MORSE RELATIONS FOR CURVATURE AND TIGHTNESS

Nicolaas H, Kuiper

Abstraot In chapter I we define the oritical points of a oontinuous function

Q: X+ IR on a compact mstric space X, and the Morse polyncmial for an isolated
oritiocal point, We reproduce the proof of the Morse relations for a funotion with
isolated oritiocal points for this more general set-up., In chapter II we define
polynomial, absolute &nd alternating cwrvature measures of certain maps or embeddings
of X into B' in terms of oriticsl points and we obtain Morse relations for these
curvature measures. In chapter IIT we discuss maps (and sets) in E' of minimal
total absolute ourvature (tight maps) and we recall some results on tight embeddings
of smooth, piecewise linear and topological manifolds.

I, Morse relations

Apoint x & X in & metrisable topologioal space X (we have in mind manifolds
with or without boundary and simplioial complexss) is oalled non oritical for a
continuous function @: X~ R, if there is for some neighbourhood U of x in
X a homeomorphism (call it & chart) W: U- Vx J, J an open set in TR, and a

computative diagram with Py and Py the projections onto the factors V and J:

U——)K V X J ey V

P
P, (2)
R

Otherwise the point x is called critical and (@(x) is called a oritiocal valus.

For example, the function @ = z has on the sphere
[(x,y,z)emjxxz«fyzﬁ»zzsll and on the ball
i(x, ¥, 2) elm? 5%+ y2 + .'.2 < 1] only two oritical points, namely (0, 0, 1)

This is & considerably extended version of one of & series of four lectures
given at the Liverpool Summer School on Singularities, June 1970.
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and (0, 0, -1) in each oase.

Ve write

qf!‘:[xexx'f(x)f_sl. (2)

We assume moreover that any pair of spaces (%, V‘) for & < b, has finite
dimensional singular homology groups over & field IF to be kept fixed, with the

usual exact split triangle in homology:

H, (¢) —i—3 H (g )

’\ J (3)

Ho ('fb’?a
Recall that 2 @ Hk("fb’ ‘fa) - Hk-l(‘fo.) deoreases the index., We have written
B. = :‘t’ eto.

Define the Poincare polyromials:

Hp) = s H (g

Plgyr ) = B din Bl g)t"
In 3) = i dim (Hk(th) N Im a).tl‘.

Then (3) yields

Pley o) - [Plg,) - P(g)] = (1 + ¢) P(In 2)

or we have the preliminary Morse formula:

Plg,» o) - [Pg,) - g,)]

1+¢

¥ o (&)

Here ) is an order relation between polynomials such that P} l”2 as well as

Pl - sz 0 means that all coefficients of the polynomial Pl - P2 are non

negative,
bserve that if two polynomials I uktk end I ﬂktk obey the Morse

0 k>0
relation
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Zuy e LB, £

0 (5)
1+ %

then we get the ususl expression for the Morse inequalities:

t = -1 gives I (-l)k H =% ("1)1: Py s (6a)
k

E(u, - B ) t ¥O glves u > 8B, ; (60)
koS i

X(uk - ﬁk) t Ei.0 (=t)" Yy 0 gives

J a4
”J-u3-1+"'+(-l)ﬂozpj—ﬁj-l-*...*(l) po' (&’)0

We now prove scme lemmas,.

Lemma 1. If ‘fb is compact and there is no critical value in the closed interval

[a, b], then Ga is a deformation retract of ..

Proof, (Pollowing M, Morse's methods) Por any point x € ‘ﬁ;\ \fa we use & chart
¥t as in (1) for which U c (X \\Qa) and we define easily a continuous map

hx : X= X with the following properties:

hx(y) =y for y €U
p, ®(h _(v)) = pynly) for yeU
p, ¥h (7)) < p,0v)) . (7)

P, Ml (x)) < pr(x)

A deformation hx 0<t<1l, leading from the identity to this map can be

t!
’
defined by the same equations as hx, replacing the inequalities by

ppUo, () = (1t} pa(y) + tojh, (v). (8)

For a point x with Y(x) = & we use a chart M as in (1) but we now define

the continuous map hx : X=X so that is has the propertiea:

hx(y) = y for y#U and for P(y) < e

pl\thx(y) = plﬂ.(y) for yeU
e <p M () ¢ pMly) for yeY end VE) > e (9)
pzl(hx(y) = & for yeU and lf(y) >a

and y in some neighbour=-

hood of x.
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b, 1s again defined as above (see (3)).
’

There is & finits set of continuous maps (2) and (8) such that every point
¥y in \Qb\ \p, i non-invariant under at least one of them. Let h‘.l.’ h2. seey hL
be such & set. Then the composition hL hL-l . h2 hl = h is a oontinuous map of
X onto X. By compaotness there exists ¢ > C suoh that h(‘fm) =\p,» and there

exists & > 0 suoh that
Qn(y)) < &y) -8 for s +¢ <R(y) <b.

Then it follows that
h"(qb)-\f. for (N=1)>b-a-~c¢,

and hN(y) = y for y e\p,.

hn is a retraction of \Qb onto \p . By recalling that it is the oomposition of
N x L elementary deformations (7) or (9) we see that ¥ is a dsformation
retraction namely the composition (one after the other) of the corresponding
deformations hx,t’
lomus 2. If \9, 43 compact and the only oritical value in [o, b] is o, and if
all oritical points with this oritical valus o are isolated, then \?o is a

dseformation retract of ‘*b'

Proof. Iet ¥ be the (finite) set of oritical points at level = ¢, and denote:

‘ofon {xe X :\g(x) < ol cf,-

For any point x in \Qb N [\?c UK} we can find a neighbouwrhood U not meeting
K and a ocontinuous map b, s in either (7) or (5). Let
v DU;:UZ ) U;DU} «es be & nested sequence of neighbourhoods of ¥ in X
with intersection r\ Uk = . We may just as well assume that each Ui has one
component for each point of Y, namely one containing that point,

There exists a finite set of maps (7) and (9) such that every point y in the
compact set \§, Ui-o-l is non-invariant under &t least one of them, Let h" be
the composition of these maps. Of course h"(y) =y for y e\g. There is by the

construction of h"™ an ¢" > 0 such that

W (ppen > Tyg) € e
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il 1

N

Lot p(e) = supye distance (h"(y), y) wheére the distance is with respeot
+€
to any fixed metric on X, p(¢) is & ocontinuous funotion of ¢ > 0 and

#(0) = O, Hence we can find 0 < €' < €" such that

plet) < wﬁ“gp“"i distance (y, z).

Lot h' be & deformation retraction of \?b onto g ..« 88 oconstructed by

lemma 1.

A
Then h(i) is & oontinuous map of \g, into ¢ U T, (1) with

h(i)(y) =y for ye\g.
(k) | (k1) (2) (1)
And limk.... h h ess h h is the required retraotion of \?b onto Qa,
which by its construction as a composition of deformations, and the fact that Ui
for i - » converges to the finite point set K, 1is a deformation retraction as

required in the lemma,
Lemme 3. Iet c € (a, b) be the only critioal value of the funotion \Q: - R

in the olosed interval [a, b] and let the critical points be isolated, Henoe,

they form 2 finite set K. Then we have isomorphisms for the natural maps
Bebfrtta) € BRI Bl g, B —
o B ipp N (20)

Proof. The first isomorphism is a consequence of lemma 2,

The last isomorphism follows by the excision axiom, The second homomorphism is an
isomorphism, because Hk(\fo\ K,\Q‘) = 0 for all k, This is the case bascause
every (finite) singular chain in T K is contained in soms compact part of

) K and the union of P, and that part can be homotoped inside ‘p N\ ¥,
keeping fixed every point of § a? first into ‘fo_( for scme ¢ > 0 and then onto

R,s With a construction as before involving maps {7) and (9). Therefore the

homomorphism
H, 0¢) —H, G\ W
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is injeotive (take a singular cycle representing eny element in B‘(Qf.) and
suppose it bounds & chain in ?o\ K), as well as surjective (take a singular
oycle in %\ K). Hence it is an isomorphism, and so H‘ (\e\ K,\Q.) = 0,

If x is an isolated oritical point of R X—+ IR with critical value o,
then

M(q, x) = B (@, x) ¥ = 2 &in B (9, Q\Ix)E" (1)

is called the Morse polynomial of x, and pk(q. x) is the multiplicity of index
k at the oritical point.

y(\?, x) = zlé‘km x) is the (total) muiltiplicity &t x. (12)
Examples (The fisld I is fixed)
2 2 2 2 2 n
1) The function W= =x) =X, = eee =X 4 X * e +X I R+ R hasa
oritical peint 0 with

ugg, 0) = 5,
and with total multiplicity pdg, 0) = pk(tq, 0) = 1.
2) The funotion \f= 3 on the set

{(x, ¥, a)em5:12+y2+z2£11

has oritiocal points
(0, 0, <1) with total multiplioity (of index 0) one
and
(0, 0, 1) with total multiplicity zero.
3) The funotion \§= zf - }xlxi (= real part of (x1 + 112)3; monkey saddle) on
R2 has 8 oritical point O with Morse polynomial

¥4, 0) = 2¢

and total multipliocity = multiplioity of index 1 = u( , 0) = 2,

L) The function \Qa rj_} ~ 3“1(‘2 - xi‘) on T> has a critiosl point 0 with

Morse polynomial
M, 0) = ¢t + 2,

with ploq, 0) = “2("?' 0) = 1 and with total multiplicity 2.
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5) Let X be the cons with top p, on & space ¥ obtained from Y x I by
identifying Y x 1 to one point, and let \P be the projection into

I1=[0,1) cR.

Then \§ has the isolated oritical point p, with valus 1 (and of course &lso a
critical value 0).

In view of the exact sequence

iy (point) = () ~ B0, \20) ~ B2 @p) = B, 4p)
i
Hk-l(Y)

we cbtain
MGy po) = HPY) - 1).

Y oan be for example a real projective plans, We see therefore that the choice of
field has an influsnoe on the Mx=e polynomials, This gensral model ocours in some
neighbourhood of an isolated oritical point Dp, for any piecewise linsar function
\§ on & aimplicisl complex X', hence for any resl snmalytic function P on an
anslytio manifold X', If o dis the critioal value then there is a oclosed conical
neighbourhood X = Gone (Y) of p, in Yoo Compare with example 4).
6) For a non oritical point x the definition of the Morse polynomial applies and
gives the polynomial O,
7) If we compose & piscewise linear embedding f of a compact piecewise linear
manifold in some euclidesn space E, with & linear function z : E- R we get a
function f with in general isolated oritical pointe with oomplicated Morse
polynomials,
In the smooth case we get in general only Morse polynomials of the kind tk!

For a function q: X- R on a oompact metrisable space X with isolated

oritical points, we define the Morse polynomial of the function \§:

Mg = 2p, 0Q) . priaos x:x Ui, x) = xix ipkw, x) vt (13)

Theorem (Morse relations). If M : X+ R 4is 2 continuous funotion on & compact

motric space X with isolatad critical points, then




84

M }, 0. ()

l+t

Proof. Ilet ) €05 < wes < Op be the oritical values of \p and let

--=ao<ol<al<oz<...<gb_1<oL<¢L=-.

By (4) we have
2 MG, 08 1R ) - P, ) £
i=0 1+t

Substituting (20), (11), (13) we obtain (14).
From the interpretation (6a, b, o) of (14) we obtain in particular the Euler

characteristic
2 (-1 9 = 2 (-1)° 5, (0) = x(2) (25)
and
a0 = T (P 2 A(X) = 28, (X). (16)
If we dofine 7(X) = infig () (7)
and
7(X) = infg HulP + p(-)], (18)

with ¥ running over all functions with isolated oritical points on X, then we
have for any ¢

ulp) > v(x) > g(X) (19)
and

Hul) + u(-9] > ¥(x) > v(x) > p(x). (20)

Baamples. For & 3-manifold X which has the homology but not the homotopy type of
85 one has
v(X) > 4> p(X) = 2.

Por & space Y homeomorphic to the letter Y one has
P(Y) = 2 > ¥(Y) = p(Y) = 1,

Problem. For a manifold X let Ym(l) be equal 4o the minimal number of

oriticel points a non degensrate function ‘¥ (that is one that gives rise to a
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handle decomposition in smooth, piecewise linear or topological topology) can haves
Yyp'X) 18 independent of the field IF. By definition:

V(%) 2 7(X). (2}

Is there a smooth or piecewise linear manifold X for which YND(I) > y(X, TF)
for some or every field IF?

It is known that not every topological manifold has a handle dscomposition.
Doss every topological manifiold have a funotion with isoclated oritical points?

A space X 1is oalled & Morse - equality space in case 7(X) = 8(X) for some

nl
411 closed surfaces are Morse - equality spaces, as ocan be seen by teking IF = zz.
Hence ¥(X) = v(X) = B(X) = &4 - x(X).

II. Plynomial curvature measures

Let £ : X~ EN be & oontinuous map of & compact metric space X into a

Buclidean veotor space BN. For any linear funotion =z : x" —> IR with gradient
g e Su_l < EN & unit vector, the composition 2zf yields a funotionon X and on
any open set U C X, Fix again & field T eand suppose 2zf has isolated critical

points, Then we have the Morse polynomial

¥(zf', U) = = M(2f, x).
xel

We now make the assumption that =f has iaolated oritiocal points for almost
every unit covector =z on EN. This assumption is fulfilled for smooth immersions
of smooth mapifolds and for FL-immersions of Fl-manifolds.

Let « be the homogensous measure on 8”“1 with total valus jsN-la =1

Assume moreover that the following integral converges for every open U in Xz
k
(£, U) = zk-rk(r, U) t = 8:"531"1"(“' U) = (22)

def

M(zf, U) . a.

.[ S‘ESN-J'

Its valus is a polynomial in %, oalled the polynomial curvature msasure of f

on U, In particular
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() = (£, X) (23)

is the zgyeom:ul curvature of f.

In particular, if t = 1, we get, by (22) and (20),

f(f) = zkfk(f) =& . sn.lu(Sf)
2 E

=8 8}{.1*[#(21’) + p(=zf)] Z'V(x). (24)
2 E
We also have the Morse relations for curvature msasures

o) - HX) | o
1+t } ¢

(25)

By using the definition (22) and (23) of T(f), and the inequality (14), we have

e) - Mx) | (M)}o.
4 1+

1+t
A oconseguence of (25) obtained by substituting t = -1 in (25) is

rags® =z (D r () = x(X) . (26)

This generalises the theorem of Gauss - Bonnet.
It applies for example to & piecewise differentiable manifold with boundary,
embedded in E.

7(f) is oalled the total absolute ourvature of f.

rut(t) is called the alternating curvature of f.

The real-valued alterneting curvature measure r alt(f » U) for variable U is an
intrinsic metric invariant for smooth immersions f of smooth manifolds in o
(see [5]) and also for piecewise linear embeddings or immersions of simplicial
complexes {T. Banchoff [2] proved this last fact and he has interesting inter-
pretations of r als’ which measure in this case is concentrated in the O-skeleton!),

Some well known interpretations for owrves and surfaces are as follows. For
2-dimensional smooth surfaces in B“ one has

ralt(f’ 0 = qu%al .

For smooth surfaces immersed in B} one has:
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o, W) = (e, m - [ Ll
{K>0)
n@ v = | M;LI;
m( <O)
(e, U) = Iumgl .

For curves smocthly immersed in E" ons has

e, U) = ]'Uleg';'. i

IIT. Tight meps and sets

Amap f: X— EN is oalled tight in case it fulfills the assumptions mentioned in

II and it hes minimal total absolute ocurvature (compare (24)):
T(f) = ')-"(X)o

There are several results on tight smooth embeddings of smooth manifolds without
boundary into Euclidean spaces, their existence or non-existence, and their forms
in case of existence. Compare [5] and [ 8], where other references can be found,

T, Banchoff [1] has studied tight piecewise linear embeddings of piecewise
linear swrfaces in Buclidean spaces. For higher dimensional Fl-manifolds nothing
is known, Ferhaps tight Fl-embeddings are very rare?

In the topological ocategory we see easily that for amy convex compact set X
in B with interior points and boundary 9X, X and X are tight sets with
total ebsolute curvature 1 and 2 reapectively. Vice versa any oompaoct set X in
EN with total absolute curvature 1 is convex (essentially a proof is in [4]), and
any tight topologiocal immersion of 8" in EN is an embedding onto the boundary
of a convex (n+l)-dimensional body [8].

Tightness generalises oonvexity therefore, and several interesting problems
remain open in particular in the topologiocal category. I mention the problem of
finding all topological tight embeddings of the real projective plane subatantially
into Buclidean 5-space, and the problem of finding all closed topological tight

embeddings (suitably defined) of the open Moebius band into Euclidean spaces.
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{An example in B was found by S, Carter and A, West [3],) For the Moebius band
with boundary all possible tight embeddings seem to be within reach{9]., There exists
no smooth tight embedding. Tight embeddinga of the figure Y into Buclidean apace
have an image whioh oonsists of three straight segments meeting in one end point,
such that that end point is not a cornsr point for the convex hull of the figure,
The image lies therefore in a plans, The property "tightness" is of course
invariant under affine transformations of the target space Xw. For Morse equality
spaces the property is also invariant under projective transformations of KN
(keeping the image inside B of course), For a proof see [3].
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