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PERIODICITIES IN ARNOLD’S LISTS
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Dirk Siersma

Abstract

V. L. Arnold discovered experimentully periodicities in the classification of singularities,
These periodicities are explained for functions from €* to C, using the blowing up construc-
tion.

Moreaver the singularities of multiplicity 5 are classified.

In his paper ‘Local forms of functions’ Arnold [2] gives a list of normal
forms of functions in the neighborhood of critical points (the classification of
all singularities with number of modules m=0,1,2 or with multiplicity
=16 included). In his introduction he mentions a periodicity in the
decomposition of singularities into u-equivalence classes. According to
Arnold the phenomenon of periodicity is only partially explained and for
quasi-homogeneous singularities only, The explanation is based upon some
root technique for the quasihomogeneous Lie algebra, related to work of
Enriques and Demazure [6].

The aim of this paper is to explain the periodicity for all isolated
singularities of corank =2 and some singularities of corank 3 (including all
singularities in Arnold’s lists), using the theory of resolutions. We also give a
list of singularities of corank 2 with multiplicity equal to 5.

This paper is an elaborated version of the lecture I gave at the Institut des
Hautes Etudes Scientifiques (Biires-sur-Yvette, France) in May 1975 about
Arnold’s paper: ‘Local forms of functions’.

I thank the I.H.E.S. for their hospitality.

Added in proof:
Arnold communicated to me that:

1° Some of his students have also classified the singularities of corank 2
with multiplicity 5 (unpublished).

2° His remark about periodicities also concerns the actual computations
that occur.

AMB(MOS) subject classification scheme (1970): 32 C 40, 58 C 25
- 497
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1. Introduction

For results and definitions, mentioned in this introduction see Arnold [2]
and Siersma [10].

(1.1) The group @ of germs (or jets) of biholomorphic mappings
(C", O)—(C", O) acts on %, the set of germs at O (or jets) of holomorphic
functions €™ — € by right-multiplication. A singularity class is a subset of €,
invariant under this action. Each orbit is a singularity class. Two germs (or
jets) belonging to the same orbit are called right-equivalent.

(1.2) Let m={fe®|f(0)=0} and let A(f)=(d:f, - - - , 8.f). The codimen-
sion of fem?® is defined by codim (f) =dim¢ (w2 /A(f)} and the Milnor
number of f is defined by wp(f)=dime (£/A(f)). These are related by:
w(f)=1+dim (2/A(f)) = 1 +codim (f}.

(1.3) A germ fean is called k-determined (or k-sufficient) if for any
gEme:j°(f) = j*(g)=>f is right-equivalent with g. Tt is well-known that the
following are equivalent:
1° p{f) <w.
2° O is an isolated critical point of f.
3° there exists k € N such that f is k-determined.

(1.4) Two germs f and g are called:
(1) Right-left-equivalent if there is a ¢ € B, and a & &y such that g = fo.
(2) Contact-equivalent if there is & ¢ € @, and for every x near Oafped
(analytically depending on x) such that ii.g = fé.
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(3) Topological-equivalent if there exist homeomorphisms ¢ :C"—C" and
y:C—C such that yg=fe.

(4) w-equivalent if there exists a family f, with p(f;) = i (constant) and f=f
and fi=g.

If n#3: p-equivalence<>top. equivalence (cf. L& Diing Tring and Ramanu-
jam [8] and Teissier [12]).

A u-equivalence class will also be called w-class.

Remark. A p-class can consist of several orbits; examples are:

xt+ txzyz-’r- y4
4y +ux”y? + o’y + waly?
x+ y3 + 27+ uxyz.

(1.5) The modality m(f) of f € is the smallest number k such that some
neighborhood of (a sufficient k-jet of) f at O is covered by a finite number
of no more than m-parametrized families of orbits of @ in we.

Another characterization of modality is as follows.

Let (¢4, -+, ¢.—1) be a basis of »/A(f) and let F,{x) = f(x)+ 3w, (versal
deformation).

Define S={peC*™'|F, is p-equivalent with f}.

Gabrielov [7] proved that the modality of f is equal to the dimen-
sion of 8. So m(f)= p(f)— c(f)— 1 where c(f) = codim; {g € | ulg) = n(H}-

(1.6) SpLrrTing LEMMA. Let fem® then: f(xi, -+« x)~g(xy, +, x,)+
Qx,e1," ", x,) with ge»’ and Q a non-degenerate quadratic form.
(Here ~ means Right-equivalent,)

The number p is called the corank of f.

Codimension, sufficiency, and modality of f are equal to those of g
Moreover the classification of f follows from the classification of g by adding
Q(Xp+1, 7"+ 5 Xn)-

(1.7) Arnold [2] classified in 105 theorems:
1° all singularities with Milnor-number u(f)= 16.
2° all singularities with modality m(f)=2.

The classification of singularities follows:
1° increasing corank of f.
2° increasing multiplicity » of f; (f has multiplicity v if fe "\ »"*").
3° different factorizations of j"(f) (decreasing the number of factors).
In this way one finds (see also Siersma [10], [11]).

Corank 0,1. type A, :f=x""{n=0).
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Corank 2: .
(a) multiplicity 3—j*(f)=0, j°(f)# 0. Factorizations of j*(f):
(al) three linear factors

vy’ f=x?y+y"
(a2) two linear factors type D, (k=4)
P x%y
(a3) one linear factor f=x*+y*Es)
2 f=x"+xy*(E)
\ f=x"+y*(Eg)

f=x"+axy*+ By*(J1), etc.
(b) multiplicity 4:5 different factorizations, etc.

If p increases the classification becomes more complicated. To work more
systematically and to reduce some of the computations we propose, in the
case of corank 2, the use of the blowing up construction.

2. The blowing up construction
We consider f:C*—C, a holomorphic mapping.

(2.1) Replace O &C” by the set of all its tangent-directions (isomorphic to
PYC)). We get a manifold M that can be covered by two charts (x;, y;) and
(x2, y2), together with a projection m: M—»C?,

The charts_‘ and the projection are related by the formulae:

m{xn yi) =iy )= (% y)
(X, ¥2) = (X2, X2y2) = (x, ¥).

C=7"Y0)=PC) is given by y; =0vxa=0 and is called the exceptional

divisor, _
f:C*—C extends in a natural way to a map f:M—C:

™ ‘*‘f
.

.

.

CZ'—I_>C
If f has multiplicity k we have:

Flxy, y) = F(xay1, y1) = y1*81(x1, ¥1)
and
]F(xz, Yz) = f(-xz, X2 }’:J.) = xzkgz(xz, )’2)

for certain g, and g, defined in a neighborhood of C.
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(2.2) The set f*(O) consists of C and some other branches, intersecting
C in points wy, - - -, w,, corresponding to the tangent directions of FHO) in
O. Those branches are given by gi{(xq, y1})=0 or ga(xa, y»)=0.

In the neighborhoods of the points w,,- -, w, we can choose local coordi-
nates (£ m) such that g(& n)=¢&"+nq(& n)i=1,2) where C is given by
7 =0.

If an intersection point is covered by 2 charts then gy(x,,y,)=
xlkgl(xl, y1), 50 g1 and g, are p-equivalent near that intersection point.

{2.3) In the following paragraphs we shall obtain the following results:
1. The classification of u-classes of f can be done by local investigations
around every intersection point.

2. Different intersection points are treated independently.

3. In each intersection point there is a periodicity in the classification of .
First we compare the Milnor number of f with the Milnor numbers at the
intersection points. The following proposition is due to Pham [9].

(2.4) ProrositioN. Let f have an isolated critical point at Oe&C? Let
f7HO) have s different tangent directions w,, - -, w, in OeC? Let M be
constructed from €* by blowing up O and let f:M—C be the natural
extension of f. Denote by f; (i=1,-+,s) the resiriction of g or g» (defined
above) to neighborhoods of the points wy, -+, w.e M.

Then: p(f)=ro{ro—1)+Xi-1 (fi)—s+1 where ry is the multiplicity of f.

Proor. We consider the real morsification f of f, as constructed by
A’Campo [1]. Let C be the set of zeros of f, intersected by a small real
2-disc D,. The curve C has as its only singularities multiple normal crossings
of branches. Let py, - - -, p; be the points of crossing of €, and . the number
of branches of € around the points p.

A’Campo proved: =Yk, n{n.—1)—g+1 where g is the number of
branches of f.

The morsifications of f; (i=1, - - -, s) are constructed from f by restricting
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f. as shown in the following figure:

rg branches

In this way the set {px | k=0, -, I} is subdivided. We write now Pij -and I
in the obvious way. Let py and rp correspond to the exceptional divisor C.
Let g the number of branches of f.

Then: z .

b= X ne=D=q+1=rolo=1+ 2 Lnylny=1)=q+1

k=0
5

= rg(ro— 1)+ Z (ZHJ(TM— 1)_'qj +1)+i§1(qi— 1)—q+1

=11

=rolrg— 1)+ i,u.(fi)—s+l.

3. Periodicity of p-classes in x" + m"**

(3.1) Let f(x, y)=x"+p{x, y) with multiplicity »(p)=Zn+1. We blow up
OeC>

Then: nrn
Flx, y) = feay, y1) = x5y +plays, yoy = yilxi+ yiqalxi, y1)l

Flx, y) = f(x2, X2ya} = x5+ p (X2, X2y2) = x3[1+ Xa2a(%2, y2)]

=x;"! n).
where g:(x1, y)= yi" p(x1y1, y1) and ga(xz, y2) = x2 p(x2, X2y2)

i = 5) = (.
We consider x}+y;q:{x,, y;)=0 and 1+x3q3(x2,.y_) . N
The solutions have only one intersection point with the exceptional divisor,

={(0, 0). We next consider the map-germ:
?ir;flil)(z,)’ig)f(x(ﬂu)}’1)=x'1'+ y1q1(x1, y1) in a neighborhood of (xi, y1)=
(0, 0).
(3.2) In order to classify f up to R-equivalence it now Secms enough to
classify f; up to R-equivalence. However we have to take into account the
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following:

1° Diffeomorphisms of €2 lift only to diffeomorphisms of M with a special
form.
2° The polynomial g,(x,, yi) is not arbitrary since qi(x1, yi} =
¥ 7 p(xeys, yo).
Since w(f}=n{n—1)+u(f,), we see that #(f) depends only on w(f,).
Moreover the p-class of f follows from the configuration of its resolution.
If we apply diffeomorphisms to f; such that this resolution is still the same,
then we stay in the same pu-class. :
The resolution of f depends only on the different possibilities for tangen-
cies of f7'(O) to the exceptional divisor C. This can give a subdivision of
every p-class of fi, each subclass giving a p-class for f.

(3.3) We now return to fi(x,, Y1) =x1+y1q:(x1, yo).
1° Let the multiplicity »{y,q,)=n.
In this case a detailed study is necessary to find the possibilities for f; and
the corresponding classes for f. In some sense the singularity f; is less
complicated than f and is already treated in an earlier part of the classifica-
tion.

As an example consider n=3:x7+ y,4,(x,, Y1).

This singularity must be of type A or D if »(y,q,)=3.
A detailed study (cf. §5) gives just the following possibilities for fi:

4044 x DiDsDs DDy Dy
and the following corresponding classes for f
Es E; Eg  Jao Ja1 Jaz oz Jag Jae-a

(Here and in the following we use the same notations as in Arnold [2].
2° Let the multiplicity »(y;q;)=n+ 1.

We now have more or less the same situation as before with flx, y)=
x"+p(xy). So we blow up a second time and pet: filxi, yh=
(1)’ +ylgi(xl, y}). Now we can omit the detailed study, mentioned
above, because of the following lemma:

(3.4) PeriopICciTY LEmMA. There is a 1-1-correspondence between u-
classes of f, defined by f, and p-classes of f defined by f1.

Proor. Let f(x, y)=x"+p(x, y) with »(p)=4.
1° Arrange the normal form:

f ) =x"+x" A, a(y)+ - -+ xy"A(y) + y"  A(y)

=x“+x"_2y3kzuau-z.kyk+ s +xy"k20a1,kyk+y"+1 Z aoiy”.
= = k=0
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2° After blowing up:

n—2 k k
filxn, yi)=x1+x7""n Z Az eyt - +x1y1kz ayy1+
k=0 =0

12, Goxyh.
k=0
So

An-2,0= Gn-21=0

V(qul) =znt+le An—3,0~= An-3,1= Au-32= 0

Qo= v e =agn-1=0
If v(yiq;)=n+1 then:

flxe, y1) =

_ = " n k n+1 Z k
X a1y Y, Gpoapeay i YT Z Q1n-1+¥Y1 1T Y1 k_uaﬂ,n+ky1-
k=0 = =

The normal forms of f and f, differ only by a shift of indices

[ n—2,k+27> An—2,k

Ay n—1+k > a1,k
L Qon+k ok

So if we blow up our f a second time we have to consider for fi(x1, y1) the
same set of germs as before with fi(x1, y1). However the induced action of
diffeomorphisms has become even more complicated. But also in this case
the w-class of f depends only on the possibilities for tangencies of (fH"HO)
to the exceptional divisors C and C":

C

Since (f})"'(O) and C intersect C' in different points, every u-class of fiis
subdivided in the same classes as before, when we blow up once.
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(3.5} From this lemma follows the periodicity in the classification of
p-classes in x™ +s."". In the case n=3 we get the following pattern:

E
8 %
Epz x
Ex X —
Exn x

%g-l‘]-.—. X r—t——u
Ey
e

(3.6) Following Zariski’s definition of equisingularity, all information
about the topological type is contained in the ‘resolution-tree’, which can be
constructed as follows:

Write down the multiplicities (my, -  +, m,) of the irreducible components
of f1(0), blow up once and do the same for the multiplicities of each f.

Write this as follows:
(mls Ty ms)

(m}! e ] m:l)(n‘l?’ e L] m::). ) .(. - ‘)

Repeat this until you get everywhere one branch of multiplicity one.

EXAMPLES
rc yﬁ e yv
(1,1 3
(i, 3
71) 1
1 1

This construction and the following alternative proof of the periodicity-
lemma were communicated to me by P. Slodowy.

Proor. There is a bijective map between trees of class I and trees of class
II:

I: (my,...,m) | [ 1
(my,..., mg ) (my,...,m)
—_—
————
¥
E -
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¢ is defined by blowing up and by transversal blowing down. The
multiplicities of the new branches are the same as before.
Transversal blowing down is always possible; use e.g. the normal form:

flx, y)=x"+x"Asa(y)+ - - +xy"A(y) +y"  Ao(y)

(3.7} It is possible to start the classification of those resolution-trees and
to get in that way the classification of w-classes. We prefer to use map-
germs and to get the classification as a chain of semi-algebraic sets in some
jet-space, sincé it is then possible to compare the modality of f and f; (cf.

(5.6)).

4. Independence
(4.1) Let f have multiplicity k and let f have s different tangent direc-

tions. The k-jet of f can be given by a homogeneous polynomial j*(f) of
degree k, which factors into linear forms as follows:

jk(f)=('!le+lgly)kl e (Q,X+B,)’)k'.
From Hensel’s lemma it follows that we can factor f (at least over
Cllxi, x]): f=fi- -+ -f, where cach f is given by f(xy)=

(s + Biy)" + p(x, y), where v(p)> ki _
So we can change coordinates such that fi(£ n)=£%+p(&m) with
v(p)> k.

DerniTions. Let I1* be the set of p-classes with multiplicity k. Let
kizZk,z- -=k,=1 with Yi-, k;=k. We define TI*[ky,- - -, k,] to be the
subset of IT*, consisting of those feII* such that f has s different tangent-
directions wy,- -, w, such that the corresponding f;,---,f, have multi-
plicities ky, - - -, k,.

(4.2) INDEPENDENCE-LEMMA. The map: ¥ I [ky, -+, k,]—TT%[k,] %
- XII%[k, ]/~ defined by ¥(f)=(f, - -, f) is an isomorphism. Here:

(fl:"':fh"'sf]:"':fs)"‘(fl:"':f]:“'rfi:”'sfs)@ki=kj-

Proor. The surjectivity of ¥ is clear. The injectivity follows from the fact
that 8 p-class is determined by the homeomorphism class of its resolution
(cf. Zariski [137).

ExampLe. (a) I1'[2, 2]=I*[2] X II’[2)/ ~ : double A-series.
(b) II%[2, 1]=II*[2] x IT'[1] =1IT%[2]: A-series.

(4.3) If we combine the periodicity lemma with the independence lemma
- we see that singularity classes are repeated in several ways. Moreover in the
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detailed study of the ‘period’ in I1"[n] we meet a 1-1-correspondence with
earlier treated cases.

This happens e.g. if f; = x!+y.q:(x1, ;) and v(y.qy) = n.

X1 =x1tay, su
1=¥

that the coefficient of x} ™'y, is equal to zero. If the n-jet of f; was given by
(x;+ By1)" then, after this transformation, #(y141)> n and the corresponding
p-classes can be studied in the usual way by the periodicity-lemma. In the
remaining cases »(y,q;) =n and f, has two or more tangent directions. The
possible y-classes are already treated in an earlier part of the classification,
since in each tangent direction the corresponding singularity has multiplicity
less than n. Moreover it is not difficult to show that all these possibilities can
occur.

Since fi = x1+yiq1(x1, y1) and v(y,1q.)} = n, all tangent directions are trans-
versal to the exceptional divisor. Consequently there is no subdivision, but a
1-1-correspondence between u-classes of f; and p-classes of f,

So the full pattern of singularities of multiplicity n and with two or more
tangent directions is repeated with a jump in p of n(n—1).

This pattern becomes a part of the ‘period’ of II"[n] and shall be repeated
by the periodicity lemma.

We first apply a coordinate transformation of the type { ch

{4.4) ExampLEs.
n=2:11°[2]: Period: 57,

(A,) has multiplicity 2 and 2 tangent directions.
n=3:11"[3]: Period:
(AdANGAD * (BaD By B0

The D-series has multiplicity 3 and =2 tangent directions.
n=4:11"[4] see §5.

5. Classification of singularities of corank =2 and multiplicity v =4

(5.1) As an application of the independence lemma and the periodicity
lemma we treat the classification of the singularities, mentioned in the title
of this paragraph.

We shall only indicate results, since the classification itself is well-known
(cf. Arnold [2], [3], [4], Siersma [11], for »=3 see also Briancon [5]). We
have to consider the following cases:

v=1: The function is regular at O, and can be given by f(x,y) = x.

v=2 @ —\——f— L1

() —=—— 172]
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v=3: (a) m[1,1,1] ?

(b) %2, 1]

—HH—
(@) —m— T3]
“HHH-

y=4: (a) M, 1,1,1]
®) m2,2] ’
© —o— I2,2]
@) —= 1%[3, 1]
(€) ————— II'[4]

In the above pictures the transform of f~'(0) is given after one blowing up.

5.2) | LG [—N—F—

1°[1, 1]=II'[1]xII'[1] only one p-class, type A,, given by f(xy)=xy or
equivalenﬂ'f’ by flx, y)=x>+y%

(5.3) 2]

Let f(x, y}=x>+p(x, y} with multiplicity »(p)=3.
We blow up once and get: fi{xs, y1) = x7+ y1q1(x1, y1)-
We study the case, that multiplicity »(y,q,)=2, so:
Filxy, y) =x3+ay,+ bx;y, +cyi+ -+ and
fx y)=x>+ay*+bxy*+cy*+- - -.
The singularities of f, have been classified before, so they must be of type
Ag or A;. We get the following detailed study:

n geneic fi(x:, y1) generic f(x, y)

2 X2+, — /| (A || A: x_j+yj
3la; =0 xi+y? —2—— | (A) || As xty
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If b>~4c=0, then xi+bx,y,+(b*/4)yi+ -+ ~xi+---(diffeo respects

exc. divisor).
So the detailed study gives the ‘period™

Az Aj

(A (Ay)

The periodicity lemma gives the classes Ay, As, -+, Aok, Askag, - " - .

So in the TI°[2] we get the following singularity classes:

As Aj Ay As As Aq Ag

(A)  (A)  (A) (A (A) (A9  (Ag

A, is given by f(x, y)=x*+y "

(5.4) | I°[1, 1, 1] 4—,%__

IP°[1, 1, 1]=II'[1]x I'[1]X IT'[1]: only one u-class, D,, given by f(x, y)=

x*+y>, or equivalently by f(x, y)=x%y+v°.

(5.5 | Mm[2,1] |-==2

IP[2, 1]=TPP[2]x II'[1]=II"[2] = A-series Di.s <> (Ay, Ag) > (A).
We get the types:

DS Dﬁ D'J' Dﬂ DQ D]D Dll

A class of type Dy(k=4) can be given by: f(x, y) = y{x>+y*").

¥=3

(5.6)| M’[3] | ——=—

Let f(x, y)=x*+p(x, y) with multiplicity v(p)=4.
Blowing up once we get: fi(x,, y1)= 13+ y1qi (%1, yo)-
We study the case, that multiplicity v(y1g1) =3, so:

fi(xy, }'1)=x:1i+ﬂ1}’1+blx1)’1+bz}’f'f'ﬁx%)’l‘*‘ CaX YT+ Cayi+ -

and:

fx, y)=x"+ ary* + bixy® + bay™ + €1 x%y + caxy ooy - oo,

The singularities of f, have been classified earlier, so they must be of type
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A or D. We get the following detailed study:

p generic fi(x;, y1) generic f(x, y)
xi+y | (A0 | E 2 +y°
a, =0 Nty —"}l— (A E, A +xy’
b, = 3+ — (Az) Ey 2+y
X |bo=0 The A -singularities with k =3 don’t occur
10 xi+ y% ’_>}<_ (D_q) Jg,o x3+ yﬁ
10+i Byt | D | (Dua) || Jas | STy
So the detailed study gives the ‘period’
E By Ey  dzplaplyalaaetes
(A(AD(AZ DyI(DNDHDY) =+
J3.i:‘.')”';

The periodicity lemma gives classes Ejp, Eis, Eu, J30:7

Eci, Esis1s Esicr2s Jevr0: 7775 w1
Thus in T°[3] we get the following pattern of singularity classes:

Eg Ey By x]!.u T25d32425 —
BBy Eray NEENY

EnEyy me Isn ——a

Egy Jsn e

E}RC—I X =—s—a
E.‘!.ﬁ
REMARK ABOUT MODALITY. First we recall the formula m(f)=
w(f)—c{f)— 1. Consider again the case I1°[3]. It is known that w(Ee)=6;
c(Eg)=5 and p(E;)=7; c(Es}=6.
The semi-algebraic set A, can be constructed from the semi-algebraic set
A; by one defining equation {of course one has also to change the defining

inequalities). After blowing up we see that also Eg can be constructed from

E; by one defining equation.
Next we try to do the same for A,—> A,. Since the (A,)-type doesn’t occur

we see, after blowing up, that the corresponding defining equation for (As)
must imply the equation for (Ds).

So ¢(Ja0)=c(Eg)+1 but p(Jz0}= p{Eg) +2.

So m(Jog)=m(Eg)+1.

In the same way one shows that m(Jz,;) =1, m(E)=m{E3) = m(E4)=

1. But m(Js0}=2, etc.
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In general: m(Jor )=k
mM{Egi) = M(Egis1) = m(Egra2) =k —1.

This way of computation of the modality works not only in this example
but can be used in general.

(5.7) | I*1, 1,1, 1] _\7IJ\_{L

We get I1°01,1,1,1]=TI"[1]x ' [1]xI{1]0"'[1]: one m-class Xo=Xig
given by f(x, y)=x*+y*.

(5.8) [11*[2, 1, 1]

=3

We get I1°[2,1, 1]=T[2] x ' [1]x [I'[1] =T*[2] = A-series where Xj.o=
Xl.i o (A, A, Ao) b (AE)-
We get the types:

Xp X2 Ky 3y 4% X1k

(A AMAAN A Ay

4+t

A class of type X, ; can be given by f(x, y)=x*+x%y*+y

(5.9) |12, 2]

=2 vp=32

We get 112, 2] =T1*[2] x II’[2)/ ~.
The type Y,, corresponds to (A,—y, Ag_1)-
We have a double-A-series:

YiaYea¥iaYiaYus

ORISR ERESSEY,
B L LN ELLLL LR
aaRTRROESs
TEEETETTTETEESSSSS
NaaaESss
UM NN AN LN
NSNS
NN
NAN LN

The class Y,, can be given by f(x, y)=x""*+x%y>+y***,

(5.10) |IT*[3,1]

v=3

We get IT'[3, 1]=II"[3]x II'[1]=II"[3].
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The type Z,.s corresponds to E; and Z._y, corresponds to Ji;.

Zy ZpZy DoZaZiakg Z1x
—a—a "
(Eg) (En) {Eq) 20Uz 03 Z0nZnsZ .~
Zy) In, o x
(Zy7) Zzy x
Lo

(5.11) |TI*[4]

Let f(x, y)=x*+p(x, y) with multiplicity »(p) 5.
Blowing up once we get: fi(xi, y1) =x1+ y1qa(x1, y1).
We study the case, that multiplicity v(y:q:) =4, so:
filx, y)=xi+ayi+ bixoy + bay:+ cixiy+ cax1yi+

tesyi+dixdy +daxlyi+ daxiyiHdayt+e -
and:

flx, y)=x*+ayy" + bixy* + bay®+c1x’y’ + caxy’ + ey’ +
+dy 1Py + dox®y + daxy® F dayt -
The singularities of f; have been classified before; so must be of type

ADEJLX Yor Z
We get the following detailed study:

i generic fy{x;, v1) generic f(x, y)

12 x'{+y1 (Au) ng x4+y5

(A) || Wi |2yt

il

13 | a,=0 | x}+x9

by

I
o

The A,-singularity cannot occur, so we get next:

{Aj) Wieo x'+ Y6

i

15 x1+yi

We next get two possibilities: ¢;=0 and b,=10

16 |4by=c?| (y,+x3+x,¥] (A w# | Py’

17 =0 | (3 +xP+x3y7 (A5 we, | (Y PRty

1 4

2q+14 (y1+x%)+x1)"1]+1 (A2q+2) Wi;'—’fl—l (xf+y;)i+x},,q+j-3
29+15 {y,+x3) +xiyi™ (Angsa) || Wiag | (23+y ) +x7y"
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16 b=0 xg""’x%)?l'*')’? ﬂ (D.) Wi, x'+xy +y7

17 x‘l‘+xfy1+yz =N (Ds) Wi | x'+xPy*+y®
k+15 X xiy+yit (Dyas) | Wise [ x"+x7y* 4y

17 x4+ xy; —% (Ds) Wi, ' +xy?

18 xi+y3 —<—| (B ||Wu |x*+y

The classes E; and Eg don’t occur, because of x;.
Next »(y1q:) =4 and because of (4.3) we find all singularities of IT*—TI*[4],
so the classes X;, Y and Z.

Hence the ‘period’ is:

¢ t
W Wy W Wi WY, Wik
—e X x
(Ap)AY (AshA)tAs)

W W, T

{Dy(Ds)

W XX
I AL T .—’{’—.ﬂ.—.—-n*[],hzl
(Bs) (B,

\Y ¥?
e,
\\Q——-\ 2.2 P

2
z 1, 3]

k!
b
W)

The periodiéity lemma gives the classes Wy, Xi, Y, Z, etc.

6. Corank 3

(6.1) In the case of corank 3 we need 3 coordinates. The blowing up
process now gives P*(C) as exceptional divisor. The intersections of the
branches with the exceptional divisor are now not necessarily isolated but
form a 1-dimensional algebraic variety X. So the induced functions f,(o € X)
can have non-isolated singularities.

If the 3-jet of f has no multiple factor, then f, has only singularities in the
multiple points of X; in the other points f, is of type Ag.

In the cases we consider most f, has a singularity-type that has been
studied before. .

We list the topological classes of f, that can-occur. Next we assume that
different intersection points can be treated independently and compare the
results with Arnold’s list. The lists are identical and this means that we have
found, in this way, all the w-classes for f.
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We cannot prove this directly since {iz constant < resolution constant) is
not true if n=3.

(6.2) We consider f(x,y, z) with the multiplicity of f equal to 3. The
corresponding variety X < P(C) is given by j(f)=0.
We have the following possibilities:
(a) f=xyz+x*+y*+2°+p(x, y, 2)
X is given by xyz+x*+y*+2z* =0 and is an elliptic curve without multiple
points.
The type of this singularity is called Ps.
(b) f=xyz+x>+y*+p(x, y, 2)
X is given by xyz+x>+y°=0 and has one double point o, where
fo = Xoyo X2+ 24+ 2.4,
We get a singularity of type I1°[2], which all occur.
fo of type Ay © f of type Prsa (k=1).
() f=x"z+y*+p(xy, 2) |
X is given by x*z+y*=0 and has one cusp point &= (0:0:1) where
fa= x5+ Yo+ 2.4,
This singularity is of type E or J and all singularities of I1°[3] occur.
f- of type E, < f of type Qu+a
fr of type J; < f of type Qi
(d) f=xyz+x>+p(x, y, 2)
X is given by xyz+x*=0 and has two double points o and T, where:

fo = XoZat Xa+ Yola
fr= Xy, +x34+ 2.4,
Both are singularities of type A, and all possible combinations can be found.
[.fu' Df type AP_4
f'r of type Aq—4

This singularity class is isomorphic to TP2]x TP[2) ~ =11%[2, 2]
(e) f=x z+yz*+p(x, y, 2)
X is given by x*z+ yz*=0 and has one multiple point o, where

] «> foftype Ryq = T3 pa

fo=X22e + 224 Yoo ~ 2o+ Xo+ Yolor
We get the singularities of T1*[4], which all occur.

f, of type W, & fof type 5,1
f. of type W,.; « f of type S,
f, of type Wi, < f of type S%,

Periodicities in Arnold’s Lists of Singularities
etc., in general:
fo of type W, « f of type S,
f- of type X, <> f of type SP;
fo of type Yy < fof type SRy
f= of type Z,, & f of type SQ..

(®) f=xyz+p(xy, 2)
X is given by xyz =0 and has three multiple points o, 7 and u, where

fo = Yozo + %o,
fT = xTzT + y'rq-r
fl-t = X Yu t 2uq

O - Q(

case 4) cuse b)

case c) i case d)

N/

case ) case )} /\

case g)

515
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We get three singularities of type A and all combinations can be obtained:

fo of type Ap—s
{f, of type A,,_4_} < foftype Ty qr
foof type A,

(8) f=x*+xz*+p(xy, 2)
X is given by x*-+xz*=0 and has one multiple point, where

fo = X2+ X022+ Yoo

The following possibilities can occur:

© generic f, (X, Yon Zo) generic f(x, y, z)
12 24+ x 2+ Y, {Aq) U Brxziey!
X The A,-singularity cannot occur
2g+14| xit+xzi4xy.+zyt! | (Aysa) Ui 1+ x4 xy? + zy™He
2q+15| x2+xzitx,y.+zoydt | (Aggs) Uyzq+1 4 xzt+xy?+ 27y
16 a2yl (D) U 2 xzityd
"The higher order corank 2 singularities don’t occur.

The next case is: X2+ Xy2>+ Yol With multiplicity v(yo.q.)=3.
The 3-jet is

34 x, 224 yo (ax+ Bya+ yzi+ 8x, Y0 + EYoZo + NZaka)-

We have no restrictions on the type of the 3-jet and find all singularities of
type P, R, T, Q and 5.

We call the corresponding types of f:UP,, UR,, UT;, UQ, and US,.

So the ‘period’ of x*+x2> is given by:

‘:u % UpgUy Uy oty Uy,
(Ag) (A (A (AD(AIAL) (Apsg)
Mg UP, — series
% X G
By \"\‘- ) - serics
AR, - series
\!\\ US) — series
‘ﬁ\w‘ — seties
2wz

Uyz)
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7. Classification of corank 2 and multiplicity v=35
Ir’=1[1, 1,1, 1, 1JUII*[2, 1, 1, 1JUTI[3, 1, 1JUIT*[2, 2, 1]
U T[4, 1JUIT[3, 2]UTT’[5].
(7.1) (a) II[1,1, 1,1, 1]=1T"{1]: one w-class.
(b) TI°[2, 1, 1, 1]=IT*[2]: A-series.
{c) TI°[3,1, 11=11°[3): E/J-series.
(d) II7[2, 2, 1]=I1*[2]x I}[2}/ ~ : double A-series.
(e) II°[4, 1]=TI"[4].
(f) II°[3,2]=TI°[3]x II*[2]: E/JX A series.
(g) IT°[5] shall be described next:
(7.2) (P[5 ——== |

Let f(x, y)=x"+p(x, y) with »(p)= 5. Blowing up once we get: f;(x;, yo) =
xi+y1qa(x1, y1). We first study the case »(y,q:)=5 so:

filxs, y1) = x7 +aryi+bixays+ bayl + cixlys + czxyi
+esyt+dixiys + daxdyi+ daxgyi+ doyl
+eixiys+eaxiyi+esxiyl +egxyttesyi+ -
and
Fx, Y)=x"+ a1y + bixy® + by’ + 6127y + caxy® + e5y®
+di Xy + dax®y’ + daxy” 4+ dyy® + e, x*y?
+ex°y? teax®yC +esxy® +esytO+ - -

The singularities of f; must be classified before.
We get the following detailed study:

I3 generic f,(x, y1) generic f{x, y)

20 X+ —t (Ag) x5+ yS
b

21 |a,=0 xi+ Xy (A) ©+xy’

X | by=0] The A,-singularity cannot occur, so we have:

23 xi+yi4+xiy; ——-—-/\ be {As) 4y +xy
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We next get two possibilities: ¢, =0 and b, =0

24 C;=0xf+}’?i

) (A9

x5+ y7

5
- Other singularities of type A, don’t occur, because of x3.

5 a4 ;]
24 |ha=0pxi+xiy+yl %% (D) +xyi 4y
5 2,4 9
25 xi+xiy e | (D) Hxy+y
20+ k x5 +x3y, i o (D) S+xtyt ey
a 5 6
26 x5 +xy} '|< (Ds) >+ xy
o 232 4.2
27 x (=X v <1 (D) x(y' =% +xy
' 2 n+3
20+2n Xy =%+ (n = 4) (Da,) "(3’:"‘}2“%
21+2r xy(y,~ X1 +yi(n=4) {Dane1) 2y’ -x N +y
X e | The E, singularity cannot occur
3 B
27 %3 +xiy+yi <=| (En) 2y +y
28 xi+y: —<—| (Ea) x*+y
- Other singularities of type J or E cannot cccur
29 ]+ Xiy ¥l % (Xo) P+ +y?
30 x5+ xy 4yt —% (X10) 24x7y +y°
a — 5 -1
30 Yl(xl_}’t)-(xl—z)’:)+x§ 39& (X1 O H{x-y )2 s
X(x=2y7)y
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- Other singularities of type X cannot occur.
31 xi+x1yi+yl — (v x4 xty 4yt
26+k xiExiyi+yt (Ysy) 24 xtyt 4 yE

- Other singularities of type ¥ and other tangentdirections don't occur.

31 X3+ x93 —"% (Z.) x*+xy’

31 xi+xiy+yi =Yl (z,) 4x’y +y'?

32 xi+xly, +x,y} % (Z12) X+ 1%y + xy®

33 xi+xiyityl =Lz x*+xPyi+yt
Also all other singularities of type Z oceur,

32 x} +yi —<—| (W) x*+y’

- Other singularities of type W don’t occur.

Next »(y14:) =5 and because of (4.3) we find all singularities of II° - 11°[5].

So the ‘period’ is:

— X .
(Ap)(Ag) Az (A4} (Ay)
(D) (DsHDE (D) By} 2y)
{Ds)D (D) (DY)
X e
{E7)(Eg)
%
o) Kg)

()_{m)[‘fs,s}(ys.ﬁ)

4
)

%
21 HZ M2y

2
(W)

—a—a X

-1

\
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8. Morsifications and intersection forms
]
The general reference for this paragraph is ACampo [11.
. . . . - B
(8.1) A morsification h of f is a nearby germ h, with only non-degenerate B 2 E N 8
i . o R o § o | & 3
critical points. v P by N z
2 . s . ~ 5] E HAax]ln o C - =
A’Campo constructed for every p-classof f:C°—C a morsification with g LA I E = T "E s
(e - . s 0 T+ - I T T 8
real critical points, using the blowing up construction. AR N - e e | =
. . -1 e} . . Lal - -;_ E ’:‘.; ';g u P " [=]
The intersection h™'(O)NR> consists of a curve C with only double $E|<g| SE250 > S| F R ]
: E% 5 G TIoLL
points and: 23 T i Y S =
nE s8R - =5 = N Ex F
(number of double points)+(number of regions) = p. et il |5 . R . R . -
" = Py s 5= -
. . .. . . L ]
The vanishing cycles and their intersections are determined by the curve C. < = 4 s i = : -
ExamrLE. {Eg) e e 2] l 8
. . . = ] - ’ ; :
We simplify this g | x = N o 8
picture to £ 5 k: x 5
g |2 B E; ) 5
. . ~ et 1) Al ™
In the following pictures {(and those of table 11I) one has to replace the T |a 3 Bk =
. . . . . . Ter . = Y b= i =]
multiple intersecting lines by lines in general position, as follows: & |3 E 5l o
~ k3 =
s g " " =
E g 5 x w |3
—_— 8 |= ity z = I
\ g |- E o 1Y oA S
=1 = 5 " :\.‘" f— £ 3 ~
8 |5 E 5 = x n
% = “4: at o X x ot -
/ = 2 A AL N EI._.— ————————————— -
o |~ S gy B ) =
e A 63 16 I Sporeet Nk
& TP . . . TR s w |2 .,_-2 ot iy _.,;'"',_’_1 ——————————— ~ x =
(8.2) The periodicity of the ciassification induces 2 periodicity of morsifi- 3 || el *,. £ |=
cations and intersection forms. o= 1S uzl' [ } =t |7
~| < edquig—"
ExXAMPLES o <y S — P
t . w| <48 @
S %6% Sock- yoeX -| 3a -
! - < L -+
I ~ -
D4 JZ.U 13.0 J4|[] ~ :_ .
(one has to contract along the dotted line to get the next picture). | I < ! -
: - : ] !
| Pl o 3
.
=g S o N & =
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TasLE 11, List of morsifications.
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