . e t e r m i n e d . ;  s o

35 . \g  n  x l  +  *Z '  (EB)

I f  f r  is  ( t+t  ) -aeterminedi  i t  is  not  a lways t rue that

k+ 1 k  k+ 1 
is  arso (n+ t  ) -d .etermined. .f o  +  ß o * 1 - -  +  B . i * l  * z  * . . . . *  ß t * 1 * 2

rf nrk c mL(frr) * rk*1 thi= guarentees only (t<+t )-d.eterminacy for

s m a l l  v a l - u e s  o f  ß o r .  .  .  , ß g + 1  ( c o m p a r e  p r o p o s i t i o n  ( 2 , 1 0 )  ) .

We return

From the

So

I f o h = 0

r fß_#o
5 ?

8 ,  t Ä  x . , -

,ry**i,.
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f f  ß_  =  0  then
)

First rre d.erive

L.enma h: Foy u +

3  k _ 1x r -  +  U x " x ^ '  +
r l / .

n  i  k - iü  *1 "  +  ux1x2 '

Proof:

is  7-determined

normal_form in a

and. we have to stud.y

more  genera l  case .

h igher  je ts .
F
O -

)

a

Def ine an e lement  of  'L . ,  
by:

The left-hand. s id.e i s n_ equi

* . ,  
3* 

u*.,*rk- 
1 * ux.,xrk-2p + ß

= *.,  t* 
u*.,*rk- 1* 

ßt * t  *ro* t  *.

=  * . , ' +  u* . , * rk - l  *  ßk* t * ro* ,

Corol- l_ary: (nolmalforq): Let u # 0

r f  g A  * 1 3  +  H * 1 * 2  
1  

t h u n g g x l 3

haue:

ßn-t*r*- t  *  orr* l*r t - t  *  ßrrxrn, .A

. . *  B  x ^ f l .
n t

* 1

with p € rn-k+1.  p = ] ln*rn-k- l .

t o :

1* .  
.  . *  ßr r - t * r t - t *  or r * l * r t - ' *  ßr r * rn

.,,*r*- ' * ßrrxrn+ * 
r*ro-'[up+or,xrt-o*,]

n - 1
ßrr_ t* r " - '  *  ß . r * r t .

and  n  :  k  >  j .

.  k _ 1+  H X 1 X ^  +
t 1

2Tß62) # o.

ßro* 1*r** 
1*. 

.  .  *ßn*rn.

0 and k > j

^  k + 1
ok* 1*2 

+ '

+ ßt* t*ro*t

üe

-|.

+ .

r
\ * t t  

=

1
l * ^  +  p
L t r

valent

k+
k + 1 x 2

. . +  ßn-

f  r . . *

Let us return to gj  = * . ,  t  + o5*1*rL.

since Ej is not 5-determined we study higher jets of  g:

L-gmma ?: Let g7 = *., 3 + or*.,*rh + u6*r6 + ß7*rT and, (t*o:3 +
. o1 ET is T-determined

^o'e g6 is in faet 6-determined,.

P roo f :

a) I f  oj  = 0 and ßd f 0 rre can apply Lemma Z.

b ) Let us suppose o5 + 0. we shar-l  show that ^T a *o * *B .
f ^zL
JA fg f  

=  3 * . , -  +  o5*Z -
1 ' l
I -  ?  5  6
Loagr 

= 4orx 1xz + 6ß5*z' + 7 uT*, .



l r  1

Mod-ulo mL + mB we have:

z i l
x j -m'  = 0 and.

? 3
xlxl-m" = 0

2 ?
0  =  3x - - x^ "  +

t z

0= \c r r x fZ5+

^ t 2 3
O  =  4 c l - x .  x o

= - l+ [0 :  +  z tge?]  #  o  areSince

cf,-  6ß, o

30 \o I

o I+o -  6ß,
) o

o j*r1

6g 
StzT

+  6ß6*  
1 *25  .

l*, '*r= 
= o

J*,*rt = o

t  *rT io

Rem.ark 3:

Consid.er the question: When are two

of  type JtO equivalent? I t  turns out

? ) - i ^ ( .
s u b s e t  * 1 ' +  R * 1 * 2 -  +  R * 2 "  o f  J ' ( 2 r 1

Cl(  z  )  .  fn  fact  the only  possib i l i ty

x r -d . i rec t ion :

gn is 6-d.etermined.,
I

. ? D( J . ^ )  i r  4A-  +  2TB"  +  0 .
I U

g e r m s  f ( a , g )  =  * , , =  +  * , ' * r L  +  B * 2 6

that  the act ion of  LZ on the

)  co inc id .es  w i th  the  ac t ion  o f

is  a mul- t ip l icat ion in  the

Now 1 
o 

fo l - lo l rs :

7
B e e a u s e  * Z '  E  m L

S o i f ß - = 0 w e
)

for all ß, we have that

? L 6 ,
* *1 + Ax.,xr-  + B*2"

*1

^ * ,  I  #  O .

3+A* . , * r L+ r *2

B+ m

have g

n
I
: * 1 r

I

. . \  ( " , ' =(*) J
[ * t t  

=

A geometr ica l  invar iant  of  *1

fol lows :

6  
i s  eons t ruc ted  as

+ A*1

and de f  ines  (over parabol-as in the

J
X

i

l ,L+

*z+

Cl 3

u*26  =  ( x t  +  k . l z 2)(* r  *  o r* r ' ) ( * r  +  n=*r ' )

x.,,-xr-Flane .

Iz

o3



l+Z

The  l i ne  *Z  =  1  in te rsec ts  the  3  parabo las  in  3  po in ts  6 (k1  o1  ) ,

B ( k 2 , 1  )  a n d  c ( k q , i  ) .  L e t  D *  b e  t h e  p o i n t  a t  i n f i n i t y  o f  x o  =  1 ,  t h e n
E- 

k^-k.  ,  
E-

(anCo ) = I 
,/oZ-o1 

i= an invariant of the .[r-action.

Let. now t(orpr) r-n f (A" ,n" ) 
then ( * ) implie s :

o ,  ̂ u  =  A2oB1 t rb  =  B r ;  so  o . ' , = ^ t t  =  o r= ,  u . , , t ^ t t  =  t r ' .

Hence  112 ( l *A . ,3  +  2T812)  =  hAr3  +  zTBz2 ,

D e f i n e  t < ( R , e )  =
A3

t*n3 + zTB2 
' Then  t (A t , t , )  =  t (Aa ,u r ) .

On the  o ther  hand . ,  i f  i . (A t  r t ,  )  =  to (Aao t r )  then  f  (A t , * . ,  )  t -n  f  (Rronr )

over  C.  In  the real  case we need.  the add. i t ional  cond- i t ion:

(B rBe

For each t< € ft  t trere are two dif ferent real germs of t fpe J10. More-

over there are tr,ro d. i f ferent topological types; corresponding to 3

real  parabolas wi th t< € ( -* r  1 ]  and 1 real  parabola wi th t< C [  1  o*) .

The equivalenceclasses form a system of curves in the A-B-pIane '

k = - c o <  - - - ? k = 0 + -

k=
,t
I
I
I
I

I
I
'f

A
I
a

I
I
I
I

1/

-[ {lE[ID][fi
K
,f =Kl

lE kl El
- ) k  =  0  +  -  t  k

v

t1- I

/h

I
I
I
I
I

i
I

t/
1
2k = - . o +

A parametrization of the

the or ig in,  for  example:

a cl-osed. curve arouncfamily can be given

c:  )* lA l3 + zt ln l? =
by

1 .



I
I

I

I

)+3

The tr+o intersectionpoints of C wittr  l*n3 + 27BZ = 0 correspond to

more d-egenerate germs, The other points of the curve are in

1 -1 -co r respond .ence  to  the  equ iva lencec lasses  o f  ge rms o f  t ype  J . ^ .

(.\.6L Propo.sit ioa: If r = 2 and ue are in the c

s i t ion  (  h .  3  )  thenr (  x r ,  .  .  . , " ; ' ;U- , . . , , *z )  +  
"=*"=2"  

. .  :  .

84 is in enaetly one of the follouing cases:

10  s4  =  ( * t  !  * 22  )  ( x . , ,  +  o * r ' )  o  f  o , - 1  , 1

zo e4 =  * . ,  t  ( * . , t  1  * r ' )

30 84 = (*  
i  !  *r ' ) '  r . i i t t r  cod im ( r  )

4o 84 = *., t*, with cod.im ( r )

5o  e4  =  
" l h  

w i t h  cod im  ( r )  ]  1 i

5o  84=0  w i t hcod im( r )Z1 ]>

oof

e x
n n

pTopo-
2 1

, anere

Proo f :  Because  g3
1 . , ,+. l/ve may I'actor

pond .  to  l+o  3 ,  Z )

tures of  the sets

H r
+

2 ,

8 r ,
+

4.

g r ,  =  ( * . 2  +  * ^ 2 ) 2
+ t - t

{
s4 = *{*z

l ,
t

8 1 ,  =  x , ,
- ? l

84= o

+ cod . im ( r )

+  c o d i m  ( r  )

+  c o d i m  ( r )

+  n n d i m  ( t )
v v s + J t r  \  r  J

0r 84(x j rx . )  is  a homogeneous polynomial  o f  degree

into l - inear  forms over  C.  The s ix  cases corres-

1 or  0 factors;  ind icated.  in  the fo l lowing p ic-

=  0 .

.1
" r *

) , o
T

1 0

By l- inear transformation one can obtain one of the given expressions
for  84.  In  each case one constructs  f i rs t  a  normal form of  the 5- je t
of f .  Then straight-forward. eomputations show:

' O
4

_ o

n

-  1 0

>  1 5 .

//t

/



hl+

( l+. T.) T.hsorem:

t h e n f ( * t 1 . . . 1 x

The number q, is

Proof :

on k.  Let  g

tk+ l  =  Äo*1

5t1
k + 1

I f r =2anduea re

\  /  2  2 t ,
, r l * \ * 1  a *e  J t x l

an irwart)ant undey

in ee,se 1 
o 

of proposition ( l+.6 L

2  2 r  a+ o*2" ) . .  uhere c  i  oo-1  or  1 .

R'and RL-equiuaLenee ,

A straight-forward.computation shows o that *5 a *21(t)

f l  +  o ,  - 1  o r  1 .

+ *6 for arr

The invariance of oü is related. to the crossratio of the four (complex)

l - i nes  w i th  equa t ion :  ( *  
t  !  *22  )  ( * t  +  o* r2  )  =  O.

Two germs of the family are equivalent if and. only if their cross-

rat ios are equal (modulo permutation of the l ines, which gi 'ues a

permutation of the six possibre answers: d.,  +, 1-d, *,  # a,r,a f)
( Compare also (z .  I  z) example 1 ) .

( l+.8) TheoreJn z r f  r  = z and. we q,Te in ease g4 = *, , t (* . , t  1 *r ' )  of

proposition ( l+ . 5 ) then:

e i t he r i  f  ( * 1 r . . .  r xn )  - - ^ * . , L  I  * r ' * r ' +  o *zP  +  
"3 *3 t  

* . . . *  
" r r * r 2

(p /  t  t , . p + 5  ,

o r :  c o d i m  ( f )  =  . .

I f  c o d i m  ( r )

fon RL-equüsalence ue ean ayyange that CI, = + 1 ,

h ^ \ z zProof :  x + x. 
-x^- 

has inf ini te cod.imension . The theorem i s a
t ( _

consequence of the fol lowing Lemmas:

Lemma 1 : ( normalform ) : If e
I +  2 2

t  l x t  * 2  t h e n

z q k
+  o . , *z '  * . .  . *  ok*2

4
. : ^ X

k h 2g *x1  t  x1  xz

Proof: For k = 4 the statement is true i  r , ie proceed 1^
IJ introd.uction

t

v

* lL 1 x 
12*zz 

+ o j*rJ * '  '  ' *  oo*2o + tk*1 where

+  ) . . , x . , kx ,  * . . . *  l , o * . , x r k  +  Äk* l * ro * ' .



t+l

Define an element of LZ by:

{ " t '  
= *1 + o1 wi th o1 s -h1Äo*,0- t  1 *^o*ro- t l  e  *k-z

I
L*2t  = *z

So we have:

k+1  hg  u * ' * ' ,  *  +  \ * ' ,  3o t  j * , ' * ? ' +  zx r * r zo ,  *  o j * r 5  + . . . +  oo * ro  +  r k * i  =
L zz= * . , *  1  * f *z '+  o  * r5  * . . . *  oo*rk  +  * , ,  3 [ t *o . ,  +  ro*1r . -z ]  +

+ x txr2 l t  
?" ,  

+  lo*rk-zJ *  Ä. , * . ,kx ,  * . . . *  r t - . t * . ,  t * ro- '  *  ^o* ,* ro
? k L= * ' , *  +  * r ' * r '+  o ' * r5  * . . . *  ok*2k  +  u . , * . , k * ,  * . . . *  u t  _1* . ,ä * ro l t
+  Äk* t * ro .

Next  def ine an e lement  of  L ,  by:

f " t t  
=  * i

1
f  *a t  =  *z  + o zwi th  o  z  

g  ;  * tur* . ,o- t  + .  .  .+  u t_t  * ro- r l  =  *k-z
So rre have:

k+l )+ 2 )g u  * r "  t  * r t * r=  +  o  j * r i  * .  .  . *  oo* ro  +

*  *12* r , l *  zoz  +  i l 1 * i k - '2 . * . . . *  u t - t  * ru - r l  +  ^o* , * ru* ,
r )+zz= * . ,  *  

a  * r t * r t  +  o . * rJ  + . . .+  oo* ro  +  ^u* r * ro* t .

_ )
Le'mpa ?' *1u *- * 

, '*r '  
+ o*ro t)s u-d.etermined i f  o # 0; (t  ,  5 ).

Proof :  A s t ra ight forward computat ion shows ,  *k*1 c ,2n(r )  + *k+z
for  a l l  s  # O.

L e m l n a . . 3 ; u i s  a

RL-equitsalenee

Loeal R-inuaz,iant of

tie ean arrarg e , that

2 2 k
*z + o*2--; fon

h
x .  +  x .

r - l

C I , = +  1

P,roof :

( i )  *z

( i i  )  *z

nia (r  )

nra (r )

k + 1
m

y * ( m l

for all cx

) fo" al-l

+

+

oF

k , _
c

*  o i

c l f

app ry  ( z , g ' )  ,

0 i  app l y  ( 2 .3 ) .

'#

#
*!

{t

F.i

E:
t:r
h,)
&il

i:l

Now theorem ( l+ .  8  )  i "  p roved  .
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f "-.-"ant :=1

Since g3 = o is  the equat ion of  a  cubic  curve in  the pro ject ive

planer  l re  can u.se the pro ject ive cJassi f icat ion of  real -  cubic  eurves

i i red.uc ib le,  in  the other  eases

the e l l ip t ic  eurve (= wi thout

wi th eusp-point .  Case c )  is  the

eurve wi th double point .

By l- inear transformation we can arrange that g1 gets into one of the

g iven  express ions .

(c f  ,  BURAUIB]  or  v .D.  IÄIAERDEN[26]  ) .

f n  case  a )o  b )  and  e )  the  c . r r r ves  a re

the curves are red.uc ib l_e.  Case a)  is

mul t ip le  points  ) .  Case b )  is  a curve

Next  one eonstructs  in  the cases e_f  a

Then straight-forward. computations show

cod imension in  e ) - t  )  .

normalform of the 4-j  et of f .

the asser t ions concern ing the

Jt*...gL Plo"poeition: rf r = 3 then

r (x t  r .  r  . * r r )  J . s r ( x  
1 rxz , *3 )  +  

"L * t * t  
* .  .  . *  

" * * r r t
where g3 has one of the following esp*essions:

a )  s= (x1 rxz , *3 )  =  *3 * r t  +  * . ,=  +  B . , x , , x=z  +  * r *33  w i th  l+g t  +  zTgz  +  o

b )  s= (x  j r x z r *3 )  =  * r *3 t  +  * r=

c )  B r (x  l r xzo*3 )  
=  * . ,  3  +  * r t * ,  *  x12*3

d )  B= (x  1 , x2 , *3 )  
=  x . ,  ( x  

:  !  * r '  !  * r t )

e )  s= (x  1 , xz r *3 )  
=  *e ( * l * e  *= t )  w i t h  cod im  ( r )  ?_  10

f )  e r ( x1 , xz , *3 )  =  * r ( * r 2  1 *3 t )  w i t l z  cod im  ( r )

e )  B= (x1 , x2 , *3 )  =  x , ( x :  ! * r ' )  u i t h  cod im  ( r )

h )  B= (x1 , xz r *3 )  =  * , ' * ,  w i t h  cod im  ( r )

k )  Br (x 
1rxz,*3 )  = * . ,  = 

ui th cod im ( r  )

Proof :





l+8

h*', + zTEz

of this family

their j  ts are

m

haue the

are equi-

ualent iff theiy g r 
's haue

equal. If gZ = 0 h,to elements

the süne sign.

Plogf: A straight-forward computation shows that f  is 3-determined.
on the homogeneous polynomials  of  degree 3 in  x1,*2r*3 the act ion
o f  rS  eo inc id 'es  w i tn  Gt (3 ) ,  so  j  i =  the  e lass ica t -  j - i nva r ian t  o f
e l l ip t ic  curves.  rn the comprex case j  €  C c l -ass i f ies the e l l ip t ic
curves compretefy. rn the real case we have for every ; € f t  two
d' i f ferent real el l ipt ic cur.ves. Moreover there are z d. i f ferent topo-
l o g i e a l  t y p e s :  u n i p a r t i t e  w i t h  i  €  ( - * , 1 ]  a n d  b i p a r t i t e  w i t h  j  G  [ 1 , * ) ,

+ i  =  n  +
u v = l

c

fi
I
I

I
I
I
I

i
I

I
-t

1-
I
I
I
I

I
I

I
I
I
't

2

J

j

/\n
KE

w1
l^l

(

'T -l ,r( l
I

iK
I

ji'Fil
I

rm
l - -

;1-1.71

(t+' to) .!b,s.g: rf r = 3 and, we are in ease a) of proposdtzon (h.g)

t h e n  f  ( x 1 ,  r  .  .  , * r r )

( p A )  ,  w i t h  4 s 1  +

The number j

Ilrto elements

same sign and

v - v  v  2^3^z

zTBp #
Ls;3

j 2
x l "  +  8 i * t * 3

and eod.im (r)

is an inuaz.iant of f ,

dre equiualent iff their EZ, t

? 2 ?
8 o X r "  +  € l , x l , -  * . . . *  e  xd  J  4 4  

- h - - n

'7
l .

' l  =  - s g
u Q < -
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A parametrization of the family can be given by a circul-ar curve C

around. the origin, for example

C  
r  |  ' ?  ,  , 2

:  4 le . ,  l "  +  27  l sz l -  =  1

The tvo in tersect ion points  of  C wi th l+e 
1 

+ ZT1Z = O correspond

to the two type s of curves vit tr  d.oubte point .  The other points of

the curve are in  1-1-corres 'pond.ence to the equiva lenceclasses of  real

e l l i p t i c  cu rves .

l l .  , , \  T n

\ 4 . r r / ' r ' n e o r e m i  J r  r

then  e i they '  + t *r  \ ^  1  t  .  r  .

(with ßk

o r :  c o d i m  ( f )

= 3'and we are in ca.se e) of  proposi t ion ()+.9)

,, ) 
* * ,3 

**r'x=:lx 
1 
2*3* 

ßoxrk+e4*h2* . . . *€rrxrr2 t eo*, )

o and k > hJ

=  o o .

, x

J
T

I f  c o d i m  ( f )

for RL-equiuaLenee ?ie ea.n arrange ßk = + 1.

D r ^ ^ f  .  ^  3  r  2 - -  ?Hro .o l ' :  g3  =  *1 "  +  *a  *3  +  x i  *3  has  in f in i te  cod . imens ion .  The  theorem

is a consequence of the fo.I lowing Lemmas:

I..,ennrna 1 : Let .j be a. homogeneo?,Ls poLynomial of degree j;

3 2 2 i ? 2 2* . , '  *  * 2 - * 3  t  x  
f * 3  

+  - .  * ! ^  * 1 t  +  * r t * 3 1  * 1 t * 3  +  Ä * 3 J  .

Pro.gf :

Let an element of LZ be d.ef ined. by *i t  = * i  + oi witfr  oi

3 2 2 . ig3 =  *1 -  +  *2 ' *3  *  x1  *3  +  r j  9us  +  o1ä1(e=)  +  ozäz(s r )

A d. i rect  computat ion shows that :

2 2
* 1 * -  +  x { n -  C m L ( S = )

* , * i ' t  +  * , { i - '  c * i -1a ( *3 ) .

then

: ^
€  mJ- t  then

* o - E - ( g - )  +  r .
<  < ' - { '  ' r

r u

so  a lso

This means that we

the terms of  , j  ( * . ,

can  choose  o  
l ro .  

and .  o3  in

,x . rx= ) ,  that  are d. iv is ib l -e

such a way in  r i -1  that

by * 1 or *Z vani sh
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agains t  o1E1(e=)  +  ozöz(er )  +  o3ä3(s=) .  so

Corol-l-arv: have the following

k32
rv^X,  +  x^  x^  +  x .

I  I  J -  |

Lemma 2: g =

Proo f :

2 L-x3 + oh*3

* . ,  3  +  , r ' *3 :L* t2*3  +  Ä*3o (r * o) is k-determined (t

, r ig "  +  T ;  ä 8 "  +  Ä x r ' .
J J - J 5

We

o

normal-form for the k-j et

k
* . . . *  o k * 3  .

o f  f ( t

[ "u 
=

' {  Drg =

t-
Ltsu =

We shal

Since rrt

o f  m ' ,

*=2a re
So kÄx,

l'r'e have

2
3*1-  !  2 * f  z

,*Z*3

2  2  ,  !  a  k - 1*Z  * x1  +kÄx= - -

r  show ,  *k*1  -q  r2ate)  *  *k*2 .

3a(e 
)  +  mk+z = r2n(e: )  *  *o* ' ,

5
exc ept *? 

- 
. So tre have only to

2  2  2  2  k+ i= *3-*2- *- x 
1 

*3 + kÄx=

k+1  2  2  2  2=  *  x l  *3  =  
=  

x1*2*3  =  0

*=o*1  e  *2L  *  *k *2 '

we find alread.y

show, that x 
k+l

'3

a1l generators

k+2

(mod .  *2L *  rk*2) .  s ince r  #  o

Le-mma 3: fn *r3 + *-,2*^ * xn'*n + tr*-k Ä # O i.s a. Loeal inuariant
I  I  J -  |  J  5

under R-equrualenee.

Proof :  '

we have *rk F *l * *k*1Since  d im

and this

Lemma

P r o o f :

k + 1
m D f m

implies the lemma.
mL *  *k*1

* . , 3  +  * r ' *=  *  x12*3  +  Ä*3k

k
+ X ^

J

RL
* . , t  +  * ^ ' * 31  * t 2 *=  +  *=k

Ä + 0;  so *=k is contained. in the

( 2 . 3 ) .ppril" and ve are d.one .

formulas for the diffeomornhisms:

L k+ 1 
for ar-]-* 3 ' - € r A  +  t * ( m r )  + m ' - '

tangentspace to the Atr -orb i t ;  $o

I t  is  possib le to  g ive expl ic i t



r . t) r

Let

3x .
I

RL
..] T T\

.v

j -  . tZ)  Theorem, :  f f  r  =  3  and.we are  dn ease

then ei they:

r ( u  v  \  2  ' '  ?  ?  ) +r \ x i r . . , r * r r )  * * 1 * 3  +  * 2 "  +  u x , - x r  1  * t  +

w i t h  c o d i m  ( r )  =  g

o y :  c o d i m  ( r )

f f  codim (f) = 9 then o is Local- inuayiant

for RL-equiualenee u)e ca,n arrzqnge that CI, =

t * rap3*12*3+rbk* :

+  * r ' * 3 I  *12 *3  +  *=o

b ) of pnopos'it ion ( l+ .p )

=L* , * t  * "  ' *  * r r * r r t  (a ' , ,0 )

under R-equiualence only ;

- 1 ,  0  o r  1 .

haue the follouing noz,malform for the

. +  o  ( t t
n

X .
1

+

x r

=

! = F*i then

2 2
X ^  X ^  +  X .  X ^

1  J -  I  J

3 + * ^ 2 * ^ + x ,
c  5 -  |

t-stfil'' lÄ l '

k ?+ ̂ *3-- F n"*.,
?  k - ?-x3 + lP'- -*3

? ?r  + p-xa

k 3=  * 1

Broo f ;

The proof  is  a consequence of  the fo l lowing lemma 1-2,

Lemma ,1 : f f  g g*,,*3t

n- iet :  I  
g* . , *3t  *  *z

op  =  op*1n-1x2  +  ßn* ,

Proo f :

+

3
f

p .

3x^
I

o ) ,

ue

* . .

By in t rod.uct ion on n;  for  n = 3

Let r_ be a homogeneous polynomin
n ? ?

8  ; x 1 x 3  +  * Z -  +  o L  * .  .  . *  o n _ 1

Def ine  an  e lement  o f  LZ  by  
f * r t
I

{  xz '

I_
I  x^ :
\ J

i s  t h e

al- of

+ T ,

statement  t rue.

degree n and. l-et

rl

=  * 1  +  o 1  w i t h

= x^ + o^ wi t i r
t l

= *3  +  o3  w i th

o 1 € m

oze  *

o3= '

n-2

n-2

n-2
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Thent  e  ä*1*3t  +  * r=  +  * r2o, ,  *  2*1*3o3

=  *1 *3 t  +  * r t  +  oL  * '  '  ' *  on -1  +

=  *1 *3 t  +  * r=  +  ob  * " ' *  on - l  +

by a proper choise of  s l r oz  
and "  o3 .

Lemma Z:  x - :  2  ?  3  L'  ' - i *3 + xz- + Ixx,-x,  + B*1- is

Next r^re have to consid.er

a l read.y eodim (e)

possiUle o using Lemrna 1

\-determined, for aLL B # O.

the cases ßh = 0 and oh f  0 ;  but  th is  g ives

c lass i f i ca t ion  in  h igher  cod imens ion  i s

but. becomes more and. more cornpli cated..

2+  3x r -o ,  +  oh  + .

l}x,x^ü^ + , 2
I  J  J  

t 3  o 1

fi

n

. . *  O  .  +  T  =
n - l  n

2
t J X - , O ^ + T l

1 1 I l J

P r o o f :  c f ( 2 , 5  )  e x a m p l e  3 .

Now we star t  the c lass i f icat ion in  case 3b )  :

Lemma 1 implieso that
l +  _ a .  3  3  L$  r ' - ' *1 *3  +  *2 "  +  o4*1 ' *a  *  ß ) * * r - .

rf ßr* # 0 g i s )+-d.etermined. ( Lemma z) and. ve can arrange that :

? 
g \ - ^ *1*3 t * *2  +* ' ,  t * r * * r  (e ' ,  

o )^ '  r  
F mn *  m5 for  a l l  A;  A is  a l0cal  .R- invar iant .  Moreover

ul-nce * 
1-*2

A is  not  a local  Ft r - invar iant ,  s ince
?

*1 ' *ZFnA+r * (n . ,  )  +m)  f o ra t_ l  A  f  0 .
with frr'-action we can arrange that cx, = 0, + 1 0r - 1 .

(-! ' .13) T.h.9o.{e,nz rf r = 3 and. we are in cq.se d) of pnoposition (t+.g)

then cod im ( r )  Z  g .  f f  cod im ( r )  =  g  then

r ( x t  r . .  .  r * r r )  *  g ( *1  , *2 r *3 )  +  *L * r *2 . * . . . *  
" r r * r 2  

w i t h

g  =  * ' ,  3  +  
" r * , * r2  

+  .3 *1*32  +  a [x rh  6 " r "3 * r ' *= '  +  * ru ] (A lo )

oY g =  * r t  +  
" r * r * r2  

+  
"3* . , *32 

+ n [ \x r3x= -  l * * r *=*r* r= ,  
"  

(B#o)

A artd B are Local R-znuayiants.
l,*,,,
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- =' n

T I
n '

D v n n f .
I I V V I .

go 3

theorem is

We use the

p ( x 2 , * 3  )  =

o.(xr , *3  )  =

? 2=  x1 "  +  uz * j * z '  +

a consequence of

abbrevat ions:

l + / z ?
*2 o"ru=*,  x3-

2
*3* i *3 -  has  in f in i te  cod imens ion .  The

the fol lowing lemmas:

I

+ x^*'(

3

tgmma.  1 ,  e  Aes  +  ap( *e , *3 )  +  Bq(x2 , *3 ) .

PToof :  Def ine an e lement  of  LZ by x . :  =  * i  +  o i  wi th  o i  e  mZ
l :  1  A  + \\ r -  =  t r l r 3 ) .  Le t  s4 :  s3  +  r4 i  where  . ) *  i s  a  homogeneous  po l ynomia l
o f  deg ree  J+ .  Then  u  3u ,  +  o tä i g  +  o_zä2g  +  o3ä3g  +  . J * .

A straight-forvard' computation of m2 L * *5 shows , that we can choose
o  j ' 62  an .  o3  i n  such  a  way  tha t  u  ru ,  +  ap ( "z r *3 )  +  eq ( *a , *3 ) .

Leqma,2 :  r f  
" ro '  

+  u t r t  #  o  then  g3  +  ap ( *ao*3 )  +  nq ( *e , *3 )  t - s
\ - de te rm ined .and ' cod . im ( r )=g . I f u ,A ,+u ,u '=O thencod . im ( r )>

P n n n f .
4  +  V L / f  r

i l*ro+

Leqma_ 3 : ff e.-l = e_ then
1 J

and

*6 for  a l - l  va lues of  A and B wi th € 
,2  )

'2A--  + u3t '  f  0 .

e

6

f  
* r t  =  xrcoso

I
L *3t = -xrsino

* 8 3  +  A f  n ( x r r * 3 )

* 8 3  +  B ' q _ ( * 2 r * 3 )

(a '  #  o)

(e'  + o)
Proo f :--
The subst i tu t ion

implies that

g  * x " 5  +  e -  
2  2

I  -z*1xz +  *a* i *3  +  [Acos]+f  Bs in)+q l r (x ,  o*q  )  +
+ [As in l+6 Bcos)+O ]  q .  ( *A,*3  )  .

r f  o = arctg 
f  t i run the coäf f ic ient of  p (x,  ,*3 )  vani  shes .

I f  +  =  arc tg  
f  t r r "n  the coäf f ic ient  o f  a(xr , *=)  van ishes.

+  x=s inO

+ x rcosö

I

:

J : ,



t ha t  o rb i t s  i n te rsec t  A -B-p fane  in  c i r c les :

5)+

We remark

Lemma rf 
"z

Proo f :

*3  t hen  g *83

andB*g3

A'p (*2 ,*3 ) if fr*
B'q.(x2,x3 ) i f  frä

+

+

e subs t i tu t ion  
[ * r ,  

=  ä (1 ,  *  
f ) * ,  +  ; (Ä  * , " ,

L*s'  = ä( i  -  *1",  + l ( r  *  *)*=
p l i es  t ha t  g * *13  +  * r * r * r 2  * r * . , * r 2  +

(r4 * fula + (rh fu,rfp(*e,*3) + ät(rr* fo,o + (rL. folnlq.(*z,*3
l r  1

Let (ra * fula + (14 - fu)e = 0 then ̂Bo + A + ̂ 8, B = 0

^B(o+e)=B Aand^B=ff i .
A - R

rr  
f f i  

*  0 there are real  solut ions, so the coöff ic ients of

p (*e ,*3 ) c an vani sh .

Let (r.L fu,o + (r\ * fo)n = o
^Bo A+^Br+B=o

rB(R+e;  =A Band.^B=##.
A-B

I f  
ä ;B-  

> 0 there are real  so lut ions,  so the coöf f ic ient  of

q (  *a  r *3  )  can  van ish ,

remark o that orbits intersect s the A-B-prane in hyperbol-as :

Th

im

ät
a )

n)

We A-B-pIane



q c

Remark:

rn the ease 
"z 

n u3 \4re can also use the normar-forr  *r  
3 + x{  x,1x- for

I  t t  3
the  3- je t  o f  g .  Th is  fo rm is  eas ie r  fo r  the  com,outa t ions .

I f  cod im ( f  )  =  g  then one can sho i^ r :

B *x r3  +  x rxox .  +  c *o l+  +  Dx , l+  w i th  c .D  #  oI  t t  J  2  3

which can be t ransformed such that  c f  = 1 and Dr f  0  or  such that

C '  #  0  a n d  D  =  1 .

*3 )'
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5 5 Remarks

A .  A  c o ecture of Zeeman and. stro equ] .va lence.

( J . t )  r n  ( e . t )  r  a l r e a d y  m e n t i o n e d o  t h a t  t h e  t h e o r e m s  ( t . T )  a n d  ( t . B )
d-ontt d'etermine the d-egree of d.eterminacy completely. zeeman conj ec-
tured in  a recture at  the rHES (Büres-sur-yvet te)  that :

f  i s k - d - e t e r m i n e d  < +  * n o * ' a * n ' n ( r )  * * n o * ,

rn the fo l lowing example r  show that  th is  conjecture is  not  t rue.

(>. ,  ?) Counterexqmpl-e :  f  = * . ,  = + *,  *r3 (aT )  .
Th i s  examp le  i s  a l so  t rea ted .  i n  (  1 .1  1  ) .
f  has the fol lowing propert ies:

1o * r i  Cmrn( t )

zo  * r i  F  mrza( t )

3o  f  i s  )+ -ae te rmined . .

r n  ( t . t t )  I  s h o w e d  l o a n d

ä t f  =  3 * 1 2  +  * r 3  a n d  ä e f  =

so  * r i  F  *22  L ( r  )  .

(5 . ' : )  A l though  the  con jec tu re  i s  no t  t rue ,  the  a lgebra ic  cond i t i on

t r r o * t  t * n ' A ( f  )  *  * n o *  o f  t h e o r e m  ( t . T )

terms of  d.eterminr .U.  This  is  the reason

d .e f in i t i ons .

i n  ( )+ .  I  )

2, *1 *2

lemma 3 I  showed 3" .  S ince

i t  i s  i r n p o s s i b l e  t h a t  * r i  e  * r 2 A ( r ) .

can st i l l_  be t ranslated in

for the fol lowing two



(  :  . . )+ ) .  Pef  in i t ion:

5T

Two germs f and e are carr-ed. strsrng- Lright )_--e.qui-varsrrtrL
i f  the re  i s  a  +  =  Ln  such  tha t  g  =  f+  and  the  der i va t i ve  ag(o )  i s  the
i d e n t i t y .  N o t a t i o n  g F f  o r  g r * , f .

The germs 0 = tn v i th  a0 (o-)  = 1 form a subgroup of  Ln,  whieh acts  on
En and ind.uces an algebraic act ion on .rk (rr,  1 ) .

S., ,  5 ) .  Pef in i t ion: A germ

for all g = E* witfr gk =

b )  h ( x , t o )  =  x

Since Ej = *n' we have

cal-Ied. s.tT_ong_-k-determined. if

is strong-equivalent r^r i t tr  f  .

k+2 <+ f is strong-k-d.etermdned..

f  €  8 ( . r r  1  )

ft we have

' o  ( r )  *  m
n

- l a

o
tf

t r  r \  m r  k + 1
\ ) . o /  t - ' n e o r e m :  m  { ' - 7 7 1

n  - " - n

P r o o f :

l u )  The  par t  +  o f  the  p roo f  i s  s im i l -a r  to  tha t  o f  theorem (1  .T )  and
fo l lows f rom two lemmats:

L,emm-a 1.  :  Let  *no*1 g *nz|  ( r )  + *no* '  .  Then thez,e enr)s ts  fo t ,  aLL

t € ft a mapguom t, R**' + prn d,eyined, in a neighborhood. Tt of

( o , to ) € Rt* 
1 wht ch satdsft)es :

( i )  ? (o , t )  =  o  foy ,  aLL  (o , t )  c  u

( i i )  faE l (o , t ) -  a fo raLL  (o , t )€u

( i i i )  v r ( * , t ) . f ( x , t )  +  e (x )  f ( x )  =  0  fo r  aLL  (x , t )  €  u .

Proo f :  t o  sa t i s f y  ( i ) ,  ( i i )  and .  ( l i i )  * .  need  on l y  to  show tha t

*no*  1  a  o*  (F  )m'

and this fol_lows direct  f rom the proof of  ( t  .T )  lemma 1 .

Lenpa 2: Foy, eaeh to € R thez.e rs e

t  w i t h  j t - t o l  .  e .
11

Proo.{ - :  I {e  consid.er  as in  ( t .7)  lemma 2 the d i f ferent ia lequat ion
. A ha) tä (x , t  )  = ät r ' tx , t  ) , t  )

wi th  the  in i t i a l  cond . i t i on :

.a
äx .

I

' l

. A h u .
( F )  =  0  f o r  a l - t  t  a n d -  j  =  1 r . . . 1 1 .

d r ,
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a
dtr

/ ah  \\Eili
l_

= 0,  hencu 
*  

= eonstant  and.  dh* is  constant .o * i  u

So:  dh-  =  d .h ,  =  lr t ^

that  h,
x

the proof

a strong-equivalerfc e .

t h e  s a n n e  a s  i n  ( t . T )  l e m m a  Z .

which proves

The rest  of

I S

' l q

2") The part :  of the proof is simir-ar to that of theorem (
Rep lace  in  the  p roo f  o f  theorem ( t .B )  t t r .  se t  V  by  Ja /  =  {e  €
rn ord 'er  to  prove the theorem is  suf f ic ient  to  show that :

b)  . (w t * t )  =  mn?t ( t )  (uoa . *no* r ) ,

Let  ht  t  (Rt ,g)  *  (R" ,g)  a germ of  d i f feomorphism wi th h = 1
air- (o ) = 1 . Then we have :

fo (rht )i*=. = or.#lr=" = 8,.(ärr,. . . ,är,r).
Letts=#

ä h -  ä h , , n ,

f  t r r " t r  BC-q;  = " . . t (9)-  
= 0 s ince ht(q)  = 0 and

d h / r ä " " + \ 1 1 / \= .;-tÜJ = t-- *-- = ü
..2, i
d n an* t (o )

A t  ä x .
=  

ä t  u i i  =  o  s ince  dh t (g . )

1 .8 ) .

urr l *s f i .

- 1

ä " .

r*'

; j

€

I

;
d

1

äx  .  ä t ' :

and

and

S O

(q)

m
n

2  
(  i  =  1 r . . . o r l ) .

This means 
fof  tn,  ) l r=o € nr, .a(r)  which proves ,(" t  * . ,  )  c

Moreove r  r -e t  C I ,  u  *n?A( r ) ;  o (x )  =  v f ( x ) .E ( * )

hr (x)  =  x  +  tB(" ) ;  then h t  =  t r , - ,  and dht (g)  =

wh i ch  p roves  t (w t * t )  = * . -A ( f )  mod .  * k *2 ,

nrrr l ( r )  mod. *krz

2with Ei  C

i  a n d *
otr,.

m
n

fh ,
f

IJ

and

= r\i

t=0

(5 .7 ) ry . f ^ (x . , , x , )=* , ,3+* , * ,3+Ä*25has theproper ty

*5 c *L * m6 but it is not true that mj c nzt * m6 ,

; :;; ;;, -;,:'.;;;i ;:.ff;":,,:;.::;T:
strong-l+-d.eternined. I  )  .

5 D f
s lnce  *z '  F  m ' l ( t )  +  mo fo r  a l_ l  Ä  €

invariant und.er strong-equivalence.

S ince

R (lut not

R r. can conclud.e that Ä is a

[us ing an extended vers ion of

l-0ceJ

t h e o r e m  ( 2 . 9 ) l
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(-:  '  B ) Ren1r5: The cl-as sif  icat ion of germs under strong-equivalence
is  not  so in terest ing s ince there are a l read.y a l -o t  o f  invar iants
in the case of  a non-d.egenerate cr i t ica l_ point  .
Although an arbitrary f  with Rank (a2r ) i -= maximal- is strong 2-deter-
mined,  i t  is  not  possibte to  br ing the germ to the normar- form

"1* ' ,  
2  * '  '  ' *  . r r * r , . t  wi th  

" i  
=  + ' l  .

B. LFft-rrrultip.l_ic.ation

fami l ies

xt  o
D
r r t

v

P-  
1 0

R- ' 1  
0

o 1 o

*1 +.

l + l +

/'\ n/' /'
x l  X ^  +

t 1
C I , f O

x n '
z

,  . q
+  ( r y x ^ ) ,'l

5

q
d '

I
4

0 g =

t ,-
L & 6

J+
g \--r /art} 

RL 
q

( : . g l . r " t h e 1 i s t o f s i n g u r a r i t i e s r ^ l i t h c o d . i m e n s i o n <

with one locaI .B-invariant o which
l t ? D q

* 1  t  x i  x 2  +  o * Z '  0  #

* . ,  3  +  * r ' *3 j  * t2 *3  +  ß*3 t *  ß  I

* . ,  ' + * r t *=1x i2*3+ß*35  
ß  i

* . ,  =1*1*2*3  
1*eL+ß*3 ' *  ß  f

* - , t3 t+* r3+  * . ,  t * ,  
1 * . ,  

h  
0  f

rn  mos t  o f  the  cases  'we  used  theorem (2 ,3 )  ro r  the  p roo f  o f  the
frtr-equival-enc e of the germs in the f amily .
somet imes i t  is  a l -so possib le to  see th is  in  the fo l lowing l ray.
I{e treat as example X,  ̂ i

The only  le f t -act ion l re  used in  th is  eomputat ion is  scalarmul- t i -
P l i ca t ion  w i th  oL  and .  th i s  i s  an  e r -ement  o f  GL(1 ) .
r t  i s  poss iue  to  t rea t  the  o ther  cases  o f  the  l i s t  i n  the  same
1,say.

This  ra ises a more genera l
of  t rn  *  GL( 1 )  eo inc id.e wi th

s '  *1

( o *  
t

0X^
I

+

+ .  (  ux  
r  )2  (o * r )2

) + ? D q
sF* t  l * t *x2 -  +  *Z '

ques t ion :  rn  wh ich  cases  does  the  ac t ion

t h e  a c t i o n  o f  L n  x  L l ?

rs not a local fr tr- invariant:

0

0

0

n

0
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( 5. t-o ) Theor.em : Let n =

rf ft tr tt for aLL t
o

f* aye also equiualent
I

o
t r
U  L  f , .

P r o o f :

This impl ies 0

BBTANCON (  f5 l

So we can find.

2 and Let  f t  =  f  +  t+ .

in a. eonneeted inteyual

under the action of L_" 2

of R, then ft and,

GL (1 )  f o r  aLL

I

X

since f, = f + t+ for t € r are arr- in the same fitr-orbit, o has to

l ie in the tangentspF,ce to the Al-orbi t  ;  so:

+ =*ro( f t )  +  r * * (nr ' ,  )  V t  €  r .

=  orär f t  +  oz |z f t+  j . ; ( t ) r r i  v i th  o1 ,o2 =*r .

and. t6l ) proved that:
^  a f ,  a f/  t  ! . 1  Cm^L ( f , ) ,t r -=Er(* tq- 'äa% 

z r
-  l r rZ  

=  * ,  such that

0  =  t l ä i f t  +  oz l z f t  +  o . , ( t ) r *  ( * ) .

We now return to  the s i tuat ion d.escr inea in  theoyem (e.3 )  ,  where
1-parameterfamil ies of d. i f feomorphisms of sourcespace an6 target-
Spaee r^rere cOnStructed. .  '

Our  equat ion (* )  impr ies that  the d i f feomorphism k of  the targetspace
has to sat is fy  the d. i f ferent ia lequat ion:

I#,v,t)  = -or(t) .k(y,t i
1
[ r< ( r , ro )  =  x

The sol-ut ion goes as fol l_ows:

dk(y , . !  )
f f iF 

= -or(t)at

l n  k  ( y , t )  =  ß ( t )  +  c ( y )

k ( y , t )  =  u ß ( t ) + c ( Y )  =  * c ( Y )

i n i t i a l -  c o n d i t i o n  g i v e s :  y  =  t < ( y r t o )  =

. v ( t )

. c (Y) .v ( to )The

S O :

S o k

t (Y , t )  =  y .g .
Y \ E o /

is  a  scal -armul t ip l icat ionr  so we are d.one.
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(5 . t . l  )  Beggrk :  The  p roo f  o f  theorem (5 .10)  shows  tha t  the  eono i t i on

f {  €  *L is  enough to get  the resul t .

A similar theorem for n > 3 d.oesn t t  exi st ,  since BRIANCON gives an

e x a m p l e  v i t h  f t - 1  f f  E r . ( * t ä l f  , . . . r x r r ä r r f ) ,  n a m e l y

f  =  '  ' ?
( x 1  . x r . x = ) -  +  [ * . , t t  *  * r 3 n - 1  + . . . +  * r . t * - ' ] .

f n  the  cases  ,g ,  P lO,  R t  
O  

and .  Q1O 
" "  

p roceed .  as  fo l l ows  .

germs are )+-d etermined or 5-det ermined ; we have ,r5 c *L .

Because f 
Z 

= O T^re have T2 e *6 and. this irnpl ies f2 e mA.

apply the proof of theorem ( 5; i  o ) ,  which shovs that the

of  the fami ly  can a l ready be d.one by Ln x Gt(1 ) -act ion.

S ince  those

So we can

Btr-equivalenc e
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EAE!--I_I j._DEEQEU4TIAN-OE-EINGUT,AETIIEE-A jttDAIJACENcY
======== == ===== ====== ======* i  =_jäEE*_-  __ __ __iE _____ __

Introd.uetion:

After the classif icat ionproblem in part f ,  f  treat in part I f  the
ad.jacency problem and study approximations of a functiongerm in its
universal d.eformation.

rn 56 and. 57 I introduce some known topologica] invariants of a
singularity, namely Milnor number, the intersectionform and. the
monodromygroup, and- investigate the relat ion between the invariants

of the germ and. i ts approximations.

rn 58 I use this in ord.er to explain and. prove in a new way some
results on ad.jacency which were partry known already.

In 59 I treat the new notion of u-adj acency o which d.eseribes a
relat ion bet 'ureen famil ies of germs with constant Mi1nor number.

fn g 10 f introd.uce a topology in the orbitspace and stud.y i t  for

the set of germs with Milnor nunber I 1 O. In their relative topology
we get copies of C or C-tgt for the 1-parameter famil ies in the
orbitspace . We i1lustrate the rel-at ions ad j  acency and. u-adj aeency
in  the  l i s t  I f I  a t  the  end .

This research while in progress was in a later stage to a large
extend covered and then infl-uenced. by published and unpublished

work of Arnold., Larnotke, Saito and Gabrielov. We ind icate those
referencesr but 'I{I'e believe that our presentation an6 survey and.
some of the proofs st i l l  have an independ.ent interest.
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5 6- Mil-Jrorfibratign and. ._vjunishj.ng cycl_es .

( - 6 t t )  w e  c o n s i d e r  a  h o l o m o r p h i c  m a p p i n g  f  :  ( u r o )  - +  ( C , o ) ,  w h e r e  u

is an open subset of C** 
t  

and 0- is the only cri t  j .car point of f  .  Thi s

situation is studied ly tr , i rr ,non [20] and others.

There exist E

al l  l t  l t r  A  f - ' ( t )  fo r  a l t -  l t l

we r^rrite B = urt**1 *rrd. D = out and. d.efine:

Er  =  r -1 (an)  f ' t  e

E,' is a compact oriented. manifol-d with bound.ary and f :  E, + äD is the

pro iec t ion  o f  a  f i b rebundre  w i th  t yp ica l  f i b re  x r  =  r -1 (o )  r l  g .  ( see

al -so (6,2)) .  r t  is  wel l -known that  xr  has the no* l ropytype of

sn  v .  ' . v  sn ;  hence  Hn(x f )  =  TvG )  ,o r  some u ( r )  €  N .  u ( r )  i s  ca l led .

Mil .ngr ts  nu,mbes.  The in tersect ionform (-  r - )  on Hn(Xf  )  i "  a  b i l inear

formo vhich is syrnrtretr ic i f  n is even and antisyrnmetric i f  n is odd..

(6. .?) Lemm-e,:  As before Let u c C**t  and. Let e :  (u,q) + (C,o )  be a

holomorphte mapping sueh that:

a) g has no crit ical points on AB

b) g has no er i t ieal  ualues on äD
- 1

c )  s . . h  g  ' ( t )  
f o r  aLL  t  €  n

and, i r ,  r  be the set of  cr i t ieal  ualues of  s,

then:
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1 
o 

The map

triuial )

zo The map

bundle.
ö

3- Eueny path v :  [0,  1]

anA eonneetion in the
- 1

v *  :  f - ' ( * )  r . l  B  *  f - i
phism is unique, that

ho This conneetzon ean

the restrdetion v*

s :  g- ' (D \ r )  r1  g  -+  D \  x  is  the pro jec t ion

ft)brebundle,
of  a (LoeaLLu

g : g '(o) t''l äB + D r)s the proieetion of a triutal fibt,e-

+ D X, eonneetzng points a artd h, induees for
bundle g a diffeomorphism

(u) fl 3. The isotopyelass of this d,iffeomor_
is independent of the conneet.ion.

be chosen sueh that fot eueyA
:  f - ' ( * )  n  aB  +  r - 1 ( r )  n  äB  i s

elosed path

the identity.

P r o o f :  W e  u s e  E h r e s m a n n  
[ 1 1 ] :

Let E and' B be smooth manifords, B connected and p : E + B a smooth
surject ive mapping, with the property that for arI x e B the rank of
the d' i f f  erentiar of p in x equals the dimension of B and. p- 1 (* ) is
compaet and connected'.  Then p : E + B is a smooth f ibrebundle and. so
a1 l  f i b res  p -1 ( * )  a re  d i f feomorph ic .

our g has mrucimal rank on e-l(n \  x ) o 3 and by the transversal i ty-
cond i t i on  a lso  on  e -1 (n )  n  äB;  so  we  can  app ly  th i s  theorem to  ob ta in
10 and.  20.

As moreover every f ibrebundle over a contractiure space, r ike a disc
is trivial r rr€ have zo .

using a suitabl-e connection, we f ind. the required dif feomorphism v*
and' as we have a product strueture on the boundary r- l(n) n agr lre
ean arrange that v* is the identi ty on the bound.ary of the f ibre
f  

' ( a )  
f l  g .

Remark: From the above r-emma it folrows also that Eo + aD is a
f ibrebundlepro j  ect ion .

( - 5 . s )  p e . f i n i t i o n s :

approximations of

F : U x i i , I + f w i t h

F ( x , 0 )  =  f ( x ) .

f n the following r,re

f . A d,efgrmF,tion of f
f s E t t - f ' Y l * 1g e U L L " ' a n d  0 €

shall  use deformations and

is a holomorphic mapping

i,,I € CO and the property
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fov

A deformation F of f is ca1led. inf-i.niLesi{na11y verF_al. if

E n + 1  =  ( ä o f ' . . . r ä r r f )  +  C t o . '  ' . . . r $ g l  .

Here 8n+ 
1 

d.enote s the ring of germs at 0 € Cn+ 
1 

of hol-omorphi c

func t ions  f rom Ct t * '  t o  C ;  (äo f  , . . .  r r * r )  t r ru  idea l -  i n  8n+1  ,  spanned

by the par t iar  der ivat ives of  f  and Ct+. ,  ,  .  *  ,Ok]  the_C-vectorspace,

s p a n n e d .  b y  0 1 0 . .  .  r f k ,  v h e r e  + i  i s  d e f i n e d .  b y  O i  =  ( ä ) U = o  ( i = 1 r . . .  r k )
I

and.  y1 ,  .  .  .  ,Xk are coörd. inates in  C^.

I f  f  has an iso lated.  cr i t ica l  po int  i r  Q then in f .  versal  deformat ions

exis t  and can be wr i t ten in  the form F (x  rv  )  = f  (x  )  + t r l . , * iÖi  .

A deformation F : U x tr,i + C of f is called. v,er.sa] if for any other

d.eformation G : U x Wr -> f t i rere exist analyt ic maps:

0 : U x W f + U w i t h 4 ( x , 0 ) = x

i i r  :  l , I t  +  W wi th 0(O) = O

s u c h  t h a t  G ( x , u )  =  f ' ( + ( x r ü ) r q , ( u ) ) .

An important theorem of I4ATHER [ 19] says that the propert ies versal

(for W small  enough) and inf.  versal are equivalent.

( ( ,  c \
\ v .  . /  I

a )  aLL

b )  aLL

c )  s
g

d)  the

: U x w- + C U* a deformation of f .  For w € lü the mappiylg

d.ef ined by F, , (x)  = F(x,w)  is  ca l led a.pprox_imq, . t ion of  f  .

Lemma: There enists

inside B.

inside D.

-+ äD are diffeomorphie.

F

r
u t

As in  (6 . t  )  * *  ean cons id -er  the  cor respond ing  f ib rebund. le  p ro jec t ion :

F  r  E . "  =  F - , - 1 ( A D )  f l  f ,  - +  A D .'I{r t'' w
\,I

n

critieal por)nts of Fw qve

erit ieal ualues of F are

i l r  
-1( ,  

\  ror  aLL;  €*D.' - r . r  \ - /

fibrations EF-_ * 3D and Ef

Proof :  I f  we use the cont inu i ty  of  f  and.  Vf ,  t ransversal i tyarguments

and an extended.  vers ion of  Ehresmannrs f ibrat iontheorem, we can in

each of  the ease s a ) -d )  d .ef  ine an open neighborhood.  in  which the

as ser t ion i  s  fu l f  i l - led. .
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( 6.5 ) Lemma r Let F be a uersal deformation of f. Thene enist w € l^I

wbitrarily elose to anA w € W sueh that:

e) aLL eritdeal points of F* are non-degenerate.

f) aLL crit ieal uaLues of F* are different,

Proof:  The points w € W sueh that F* has not u(f)  (=

d.istinct crit ical- values from an algebraie variety,

bifurcationvariety Bif(f ) ( cf . LOoIJENGA [ 1 B] ) .

Sinee f is a versal d.eformation, , ,r  # Bif  ( f  )  for generic r^r € InI.  So

W \ Bif  ( f  )  is d.ense in T/,1.

16..J ) t et now w € W be chosen in such a r,' iay that the approximation

s a t i s f i e s  p r o p e r t i e s  * )  r .  .  .  ; f )  o r  ] e m m a  ( 6 . :  )

F__ is eall-ed a g_e_neric.,.aBpro.ximatio* of f . We
w

struction of the vanishing cycl-es- as given by

Mi lnor f  s  n lmber )

the  so-ea I led

I f  F *  has  u ( f  )  d . i s t i nc t

are non-d.egenerate ( cf .

cr i t ica l  va lues,  then a l l  i ts  cr i t ica l  po ints

MILNOR [20 ] ,  append ix  B) .

a n d .  ( 6 . 6 ) .  r n  t h a t  c a s e

next recaIl  the con-

BRTESKORN t?l or

tAIvlOTIffi [16] . Ca1I F* = k.

ctt* 
1

k \

L e t  & 1 r . . . r a n  b e  t h e  c r i t i c a l  p o i n t s  o f  k ,  a n d . . 1 r . . . r c n  t h e  c o r r e s -

pond ing  c r i t i ca l  va lues .  Le t  81  r . . .  rBn  be  d is jo in t  (en+1  ) -na t t s  a round

* 1  , . . .  , * q  a n d .  i n s i d . e  B ,  L e t  D 1 r . . .  r D n  b e  d . i s j o i n t  2 - d i s e s  a r o u n d .

".1 ,  
.  .  .  o.q and. insid.e D, chosen in such a way that ve get local-

f ibrat ions:
k  t  B i  { a r }  *  D i  ( i = 1  , .  .  .  , ! [ )

satisfying the usual transversal i ty-cond.i t ions :

a B =  / h  k - ' ( t )  i f  t  €  D ,  \  { c .  }  ( i = 1  , .] .  1  
-  

1 -

B

$'q.
r,€\te

, A )
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Take point= 

t  
,  . ;  .  , .1n on äD1 , .  .  .  ,äDq and. ] -et  d.  € aD. we next consider

paths ti in D \ i tt oi from d to ui . These paths induce the .1'or-lowing

m a p s  ( i = l t r r r r e ) :

- 1
Qi =  r . - l {a r )  n  r i

which give in the homology 
, (  r-.  )  * *y i  t  H r , ( A r )  

' 1 ' : l  
H n ( x f )

Sinee Sn is  a deformat ionret ract  of  Qi  we have 
"n(Qi  

)  = V.  Let
t i  €  nr ,  (Qi  )  uu the cyele represented.  by Sn.

Define n" € r '  I  tr  \  .
v .  

'H r , (X t )  bY  r ; ( s - ; )
v .

. ( s .  )  =  I ,
i q.n

We set Lt =

The elements

-1 
1|  |  ( ^  I

iY t1* , .  I t  pa th  f rom d  tot o  d -  i n  D  \ . ! , n=  J

...--

1

of Lf are caIl.ed. th* 
@ of  f  .

( -6 . .8 )  f , e t  r i  r . . .  r rq  and  u  be  c l_osed  pa ths_  
.a long  D1r . .

An arbitrarv path v from d to di in D -i9.,oi ind.uces
ou, ,  :  =  ( , , - l * i t ) * *  ,  Hr r (x r )  *  Hr r (x r ) .

The Picald.-L-els.ch-e.t zfor-r:lula [21 ] irnpli es

op.  ( * )  =  x  ( - i )9 . [ r . , * r [ , r .

From now on we orr lyt"onsid.er the ease , that n i  s even, in that case
the in terseet ionform is  symmetr ic .  The sel f in tersect ionnumber for
n F r  j -  . _ , o * L . -  f + 2  n = 0 ( m o d . ) + )o  =  L f  i s  g i v e n  b y  ( o r o >  =  z ( - t  ) t =  I  ( e f  .  [ 2 1 ]  )

L-  2 n = z  (mod.  )+)so  oo(x )  =  x  t  
f f i .  

and .  we  see  tha t  oo  i s  j us t  a re f l -ec t ion  in
the direetion of the vanishing cycle cf,  .  Note that o  ̂ ,2 = 1 and. that ocL cxFreserves the in tersect ionform. Jn the sequel  we shal r -  rest r ic t  the
t rea tment  to  the  case 'n  =  2  (mod r+ ) ;  the  case  n  =  0  (mod h )  i s  s im i l -a r .

.  r D q  a n d  D .

a map
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o
(6 . .9 , )  cons id .e r  the  mapp ing  v  ,  n1 (o  \ i 9 tD i ,d )  ->  Au t [n r , ( * rJ ) ]  tha t

assigns to every closed. path v the induced map v** t  Hrr(Xf ) + Hn(Xf ) .

D-eFlnit ioir : The image of Y i s c alled the mo_no_d.ro.mygrsrup !il,' of f .

Clear ly  W'  conta ins a lso the ref leet ions in  the d i rect ion of  a

vanishing eycle. Also o : = ü*,r t  Hrr(Xr) + Hn(Xf ) i= an el-ement of

W*'. o is called the monodropy,-oBe.r.+or .
l - -

(6. . t .0_)  Now we choose v1 , .  .  .  o tq in  such a way that :

10 they in tersect  only  in  d and have no sel - f in tersect ions.

. ) o  t - -  - 1 -  \  / - -  - 1 - .  \  / - -  - ' l - -  \  h
c  \ t 1  * 1 t 1  i  .  ( t 2  u Z u Z )  ,  . . ,  .  t t n  * q t n l  = u .

fn th is  case the set  of  vanish ing cyc les [ . r .  , .  .  .  ,gv' 1

the reflections or., o . . . ,ove are called frl+_d.ar+enta1;

n o t a t i o n s  U 1 r . .  .  o 9 q -  a n d .  o 1 r . . .  .  r o q .

T/i i th the se notat ions we state :

Theorem: (r-,auorrn t 161 )

a)  {u . ,  , . . . run }  ds  abas is  o f  Hn(Xr )

b)  wr(r_,r )  = Lf

c ) Wr is genenated by { o.,, , . . . ,oo }

d )  wr {u1  o .  .  .  ,un }  =  L r

e )  o q .  .  o q - 1  .  r . .  .  o - 1  =  o .

( 6 .11 ) Remarks on the basis .

A basis  of  vanish ing

t 1  , . . . r t q  f r o m  d .  t o

(Pt  )  The paths v . ,  r  .  .

sec t ions

c y c - I e s  { n 1 r . . . r u n }  €  H n ( X f )  i n d . u c e d

d 1 r . . . r d q o  h a v i n g  t h e  p r o p e r t y :

.  , tq intersect only in d and. have no

and- the set of
q_

and. we use the

by paths

sel-f  inter-



is call-ed a w-qak d.i.+.t_inguisheg basis (uzzunr

basis ) ,  In fact  every set of  vanishing cycles

a basis.  f f  moreover the property

, - - \  t  - 1  *  ,  - 1(P2 )  ( r t  ' u . , v . ,  
)  .  ( t 2  t u r v r )  

.  . . .  .  ( v . . , - 1 * ^ r r ^ ;  b  uq  q q
i s s a t i s f i e d ' , t h e n t h e b a s i s i s c a ] 1 e d ' @ . T h e b a s i s

{ [ . ,  " ' 1 f l '  ]  i n  theorem (6 .  to )  can  a ] r ^ rays  be  chosen  in  such  a  r , ray ,|  - q .

that  the basis  is  d. is t inguished. .

6g

[ 17 ]  ca l t - s  i t  a  geoqe t r i c ,

,  hav ing proper ty  (pt  )  is
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atrF$irlati04.

(7 '  1  )  t rü*  now return to  the s i tuat ion,  that  w e Id is  chosen in  such
a way'  that  approx imat ion F* sat is f ies the proper t ies of  lemma (6.5) ,

b u t  n o t  n e c e s s a r i l y  t h o s e  o f  ( 6 . 6 ) .

Le t  {a l  r "  '  r *n }  be  the  c r i t i ca l  po in ts  o f  go  no t  neces=* " i r y  non-
d.egenerate . For every eri t ical point . i  r4re can consid er the mappings
g i  :  ( u r r o )  - +  ( C , o )  w i t r r  u .  a  C t * i ,  l o c a t l y  d e f i n e d .  b y :

s1  ( z )  =  s ( z -a . )  -  s (a . )  ( i =1 r . . . , p ) ,

each g i  hav ing an iso lated.  cr i t ica l  po int  in  0.

For  each g i  we ean repeat  the construct ion of  the

L- o the monod.romy or - and. the groups l{^ . We wil1a i  -  
g i  

v r *v  64  \ ' /L  

ö . .

the correspond. ing not ions of  f  .

vanish ing cyc les

compare them with

( 7 .a )  a r  i n  ( 6 .7  )  r e t  B1 , . . .  rBp  be  d i s j o i n t  ( en+ i  ) _ua r t s  a round .
& 1 r . . .  r t p  a n d .  i n s i d . e  B .  L e t  D 1  o . . .  r D p  b e  s m a l l  d . i s j o i n t  2 _ d . i s c s

a r o u n d  g ( b t  ) r . . .  r g ( b p )  a n d  i n s i d e  D ,  c h o s e n  i n  s u c h  a  w a y ,  t h a t  t h e
t r a n s v e r s a l i t y  c o n d i t i o n  ä B i  ö e - t ( * )  f o r  a l l  t  =  o i  \  i e ( b i  ) ]
is  sat is f ied.  and.  such that  we have rocar  f ibrat ions

e ,  tu ,  =  e - l (aD i )  n  r i  - )  äD i .
l f e  c o n s i d ' e r  a g a i n  t h e  p o i n t s  d . ,  d 1  , . . .  r d p  a n d .  t h e  p a t h s  , 1  , . . .  o r p
a n d  t l  , " ' r t p .  r f  * ( o i )  =  e ( b j ) v e  c h o o s e  D i  =  o j ,  d i  =  u j r  r i  =  * j
a n d .  v .  =  v . .
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ca

si

( f . : )  W"  nex t  de f ine  a  gener i c  approx imat ion  h  o f  f ,  near  to  8 r  vh ich

n also be used. to obtain generic approximations for the mappings

( i = 1 r . . . r F ) .  W e  c o n s i d e r  a l s o  t h e  c o r r e s p o n d . i n g  f i b r a t i o n s

- 1  .  \
h  :  E ,  =  h - ' ( ä D . )  n e _ .  +  ä D , ,

n i l - l - 1

( T. l+ ) Lemma : For aLL g = F -- with ll i^i l l
1*I

Lerwna (6,r))we can f ind s € \^I  ü i th l l ; l l

sueh that h = F_ satisfies:

n (where n is defined as t n

a) aLL erit ieal points of h are

b ) aLL erit ieal ualues of h are

- 1
c )  äB i  11  1 - ' ( t )  f o r  aLL  1c  äD i .

d ) the fibratt)ons tu.; + äDi and

e ) alt crit ieaL poin|" of h ave

f ) aLL erit ieal ualues of h are

ctt*'

dnsida tt

inside Dt

tn, + äDi ar''e dif feomorPhie '

non-degenerate.

different.

C

U . . . U B
p

LJ. .  .LJ Dp

The p roo f  i s  a  spec ia l i za t ion  o f  (6 .5 )  and .  (6 ,6 )  and .  w i l l  be  ommi t ted .

--L+



,;(-(b1)h
=ü^  .  v -=v

s(u, )

F>

enlargement :
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(7.5)-  W" nov repeat  the construct ion of  the vanish ing cyc les wi th an

approx imat ion  h ,  sa t i s f y ing  a ) - f  )  o f  }emma (7 . )+ ) .  We use  a  no ta t ion

r ^ r i t h  d o u b l - e - i n d . i c e s .  L e t  { r i t , . . .  r a i r .  }  b e  t h e  c r i t i c a l -  p o i n t s  o f  h
t-

i n s i d e  8 . .
1

The fol loving is d.ef ined. in

b a l l s  B .  .  w i t h  a .  €
r -J  IJ

d . i scs  D .  .  v i t t r  D .  .  C
r-J IJ

point s d= . witn d..:- . €
A J  l J

paths v. . :  from d-: to
r J l

paths u-. : around- D. .r -J  lJ

Cons id.er the f olloving d.iagram :

th

R
1 J

n
l_

ä D .
t-

Ä
1 J

e obvious way:

C  B .  C  g
t_

c t l

j

ins id.e D .
1

at j  =  h - l (u r j )
|  , .  \
\ u i i r *

- n-t (ur) f-t g. =
t_

xgi11 g .  .
1 J

I (v' )*
r r - 1 (a )  r l  B

( t i t i  j  ) *

' - F
I

ind.ucing in the homology:

I = n,.,(ei j

S .
1 J

F

(xei  )

I
f"i

(x,  )

) * *

\
* i j

Let s, : be a generator of H- ( Q., , ) . Def ine in.,-  r - J  -  :  n '  - r - J  01

of  vanish ing cyc les wi t t r  respect  to  e i  and-  Lf

van ish ing  cyc les  w i th  respec t  to  f .

\_ 11

\- Il

, ,  
("*,  )  as the set

, , ( * r )  
as  the  se t  o f



7 l r
l +

Choosing paths t i  and. v. .  in such a way that

1o The paths d.on I t  intersect each other and. are not-self intersecting

^ o  t  - 1  r  |  - 1  \  t _ _  - 1  \  h
2 -  ( . v 1  * 1 t 1  J  ( r 2  u 2 u 2 )  .  . . .  .  ( t p  r p t p ,  =  u

^ o  |  - 1  r  |  - 1  - -  \  / - -  - 1 - -  \  h
3 "  ( t i t - ' r i 1 r i 1 )  .  ( r i ,  ' r i 2 t i 2 )  

.  . . .  .  ( t i " i - ' * i " i t i " i ) ' = ' * i

( i = 1  , .  .  .  , p )
the flrnda-me.nt.a1 van-iEhine cyctes i. . € iu, a nrr(xgl ) and

^
t .  .  €  t , ^  H n ( x r )  a r e  d e f i n e d -  b y :  u r j  =  ( " i j  ) * * s i j  a n d -

l J  I '

. q , .  .  =  ( v . v .  ,  \- i i  ' " i . " i i ' * * - i i

( 7 . 5 )  f h e o - r e p :
^

a )  t l r n r . . .  r L r _ -'  1 t '  ' 1 r

' ' ^ \  f  o  ou  I  . - 1 1  t  '  '  '  t - l f

c ) The bases in

The proof is a

u(e,  )
\  i sabas i s  o f  H r r ( xe i )  =7  r  ( i =1 , , . . F )

r  ' . .  r [ p1  ' . . ,  r [ p "p !  i s  a  bas i s  o f  Hn (x r )  =  7u ( r )

a ) and a) are distinguished.

consequence  o f  ( 6 .10 ) .

(t .t-) Co.Log,aTy:

The map (vi)**  t  Hrr(Xei)  *  nrr( t r)  is in ieet iue and so üe

ident i fy Hrr(xei  )  wi th a,  subspaee of Hn(xr)  ( i= l  , .  . .  ,p)  and

Hr r ( x r )  =  t t r r ( xg . , )  ( 0 . . . e  H r r ( xep )  oue r7 ,

(7 . .8 . )  r r r "  mappings €1r . . .  r8p and f  def ine +o.nodr .opy-grgu l rs  f r * . ,  , . . . , f tq

and.  ! / , '  in  resp.  Aut [Hrr (Xg l  ) ]  r .  . .  rAut [Hrr ( *un) ]  and.  Aut [Hrr (x r )1  .  !üe

shal-l- "extend." the above inj ections , and. also identify frg1 r . . . ,frUo

with subgroups of I/'I€.

set ri = rnt 
,g. '  

oi j  and r = rnt i9r ,U., 
oi j .

Let Wei be the image of the composed map:

n. ,  (ur- r r ,d1)  *  r , . ,  (u-r ,d)  Y a. t , , t [Hrr(xf  ) ]

g iven  by  [ * ]  r '  l t i  
1o* . ]  *  (v i  t * r - , * *  .
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Proposit ioni W',.  and Wg. are isomorphie'

p T o p { :  S e t  x i  =  X g i  =  n - t ( u i )  f i  g ' ;  x  =  h - l

!,le have the f ollowing situation:
Y . :

n. (u . - r . - , r . )  Au t [H* (x . )1  r
I  l _  

, i  o * i  t  /  - - - - -  L - - n ' - - I  '  ,

(ai_) f l  n and. x ' = X  .
l

l W

witir rrf a = 1 then the vaT.iart.ion4ap

by varn[x l  =  [x  n(x) ] .  Cons id-er ing

j  us t i f i e

From the above d.iagram

\^I .
1

I^l .
l_

f

Def ine ,  f r .  =  v . fn . (D- , - r r rd - . ) ]=
] .  1 '  l '  1  ] . -  ] -  -

T^I .  =  , t ,  In t  (D i - r i  'd i ) ]

w = ü [n. ,  (n  r ,ar)1

First rre shall sttow fr-. = üi-. .
l - 1

Let in general h : Y -+ Y be a map

v a r .  :  H  ( Y o , q )  *  H - ( Y )  i s  d - e f i n e d
h  n '  n

the composed. maP i* varh
H n ( Y )  

j + H n ( Y , A )  - - * H n ( Y )

we see that h* = 1 + i*varn. Moreover Var is a natural transformation

( c f .  [ 1  5 ]  ) .

Let [r ]  = n., (Di.-r i  rdi )  .  we consid.er the fol lowing commutative diagram:

ep H^ (x ,  äx  )  
t t " *  

,  H^ (x  )n' 
i '. varl'- ll-

Hq(x,x ' )  -+H (x)

t.*"1. f var.', 1-
Hq(xi ,äx i )+un(xr)

H

1

a

The d.ef initions of varrü, var I and' varu are

poss ib le  to  choose  w such  tha t  * * lX t  =  1  '

fo l - lows:

Lemma 1 : I f  we  n . ,  ( n r - r i , d i )  t hen  va r ' =  o+va rw
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Lemma 2, fr* and. fr, are isomorpht)e.
1 l -

Proo f . :  Le t  Au t fHn(x ) ;  H r r ( x r ) J  be  the

of the automorphisms that map nrr(X, )

ü,  c  Au t [Hr , (x ) ;  n r r (x r ) i .

The natural- map: Aut [H* (X ) ; Hn

morphi sm:

We next  show the in ject iv i ty :

F o r  [ * ]  €  n . ,  ( u . - r i , d i )  w e  h a v e

V . [ t ]  =  1 +
I

V[ * ]  =  1  +

Le t  v r [ vJ  =  1  on  u r . ( x .  ) .  Then  ( i r

impl ies vartr  = 0 and so V["]  = 1.

subset  o f  Aut IHrr (X) ]  cons is t ing

into i tsel f .  Then

Aut [Hrr (x ,  ) ]  d .ef ines a sur jeet ive(x .  ) l  *
n 1

l f .  *  f r . .
a l -

( i r  ) * v a r t

( i z  ) *va r l r .

)*vart = 0 and.

LeFma 3: There is an

Proof :  The path v .  f r

By conjugation with (

Aut [Hn(x ) ]  + Aut [Hn (x

and. thi s prove s the lemma .

"nie 
have nov proved- our proposition.

s o  v a r r  =  0 .
\,I

Lemma 1

:  X ^  +
I

commutative I

the d i rect ion of  the funda-

Hrr(xr )  *  Hn(xf  )  t r re

ir'Ien .
r f1

i  ) *

isomorphism O : W + W, mapping i^I. onto

om d. to d., ind.uces a d.iffeomorphism (v
1

ti ) n * r.le get an i somorphi sm

f ) ] .  C lear l y  the  fo l l ow ing  d iag ram is

,,, 
, 
(n-r ,ui ) -g Aut IHn(x )]' l +

;l : I+ü
n., (n-r rd. ) - 

i-+ Aut [Hrr(xr ) 1

T.

(-f- ,9 ) w" d.enote

mental vanishing

b Y  o : :  t h e  r e f l e c t i o n s  r n
J J

c y c l e s  [ ; i i  b y  o  =  ü * *  :
r J
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+ Hr, (x,, )monod.romy operator  of  f  and by o i  = (v i  1 l r . r r ) **  
,  Hrr (Xt)

t h e  t r a n s p o r t e d .  m o n o d r o m y  o p e r a t o r s  o f  g i  ( i = 1 , . . ,  r p ) .

From the above statements follow:

Theorem:

a )  Hn (x r )  =  H r r ( xg1 )  e  . . . {E  H

b ) Wf is generateci bg Wg 1 , .

c )  o  =  o p  o  t , o  o  o 1  a n d  o i

d)  v l r (Lg l  u . . .u  Lgp)  L r

l v  \
n * ^ 8 p '

. . .Wrt'  t=in
-Y

=  o i " .  c  . . .  o  o i 1  ( i = 1 0 . . . 0 p )

1

(7, 1 0.) Corol-lary : With respeet to the ehosen basis of fundamentaL

uanishing egcLes, the matrin M, of the interseetion form on ttrr(Xr)

is giuen by

X .
M =- - f

A--12

M^"ö2

I

-n2 l:)ffl
a a t a a a a a

a a a a a a a a

where Mei aTe the matriees of the interseetionforms on trr(X*i ) and

Ar.T = A**.  By a proper ehoise of  the basis aLL the matyiees
1 J  J l

Mg1r. . .  rMgp and M, are s imul taneously  g iuen wi th respect  to  a.

dist inguished bas' is.

Examples r^i i l l  be given in 5 B.
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$ B_ Ad.j a-gensy of s.ingul_ariti.es

( B..J ) rn thi s paragraph we apply the theory of intersectionforms of
g 6 and' g 7 on ad' j  acency of germs . rn this way ve exprain some results o
which were in a d. i f ferent way obtained by ARNOLD and. SAITO. rn the
first part of this paragraph we give definit ions and. report on their
r e s u l t s .

In  th is  paragraph we assume n = Z (mod.  l+) .

(B-.2 ) D.e.{- ini t ion: A germ i e * is cal led. si-mp}S i f  there exists an
open neighborhood- U of ? in m such that U intersects only a f ini te
number of orbits (und.er the action of biholomorphic mapgerms).
The orbit  of a simple i  i  s arso calr-ed simpre .

trr le remark that ? being simple impries that cod.im (i)  is f ini te and.
that  th is  d-ef in i t ion is  equiva lent  to  the def in i t ion of  ARNOLD |1] .

(B-..3 ) DeFiniligt: A germ i e ^ is called si.mpl_.e et-Iiptie- (or mi].dl-v
no.n-si.rnpt-e ) ir cod im (i )

u of i  e * '  intersecting only a f ini te nurnber of orbits with cod.i-
mens ion  sma l le r  than  cod im ( i ) .

The orb i t  o f  a  s imple e l l ip t ic  i  is  a lso cal led s imple e l l ip t ic .

SAIT0 l22l proved- that the exceptional curve of the resolut ion of the
hypersurface f = 0 is an el l ipt ic curve vithout singulari t ies i f  and
only i f  i  is  a  s imple e l l ip t ic  germ. This  expla ins the chosen name.

The  fo l l ow ing  t r ^ io  c lass i t i ca t ion theorems (s . I l )  and  (B . I )  were
essential ly obtained. by ARNOTD t 1] .  In our t ist t23] r{re had already
all  simple singulari t ies and among other non-simple singulari t ies we
had'  two of  the three s imple e l l ip t ic  fami l ies.  For  s imple e l l ip t ic
singulari t  ies see also DUISTERN4AAT I I  O] .



( 8 . ) + )  T h e o r e m :  f  i s  s intple if and only if f i so f

T9

tApe  Ak ,  Dk ,  Ek ,

uhere:

A- k

(B. i  )  Th.eore-m: ? is s impLe elLipt ic i f  and.

Xg o, J 
1o 

(or t n Satto t s notatr.on ür, ü, or

E6  =  PB ,  , o3  +  , , 3  +  , r=  +  r r o ,  1 "2  
+  ,= '

f r ,  =  xg ,  
" o \  

+  , , \  +  , r o2 r , 2  +  , r ' +  , = '

EB  =J10 ,  , o5  +  , , t  +  , r '  +  u "oL " . ,  *  , r '

cod. im PU = 7 i  cod im Xn = B;  cod. im J . ,  O 
= 9 ,

( t  t .  i ) ;  c o d . i m  A o  =  k - 1

( t  r  )+ ) ;  cod . im D, .  =  k -1

cod-im E6 = 5

cod im tT  =  6

eod.im EB = T

onLy 1,f f is of tt-tpe Po,c  v .  
c i

fr. ) . where:
o ' -

+ . . .  +  zzn
+  r . r  +  z 2

n

? ?
+  7 n -  +  . . .  +  Z

J N

D,
t(

u '
t t r

o

Ti-7

EB

k + 1
' o  +  ' j

z o 2 z ,  +  , 1

' o 3  +  ' 1

z 3 + z
o o

" o 3  
+  ' l

2

k - 1

) '+

3
z 4

I
I
+

2
zz-  +

2' z  +

7'?- +

?
z z -  +

z D -  +

. . .  +

r . .  +

t
z

n
2

z
n

(.
z
n

z.
z
n

I
z

n

+

+

+

+

+

+

+

(8._6.)Remark on in tersect ionmatr ices.

PHAM l21l and recently GABRIELOV l12l computed. intersectionmatrices

for  s ingular i t ies of  the form:

' o u o  +  ' r ^ t  +  " '  +  ' n u n '

I ' r ie refer for the general form for these intersectionmatrices to their

papers , and. also to HIRZEBRUCH-I4AYER [ 1 )+] p . 88 and. give here only a

few examples for n = 2,

An easy lray to d.eseribe intersectionmatrices is by a d-iagrarn. The

correspond-ance between matrix and* d. iagram i s as f ol lows :

n oI  a lways ä: :  = -z
t - _

n 1

a

]-

J
r  #  a .  .  =
. 1 J
J

:  
o t i j

- j
-2

A

J 1

4 . .
J 1
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Examples:. ( taken

( i )  
" o h  

+  , r '  +

( i i )  , o j  +  , r 3

( i i i )  r o \  +  ^ r \

from GABRIELOV ):

,r' (As ) has d.iagram

, r' 
( nA ) has d iagram

.  2  r - -  \  .+ 2., ( x- ) has d.iagram
I

( i v )  , o  o  + , , ^ t  +  , r '

' r3  + ' r3

has d.iagram at-I

has d-iagram( v )  , o =  +

i,Iith the given ord.ering each bas is i s d i st i-"u',.L shed .

HIRZEBRUCH-MAYER t1 l+] shor,ied that

the in tersect ionform of  o 
*o 

!  
*1 a?

' o  +  ' 1  '  +  ' z  i n  c a s e  * o

negat ive def in i tg  4*  1 *  1-  *  1-  r  1  <+
uo  *1  ^z

< +  ( * o o ^ 1 r u z ) = ( n r z r z )  , ( :  1 3 r z )  , ( l + 1 3 ' e )

t -  I

o r  ( 5 o S r 2 ) i ( n t 2 ) ,

negat ive semi-d.ef in i te ol-  *  1 + -1 -  1 +*o *1 uz
++  ( *o ra . ,  , u , r )  =  ( 6 r :  , z )  r (  h rh ,2 )  o r  ( 3 r313 ) .

In the case of simple singulari t ies one can also apply the fol lowing:

There is a 1- 1-correspond-ence between si ir iple germs i  and algebraic

var ie t ies X '  g iven by f  = 0,  having in  0 a rat ional  d .oublepoint .  fn

that case we can rJSe the minimal resolut ion r r i  * X of this singular

variety. TJURI NA. [2]+] and Brieskorn showed. that i f  f  is of type \,
Dt or Et then tr- 

'  (  o ) is d. i f f  eomorphie witrr the typical f  ibre Xr of

the Milnorf ibrat ion. The correspond.ing intersectionforms have aL1

been computed. ;  the i r  matr ices ean be g iven wi th respect  to  a d is t in-

gui shed. bas is by d.i agr ams as before , and the se d.i agrams happen to be

the usual Dynkindiagrams for Ak, Dk, Et and. their intersectionforms

are a l l  negat ive def in i te .

qs- 1
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Recently ARNOLD t3] announced that GABRIELOV had. also computed

intersect ionmatr ices in  other  cases,  For  the s ingular i ty

with

d i s t i

1
+ : <

T
1*1
p q .

nguish

l l o r
z o -  +  , 1 -  *  , Z  +  ^ r o , j r a

1 , the intersectionform wf 16 respect to a r^reak
p q .

ed.  basis  is  g iven by:

and.  U = p + q.  + q 1.

, 2 ) ,

+ j .
i t  i s

bas is

1r

Namely l-et (-qi j  )  l .  the matrix of

e l l ip t ic  s ingular i ty ;  Then:

10 the quad.rat ic f  orm lqi j* i* j  on

d. imension 2,

2 0  t h e r e  i s  n o  p a r t i t i o n  o f  {  1  , .  . .

the in tersect ionform of-  a  s imple

R" i .s  posi t ive v i th  kernel -

,n] into two non-empty sets I  and J

(g. f  )  C-hange of .  bas is  .

The in tersect ionmatr ix  can change i f  we use another  basis .  The

quest ion ar ises i f  there is  a n ice form for  these matr ices over  7,

One can ask th is  quest ion wi th respect  to :

a )  a  bas is  o f  cyc les  in  l t r r (X r )

b )  a  veak d. is t inguished.  basis  in  Hrr (X,  )

c  )  a  d. is t inguished basis  in  H.*(X '  )

Moreover  one has to s&y r  what  one l ikes to ca l - l  a  t tn icet t  matr ix .  In

the case of simple singulari t ies one can arrange that with respect

to a d is t inguished basis  o the d iagram is  just  the corresponding

Dynkind.iagram. This d, iagram has the form of a tree; and the matrix

has the proper t ies r i i  =  2 and . i j

So  a  de f in i t i on  o f  t tn i ce t t  cou ld  be :  
" i i  

=  2  A  * i i  < .  O  i f  i

But alread.y in the case of the simple el l ipt ic singulari t ies

impo s sible to obtain thi s ni c e s i tuat ion , even i f  'we al low a

o f  t y p e  a ) .
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such  tha t  ( i , j  )  e  I

s i t i o n  2 ) ,

If noT,,r q. .- 1J

the kerneld imension of

contrad- ic t ion.

impl ies q, j  =  0 (c f  .  LAZZERI [17]  ;  propo-

j ,  then BOURBAKI t)+l  (p.?B) inpl ies that

quad.ratic form is 0 or 1 . This gives a

is ealled. adjace.nt to

of  the orb i t  o f  g .

if in any neighbor-

a lso  ca l led .  ad jacent  to the orb i t  o f  f .

X J

i f

the

( 8.. Bf D-e.f j.ni_t_ion: A germ E

hood. of f there are germs

Notat ion: A .< ?.
A

I fE * f t heo rb i t o fe i s

f

Examp]eg:

10 ra(x)  = *B + txT is  for  t  =  0 of  type oT and i f  t  +  0 of  type A6

so 4.,'
o -  I

20 r*(x,r)  = *2y + yB + t*2 is for t  = 0 of  type o9 and i f  t  + 0 of

type OT so OT S O9.

30  r * ( x , r )  =  S (x ry )  +  t xz  +  t y?  i s  f o r  t  +  0  o f  t ype  A1  .  Th i s  shows

A .
l -

i

.(.8 g)- PJoPo-s.ition. ff A S i then there enists an injeetion

H*(x^) + H*(x-) pneseruing the interseetionform
n .g '  n ' r '

a. disti,nguished basis af Hn(Xu) into a, dr,sti,nguished basis of

uanishing egeles of Hr,(Xr), sueh that the interseetionmatrin of E

ean be t)dentified uith a diagonal submatrir of the interseetzonmatrin

of  i .
Proo f :

From the d.ef ini t  ion of ad.j  acency fol lows that with re spect to a

v e r s a l d . e f o r m a t i o n F :  U  x  I r r J + C  o f  f  t h e r e  e x i s t w € W a r b i t r a r i t y

close to 9 € W such that A is equivalent to the approximation F.,.
w

Then we can apply  theorem (7 .6)  .  So we can consid.er  H -  (X_ )  *s  a
n '  g '

s u b s e t  o f  H  ( X - )  a n d .  t h e r e  i s  a  b a s i s  o f  v a n i s h i n g  c y c l e s  { . 0 n  r . . .  r 9 ^ }n  r  t '  q _
o f  H - ( X - )  s u c h  t h a t  { L -  o  } ' i s  a  b a s i s  o f  v a n i s h i n g  c y c l e s  o f

n ' 1 "  P * 1 t " ' t - q ' +

H (x  ) .n '  g '
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The f orrowing two theorems characteri  ze simple and- sirnpre err ipt ic

s ingular i t ies by proper t ies of  the in tersect ionform. They ' r iere s tated '

in a retter of ARNOLD to the internationar mathematicar conference

on manifold.s and. related. topics in Tokyo ( t  9Tg ) '

(8.1!) TFegrem: i  is simple i f  and' onLy i f  the intersectionform on

nrr(*, ) is negatiue definite '

Pr.oof :

Remark ( 8.6 ) shows that a simple singulari ty has a negative d'ef ini te

in tersect ionform.

If  g is not simple, then some germ in at least one of the fol loving

three farn i l - ies is  ad" jacent  to  A '  (e f  '  ARNOLD t3]  )

E 6  =  P B ,  , o 3  +  , , 3  +  , r =  +  t , o ' i ^ z +  ' = '  +  " '  +  ' n '

Er=x9 , " "u+  ^ , \  +  , r '  +  v ,o2 '1  + '= '  +  " '  + 'n '

;  - r  6  ,  -  3  2 )+ 2 2
r B - ,  1 0 .  

r o '  +  ^ 1 t  +  
" r t  

+  v ' o ' 1  * ' 3 "  +  " '  +  ^ n

In those famil ies of germs wittr  constant Milnornr:mber, the inter-

sectionform is al-so constant and- can be computed' from

?  3  j  h  ) +  2 ^  ^  ?  2

,o t  +  , , t  +  , r t ,  ,ou  +  , f  +  T r 'and '  
' o "  +  ' l  +  ' z  '

These are negative semi-d.efinite with a 2-d'imensional kernel '  The

inters'ectionmatrix of e contains a negative semi-d'efinite matrix

as d.iagonal submatrix and. cannot be negative d'efinite '

(_q.-1 1 ) Th-e.orem: ? is simple elliptic if and. only i'f the intersection-

from on Hn(xf) is negatiue semi-definite'

Proo f :

I f  ?  i s  s imp le  e l l i p t i c  i t  f o l l ows  f rom (8 .5 )  and  (8 '6 )  t f ta t  the

intersect ionform is  negat ive semi-d 'ef in i te '

Le t  g  be  no t  s imp le  e l l i p t i c .  we  a l ready  know f rom (B '1O)  tha t  a

s imple germ has a negat ive def in i te  in tersect ionform'  so le t  us

assumeo that  a is  not '  s imple or  s imple e l l ip t ic .

rn the sarne way is in ( B . 1 0 ) one shows now that some germ in at l-east

one of  the fo l lowing three fani l ies is  ad ' jacent  to  $:



Bh

tg '  ^ 'o '  1 'z

x io t  ^ 'o '1 ' z

J 1 1 t  ^ ' o ' 1 ' z

?
+ z J +

l+
+ z  +

o
?

+ z  +
o

?
' 1 '  +

' , J  +

' , 7  +

l + ?
zn +  zn-

1 J

, ^ ' +  , ^ '
1 J

?2
' 2  +  z a

J

+  2 2

2
+  r . .  +  z

Yl

2
+  . r .  +  z

n

+ r

ARNOLD announced. in t3] ( see also

computed the intersectionforms and

a vector  wi th  posi t ive va lue.  So g

ni te  in tersect ionform.

n

) ttrat GABRIELOV had

these  cases  the re  i s

a negat ive semi-def i -

DN\4AZURE t9]
that in all

cannot have

(.8 . 1e.) T.he,orem:

Foy simple singularities ae haue:

A .- i  *+ Dynkindiagram (€) C Dynkindiagram (i)
uhere the Dynkdndiagvün of a germ of tape Ak, Dt oT Et equals the
usual Dgnkindiagz,un of At, Dk, Ek in the theony of semi-simpLe
Lie-algebra, s :

( t

( t point s )

po in ts  )
x]
"6

FI_T

EB

Proof I  ARN0LD t1]  proved.  the theorem by d i rect  computat ions,  us ing
the d"efinit ions of adjacency and. by coneparison of the results with
the possib le subdiagrams of  the corresponding Dynkindiagrams.
we next  showo that  i t  is  possib le to  prove that  the adjacency impl ies
the inclusion of Dynkind.iagrams , using the theory d.eveloped. in $ T .
rn this alternative proof the relat ion with the theory of the
intersect ionforms becomes c learer .

Let  ä '  i .  rn  (8.9)  w" found.  that  we can consid.er  , r r ( ** )  a= a subset
of  Hrr (x ,  )  and that  there ex is ts  a basis  of  vanish ing c lc tes of  Hrr (xr )
s u c h  t h a t  t n l * 1 o . . .  r n n ]  i s  a  b a s i s  o f  v a n i s h i n g  c y c r e s  o f  H r r ( x u ) .  

r

f f  A is  s i rnple,  then i t  is  a lways possib le to  choose a.d. is t inguished,
basis  {  un*1.0 '  .  .  ,  uq. }  in  sueh a i^ ray,  that  the in tersect ionmatr ix  of  A

A--k

D t .

I

I
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v t l

is in the normal-form '  given by the Dynkind.iagram. The intersection-

matrix of i  contains this matrix as submatrix, but i t  is not

necessari ly in the normal_form.

Since i  is  s imple,  the in tersect ionform is  negat ive def in i te  and.  the

set  Lf  and the b i l ineai r  form -( -n-)  sat is fy  the def in i t ion of

roo.t.s,,Y-s-bem. t'tre shal1 apply now a customary argument in the cl-as sif i-

eat iontheory of  rootsystems (c f .  BOURBAKI [L ]  ) .

T h e  o r d - e r e d .  b a s i s  { 1 . ,  0 . . .  r [ p ,  [ p + 1 r . . .  r u n ]  d . e f i n e s  a n  o r d . e r i n g  o f

the roots of  t *  and.  Lf .  Because the in tersect ionmatr ix  on t r r ( t * )

has  Car tan fo rm w i t t r  respec t  to  {nn*1  , , . .  , nq }  these  roo ts  a re  fund .a -

mental (vi th respect to L.,.  )  .  Using the ordering we can noTV' select

.  .  , *p ]  (wi th  respect  to  L, ,  )  ,  such that  :

i f  p+1  <  i  <  q [ .

. ,*p, *p*.i , . . . ,*q] is fund.amental- with

fund.amental- roots {fl1 , .

* 1

Morerover 'we write *i =

We shall  prove that {mt

respec t  to  L f .

o
l e .

t_

t . .

Lemma:

P r o o f :

< m .  . m .  >
1 ' J

( i )  i f  i  <  p  A  j  .  p  :  t h e n  ( ü . r n . )  :  O  b e c a u s e  * i  a n d .

fund.amental.

( i i )  i r  i
( i i i ) i f  i < p  A  j t p ( o " r e s p . i > p a n d . j t p )  : W e h a v e

m. -m.  is  not  a root  ,  for  o therwise m_.  = (m. .  -n .  )  + m.1  J  
- - l -  '  

-  J  J

m .  a r e
J

that

witti

i l-. -i l;
t - J 1

The mr-chain through m. :  m-. + sttr,  o.
J - t - 1

ff  r- *n ^+,arts vith mt r r . i _  |  U l I l  .  D L  
1 ;

s o  s  =  o '  - < m . . ü I . )
The fo imula:  1 '  ,J  = +, r . r r r r r ra, ,  -m; ;  

= 
Z 

grves .* i  r * j t  >  0 s ince ( i l .  r i l .  )  =  -2.

s o  w i t h  r e s p e c t  t o  t h e  b a s i s  { m 1  , . . . r * p o ^ * p * 1 r . . . r * n } ,  r e s p .

{mt , . . .1r I1- , , . , }  the in tersect ionmatr ices of  f  and.  A are s imul taneously
r } J

in Cartanform. So the Dynkind.iagram of f  is a subdiagram of the

Dynkindiagram of g.

l:
E . :

-4-
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(.8..t s ) T-he.orem:
A A

a) If g < f and f is a sirrtpLe elliptie singularity, tlten

edther: f i  is equiuaLent to ?

or:  A is s imple.

b) Moveoüev Lf e is sintple lt)e haue:
A

ä . f +> Dynkind.iagram (e) c Dynkind"iagram (Et)

whe re :  L  =  6 i f ?has tApe  PB

.e, = T if ? has tApe Xo

r. = B ,:f ? has tape J', nI U

and the Dynkindiagram of iro are the so-ca,Lled. ertended Dgnkin-' y ,

diagrams for E.q, in the theory of semi-simpLe Liegroups (see

SOURBAKI  [ l + ] ,  P .199 ) :

( c a s e  t g )

( c a s e  t g )

f t . :
o

;utr '
I

Proof: Our proof and calculat ion that the inclusion implies the

ad.j  acency was more complicated. than that given in the paper of

SAIT0 122J, r, ihich appeareo reeently. Therefore we show only that

ad j  ac ency impli  e s inc lusion . SAIT0 proved that part by d. irect

c omputations , us ing the d.ef ini t ion of ad.j  ac ency . Our proof shal l

use the intersectionform and. the monod-romy group.

The in tersect ionforms of  the s imple e l l ip t ic  s ingular i t ies ean be

given by the fol lowing d iagrams (wit ir  respect to a weak d i  st inguished

basis; compare GABRIELOV ) :

#=-*\*9  /=J  J ro



The kerne ld imens ion  is  2 ,  I f  i  and  j  a re  such tha t

( " o  l L ,  , ! , . >  =  - 2 ) ,  t h e n  < 0 . - t =  g - - 9 . >  =  0 ,  s o  e . - e .'  ] - ' J  1  J -  1  J  1  J
Af te r  d iv id ing  ou t  by  the  subspace,  spanned by  e i -e i

t ionform is given by the fol lowing diagrams:

kernelvector .

i n te rsec -

E,'
I

These diagrams correspond. wittr  negative quadratic forms with a

1 -d. inens ional kernel .

Le t  g  <  f  then  
"u  

a  
I '  

and  s ince  t r r ( *e )  n  R le r -e5 l  =  {o }  th i s  i n rp l i es

wo c l ' l (ün ) ,  where l l ( t ,  )  is  the l ' Ieyrgroup of  Eg.
g  y ' - '  y '

\ , i i th the !üeylgroups w(üg ) t i rere correspond. a ( inf ini te ) set 7f of

hyperplanes in a vectorspace V , vhich d. ivid"e s V into ehambers . The

ref l -ect ions in  the hyperp lanes generate W( tU )  .  The ref leet ions in

the walls of one Weylchamber alread-y generate hl(üg).

BT

T;1
! a \

ö

vertex i f  for every

tn K through P. The

vertex P generate

also a subgroup of

i j
G = = {

i s a

, the

p
{ n

ö

I
t
J
E.

o

A vertex P of a Weylchamber is called. a Fp-e.ci.a.l

hyperplane H € trC there is a para1lel hyperplane

reflect ions in the hyperplanes through a special

the group w(nu ) .  Any f ini te subgroup of I^I(ü, ) i=

w(p^  ) .' v ,

In  genera l  the subgroup of  W( i )  f ix ing a ver tex a has a Coxetergraph,

that can be d.erived from the Coxetergraph n by removing one of the

nod .es :

E6 gives E6 and. not AU and D6 .

I:l
J:t.7

I
gives tT and. OT and. not OT .

1/--9 J to

EB g ives tT , O? and AT.
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Q n

. i o
I

I

we know already that:

"! 
t, ) tras subgroup W( AT )

ry (E6)  ha= subgroups 6(Ae)  ana W(Or) .

Asser l io .n  1 :  I^ I (A5)  andw(nr )  are  not  subgnoups o f  w(u6) .
.Proof :

O r d e r  o f  W ( n e )

Order  of  W(Og )

Order  of  W(A6 )

The asser t ion

a subgroup.

7 L= 2 ' .3  .5
=  z j  .6 !
= T t ,

follovs nour from the Lagrange-theorem on the ord.er of

Asser t ion 2:  w(n,  )  zs not  q.  szthgroup of  ! i (E"  ) .
P.roof : 

' I

o rd 'e r  !ü (n " )  =  z6  - t l  d - i v ides  on  o rder  w(n" )  =  21o .34 .5 .T  so  . r ^ re  canno tt l
appfy the arguments of  asser t ion i .  A.M.  Cohen (Utrecht)  po inted out
to fl€ r that the (fouowirg ) straightforvard. computation shows , that
i t  i  s impos sible to f  ind witrr in R? an extens ion of the root system
o?' containing only vectors of length /z and. with innerproducts
-  1 ,  0  or  1 wi th the veetors of  D,  !

I ' le proceed. as fol_lovs:

oT has a rear izat ion in  f tT uy t r r*  for rowing combinat ions of  basis-

v e c t o r s :  1  e i  a  
" j  

( i  <  i

Extend the system v i th  x  = 
, l . ,  o i . i  (wi th  

, l ,  or ,  = z)  and such that

( x r 1 u i + * j r € { - 1 r 0 r 1 } .

Then  we  mus t  have ,  1  o i  ;1  " j  
€  {_ .1  ,Oo  1 }  1  1  i

T h i s  i m p l i e s  o i  €  { - ' l , - ä r O , 1 1  , . 1  } .

!ühen '  o r2  =  1  then  l j  +  i  w i th  a l sc  2--1 |  urlerr . f ,J T 1 I^I]- ln a.I-so oj = 1 and ok = 0 i f  k f  i r j .

Th is  g ives just  the e lements of  OT.

r f x f ;

l l * l l2

T)

"T
L
I+

t h e n  o i  €  { - ; r O r l }  a n d  c o n s e q u e n t l y :
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Lemma l Let

u(e)  .  u( r )
P r o o f :

Let K be the

d im  H  ( x  ; 8 )n  g -
so  t  u (e )  +

and :  u (e )

2 .

kerne l  o f  ( -  r - )

+ d i r n I { = d . i m f l {

z :  u ( r )  +  o

u( r )  2

on Hn(x f ;e )

+  Hr r (x* ;o ) ]

r ' / + \
G l * t t ' .

dim[r r-]  tr-r(**;A)l

e I f f i s sirnple eLliptic and g is simpLe then

+

We

a )

nor,,Jr consid.er various cases:

r f  f  i s  o f  t y p e  P B ,  t h e n  u ( e )  <  6  a n d .  s o  g  i s  o f  t y p e  D k ( k  *  6 ) ,

\ ( o  : 6 )  o "  E 6 .  A s s e r t i o n  1  g i v e s  t h a t  g  i s  n o t  o f  t y p e  A 5 ,  D 6 ;
so the onry possib i r - i t ies are the connected subgraphs of  üd.

r f  f  i s  o f  t y p e  x 9 ,  t h e n  r r ( e )  a T  a n d .  s o  g  i s  o f  t y p e  D k ( k  <  T ) ,
Ak (k  .  T ) ,  E6  o r  tT .  Asser t ion  z  g i ves  tha t  g  i s  no t  o f  t ype  oT ,
so the only  possib i l i t ies are the connected"  subgraphs of  üT.

I f  f  i s  o f  t y p e  J 1 0 ,  t h e n  r . r ( e l  .  I  a n d .  s o  e  i s  o f  t y p e  D k ( k :  B ) ,

\ ( to  
'  B) ,  no( t  :  B)  and" they correspond just  i^ r i tyr  the connected.

subgraphs of  EB.

Now we are d.one .

A r + - A ^ f - A
|  2  

- - j

\

t \

- r

\\

\ \
_ * - .
t \ \

\ \
\

[X ---Y means X . y]

Pa=fr .
L J O

(8.. t )+ ) Cor,oll.ary : AdiaeencA diagram fot' simple and, simple el2iptie
geTma.

A).-A.

\ (

\
Dr  ts-D-

4
,O *\-rz \\- Dsl-\- : . . . .

"\\ "\\

\ \ \ \
E6 - t f  - \  EB<-- '  J1o = ;

ö

a

* . 1

.b'

rru
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(8 . t5 )  De f in i l i o_ { r ;  The  germs 8 . ,  , . . . räp  a re  ca l , Ied .  s imu} . taBeoqs ly

ad.jacent to ? i f  there exists a (germ of ) deformation of f  sueh that

for every neighborhood. U of 0 € f there is I  € U such that f l  has

exac t l y  p  c r i t i ca l  po in ts  *1  , . . .  r "p  and-  the  germs a t  _g .  €  f  o f

g (x -a r )  -  e ( t i )  a re  equ iva len t  to  the  germs ä1 .  A  s im i la r  de f in i t i on

ho lds  fo r  o rb i t s .

C o r o l l a r y r  I f  8 . ,  , . . . 0 ä o are simultaneously ad,j aeent to i then the

(7 ,9 )  and  remark  (7 .10 )  ane  ua l i d .eoneLusions of theorem

(B- r5 )  P roF lem:  Le t  ?  Un  a ,  s i rnp le  geym and .  Le t  ä1 r . . . oEp  be  s imu l -

taneousLy ad.iaeent to ?. Can one construet the Dynkindilagnafii of ?

from the disi oznt union of the Dynkindiagrmns of e1 , . . . ,Eo by adding

bnanehes betueen differnt eomponents?

The anslJ'er is E. !'Ie give the following counterexample:

? l r
L e i  f -  =  x . -  +  x ^  +

r l t

T h e n :  ä . f -  =  3 x " 2  +
r T  I

ä f  = l ' - - 3, Z t L =  U * Z  =

So we have cr i t ica l

?
t * l -

Z tx ,  =  0  +  *1  =  0  v  *1  =

0  +  *Z  =  0

po in ts :  (o ,O)  and  ( - f ,o ) .

2t
3

. 2+.
In (O,O) *"  have for  t  i  0  a germ of  type O3.  In  ( - f l rO)  we have for

t + 0 a singulari ty wittr  Milnornumber equal 3. So the singulari ty

must be of type 43.
-

I f  t  =  0 f t  =  * . , ' t  +  *z

So two germs of type AS

type E6.

As A:

and-

Remark: fn the fol lowing matrix for

submatr ices ,  equiva lent  to  A. :

EG i t  i s  poss ib le  to  see  two

h  
i s  o f  t ype  E6 .

are simultaneously ad.jacent to a germ of

? ?=+

^
J

and

A--3 t6

W
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5 9. u -.hgmot_ggi c äeIms

Throughout this paragraph we study germs with isol-ated. singulari ty

at q.

.(9 .  l -)  Def ini t ion: Two ,germs Aa and Ab are carled. u-homg.t-op-ic o i f
there ex i .s ts  a cont inuous 1-parameter  fami ly  gt ,  t  G [arb]  c  f t  con_
necting ga and. Ab and such that u (e- ) i= constant for at l_ t  € [a,b ] .

Examtoles:

a )  g t  =  , 1

t € c;
orbit  .

b )  g t  =  , 1

(9. a ) Propgsitiot z V-homotopy is an equiua\eneerelat. i-on,
The proof is a straightforward. ver i f icat ion of  the def in i t ion of
equivalence re lat ion.

The equivalenceclasses are cal-led. U-homolopyc_l-as.s_e-_s or u-c.]ass.es,.

(9..: ) Pro.posi,tioq; ff ea and, 
% are v,-homotopie, then there enists

qn isomorphism Hrr(x*") * trr(tuo ) preseruing the intey,sectzonform
( -  , - )  .

Pr,oog:

De f i ne  G( t , x )  =  e r ( x ) .

r he  se t  { ( t , x y  ;  *  
( t , x )  =

o
con ta ins  [a rb ]  x  g  as  i so l -a ted

that  f  or  any gc wi th c  € [a ,b]
oni -y  one cr i t icaf  point  ins ide

{
+

th is

I

4
+

3,2

is

31 )+f
+  t r  

1 -  zZ '  '  conta ins  p-homotop ic  germs for  a l l
not surprising as arr g* are in one and. the saJne

b 2 )
,  o**  tz  , , t  zn '  conta ins u-homotopic  germs for  a1l_ tz  + )+ .1 1 1

. .  =  
F  

( t ,x )  -  o lc [a , l ]  x  6n+1
n

component .  This fol l_ows from the fact ,
every small  deformation gt of gc has

a smal-l ball B , with rad ius d epend.ing



g 2

o n  c .  I t

e r i t i ca t

ball- of

theorem

is  poss in le  to  f i nd .  e

point at o € Ctt* 
t 

and no

rad.ius e f or aII  t  € l* 'b ]

1 of TJURINA [2h] and. olrr

such that gt has an isolated"

other  cr i t ica l  po ints  ins id"e a

. Next hre can apply the proof of

proposi t ion fo l lows ,

( 9...1+ ) De.f initi.o.n:

r "  (p )  =  { f  €  8 r ,  I  u ( r )  '  p }

r  (p )  =  { f  €  Er ,  I  u ( r )  =  p ]

zk (p )  =  { f  € , rk ( r , ,1 ) l  u ( f  )  ' p }

rk (p )  =  { f  € . rk ( r r ,1 ) l  u ( r )  =  p }

R,emark :  The  se ts  z (p )o  r (p ) ,  zk (p )  and  rk (p )  a re  invar ian t  under  the

right-action of biholomorphic mappings. Moreover they are unions of

u - c l a s s e s .

( P. I ). Pr-qp.gsit ion:

a)  zk (p )  i s  an  a lgebra ic  subse t  o f  ; k ( r r r t  )

b)  fk(p )  is  a d. i f ference of  two a lgebra ic  subsets in  , lk (no t  )

c ) Zk(p ) and. rk(p ) have only a f ini te nurnber of topological eomponents.

Proo f :

a )  R e m e m b e r :  u ( r )  =

A s s e r t i o n :  i '  
II]M IGT

{= is tr ivial

v h e r e  n ( r ) , =  ( a . . , r r .  r .  o ä r r f  ) .

.E

Eormf,ffio

l p  < + ormff i

+ (f ollowing MATHER

Let d im
I

A ( f  )  *  * P
(p+1 )  id .eats :

AcA+  m c . . . cA+  *o  c . . . ca+mP

.  I  r i - - -  I
since d.im Aft;;: o and aim n

A ( f  )  +  m '

[1e ]  ) :

p;  consid_er  the fo l lowing increasing sequence of

IE
such that d.ira

A ( f  )  *  * k

= d.im a
I r !  t

^ ( f  )  +  m n ' '
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soA( f )  * * k  =a ( r )  * * k *1  * r r d r kca ( f )  +m k + 1

From the Nakayamalemma fol-l-ovs that , *k C

Tf
F- ö

flv

Y P"9  '9

x to  Pro  Qro Rro

in 93. The complex normal_forms are

i t

EISodimf f i=d. im

r  ( r )

x (z)

r  (3)

x  ( t+)

r  ( : )

r  (6)

r  (r)

E (B )

r  (s)

x  (10)

The symbo

given in

A n" 1 0  " 1 0

ls  correspond

i - is t  I  a t  the

E .
o

E.'
I

E ^
ö

T' 1 0

to  those

end. .

- - 1

A^
/.

A
4 ^

J

A) ,

A _
)

A .
tl

- '.7

I

A ^
ö

ng

Dl*

T\,5

Dr .
o

,T

DB

D ^
v

A ( f  )  *  * k
Now the asser t ion is  proved. .

T h e c o n d ' i t i o n a i m { : p i s c 1 e a r 1 y a 1 g e b r a i c , s i n c e i t i s a
n - !

A ( f  )  +  m o
rank-condi t ion on a subspace of  the f in i te  d. imensional  vectorspace

E k
f t  and .  g i ves  r i se  to  de te rminan ts  in  the  coörd . ina :es  o f  . rh ( r r r  1 ) .
m-
b )  f o l t - o w s  f r o m  t h e  f a c t " t h a t  r k ( p )  =  s k ( p )  \  s k + l ( p ) .

c ) A theorem of hihitney says, that for any pair of algebraic sets o

the d. i f ference has at most a f ini te number of topological components

(  c f .  MTLNOR [20 ]  )  .

Corol-lary-: EueTA topologieal eonrponent of zk(p ) eoincid,es uith a

u - c l a s s .

(9 .6) LiSt. of u-ct,a-s s_es with u S .1-0 .
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(g. T ) Prolo.sit ion z The elasses of the List ane in diffet 'ent topolo-

gieal eornponents of I (P ) .

Pro.of :

The intersect ionforms al 'e d- i f ferent ,  so by proposi t ion (  9.3 )  there is

no U-homotoFyr jo ining any two d. i f ferent c lasses in the l ist .

Defi.nit jpn: $ is cal-Ied- u-adiacent to f  i f  every neighborhood

conta ins an e lement ,  that  is  u-homotopic  to  g '

Since g and. f have i solated. singular point at I , l ie can i^iork entirely

in . lk(n, t  )  for k rarge eno*gh. The fol lowing lemma shows, that the

d.ef in i t ion of  U-adiacency d.epends only  on the p-c1ass of  A and'  ? '

(9 .8 . )

o f f

(9 .9 ) Lemma : Let ak(p ) be a

be a topologieal eomPoneü

Then er)then ak (p ) n Bk ( q )

o r :  . { k ( p )  c  B k ( q ) .

Froo,f :

Le t  ck (q . )  l "  the  top .comPonent

T h e  s e t s  r k ( q )  =  s k ( q . )  \  s k ( q + t

topological- components ; so

e i t h e r  1 o  n k ( q . )  c c k ( q . )

o r  2 0  e k ( q . )  n  c k ( q )  =  A

topoLogt eal eomponent of rk(p ) and, ek(p)

o f  r k (q . )  ( q -  <  p ) .

=ü

o f  sk (q . )  sueh  tha t  ak (q )  c  ck (q ) .

) and sk(q. ) have the salne number of

1 0

,.\O
f.

g i ves  ek (p )  c  ck (q )  =  ek (q )

g ives ek(q . )  n  ck(q)  +  q  and so  ek (q . )  ' - r , qk (q )  =  ü .

J9. to.) Tb.eor_em I rf g is y-ad.iacent to ? then there enists an inieett)on

-_ (x_ ) preseruing (- r-) and a distinguished basis
n r -
eyeLes such that the interseetzonmatrin of A is

of the interseetionmatrin of ?,

H  ( x  )  +  H
n .  g

uant,shing
submatrin

P r o o f :

oI

a ddagonal

s i m i l a r  t o  ( 8 . 9 ) .
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(9 . , t  t  )

famiLy
r fe .
P r o o f :

The u-homotopyclass of  g  is

also of t ,  )  ,

So in every neighborhood of
Since äo i= s imple u-homotopy

Theo.re$: ff e is a sdmple singulaz,ity and,
with u eonstant.

fto then also g <- ft .

tt a 1-parametey,

U-ad jp -cen t  to  the  p -c1ass  o f  f to  (and .  so

f t ,  there are germs U-homotopic  wi th A.
impl ies eqiva ler lce.

Colol_-l_a.ry: If a simple singularity
( o r d i n a r y )  a d j a c e n t  t o . ' f  ,

g  i s  u - a d j a c e n t  t o  f ,  t h e n  g  i s

(q,. t z I ReJnark : (d.ifference beü,teen ad.jaceney and. v_adjaceney ) ,
Arnold gave a complete graph of the ad j  acency re. l-at ion between simple
s ingu la r i t i es '  sa i to  a l so  cons idered  PB,  xo  and  J to  ( t r re  s imp le  e r l i p -
t i c  s ingu la r i t i es  f r6 ,  ü ,  and  tg ) .  rn  t i l u * " " . .=u .  ad jacency  an .
u-adiacency between the d- i f ferent  c . l -asses coinc id.e.  This  is  in  genera l
not the case. As an example we have the fol lowing resurt.

L e t  g  b e  o f  t y p e  t g t  g  =  , o u  +  z r o 2 r r 2  +  ^ ^ r \  ( a  #  o r 1 )

a n d  f  o f  t y p e  X t O  :  f  =  , ^ \  +  Z r - 2  
)  q

o  o ' 1 "  
+ b ' , '  ( U +  O )

then g is  not  adjacent  to  f  for  no ( r ixed)  va lues of  t6e parameters
a  and '  b '  A lso  here  the  c ross ra t io  g i ves  the  obs t ruc t ion .  rndeed .  g  i s
u-adjacent  to  f  .  The fo l lowing p ic t r - re i l rust rates th is  s i tuat ion:

Cons ider  the  2 -paramete r  fami l y ,  ,oh  +  z roz r rz  +  ^^ r \  +  b r :

1 nr^']"'i-  - :  9 *r.  ,rr tS of type- - - -J
++.#r+)+ orbits of type

.  s ingu la t i t y  o f

Y

"g

C T O S S

ra t io

invari.

(o r  x
v

<--.---:-rnvarffiJ
I U

i n f i n i te  cod imens ion
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(9. . .13 )  Rem,ark:  I t  is  possiute to  extend.  the graph of  the ad jacency-

rel-at ion of simple and simple el l ipt ic singulari t ies ( cf .  (  B. t  l+ ) )

with the other singulari t ies of the l ist.  Further computations are

then needed. .  We t reat  th is  in  510.  As an example:  consid.er  the path

o f  ge rmst  
, ,  =  t z ro . r r+  

"o \  
+  z ro2r r2  +  z tzoz13  +  , , J

I f  t  f  0  t ,  is  o f  type OT and.  i f  t  =  0 t t  is  o f  type X1O.

S o  O T  i s  a d j a c e n t  t o  X t O  ( f o r  a l l  b  f  0 ) .

SAIT0 proved.  that  OT is  not  adjacent  to  *9.  So in  the fami ly  conside-

red.  in  (9,12)  the polynomials  of  type Xt  
O 

d- i f fer  f rom those of  type

*9 by the proper ty ,  that  XtO is  in  the c losure of  OT and *9 is  not .
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5.1 0. OL !]re togol-ogy .of. th.e. orbitspaqe.

( t q . t. ) i-,et *O be the s et of germs of hol-omorphi c mappings

( C " r O )  - +  ( C , O )  w i t i :  c o d . i m e n s i o n  1 k o  h a v i n g  i n  O  a  c r i t i c a l  p o i n t .

Remark , that all germs . in GU are ( t+a )-d.etermined. . We d.ef ine in Gt

a topology in  the fo l lowing way:  An open set  is  {e € Gt  I  UO*,  I ies

in  an  open  se t  o f  t t t ( t<+z  
) t ,  where  N(k )  i s  the  number  o f  coä f f i c ien ts

of  polynomials  of  d .egree k in  n var iab les.

The natura]  in ject ion Gk *  GX*1 is  a cont inuous map wi th respect  to

thi s topology . l,ie d ef ine G = 
f.pf 

GO and. d.er ive the topology of G from

the topology of  the spaces Gk.

( 1 O. e ) let ! tr  be the set of orbit  s in G und.er the Rightaction of

b iholomorphic  mappings:  We g ive W the quot ient  topology;  the pro iect ion

1T : G -+ W is then a continuous mapping. So a set U in Id is open i f  and"

^* r "  
"+  

- - ' (U)  i s  open  in  G.  We use  the  symbo l  Y .a ,  o f  an  o rb i t  to
LJTI IJ  -L  !  i l

d.enote a lso i ts  pro jeet ion in  } t r .  So in  fact  t t (Y.q, )  is  denoted-  by Y[ .

Fach s imple s ingular i ty  def ines one point  in  ! ' I .  The pro iect ions of

some non-s imp le  s ingu la r i t i es  w i l l  be  d . i scussed-  in  (  10 .6  )  .

t - ^  ^ \

\  t u . J J Theorem: The topologA of W is not Hausdoz'ff ' eüen not T1 .

P r o o f :

orbi t  o f  type An (non-d.egenerate quad.rat ic  form) is  dense

every k  > 1,  every open neighborhood.  of  w € W conta ins the

Since the

in Gt for

po in t  A1  .

So there is  no open neighborhood.  of  w avoid ing At
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.(  10...h.) we norrr consider p-erasses and. d.enote by o(v) the codimension

of  the p-cIass,  conta in ing

components of d. i f ferences

of manifold.s, this number

Let U. be the union of the
1 { '  

, r o =

w € W. Since u-c lasses are topologieal

of algebraic sets and so a f ini te union

is  wel l -def ined. .

u - c l a s s e s  w i t h  O ( v )  f  k r  s o

{w€wle (v )  <k }

uo

ur \  uo

u,  \  u t

us \ uz

u,* \ u3

uF\u\

u6 \  uI

uT\  u6

ug\  uT

A" 1

A' -2

A' -3

A l ,
T

A .
o

^
I

^B

A
ÎJ

D ) ,
T

nu r

D,-
o

oT

n

"B

T\
"g

E .
b

r:ro7

EB

J't  
o

x
Ŷ

x io

p
H

LJ

p
\J

P-  
1 0 Qt  o  

R t  
o

In the ease of simple singulari t ies there exist normal forms without

local  invar iants,  so At  ( t  t  1  ) ,  Df  ( t  > .  l+  )  ,  E6 o tT and.  EB are points

i n  ! t r .  T h e  o r b i t s p a c e s  f o r  t h e  f a m i l i e s ' J . ,  O ,  
X g ,  X l O '  P B '  P 9 o  P 1 O '

QtO and .  R tO w i l l  be  d .esc r ibed-  nex t .

( t  O. I  )  We gave normalforms for these famil ies in the real case t

a l read"y  in  (3 .6 ; .  These  fo rms  can  a lso  be  used  in  the  comp lex  case '

but somtimes other normalforms are more practical.  They are mentioned

in the proof  of  (  t  0 .6 )  and a lso in  the l is t  a t  the end .

We shal l  invest igate in  these e ight  cases those val -ues of  the para-

meters for which the germs are equivalent. Next we take the quotient-

space to th is  equiva lence.  l {e  get  a topologica l -  space (even a complex

space ) o which can be identi f ied. vi th the correspond.ing sr:.bset in W.
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fn each of these B cases f  is f in i te ly d.etermined-,  say by i ts k- jet .

So we can rrrork entirely in , lk(n, t  )  and have only to consid-er k- j  ets

of  mappings.

Le t  f *  be  a  k -paramete r fami l y  o f  ge rms.  The  cond i t i on  f t (Ö( " ) )  =  r= (z )

g i v e s  r e s t r i c t i o n s  o n  t h e  c o ä f f i c i e n t s  o f  j k ( + ) .  I t  c a n  b e  v e r i f i e d

in  each  case^sepera te ly  tha t  +  has  to  be  an  e lement  o f  GL(n ) .  Th is

i  s  l -e f t  to  the read er  .  Even in  most  of  the cases the only  pos s ibte

act ion is  mul t ip l icat ion by a scal -ar  of  each coörd. inate:

( "1  :  =  o r1  (o  +  o )
l '

1 'z :  
=  3zz  (g  #  o)

t -
L"S :  =  \ r3  (v  #  o)

lfe cal-l this a Sr-a.g.onal .isomprp.hi.s.m.

( t 0 . 6 )  T h e o r e m :

a ) rhe orbitspa.ces

wi.th C.
b ) The orbitspa,ees

wi.th C- { g} .
Proo f :

casePo :  f r i rB )  =  r r=  +  ^ r ' r =+  Az r r=2  +Br33w i t h t+43+  zTB2 f  0 .- - Ö ( A

f f  t ( O r B ) ( + ( r ) )  =  t ( O , , 8 , )  t h e n  +  m u s t  b e  a  d . i a g o n a l  i s o m o r p h i s m

and. we get:

t ( o , , 8 , )=  o= ' r 3  +  ß2Y '22 '3+AoY

so  t (o r t )  and '  t ( o ' rB ' )  a re  equ iva len t  <+

<+  fo ,ß ry  €  C- {o - }  w i th  oü3  =  1  n  Bzy  =  1

<+  fo ,ß  €  C- {g }  w i th  o3  =  1  n  oß -La  =

<+ lo € C-{o. t  wi trr  e\a = A'  ^ g5e =

' r , r = '  +  gy3 "33

H e n c e :  f ,  n  - \  r
\ A r D /

t ( o , , 8 , )  +>  j ( a ' e )  =  j ( a '

of Pg, X9, J1 o and Qto ave complen isomorphie

of Pg, P1O, Rjo ond X1o ave conrpler isomorphrle

^ c [ Y

A f  A

B  l ' .

R t  \
I

2n =At  ^  y3B =  Bf  <+

- 6
ß  

- B  =  B t  { +

' t

A -w h e r e  j ( A , B )  =

The orbits are

I  the so-cal led. j  - invariant .

the  o rb i t space  o f  PB i s  C .

,  ?  2  
t  v r r v  e v - v q 4

44" + 2TB-
c h a r a c t e r i z e d .  b y  j  €  C i . s o

t
F
L-



100

qase -J .1  0 :  f  ( .q re)  
=  , r=  +  Ar , r r \  +  B126 wi th  \43

r f  t ( o ,u ) (0 ( z ) )  =  t ( o , , e ,  
1 ( " )  

t hen  +  can  on l v  be

so  t ( o ,B )  *  t ( o ,oB ,  
)  

<+  ]  o ,ß  e  [ - t o ]  w i t h  o3  =  ' l

This case is s imi lar to PB and the orbi tspace is

c a s e  P ^  :  f  .  =  z - z - z -  +  
?  ?

f i  A = ' f z ' 3 + ' 1 "  
+ ' z -  + A ' 3

r f  r o ( + ( z ) )  =  f o ,  ( z )  t h e n  e i t h e r  +  i s  a

i s  d . e f i n e d  b y :  0 ( 2 . ,  )  =  ß z . i  + ( r Z )  =  o r 1

I n  b o t h  c a s e s :

+ z7B2 + o.

a d.iagonal isomorphisrn

, .  o ß b A  =  A ' r r  ß 6 8  =  B r

C.
^3

n

The o rb i t s  can  be  charae te r i zed  by  k (Arg )  =
t*.q,3 + zTBz

c , + . s e  I n t  f d  =  , f  
Z ( r f " r ) ( z r - d . z r )  

w i t t r  d  #  0 0 1 .

d is  the cross rat io  of  the four  complex l ines fa = 0.

fa  * fd . ,  o  crossrat io  of  fa  = 0 and fd. ,= 0 are equal  +

4+ 4r  € {d,  * ,  1-d,  * ,  # ,  s1 i .
Def i ne  c  :  f - { 0011*  C  by :

c(a)  = d2 + t* l t  +  ( r -a)2 + t* l t  +  C#l t  + t f l t ,  then

^/.,\ - e.05. - fd-.t g.qL-=.!a3 * ga2 ---e-a-..P
c l C r J

( a -  t  ) 2 a 2

The map c :  f - {001}  *  C is  sur ject ive and for  every q.  c  C there are

a t  mos t  s i x  so lu t ions  o f  . (a )  =  q .  The  de f in i t i on  o f  c  i rnp l ies ,  tha t

w i t h a n y s o l - u t i o n d a r s  
f  i  d  d ' - 1o ä' 1-d, ffi ' i l1 ' J: are solutions.

This shows that  the orb i tspace of  Xo is  C.

t l
t ^ l

w r t h  A  f  0 .

d.i agonal i somorphi sm or +

;  ö ( z ^ )  =  \ z t ,
5 J

€c.

f A *  f A ,  +  f o r ß r y

{+  I v

Ir ie get the orbitspace

mul t ip l icat ion by 3"d

€

€

C- {g }  w i th  o3  =  ß3  =  oßy  =  1  n  yha  =  A '  <+

C-{ -A. i  w i th  y3 =  1  n  yA = At .

of  t9 i f  ve div id.e C-{ O} by the Z3-act ion of

root  o f  un i ty .  Th is  g ives C-{9} .
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c a s e  P ,  ̂ l- l u

Th is  case

c a s e  Q .  ̂ l. - I U

Th is  case

c a s e  R n  ̂ l. . . # l u

Th is  case

T

i ^
l - D

f

. : ^
I b

= , f  zr3+ 
,r3 + ,r3 + Al .35 rqi th A 

.+ 
o '

s i roirar to P9'  we get agui"  Z3-aet ion on C-{ o} '

i z j h=  , 1 t  +  ,Z - r3  +  Az f3  +  ' 3

simi lar to P;,  we ge; t 'o* / ' , r -act ion on C'

? ) + l '
= , f z r3+  , r t  +  , ru  *_or=*  w i t t r  A  +  o '

similar to P9, we get Z=-actlon on C-{oi '

=  r , \  +  r r ' r r '+Ar r i  v i thA+ o '

s imil-ar to P9 , l.re get Z4-act ion on C- { o i '

f-A

i s

r ^
A

i s

uA ,  U . .
t

D - l

U D  .  U . .
s - l

UD-  UD ' .

UE6 to6

UE-UE, -' /  n
l v

=  PB( i o )  U

" U  A 1

. , U  A 1

'U A' r

'U  41

.U Dh ,  Ä=-1 u  Ar -e  [J .

,  o5  u  A t *  u . . .U  A t

uo5uo,*uA6ro5LJ.

u  o7  LJ .  . .U  D t *  ,  oT  LJ ' .

r<( E6 ) ( not onen )

open
s e t s

( . tQ.J. )  We def ine f<(*)  = {w'  €  i ' I  I  t '  €  U for  every open set  U in  I / ' l '

con ta in ing  w) .

Lemmai w. adiaeent

This is clear from

to *z i f  and' onLY if  K(w1 ; c t<(wr) '

t h e d ' e f i n i t i o n s o f a d . j a c e n c y a n d o f K .

Examples:

r (a= )  =  A,

r (n"  )  =  D,

t<(86 )  = E6

r (Er)  tT

r (nU)  =  EB

r<(Ps( io) )

J . L Q . . B . ) w e a r e i n t e r e s t e d . i n t h e o r b i t s t h a t o c c u r , w h e n w e p e r t u r b a

given orbit  w a t ' l i t t le". This means that we have to study small- open

neighborhood.s of w in uI. Those open sets certainly eontain r(r) .  rn the

case of simpre singurari ty r<(oi ) is the smarlest open set containing v '

rn the sequer .we try to describe some of the open neighborhoods of w

if * G UB. ! tre remark that UB consists of a f ini te number of points and

a f ini te number of copies oi c and. f ,-{ o } ,  each in i tself  having ind'uced'

the usua] Hausd.orff  topology. So i f  w is not-simple in UU every
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neighborhood. of w contains at least an open neighborhood. of

C- io) .  C can be embedd.ed.  in  s2 by adding one point  (car- t  i t

open neighborhood.s of @ i" C are d.efined. in the usuar lray.

r,\r in C o=
* ) .  Then

I t o'gj Ad.jacency in corank 3.

I ^ Ie  eons id -e r  now V= =  PB ,  t9  U  
" iO ,  

Q . ,O U * tO  in  the  re la t i ve

topology (  see f igure ) .

ss-ft: a point i = tg

, r3  +  , r ' r3  +  grzrz=2 +

An open set  of  i  in  V=

usual topology of C.

= C eorresponds wi th a jgerm

3 s l -
EZr3- such that 

;3748,  +  27 g^
is an open neighborhood. of 3

2

€

j .

D.B

. case .  Fn :  Po in ts  w  o f  t9  =  C- {0 }  can  be  g iven  by :

3 2 2 . 1 '' 1 -  +  ' z - ' 3  +  , 1 - r 3  +  A z = -  w i t h  A  +  o '  o r  a l s o  b y :

3 2 2 ? L, j '  +  , z - r 3  +  E , z r z = -  +  g z r 3 t  +  A r z ,  w i t h  A '  +  0 ,  v h e r e

? ?
sa t i s f y  l +g1  +  ZTgZ  =  0  and .  (e . ,  ,S r )  I  (Ooo) .

so an open neighborhood. of w = t9 = C-tgt in v= eonsists

10 an open neighborhood of w t .*  t9 = C-t  Ol

20 an open neighborhood of co in C = tg.

PB is u-adjacent to t9,  but not ad. jacent.

case P.  ̂ :  In a similar lüay as in case tg one concl-ud.es that an open- t U

ne ighborhood  o f  *  €  P10  =  C- tO l  i n  V=  cons is ts  o f :

10  an  open  ne ighborhood .  o f  w  in  f - {0 }  =  p tO

20 an open neighborhood of 0 in C-tgt = t9

3o an open neighborhood. of s in C = PB.

PB i s  u -ad iacen t  to  P l0 ,  bu t  no t  ad jacen t .

,g  i s  u -ad iacen t  to  P10 ,  bu t  no t  ad jacen t .

=C in the
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1 

and' 82
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ca .F-e  Q1^ :  A  po in t  \ ^?  €  Q io  =  C  can  be  g iven  by  , r3  +  , r ' r3  +  Az , r r3  +  , r \ .- t U

I , r i e c o n S i d - e r i t s u n i v e r s a ] . d . e f o r m a t i o n a n d . o m m i t t e r m s o f d . e g r e e <

-  3  2  2  j  , .  -  \  q  ) +z1-  +  ,Z  13  +  \ f f3 "  +  Xzr3 -  +  (A  +  
1 r ) "  1 r3 '  

+  ,3 - .
1  2  ,  i -  -  - r - .  r  

" t , /Let 4^ 
1" 

+ ZT\ 
Z f 0. The equation 

/U^ ,= 
+ Z7\ 

zZ 

= j  has for every

j  €  C  so lu t ions  (Ä1r f ' )  a rb i t ra r i l y  c lose  to  (Oro ) .  So  T r ie  ge t  aL l  the

members of the family PB in the d.eformation.

. ? ?
r f  4 1 1 -  +  z 7 \ z  =  0  a n d  ( Ä l r Ä 2 )  f  ( o r o )  r e  g e t  g e r m s  o f  t y p e  t g ,  ! ü e

next change coord.inates and. transform the germ in the normalform

3 , _ 2_ 2 l+ ^ hz 1 -  +  , z - r 3  +  ^ 1  , 3  +  u r 3  o f  t 9 '  T h e n  t h e  c o e f f i c i e n t  o f  , 3 -  g o e s

t o  c o  i f  ( Ä . , , , ^ r o ^ 3 )  +  ( o r O r O ) .

so an open neighborhood.  of  s  € Qto = C in  u3 consis ts  of :

1o an open neighborhood. of r,,r in C = Qt O

20 an open neighborhood. of ." in f ,-{ o} = po

3o the whole set PB

Th is  d iscuss ion  shows:

PB is adjacent to every germ

t9  i s  u -ad jacen t  to  P1o ,  bu t

L Lq a s e . R r r . , :  A  p o i n t  *  €  R 1 O  c a n  b e  g i v e n  b y ' 2 1  +  , f ' r 3  +  , r u  +  A ^ 3 u- t u

We consid.er it s universal d.eformation and. orunit terms of d.egree < 2

i ? ? l i ) r
, 1 "  +  , f . r 3  +  \ l r . ' +  X Z r 3 ' +  , Z -  +  ( A + f 3 ) r 3  .

The 3- ie t  is  of  type Pg i f  ÄtÄe i  O.  The j - invar iant  tend.s to  co i f

( Ä 1 ' f 2 )  +  ( O r 0 )  s i n c e  R t O  h a s  d . o u b l e p o i n t s .  I f  t r Z  =  O  ^  Ä t  #  0  w e

have a germ of type t9. A coord.inatechange to the normalform

3 j l +
z j -  +  , f . r 3  +  , Z ' +  H r 3  s h o w s  t h a t  u  +  0  i f  ( f 1 r Ä 2 )  +  ( O o O ) .

so an open neighborhood of  v  = o. ,o  = C- tot  in  u3 consis ts  of

in the family Q1 0 
.

not ad.j  acent.

I



1 / 1  t r

1 
o an open neighborhood-

20 an open neighborhood-

3o an open neighborhood

P ^  i s  U - a d . i g n o n f  t n  R
ö  

r u u r r v  v v ' . . l  
O t

t 9  i s  u - a d j a c e n t  t o  R 1 0 '

be tween :  r+ ( -
X k ,  , j  +  , 1

a n d .  P g ,  , j r , r 3  +

Th is  i s  the  f i r s t

, r '  +  Ar ro - '  +  r= '  ( r . t -g )

, ,=  +  , r3  +  o r3u- '  ( ! ,  t  g )

example of  such a s i tuat ion.

of v/ in

o f 0 i n

of  co in

but not,

but not

C-{g i  =  Rro

C-{p}  =  t9

C=PB

ad. jacent .

ad.j  acent .

i ip.J oJ Ad. iaeencvre lat ions of  X^.
J

The ad . jacency  o f  
"9  

to  t r .  i s  a l read .y  d iscussed-  in  (9 .1e) ,  Every  open

neighborhood, of w € xg = c contains an open neighborhood. of w in

C = X9. Every open neighborhood- of w € Xt 
O 

= C-{g} contains :

10 an open neighborhood.  of  w in  C-{0"}  = Xto

20 an open neighborhood- of co in C = Xo.

Next  T^re s tud.y the ad. jacency of  t9  wi th P1O, QtO and'  RlO'

T , a t  { '  ( ,  
" Z r r 3 )  b e  o f  t y p e  * 9  i f  t  +  0  a n d -  o f  t y p e  P 1 0 ,  Q t O  o r  R t O

r r q u  t t t o 1 r " , ,

i f  t  = O. After change of  coord. inates 
'we can arrange ,  that  the 3- j  et

of  f t  has the 
z I

g t  =  t r 3 t  +  , 3 ö t ( ^ 1 r r z r , 3 )  +  o r ( z i r z z ) '

For t  + 0 hold.s:

Sinee  f t  i s  o f  t ype  ,g  we  have  o r (z  r , z r )  
=  O fo r  t  +  O.  The  con t inu i t y

o f  f t  imp l ies  o " (z r rz r )  =  0 .  S ince  go  =  O i s  a  reduc ib le  cu rve  in

o
P ' ( C ) ,  f  i s  n o t  o f  t y p e  P t o  o r  Q 1 0 .

Remark: The same reasoning shows that there are no ad"j aceneyrelat ions

Io r (  , l r r z r r= )Jz
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The following curve shows that

every open neighborhood of rs €

*9 is  u-adiacent  to  RtO and'  that

X1O = C-{q}  conta ins a neighborhood

o f  @ i n C = * g t  
r  r  t ,  Z z r ' r r '  h

f t= t ,32+ , f2 ,3+ ,==+A"1h+" ,u* " "32+A"1u-# ,2 - .

This shows that  *g is  u-ad- iacent  to  R10'  Wether  tg  is  adjacent  to

XtO is  unknown to me'

(.t.0...t t ) Theo.r-em:

a)  uT

b)  EB

c)  EB

d)  rT

* )  EB

Proo f :

,?,8

1,5

' t 8

1,8

'ltS

adiacent to tg

adiaeent to PtO

adiaeent to Qlo

ad.iacent to Rto and EB is not adiaeent to Rto

adiaeent to X1O'

, ' r = ' +  , 3 ( r l " z+  2 t z r2 .+ '= ' )  +  ^ , t  + ' r \

, 1 rz r3+  , r t  +  ,==  +  , r \  has  tYPe  tg

t + 0 we can transform ft in the normalform of tT'

" r 32+  
z= (z : r r *2 t - 22 r2+ '= ' )+ ' r 3  

+  t z r ' r 3  +  
"3^ ' \  

+  

" J
, 1 r z r3+ , , 3  + ,==  + , r i  has tYPe t , Jo

t + O we can transform ft in the normalform of EB '

a )  f ,  =
. T

Jr

o

For

u)  f  ,  =. I

J|

o

For

c )  f t=  
" ' r= '  

+  ,= (z t * rz  +  
" r f z+  

z rz=)  + ' r=  +  ^ f23  +  ^ r \  +L" '

I

f  =  , n l r n  +  , , , 3  +  ^ . r r 3  +  ' r u  h a s  t Y P e  Q t o
o= 'z  '3 1 1 - 2 a

F o r t + 0 w e c a n t r a n s f o r m f , i n t h e n o r m a l f o r m o f E s .

d )  w e  s h a l l  s h o w  i n  ( t o . t e )  t h a t  o T  i s  n o t  a d ' j a c e n t  t o  R 1 0 '  s i n c e  D T

is  ad jacen t  to  EB,  th i s  shows  tha t  EB i s  no t  ad jaeen t  to  R10 '

S i n c e , g i s u - a d j a c e n t t o R l o a n d * T i s a d . j a c e n t t o ' 9 a l s o ' T

i s  a d , j a c e n t  t o  F 1 0 '



e ) f ,
U

f
o

I f

,3
" r1

4
, 1

- l ^
r v

not adiaeent to ,g

not adiaeent to RtO

not adiacent to Qt o
not adiaeent to PtO

not adiaeent to X.l 
O.

x1o

normalform of EB.

h
,2 vanl- s ne s

q

Bz ̂ ' . and. next'z
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n f n
v !  v - a-\/

. Then + can

in

+ , r \  +  , , ' ^ r '  +  Ar r j

+ ,  r ' rr '  
+ Arzi is of type

we can transform ft  in the

1 0 . i 2 )  T h e q q e l q :

a)  oT  i s

b )  oT  i s

c )  DB  i s

d.)  DB ds

e )  DB  i s

Proof :

a )  a n d  b ) :

Let  Sr(  ,1r r | r r3)  be of  type OT i f  t  +  0.  Af ter  change of  coörd- inates

we can assume, that  the h- je t  o f  0 t  has the form:

) ) 2
t ' r = ' +  r s f (  , 1 , r 2 r " 3 )  +  , r t r ,  +  z = e ( r 1 r r . r r 3 )  +  o ( z t  , r z )

where :

f ( 2 1  , 2 2 , 2 3 )  =  y j f 1 2 *  \ z z r r 2  +  , 3 3 1 3 '  +  r l z r l r z +  \ 1 3 " 1 " 3 +  \ 2 3 ' 2 ^ 3

o4(z  l r zz )  
=  no" ,h  +  P , r r3 r r+  Pzr l ' r r '+  Prz rz r3  +  nh ' r \

e ( r r ,22 ,23)  =  
i : j ro  t i j o  i r j r k .

Assume that +o is of type , g or Rt o 
then the universal d.eformation

shows that it is sufficient to study only the U-:"a of +t.

Fo r  t  +  0  ve  app l y  t he  subs t i t u t i on ,3 ,  = ,3  
#  

r ( ^ l r z | r ' = ) '

Then the coäfr ic ient of  , r \  becomes 3 
+ P4'

+I

The coäfr ic ient of  ,  f  ,3 becomes A = 
' l?! '? '

= 
,E 

+P3'

The coär f ic ient  of  , r i  becomes B =+ - ry .

Y. r^

I f  -  4 * F4 + 0 we can transform 0t in the normalform

\t '

t
I

rL-

Let now \ ZZ 
=

be transformed

, 22
" r3  

+  , 1  , 2

, t f i ) * r  so the coäf  f  ic i  ent  of

in  t r32  +  , r ' r ,  +  Ar rz r3  +

^ 2
(e ?)"r ' .
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. 2
A I

qr
A.
T -=

I f B

I f B

O we have an orbit  of tYPe D6.

0  then :
ta: l+-5\ !  1.,-Y.ta.4*

tz # szzzt =[(-f f*n=)t

yesph q.  Dzzz = 
fC- YreE + P3t )2.

When we take the l imit for t  + 0 ve get:

1 2
YeSPh =  

Ia te  F4 '

1o r f  \oc = 
t  , , r ' ,  then the point  (o:  t :  o)  is  a mul t ip lepoint  of  the' t 3

cubi c crrrve :

2 3 2 2 2
\ 1 1 r 1 - r 3  +  y 3 3 " 3 ' +  \ 1 z r 1 z z z 3  +  \ z 3 r p r 3 -  +  r 1 3 r 1 z 3  +  7 . , - z r r

The tangents in  th is  point  sat is fY:

, , ' +  , ( 1 2 , 1 1 3 +  , , 3 r 3 ' ,

So i f  , , r '  LyZS = 0 the tangents co inc id.e.  Hence the point

( O : t : O )  i s  n o  d o u b l e p o i n t  a n d "  s o  + o  i s  n o t  o f  t y p e  t g  o r  R 1 0 .

20 If  l im pt, = O l4re proceed. as fol- l-ows. We can assume l{Y^. -\  
lZE ; ö  

r - 4  ' t 5

A coord.inatechange in the zfz3-space takes the :- iet in the

? 3
, 1 r . r 3  +  o r 1 "  +  U t S ,

Since tr4 is st i l l  the coeff icient of ,3u the singulari ty is

o f  t ype  ,g  o r  R10 .

This shows part a) and. b ) .

2 
#  o .

form:

not

The proof of part c ) and. d.) is similar, although longer and. more

complieated.. I t  vi t t  be omitted..

e)  Let  f i " (z1rz , )  U"  o f  type Dg i f  t#  0 ;  a f ter  change o f  coörd. inates

r.re can as sume that 5- i et of +t has the f orm :

t r , 2 r ,  +  c4 (z  1 r7 ,2 )  
+  G r ( z  l r z z )

whe re ,  G1*  ( z r r z r )  =  no "1L  +  p , z ,3z r+  pz^1 ' r r '  *  P3 t1 r z3  *  Fb ,2

Gr ( z , r z r )  - -  eo^15  + . . .  +  a4z rz r \  +  n . . r r i ,
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6) ,

I f  0o  i s  o f  t ype  t tO  then  i t  i s  su f f i c ien t  to  s tudy  the  h - je t .

I f  p \  #  0  then  + t  i s  o f  t ype  D6  i f  t  #  0 .  Suppose  p4  =  O.

After change of coörd inates in the fol lowing \,ray:

( r l ,  =  11 kn=rr 'J I
1 1 2 2 -
l rz,  = ,z f [Foz,,-  + Pf fz + pzzz-f

t he  l + - j e t  o f  Q r ( t  #  0 )  i s  g i ven  by :  t z r z r r ,

m r  . . ^ ä -  '  q  
1  2The coö f f r c ren ts  o f  ,Z '  i s  now:  q . I  
IT  

p3 ' .

The coäf f ic ient  of  ,16 i= nohr :  
*  Fzp32 k n4n=.
2t -

I f  + t  is  of  type DB then these two coäf f ic ients must  vanish.

(modi f icat ions of  the 5-  j  e t  g ive no contr ibut ions on terms of  d-egree

S o :

- o  2  ,  .1 
- 

p3* = 4tq.5 . Hence 
+1ä 

p3 = o .

Since tr4 = 0 this irnpl ies that 
++ä 

q5 + O, for otherwise +o is not

o f  t ype  X1  0 .
^ o 22" 3pZF3 = tq\p3.  Now is  p3 f  0  s ince otherwise q-5 = 0.

So:  3p2 = tq4pS and.  
t+B n,  # 

,O 
s ince otherwise 0o is  not  of  type X10.

*qL tq-t*
S o p j = 1 ; ' l ; h e n c e q l = - .

J .yz ./ 
36pz

There fol lows that 
++ä 

qI = 0 and. this contrad.icts the fact that 0o

i s  o f  t y p e  X 1  
0 .

I.1.p.,.t.: ) Eg'"lE
I  d . id  n ' t  succeed in  comput ing the ad. j  acency of  O? to ,  g  and AB to P 

1 0 ,

Qt  O 
and.  R1 0.  

For  the ad. j  acency of  AU to X1 
O 

see (  t  q .  1 j )  ,

AtI the other ( u )-ad j  acency rel-at ions are given in the l- i  st at the

end.. Thi s I i  st gives also information about the part ial  ord.ening of

open sets in  the par t  Ug of  the orb i tspace l . l .

_- '
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The graph of simple and simple el l ipt ic singulari t ies is extend.ed

to UB. I f  we ad.d. d. imensionarguments , semi-continuity of corank r €t,

t h e  p r o o f  i s  g i v e n  i n  t h e  s e c t i o n s  ( t 0 . 9 )  t o  ( 1 0 . 1 2 ) .

I t.o...t l+ )-. R-em?{.E

A comparison of l ist I I  of the d. iagrams of intersectionmatrices and.
^  

the u-adjacency ra ises the quest ion i f  the fo l lowingI I S I  I l I  0 1 -

remains t rue:

g is  (u)-adjacent  to  
{  

i f  and only  i f  the d. iagram of  g is  conta ined

in the d.iagram of f .

In  l is t  I I I  there is  no counterexample to th is  conjecture.

(.1.0...1t ) F*pql4 (add.ed. in proof ) :

ATCAI\4Pg informed me that he has d.eveloped a new geometric way of

computing the intersectionmatrix for singulari t ies with corank O an

1.  \^ I i th  th is  method he can a l -so show that  AB is  ad. jacent  to  X10.
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i {e bestud.eren de Rechts-equivalentie van kiemen van reöle en complexe
functi  es .

rn deel -  I  geven ve de vol led. ige c lass i f icat ie  voor  eodimensie k le iner
d'an of gel i  jk aan negen. Speciale aandacht vord.t besteed aan de equi-
val-entie in k-parameter famil ies, het verschi l  tussen Rechts-equiva-
l-entie en Rechts-1inks-equival-entie en aan d.e algebraische condit ie
voor k-bepaaldheid..

rn d'eel f I  beschouwen we in het complex-analybische geval benaderingen
van een functiekiem. trüe bestud.eren de relat ie tussen d.e intersectie-
vormen en d.e raonod.romiegroepen van een ki em en zi j n benad.eringen . Al s
toepassing behand el-en I, \r 'e stel l ingen over d e nabi j  heid.srelat ie van
simpele en s impele e l l ip t ische s ingular i te i ten van Arnol -d en Sai to.
We besluiten met een ged.eeltel i jke beschri jving van d-e topologie van
d.e ruimte van d.e Recht s-equivalentieklassen .

SUMMARY

We study the Right-equivalence of germs of real and. complex functions.

fn part I  the complete classif icat ion for eod.imension small-er than or
equal  to  n ine is  g iven.  Specia l  a t tent ion is  g iven to equiva lence in
k-parameterfamil ies, the dif ference between Right-equivalence and.
Right- Ie f t -equiva lence,  and to the a lgebra ic  cond. i t ion for  a germ to
be k-d-etermined..

fn part rI  we consid.er in the complex-analyt ic ease approximations

of a functiongerm; i^Ie stud.y the relat ion between intersectionforms

and monodromygroups of a germ and i ts approximations. As an applica-
t ion we cover theorems on the adjaeencyrelat ion of simple and simple
el l ipt ic s ingulari t ies by Arnold and. Sai-to. We concl-ud-e with a part ial

descr ip t ion of  the topology of  the orb i tspace.
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S T E T T I N G E N

1 . Laten f en g el-ementen van I zi jn met d.e eigenschap, dat de
m m n

algebrat s n n
Äm ut 

]ffi isomorf zijn. De vraag van Takens of d.an

f er '  1 s rechts-equivalent zi jn, moet in het algemeen ontkennend
beantwoord. word.en.

Takens,  F. :  S ingular i t ies of  funct ions and.
vectorf iel-d.s.

Nieuw Archief  voor  i^ I iskunde (S) ,  XX,  ( lgFZ),

1  07-  1  30 .

c3
f

f r

2 . Stel V een algebraisch oppervlak in

singulari teit  in d.e oorsprong. Laat

van de Jocale naburige vezel en zii

een goed.e resolut ie van V.

De bewering. van Durfee, dat f  en fr

o n j u i s t .

met een gei soleerd.e

d.e in tersect iematr ix  z i jn

de intersectiematrix van

stabie l  equiva lent  z i jn ,  is

3, Zii  G een eind.ige ond.ergroep van GL(n). Noteer aoo"
I(G)r, a" elementen van 8rr, resp , Ln, d. ie invariant

Durfeer  A,H.  :  Di f feomorphism c lass i f icat ion

of isolated hypersurface singulari t ies.

Thesis ,  Cornel l  Univers i ty  (  t  gTt  )  .

E ( G  ) n  '  r e s p  .

zi jn ond.er
a].le elementen van G.

r c 8(c)* heet k-G-bepalend at_s voorn
AIs f. ,_ = g,_ d.an is er een + in f  (G )K  - t (  Y  a ^ r  * * - r n

Er geld.t d.an:

1)  A ls  r f * t  n  E(c)n  c

2) AIs f  k-G-beparend

e l k e u e 8 ( C ) r , g e l d t :

met  f0  =  g .

mn(mrra(r )  n  8(G)rr )  dan is  f  k-G-bepa1end. .

i s ,  dan  i s  rX*1  nAqc) r ,  .o ,n (A( f )  nS(G) r r ) .



h.

5 .

2

Het tegenvoorbeeld. (5.2) uit dit proefschrift toont tevens yoor

elke p

f is k-bepalend. d.an en slechts d.an *1= ,k*F c *1*Pa(rL + ,k*p*i,

De Board-manslmbolen van f en van zLjn universele ontvouwirg F
z i j n  ge l i j k .

Mather , J. : 0n Thom-Board.man singularities.

Proc. of Dyn. Systems Conference in

Salvad.or o Brazil.

6. De opgave l+a van het herexaro.en Wiskund.e I van.het V.!ü.0. in lgTe
(Cyrrnasiun en Atheneun) luid.d.e als volgt:
t tEen functie f  is voor -5 < x < 3 ged.efinieero door

f ( x )  =  2x  +  3  3

Ond.erzoek of d.e functie d. i f ferentieerbaar is voor x = 2."

De comrnissie bedoeld. in art.  27 l id. 5 van het Besluit  eind.exa,nens

VtW'0 . -H .A ;V .0 . -M.A .V .O.  maak t  een  essen t iä Ie  ged .aeh ten fou t  a Is

zii in d.e bind.end.e normen voor d.e beoord eling van het schrifteli jk

werk aangeeft, d.at er 2 punten moeten worden afgetrokken ind.ien

+iE f ' ( x )  en  ++ä f ' (x )  n ie t  apar t  onderzocht  z i jn .

T, Het d.oor Had.eler gegeven bewijs van de ste11i4g, d.at elke eontinue

functie op [a rb] d.aar ook integreerbaar i* ,  is onvol ledig.

Had.eler o K. P. : itMathematik für Biologenf r .

Heid.elberger 'Taschenbücher 
Band. 1?g ( t gTl+ ) .

B. Het M.O.-A exaJnen Wiskund.e d. ient steeds te worden aangepast aan

d.e ontr,üikkelingen in d.e wiskund.e. Met name het vak projectieve en

beschri jvend.e meetkunde moet vervangen worden; bi jvoorbeeld. cLoor

topolggie n stq,t ist iek en/of eomputegkund.e.

9, Een verd.ere onlsluiting van het gebergte d.oor wegen, kabelbanen

en hotels in d.e hoogalpine regionen dient voorkomen te word.en.



10 .

3

Gezien d'e hoogte van d'e prijzen van wiskund.eboeken in lved,erland,
han men deee beter uit het buitenland. betrekken. Met natne de
universiteitsnit l iotheek zou van d,eze mogeli jkheid gebruik
moeten kunnen maken.

Het is merkwaardig, d.at in het verplichte wiskund.e_prograrnma
voor scheikund.e-stud.enten aan de universiteit van Aristerd.arr
geen l ineaire algebra voorkomt.

1 1 .

12 , De period.e van 3 jaar, waarin een eervol
als promotor kan optred.en, d.ient verlengd.

ontslagen hoogleraar

te kunnen word.en.'

Stel l ingen behorende bi j  het

d.ef ormation ,of singulari t ies t '
proefschr i f t  "Class i f ieat ion and

van D. Siersrna, Arnsterdam. jul i  1gT\.
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