
Topology of polynomial functions and monodromydynamicsDirk SIERSMA and Mihai TIB�ARD.S.: Mathematisch Instituut, Universiteit Utrecht, PO Box 800103508 TA Utrecht, The Netherlands. e-mail: siersma@math.ruu.nlM.T.: Math�ematiques, URA 751 CNRS, Universit�e de Lille 159655 Villeneuve d'Ascq, France. e-mail: tibar@gat.univ-lille1.fr|||||||||||||||||||||||||||||||||||||{Abstract. Let f : Cn ! C be a polynomial function. We de�ne global polar invariants associatedto �bres of f and we describe a CW-complex model of a �bre. We show how to use a�ne polar curvesin order to study the monodromy around atypical values of f , including the value in�nity. We give azeta-function formula for such a monodromy.Topologie des fonctions polynomiales et dynamique mono-dromiqueR�esum�e. Soit f : Cn ! C une fonction polynomiale. On d�e�nit des invariants polaires globauxassoci�es aux �bres de f �a l'aide desquels on d�ecrit un mod�ele d'une �bre de f comme CW-complexe.On montre comment utiliser les courbes polaires a�nes pour �etudier la monodromie autour d'unevaleur atypique, y compris la valeur in�ni. On donne une formule pour la fonction zêta d'une tellemonodromie.|||||||||||||||||||||||||||||||||||||{Version fran�caise abr�eg�eeOn �etudie une fonction polynomiale f : C n ! C , n � 2, ayant comme but de decrirela variation dans la topologie de la �bre de f due �a la pr�esence des �bres atypiques.Une valeur t0 2 C est typique pour f si l'application f est une C1-�bration triviale ent0. L'ensemble des valeurs atypiques est �ni (cf. [8], [12]) et il inclut l'ensemble desvaleurs critiques de f . Les valeurs atypiques non critiques sont dues au comportementasymptotique \mauvais" d'un nombre de �bres.On d�e�nit d'abord des invariants polaires globaux 
� (introduits en [11] pour le butde construire une th�eorie d'�equisingularit�e globale des familles d'hypersurfaces a�nes)et on montre comment 
� entrent dans la description d'un modele CW-complexe d'une�bre de f (Th�eor�eme 1.3).On considere ensuite le probl�eme de d�e�nir une monodromie g�eom�etrique globale,1



2 D. Siersma, M. Tib�arc'est �a dire une repr�esentation � : �1(P1n�)! Di�(F ), o�u � est l'ensemble des valeursatypiques, F est la �bre g�en�erale de f et Di�(F ) est le groupe de C1-di��eomorphismesde F . Dans le cas d'une monodromie autour une valeur atypique (y compris la valeur1 !) on d�e�nit un champs de vecteurs control�e �a l'in�ni et tangent �a la courbe po-laire �(l; f) := adh�erencefSing (l; f) n Sing fg, pour une forme lin�eaire su�sammentg�en�erale. La construction est bas�ee sur une d�ecomposition en r�egions de la �bre F ,chaque r�egion ayant une dynamique sp�eciale. La m�ethode du carrousel de Lê D.T. [3],[4] joue un rôle important dans le tableau. On prouve une formule pour la fonctionzêta de la monodromie autour d'une valeur atypique d'un polynôme quelconque et on�nit par deux exemples qui montrent que la monodromie globale a un comportementbien di��erent d'une monodromie locale.|||||||||||||||||We study a polynomial function f : C n ! C aiming to describe the variation oftopology in the �bration induced by f , at atypical �bres (i.e. �bres with special as-ymptotic behavior at in�nity). First we de�ne numerical invariants which enter as datain a CW-complex model of any �bre of f . These are global polar invariants introducedand used by the second author for constructing a theory of global equisingularity offamilies of a�ne hypersurfaces [11].Let us de�ne the space X= f[x0 : x1 : � � � xn] 2 Pn; [s : t] 2 P1 j s ~f � txd0 = 0g �Pn�P1, where ~f is the homogenized of the polynomial f which is of degree d. Denoteby p : X! P1 the second projection and by X1 the part at in�nity X\ fx0 = 0gof X. There is a �nite set � � P1 such that both p : Xn p�1(�) ! P1 n � andits restriction pj : Xn (p�1(�) [ X1) ! P1 n � are locally trivial C1-�brations [8],[12]. We take by de�nition [0 : 1] = 1 2 �. We consider the polar locus �(l; f) :=closurefSing (l; f) n Sing fg of f with respect to a general linear form l : C n ! C anddenote by lH the linear form associated to a projective hyperplane H 2 �Pn�1.We �rst need the following global result, an improved version of the Polar CurveTheorem, see [10, Lemma 2.4]. We denote by � := �(l; f) the discriminant in C 2 ofthe map (l; f).1.1 Lemma There is a Zariski-open set 
 � �Pn�1 such that, for any H 2 
, the polarlocus �(lH; t) is a reduced curve or it is empty, that the map (l; f) : C n ! C � C is aC1-trivial �bration over (C � (C n �0)) n�, where �0 is a �nite set in C and that nocomponent of �(lH ; t) is contained into a �bre of f . �This can be proved by the methods of [10, x5.]; we shall not do this here. However, itwill be important, for later use, to mention that the excluded set C ��0 is a one-to-oneprojection by (�l; �f) of the polar locus within X1 of the projective compacti�cation(�l; �f) of (l; f).1.2 De�nition [11] For any c 2 C , the set of generic polar intersection multiplicities
�c := f
n�1c ; : : : ; 
1c ; 
0cgis de�ned as follows. The number 
n�1c = 
n�1(f�1(c)) = int(�(lH ; f); f�1(c)), is thesum of the local intersectionmultiplicities at each point of the �nite set �(lH ; f)\f�1(c),for a generic H 2 
.
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n�2c is the generic polar intersection multiplicity of f�1jH (c) with �(l1; fjH),for a general hyperplane H identi�ed with C n�1 and general linear form l1 : C n�1 ! C .We de�ne in this way, by induction, 
n�ic , for 1 � i � n � 1. We put 
0c := deg f , byde�nition.By a standard connectivity argument, the set of polar intersection multiplicities iswell de�ned, i.e. it does not depend on the choices of generic hyperplanes, and it isconstant on the complement of a �nite set in C . The \jump" of 
ic is due to the loss ofintersection points to in�nity.The invariants 
�c enter in the description of a �bre Fc := f�1(c) as CW-complex.For simplicity, we assume that Fc has isolated singularities. Let �(Fc) denote the sumof the Milnor numbers of the isolated singularities of Fc.1.3 Theorem [11] Let c 2 C such that Fc has isolated singularities. Then Fc ishomotopy equivalent to a generic hyperplane section Fc \ H to which one attaches
n�1c � �(Fc) cells of dimension n � 1. Furthermore, Fc is homotopy equivalent to theCW-complex obtained by attaching to deg f points a number of 
1c cells of dimension1, then attaching to this 
2c cells of dimension 2, : : :, 
n�2c cells of dimension n� 2 and�nally 
n�1c � �(Fc) cells of dimension n � 1. In particular,�(Fc) = (�1)n�(Fc) + n�1Xi=0(�1)i
icand �(Fgen)� �(Fc) = (�1)n�1�(Fc) + n�1Xi=0(�1)i(
igen � 
ic);where Fgen is a general �bre of f and 
�gen is its generic polar intersection multiplicities.�It follows that the invariants 
�c are more re�ned than the number �c de�ned as thetotal jump at in�nity in case of a polynomial with isolated W-singularities at in�nity[5, Corollary 3.5]. Further results on 
� are contained in [11].1.4 Corollary Let l 2 
.(a) If Fa has an isolated singularity at � 2 Fa then � 2 �(l; f).(b) If �(l; f) = ; then Hj(Fgen;Z) = 0, for j � n� 1. �MonodromyWe show how to use a�ne polar curves, as de�ned in [10], in order to study the mon-odromy around an atypical value or 1. The polar curve �(l; f) is needed for de�ninga controlled vector �eld lifting the unitary tangent vector �eld of a path within P1n�.In this way one de�nes a global geometric monodromy along any simple loop withinP1 n �, thus getting a geometric monodromy representation� : �1(P1 n �)! Di�(F );



4 D. Siersma, M. Tib�arwhere F is a general �bre of f and Di�(F ) is the group of C1-di�eomorphisms of F ,which induces an algebraic monodromy representation�alg : �1(P1 n �)! H�(F;Z):We keep control over the vector �eld \at in�nity" by stratifying the space X (as in[5], [10]) and by imposing tangency conditions along the strata at in�nity.We describe in the following a geometric monodromy of a general �bre of f alonga small circle in the base space P1 n ~�, where ~� is a �nite set including �0, the criticalvalues of f and the values a 2 C such that �(l; f) tends asymptotically to f�1(a).Take a small closed disc Da at a 2 ~� such that ~� \Da = fag. By Lemma 1.1 andthe argument following it, one can lift the unitary vector �eld u on the circle @Da toa vector �eld w in the tube f�1(@Da) such that w is tangent to p�1(@Da) \X1 in astrati�ed sense and tangent to �(l; f)\ f�1(@Da), for some general linear l. Note thatthe set �(l; f) \ f�1(@Da) is a �nite union of circles.Moreover, one can construct a vector �eld w by lifting u in two steps:f�1(@Da) (l;f)�! C � @Da pr2�! @Da:This idea was used in the local case by Lê D.T. [3], [4]. In the global setting, wemay decompose the monodromy 
ow in regions where the local carrousel constructionof Lê can be used. There is a carrousel construction associated to each point q 2�(l; f) \ p�1(a), including the case where q 2 X1 \ p�1(a). Namely, there is a smallclosed disc � at each point �l(q) of P1, q 2 �(l; f) \ p�1(a), such that v is the carrouselvector �eld on ��@Da, for a small enough Da. In particular, the lift v of u to C �@Dais tangent to the discriminant �(l; f) and the vector �eld v is the identical lift by theprojection pr2 : fbg � @Da ! @Da, for any point b 2 @�. Moreover, this is the casefor any point b 2 P1 n [ki=1�i, where �i is a small enough disc centered at di and theset fd1; : : : ; dkg 2 P1 is the image by �l of the set �(l; f) \ p�1(a). By convention, d1denotes the point 1 2 P1.This special vector �eld v is now lifted to f�1(@Da) giving rise, by integration, toa geometric monodromy, denoted by ha. Note that, for some point b 2 P1n[ki=1�i, thismonodromy restricts to a monodromy of the slice �bration:f�1(@Da) \ l�1(b)! @Da:Using this construction, one can prove the following result for the zeta function of themonodromy ha.1.5 Theorem �ha(t) = �ha jF 0 (t) � �rel(t),where F 0 is a general �bre of the map (l; f) and �rel(t) = Qki=1 �rel;i(t). By �rel;i(t) wedenote the zeta-function of the relative monodromy of the pair (Fc\l�1(��i); Fc\l�1(si)),for c 2 @Da and si some �xed point on the circle @�i. We denote ��i = �i, for i � 2 and��1 = �1 n �1, where �1 is the radius from d1 to a point on the circle @�1 di�erent froms1.



Topology of polynomials and monodromy dynamics 5Proof Note �rst that �i�fqg contains by de�nition all the points of ��i(l; f)\P1�fqg,where q 2 @Da and ��i(l; f) denotes the germ of ��(l; f) at (di; a) 2 P1 � C . By theabove description, the relative homology H�(Fc; F 0) is concentrated in dimension n�1.From the exact sequence of the pair (Fc; F 0) we get the 4-term exact sequence:0! Hn�1(Fc)! Hn�1(Fc; F 0)! Hn�2(F 0)! Hn�2(Fc)! 0and, for j � 3, the isomorphisms:0! Hn�j (F 0)! Hn�j (Fc)! 0:The geometric monodromy constructed above acts on the exact sequence of the pair(Fc; F 0). Now, the relative homology splits into a direct sum and the same holds forthe action of the monodromy:Hn�1(Fc; F 0) = �ki=1Hn�1(Fc \ l�1(��i); Fc \ l�1(si)): �Moreover, the relative homology Hn�1(Fc \ l�1(��i); Fc \ l�1(si)) is localizable at thepoints �(l; f) \ Fc \ l�1(si). This can be seen in the next examples. For furtherdevelopments, see [7]. The second author used polar curves to �nd a local zeta functionresult in [9].1.6 Corollary (a) If f has isolated W-singularities at in�nity and isolated singu-larities in C n then hajF 0 is the identity.(b) Let ci 2 C . If l�1(ci) \ SingFa = ; then the relative monodromy of the pair(Fc \ l�1(�i); Fc \ l�1(si)) is the identity.Proof (a) follows from [5, Cor. 3.6] and the constructions in [10, x5].(b) follows from the fact that f is a strati�ed submersion in the neighborhood ofq 2 Fa \ l�1(ci), relative to the strati�cation fC n n �(l; f);�(l; f)g. �Finally, we consider two examples in case n = 2.1.7 Example f : C 2 ! C , f(x; y) = x + x2y. This was brought into attention byBroughton [1] as the simplest polynomial with a noncritical atypical �bre, see also [5],[10] for further comments on it. The point [0 : 1] 2 P1 is critical at in�nity for the �breF0, in the sense of [5]. The jump at this point, as de�ned by Lê D.T. and H�a H.V. [2],is � = 1.For a general l, say l = x+ y, the polar curve �(l; f) intersects a general �bre Fgenin 3 points and the �bre F0 in 2 points. This gives 
1gen = 3, 
0gen = 
00 = 3 and 
10 = 2,therefore �(Fgen) = 0, �(F0) = 1. However, it is easy to see by direct computationsthat Fgen ht' S1 and F0 ht' C ` S1. The zeta-function of the monodromy h0 around thevalue 0 is equal, by Corollary 1.6 (a) and Theorem 1.5, to �F 0(t) � Q3i=1 �rel;i(t). Thepair (Ft \ l�1(��1); Ft \ l�1(s1)), where �1 is a small disc around 1 2 P1, is homotopyequivalent to (I; @I) (since �(l; f) \ Ft \ l�1(�1) is just one point) and it appears thatthe monodromy acts on the two points @I as the identity (I denotes the interval [0; 1]).By Corollary 1.6 (b), �rel;2(t) = �rel;3(t) = (1�t)�1 and by the above, �rel;1(t) = (1�t)�1also. We get �h0(t) = 1, since �h0 jF 0 (t) = (1� t)3.



6 D. Siersma, M. Tib�ar1.8 Example f : C 2 ! C , f(x; y) = x2y2 + xy + x. This is contained in the classi�-cation list of polynomials of small degrees, with respect to their singularities includingthose at in�nity, of the �rst author with Smeltink [6]. There is a Morse singularityat (0;�1), on the �bre F0 and a singularity at in�nity at [0 : 1] 2 P1 for the �breF� 14 . Hence the total Milnor number is � = 1 and the total jump is � = 1. Thegeneral �bre is homotopy equivalent to S1 _ S1. We may take as general linear forml = x + y. Then �(l; f) = f2xy2 + y + 1 � 2x2y � x = 0g and its intersection withFt is 4 points, if t = 0 or t = �14 and 5 points for the other values of t. The �breF 0 = Fgen \ fx+ y = sg is 4 points, for generic s. We get 
1gen = 
10 = 5, by Theorem1.5 and 
1� 14 = 4. We compute the zeta-function of the monodromy h� 14 . We have4 points fq2; q3; q4; q5g = �(l; f) \ F� 14 and to each such point there corresponds amonodromy on the relative homology H1(I; @I) which is the identity. The monodromycorresponding to the point q1 = �(l; f) \ F� 14 is not the identity, since it switches thepoints @I. This relative monodromy cannot occur as monodromy of an ordinary Morsepoint, therefore the singularities at in�nity represent a new type of singularities. Theirbehavior, from the point of view of monodromy, is investigated in [7].By Theorem 1.5, we get:�h� 14 (t) = (1� t)4(1� t)�4(1 + t) = 1 + t:References[1] S.A. Broughton, 1983. On the topology of polynomial hypersurfaces, Proceedings A.M.S.Symp. in Pure. Math., vol. 40, I, p. 165-178.[2] H�a H.V., Lê D.T., 1984. Sur la topologie des polynômes complexes, Acta Math. Vietnamica,9 , p. 21-32.[3] Lê D.T., 1975. La monodromie n'a pas de points �xes, J. Fac. Sc. Univ. Tokyo, Sec. 1A, 22,p. 409-427.[4] Lê D.T., 1978. The geometry of the monodromy theorem, C.P. Ramanujam { a tribute, TataInstitute, Springer-Verlag, p. 157-173.[5] D. Siersma, M. Tib�ar, 1995. Singularities at in�nity and their vanishing cycles, Duke Math.Journal, 80:3, p. 771-783.[6] D. Siersma, J. Smeltink, 1996. Classi�cation of singularities at in�nity of polynomials ofdegree 4 in two variables, preprint no. 945, University of Utrecht.[7] D. Siersma, M. Tib�ar, 1998. Singularities at in�nity and their vanishing cycles, II., manu-script.[8] R. Thom, 1969. Ensembles et morphismes strati��es, Bull. Amer. Math. Soc., 75, p. 249-312.[9] M. Tib�ar, 1993. Carrousel monodromy and Lefschetz number of singularities, L'EnseignementMath. 39, p. 233-247.[10] M. Tib�ar, 1998. Topology at in�nity of polynomial maps and Thom regularity condition,Compositio Math., 111 (1), p. 89-109.



Topology of polynomials and monodromy dynamics 7[11] M. Tib�ar, 1998. Asymptotic equisingularity and topology of complex hypersurfaces, Int. Math.Res. Not., 18.[12] J.-L. Verdier, 1976. Strati�cations de Whitney et th�eor�eme de Bertini-Sard, InventionesMath., 36, p. 295-312.


