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Preface

Fourier Theory belongs to the basic mathematical prerequisites in many technical and
physical disciplines as Astrophysics (radar technology), Electronics, Geophysics, Infor-
mation Theory, Optics, Quantum Mechanics, Spectroscopy, etc., etc.. Everybody who
works in such a field should feel comfortable with Fourier transforms. But Fourier The-
ory also plays a fundamental role in Mathematics, in subjects as Partial Differential
Equations, Numerical Analysis, Stochastics, etc.. Fourier Theory is considered to be a
hard subject in Mathematics that can not be properly presented to math students in
their first or second year. Some familiarity with Measure and Integration Theory and
Functional Analysis is required. Mathematical textbooks spend one hundred pages or
more to discuss the basic principles of Fourier Theory (see, for instance, [5, 11]), while
engineering textbooks never use more than ten pages (see, for instance, [9, 8, 2]).

The order of integrals and limits is routinely exchanged in the exposition of the
theory. In addition, many sequences of functions show up that are supposed to converge
but of which convergence is not obvious, and often it is even not clear in what sense
they converge. Physicists and engineers appear to have less problems with these type of
complications: based on physical arguments, they often ‘know’ whether a limit function
exists.

Thorough mathematical discussions of Fourier Theory often do not pass the treat-
ment of the basics. In these notes, we want to demonstrate that there are also interesting
mathematical aspects associated with applications of this theory. We can only address
a few applications and a few fundamental mathematical aspects. For more interesting
mathematical discussions, we refer to [10, 7].

Firstly, we collect some basic properties of the theory. At a number of places, we
describe where the mathematical problems are and we indicate how they can be solved.
The discussion will not be completely rigorous, but it will be more fundamental than
in many technical textbooks.
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4 1 PRELIMINARIES

1 Preliminaries

For ease of presentation, we assume that the functions in this section are complex-valued
and that the scalars are complex numbers. However, the definitions and statements
can also be formulated for the ‘real’ case.

1.1 Norms. Let V be a vector space (function space).
A map || - || from V to R is a norm if the following three properties hold:
D=0 Jiflf=0ifand only if f =0 (f €V),

2) If+all<Ifll+lgll (f,g€V) (triangle inequality),
3) A=A (fFev,AeC).

A sequence (fy,) in V is a Cauchy sequence if lim,~m—co || fr. — fml] = 0.
The normed space V is complete if each Cauchy sequence (f,) in V converges to
some f in V: lim,_. || fn — f]| = 0.

The following variant of the triangle inequality is often useful (see Exercise 1.1)
A =lgl| <17 =gl (fg€V).

1.2 Examples.
Sup-norm. For complex-valued functions f defined on some set I, let || f||~ be defined
by

£ lle = sup{| ()| |« € T}. M)
Then, |||/ defines a norm on the space V = C(]a, b]) of all complex-valued continuous
functions on the interval [a,b]. Here a,b are reals and b > a. | - || is called the

sup-norm or co-norm. The space C([a,b]) is complete with respect to the sup-norm. If
(fn) converges to f in sup-norm, then we will also say that (f,) converges uniformly
on [a,b] to f.!

The sup-norm also forms a norm on the space L*°([a,b]) of all bounded integrable
functions in [a,b]. This space is complete with respect to the sup-norm.>

1-norm. For functions f on [a,b] for which |f| is integrable, let || f||; be defined by

b
9= [ s ae )

Then || - ||; defines a norm on the space V = C([a,b]); || - |1 is the 1-norm.

"More formally: if € > 0, then there exists an N € N such that ||f — fulcc < € whenever n > N.
This implies that |f(z) — fn(z)| < € for all n > N and all z € [a,b]. The value of N depends on € but
not on x and that is where ‘uniformly’ refers to: we can use the same N for all z (in formula: Ve3N
such that Vz ...). The statement ‘the sequence of functions (f») converges to the function f’ may also
refer to point-wise convergence: limp_.o0 fn(z) = f(z) (x € [a,b]). In such a case, we have to find an
N for each ¢ and each z (in formula: Ve,z3N ...): the N is allowed to depend on z.

In case of ambiguity, we will use the words ‘uniformly’ and ‘point-wise’ to specify in what sense the
convergence has to be understood.

20ur functions f will be complex-valued and defined on I = R or on some interval I of R. Inte-
grability and integrals have to be understood in the Lebesgue sense. But, for ease of interpretation,
one may think of integrable functions f as functions that are continuous or continuously differentiable
in all points in the domain I of f with the exception of finitely or countably many and for which
Ji1f(@)] dt exists. The integral f: |f(¢)| dt over (a,b) C R can be understood in a Riemannian sense.
If, for instance, f(t) = % for ¢t # 0 and f(0) = 0 then f is continuous everywhere except in 0 and f is
integrable over each bounded interval.
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FIGURE 1. The functions f1 (left graph) and the f2 (right graph) coincide except at 3(a + b).

The space C([a,b]) is not complete with respect to || - ||; (see Exercise 1.4).

Let L'([a,b]) be the space of all complex-valued functions f on [a,b] for which
|f| is integrable (i.e., ff |f(t)] dt < o0). The function f, defined by f(a) = 1 and
f(t) = 0 for all t € (a,b], shows that there are non-zero functions f in L'([a,b]) for
which ||f||1 = 0. Therefore, || - ||; is not a norm on L!([a, b]). However, often the value
of a function at a single point or at a few points is not of importance: for instance,
in many application, functions f; and fy as in Fig. 1 provide the same information
(fi(t) =0 for t < 3(a+b), f1(t) =1 elsewhere, and fo(t) =0 for t < L(a+0), fo(t) =1
elsewhere (¢ € [a,b])). In these cases, there is no objection to identify functions f and
g that coincide almost everywhere, i.e., for which the set N' = {t € [a, ] |f(t) #g(t)}
is negligible.® In particular, we can identify the the functions f; and fs of Fig. 1: they
differ on a set that consists of one point only: N = {3(a +b)}.

If, in L'([a, b]), we identify functions that coincide almost everywhere, then || - ||1 is
a norm on L!([a,b]) for which L!([a,b]) is complete (cf., Exercise 1.4).

2-norm. For functions f on [a, b] for which |f|? is integrable, let || f||2 be defined by

b
I£12 = [ e a ®)

Then || - ||2 defines a norm on V = C([a,b]); || - ||2 is the 2-norm.

Let L?([a, b]) be the space of functions f on [a, b] that are absolute square integrable
(i.e., f; |f(#)]? dt < o). If, in L%([a,b]), we identify function that coincide almost
everywhere, then || - |2 is a norm for which L?([a, b]) is complete.

Quadratically summable sequences. For sequence (j) ez, of complex numbers,

| ()2 =

defines a norm on the space £2(Z) of all sequences of complex numbers that, in absolute

value, are quadratically summable: (%(Z) = {(,uk)kez‘ Sk el < oo}

Some norms are induced by ‘inner products’. These norms have additional proper-
ties that make them of special interest for theoretical analysis.

3A subset NV of R is negligible if it has measure 0, i.e., [xn(t) dt = 0, where xa'(t) = 1if t € N
and xn(t) =0 if t € N. The negligible sets that we encounter will often consists of one or a few points

only. But sets like {1 |n € N} are also negligible.
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1.3 Inner products. Let V be a vector space (function space).
A map (-,-) from V xV to C is an inner product if the following three properties hold:
1) (f.f) =0 (f,f)=0ifandonly if f=0 (f € V),

2) (f,9)=1(9.f) (f,9€V),
3) the map f ~ (f,g) from V to C is linear (g € V),

that is, (alfl + a2f259) = al(flag) + 042(f2,g) (al’OQ € C, flaf?ag € V)
If (-,-) is an inner product on V, then

=V (FeV) (5)

defines a norm on V (see Exercise 1.5).
We say that f is orthogonal to g, denoted by f L g, if (f,g) = 0.
Pythagoras’ Theorem holds for spaces with an inner product (see Exercise 1.6):

If+al> =1fIP+1gl>  (f.9€V, fLyg). (6)

Pythagoras’ theorem together with Cauchy—Schwartz’ inequality (below) makes the
inner product to a powerful object in theoretical arguments.

1.4 Cauchy—Schwartz’ inequality. If (-,-) is an inner product on V with asso-
ciated norm || - ||, then

[l <IfA-Mlgll - (fg€V). (7)

We have equality only if f is a multiple of g.
Proof.  Assume that ||f|| = 1 and |g = 1. To show that |(f,g)| < 1, consider
¢=(f,9)/1(f;9)]. Then, C(f,g) =|(f,9)| and

0<(f—Co. f—Co)=fI*P=C(f.9) — C(f,9) + llgll* = 2(1 = |(f. 9)).

For the proof of the last statement, see Exercise 1.7. O

1.5 Examples. For functions f,g € L?([a,b]), define

b
mmz/fmmwm (8)

If we identify functions that coincide almost everywhere, then (8) defines an inner
product on L?([a,b]) that is associated with the norm in (3).

Note that ||fl1 = [ [F(O)] dt = (1f,1) < [|If2 ][]z = vVE—allf[l2. Here, 1 is the

constant function ¢ ~~ 1 and we used Cauchy—Schwartz.
b b
Moreover, [|f[ = 2 1F(H? dt < [* I dt = (b a) | f]&. Tn summary,

Il < vo—allfllz,  [Ifll2 < Vb—alflle- (9)

Note that the inequalities are also correct if, say, ||f|le = oco.

For sequences (uy), (vy) € £2(Z),

<), vk)>= > Tk (10)

k=—o00

defines an inner product on ¢2(Z) that is associated with the norm from (4).



1.6 We learn from the above examples that a space can be equipped with more
than one norm. It depends on the application what norm is the most convenient one.
For instance, in actual numerical computations in which one approximates complicated
functions on [a, b] with simple ones (as polynomials or finite linear combinations of sines
and cosines), the sup-norm is the most popular norm for measuring the error, while
the 2-norm is preferred in theoretical considerations.

The estimate ||f|l2 < k|| fllo (f € C([a,b])), for kK = /b — a, implies
nh—>Holo Hf - anoo =0 = nh—>Holo ||f - fn||2 =0. (11)

The norms would be equivalent on C([a, b]) if we also could find a k such that ||f||cc <
K| fll2 for all f € C([a,b]). Then convergence with respect to (w.r.t.) the 2-norm would
imply convergence w.r.t. the sup-norm (i.e., the converse of (11)). Unfortunately, the
norms are not equivalent and a sequence of functions that converges in the 2-norm
may diverge in the sup-norm: on [a,b] = [0,1], with f,(¢) = t" (¢t € [0,1]), we have
that lim,, . || fr, — 0||2 = 0, while there is no continuous function f on [0, 1] for which
limy, o0 || f — fnlloo = 0. See also Exercise 1.9.

Conditions in Fourier theory that ensure convergence w.r.t. sup-norm often involve
f. This is essentially for the following reason: if f € C([a,b]) such that f’ € L?([a,b]),
then f(t) = f(a) + fj f'(s) ds. Hence,

b
1/ lloe < 1f(a)l +/ [f'(s) ds < [f(a)| + 1/ l21Lll2 = [f(a)] + VO = allf]2.

If S, (t) = f(a) + [} Sa(s) ds, then

1f = Sullo < V= a [}’ = Sull2-

In particular, lim, o || f/ — Spll2 =0 = limy—oo||f — Snllcc = 0 : we can deduce
sup-norm convergence from 2-norm convergence of the derivatives.

1.7 Norms on unbounded intervals. In the above examples, we considered func-
tions on some bounded interval [a,b] in R. However, we will also be interested in
functions defined on the whole R (or on semi-bounded intervals as [a,00)). For these
functions, natural norms are

5= [ 1@l e =/ [ 17O . and 1) = sup{lr @)1 € R,

For simplicity of notation, we use the same notation as for norms of functions on a
bounded interval [a, b].

1.8 Integrable functions need not to be continuous. However, they are close to
continuous functions provided that the distance is measured in 1-norm or 2-norm and
not in the sup-norm. Without proof, we mention the following result.

Density theorem. * Let p=1 orp=2. Let f € LP([a,b]).

Then, for each € > 0, there is a function g € C([a,b]) such that ||f —g|, <e. D

“In mathematical textbooks, the space L*([a,b]) is often introduced as the closure in 1-norm of the
space of continuous functions, i.e., as the space of functions f for which, for some sequence (fn) of
continuous functions, ||f — fn|l1 — 0 (n — o0). Then the density theorem is correct by definition.
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We can also find smooth functions ¢ that are close to f: for each € > 0 and each
k > 0, there is a g € C*)([a, b]) such that ||f — g||, < ¢, see Exercise 1.17. Apparently,
we can put stricter conditions on the smoothness of g, but we can not take p = oco: for
instance, for fy, defined on [—1,+1] by fo(t) = —1if ¢t <0 and fo(t) =1if t > 0, we
have that ||fo — g|lcc > 1 whenever g is continuous at 0.

The theorem is also correct if we replace [a,b] by some (semi-)unbounded interval
as [a,00) or R. Then we can find a g that is uniformly continuous and vanishes at co.

1.9 Point-wise convergence. Let I be a bounded or (semi-)unbounded interval in
R (1 is [a, b], [a,00), (—00,b], or R). Consider a sequence (f,,) of real or complex-valued
functions f,, on I and a function f such that

lim f,(t) = f(t) forall tel:

the sequence (f,) converges point-wise to f. The sequence (f,) does not necessarily
converge to f w.r.t. the || - |l2 (or || - ||1) norm even if (f,) and f are in L'(I) (resp.
L3(I)); see (d) of Exercise 1.9. The following gives a condition under which we have
|| - |1 convergence.

Lebesgue’s Dominated Convergence Theorem. If there is a g such that
1fa®)| < |gt)| forallte I,neN and ge L'Y(I)

then  lim |[f, — f]l1 = 0. 0

For extensions and applications, see Exercise 1.10, Exercise 1.11, and Exercise 1.12.

1.10 Integration by parts. If F and G are differentiable, f = F’, and g = G’,
then (FG) = fG + Fg (the product rule). Integration of this expression leads to

b
/ f)G(t) dt = F(b)G(b) — F(a)G(a) —/ F(t)g(t) dt. (12)
a a

Here, we implicitly assumed that F' and G are differentiable everywhere on [a, b]. How-
ever, it is often convenient to integrate by parts also if the functions fail to be dif-
ferentiable in some points. Formula (12) is also correct if F(t) = a + f;f(s) ds,
G(t) = ﬁ—i—f; g(s) ds (t € [a,b]) and f,g € L'([a,b]). Here, a, 3 are suitable constants
and c is in [a,b]: integration by parts only requires F and G to be primitives of L!
functions. Note that such F and G are continuous. Primitives of L' functions are said
to be absolutely continuous. Continuity of F' and G is essential for integrating by parts!
See Exercise 1.19. See also Exercise 1.18.
Example. Consider Fy(t) = [t| for t € [-1,+1]. Then fo(t) = Fj(t) = =1 for t <0
and fo(t) = Fj(t) = +1 for t > 0. Fj is not differentiable at ¢ = 0. However, if we
define fo(0) = 0 (or any other value), then fo € L'([~1,+1]) and Fy(t) = f(f fo(s) ds.

As for Fy, the derivative of fj is properly defined everywhere in [—1, +1] except at
t =0: ho(t) = fy(t) = 0 for t # 0. Note, however, that assigning some finite value to
ho(0) is not helpful now: the primitive of such an hy will be a constant function and
not a step function as fj.

Note that Fp is continuous at 0, in contrast to fo.

In the sequel, we will use expression as

‘f is differentiable and f' € L'([a,b])". (13)



Then, we will mean that

g=1f¢€ Ll([a, b)) and f(t) = a+/ g(s) ds (t €a,b]) (14)

for some « and ¢ € [a,b]. In particular, we then have that f is continuous.
Note that the Expression (13) applies to f = Fp, with Fy as in the example above.

Exercises

Exercise 1.1.  Consider a space V equipped with a norm || - ||. Prove that

A= lgl| <1 =gl (FgeV). (15)

Exercise 1.2. Prove that ||-||o defines a norm on the space of all bounded integrable functions
on [a,b].

Exercise 1.3. Which of the following maps defines a norm on the mentioned space?
(a) [~ [, 1F/()] dt on CW([a,b]).

(b) £~ [L1f/(®)] dt on {f € CN([a,b])| f(a) = O}.

() f ~» max(|[ flloo: /') on CM([a,0]).

Exercise 1.4. Let f, be defined by
fat)=1 forte[1,2] and f,(t)=1t" forte]|0,1].

Show that (f,) is a Cauchy sequence in C([0,2]) with respect to || - ||1. Does (f,) converge to
a function in C([0,2])? Does (f,) converge to a function in L'([0,2])?

Exercise 1.5.
Prove that || f|| = /(f, f) defines a norm on V if (-,-) is an inner product on V.

Exercise 1.6. (-,-) is an inner product on V, || - || is its associated norm.
Prove Pythagoras’ Theorem: || f + g||* = || f||* + lg||* for all f,g €V, f Lg.

Exercise 1.7. (-,-) is an inner product on V, || - || is its associated norm.

(a) Why may we assume that both f and g are normalized in the proof of the Cauchy—Schwartz’
inequality?

(b) Suppose that ||f]| = [lg]| = 1 and |(f,g)| = 1. Consider h = f — (f,g)g.

Show that h L g. Now, show that ||h||? = (h, f) = 0. Conclude that f = (f,g)g.

Exercise 1.8. (-,-) is an inner product on V, || - || is its associated norm.
Let ¢1,...,¢n be non-zero elements in V that form an orthogonal system, i.e., ¢, L ¢, if

n # m. Let W be the subspace of V spanned by ¢,: W = {25:1 O P, ‘Ozn e C}.
(a) Show that

N
g= ; (gﬁg;,‘ﬁgj) b, for all g € W. (16)

(b) Show that V = W if the dimension of V is equal to N.
(¢) Let f € V and g € W. Prove the following

f-gltw = |f—gll <|f—h| foralheWw. (17)
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Here, f — g L W is short hand for f —¢g 1 h for all h € W. Apparently, g is the best
approzimation of f in W with respect to the norm || - || if f — ¢ is orthogonal to W.

(d) Let f € V and g € W. Prove the following
f-glw <« |f =gl <|f—n| forallheW. (18)

(Hint: Use that ||f —g|| <||f — g+ ¢h] for all h € W and all (small) ¢ € C.)
(e) Let f € V. Prove that the best approximation of f in W is unique.
(f) Let f € V and g € W. Prove that

N
g:Z (f, n) on PN If =gl <|If —h|] forallheW. (19)
n=1

Exercise 1.9. Let (f,) be a sequence of complex-valued functions on [a,b] = [0, 1] and let f
be a complex-valued function on [0,1]. Consider the following statements:

(1) limp—oo [[f = fall2 =0

(2) lmp—oo |[f = falloo =0

(3) limy, o0 frn(x) = f(x) for all x € [0, 1].

Then (1) < (2) = (3), while all other implications are incorrect.

(a) Prove that (1) < (2) and (2) = (3).

(b) Show that (1) # (2) and (1) % (3).

(Hint: consider f,(¢t) =1—nt (nt <1), fn(?)
)

(c) Show that (2) < (3). (Hint: consider f,(t) =
fn(t)=0 (2<nt),and f=0.)
(d) Show that (1) £ (3). (Hint: scale the functions f;, in the hint of (c¢).)

0 (1<mnt),and f=0.)
nt (nt<1), fu}) =2—nt (1 <nt<?2),

Exercise 1.10. Lebesgue’s theorem.

Let I be [a,b] or R. Let (f,) be a sequence of functions on I that converges point-wise to a
function f (see §1.9), let g be a function such that |f,(t)] < |g(¢)| for all ¢t € I and n € N.

(a) Does Lebesgue’s Theorem hold w.r.t. || - ||2 convergence if g € L*(R)
(ie. |[fn — fll2 = 0 for n — oo if g € L*(R))?
(b) Does Lebesgue’s Theorem hold w.r.t. || - ||oo convergence if g € L>®(R)?

Exercise 1.11. Let f € L'(R) such that the function ¢ ~~ ¢ f(¢) also is in L!(R).
(a) Prove that g(w) = [ f(t) sin(27tw) d¢  (w € R) defines a bounden function on R.
(b) Use Lebesgue’s Theorem (see §1.9) to prove that g is differentiable and that

g (w)=2m /OO t f(t) cos(2mtw) dt  (w € R).

— 00

Exercise 1.12. Riemann Sums for functions on R.
Let g € C(R). For h > 0,T > 0, consider the Riemann Sums
Ryr= Z hg(hk), where we sum over all k € Z, kh € [-T,T).
For h > 0, let g5, be defined by g5 (t) = kh if t € [kh, kh + h).
(a) Show that gp(t) — g(¢t) (h — 0) for all ¢ € R. Show that, for each T > 0

T T
/ gn(t) dt = Rp.r(g9) (h>0) and }llirn Ry r(9) = / g(t) dt.

-T —0 -T
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(b) Suppose there is an « > 0 such that Ry, T(|g| < a for all A > 0 that are sufficiently small
and all T that are suffciently large. Show that [~ [g(t)| dt < a and g € L*(R).

Can we apply Lebesgue’s Convergence T heorem at this point to prove that the Riemann
Sums converge to [ g if, in addition, we also have that g and gj, are in L'(R)?

(c) Assume that g is differentiable and that both g and ¢’ are in L!(R). Prove that foh lg(t) —
g(0)] dt < hfo lg’(t)| dt. Conclude that

|/ ) dt - Ru(o)] < /Oo l9(t) — gn()] dt < h/m 16/ dt = hllg/|).

— 00 — 00

In particular, this leads to
[ mlas [ g ae ). (20)
[t|>T [t|>T
(d) Prove that, if g, ¢’ € L'(R), then

Errorsr = |/ ) dt — Ryr(9) s/ lg(®)] dt + Allg'|.
t>T

Conclude that
|/ t)dt — Ryr(g)] =0 for h— 0,7 — oo,

where the limit is independent of the order (that is, for each € > 0, there is a hg > 0 and a
To > 0 such that for all h € (0, ho] and T' > T we have that Error, r < ¢).

(e) Assume that g € C™)(R) and both g and ¢’ are in L?(R). Prove that
|/ t)]* dt — Rnr(lg/*)| =0 for h — 0,T — oo,

where the limit is independent of the order.

Exercise 1.13. For functions on a bounded interval [a, b], there are k > 0 and K > 0 (namely,
k=+vb—aand K =b— a) such that

1L <kllfll2 <E|fllw for all f.

Is this also correct for functions on R (with || - || and || - ||2 defined as in §1.7)?

Exercise 1.14. Prove that, for p = 1 and for p = 2, we have that
1f9llp < Ifllp lgllec  for all f € LP([a,b]) and g € L>([a, b]). (21)

Exercise 1.15. Prove that L(R) N L*>°(R) C L3(R).

Exercise 1.16.  Consider the function f on [—1,41] defined by
f@)=-1ift<0 and f¥)=1ift>0 (te[-1,+1]).

(a) Let ¢ > 0.
Show, by explicit construction, that there is a g € C([—1,+1]) such that || f — g1 < e.

(b) Prove that ||f — g]|lec > 1 for each g € C([-1,+1]).

Exercise 1.17. Let g € CY(R) and & > 0. Here, ¢ € Ny and C©)([a,d]) = C([a, b]).
Suppose § > 0 is such that |g(s) — g(t)| < € as soon as |t — s| < 4. Define

t+5
h(t) = 2_15 /ti& g(s) ds (t eR). (22)
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(a) Show that h € CUFD(R). (Hint: h'(t) = (g(t +6) — g(t — 6))/(25))
(b) Prove that [|h — g|loc <. (Hint: h(t) — g(t) = 35 f:“ g(t) ds.)

(c) Let g € C([a,b]), k € N, and € > 0.
Prove that ||g — h||e < € for some h € C*)([a, b]).

Exercise 1.18. A function F on [a b] is said to be absolutely continuous if it is the primitive
of some L!([a,b]) function f: F(t) = a + f f(t) dt for some o € C and ¢ € [a, b].

(a) Suppose F is absolutely contlnuous with L!-derivative f. Let e > 0 and f. € C([a,b]) such
that || f — fell1 < . Define F.(t) = a+ f fe(s) ds. Show that F. is continuously differentiable
and that ||F — F|le < €.

(b) Prove that each absolutely continuous function F is continuous.

(¢) Prove that each continuous piecewise continuously differentiable function F on [a,b] is
absolutely continuous (F' is piecewise continuously differentiable if for some finite increasing
sequence (¢cp = a,¢1,...,Cp—1,¢n = b), the restriction of F' to (¢;—1,¢;) is differentiable with
continuous and bounded derivative for each i = 1,...,n).

In particular, each function in C(*)([a, b]) is absolutely continuous.

(d) Consider the function
F(z) = zsin T forze [-1,0), and F(0)=0. (23)
x

Show that F' is continuous on [0, 1] but not absolutely continuous.
(Hint: f, given by f(x) = ZcosZ for z € [~1,0) and f(0) =0, is not in L'([—1,0]).)

Exercise 1.19. Suppose that F(t) = a + f f(s) ds and G(t) = B + f g(s) ds (t € [a,b])
for some f,g € L*([a,b]). Here, 6 6 Candce [a b).

(a) Prove (12) for the present F' and G using the fact that (12) is correct for continuously
differentiable functions F' and G. (Hint: see Exercise 1.18(a).)

Exercise 1.20. Suppose that F(t) = a + fct f(s)ds (t € R) for some f € L'(R). Here,
a€CandceR.

(a) Show that F' is uniformly continuous.

(b) F wanishes at infinity if F(t) — 0 for [t| — oo.

Show that F' vanishes at infinity if both F' and F’ (= f) are in L*(R).
(c) Does F' € L*(R) (i.e., f € L*(R)) imply that F' vanishes at infinity?
(d) Does F vanishes at infinity if F € L*(R), but F’ ¢ L*(R)?

Exercise 1.21. Let f € L'(R). Let € > 0. Prove that there is a § > 0 such that

/OO [f(t) = f(t+s)| dt < 2e for all s,|s| <. (24)

— 00

(Hint: use that there is a uniformly continuous function g on R such that ||f —g|j1 <e, i.e, g
is such that for each & > 0 there is a § > 0 such that |g(t) — g(s)| < &’ whenever |s —t| < J.)

Exercise 1.22. The total variation of a function F on [a, b] is the amount by which F(z) (the
graph of F' along the vertical axis) varies if we move z from a to b.

(a) The total variance of F(t) = /|t| on [—1,1] is 2 (why?), whereas the total variance on
[—1,0] of F in (23) is infinite (why?).
The formal definition of total variance Var(F) is as follows

Var(F) = supz |F(ci) — F(ci—1)]
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Ficure 2. All functions of which the graph is shown here are continuous. The function at the left,
x ~» xsin(mw/z), does not have a bounded variation. The middle function, Cantor's stair, is of bounded
variation, but its derivative is equal to 0 almost everywhere and the function is not absolutely continuous.
The function at the right, x ~~ \/m is absolutely continuous, but is not cW.

where the supremum is taken over all n € N and all increasing sequences (¢co = a,¢1, ..., Cn—1,Cn =
b). F is of bounded variation (BV) if Var(F) < co.

F is non-decreasing on [a,b] if —oo < F(z) < F(y) < oo for all z,y € [a,b], z < y. In
particular, non-decreasing functions are real-valued.
(b) Show that non-decreasing functions are of BV. Show that any finite linear combination
of non-decreasing functions is of BV. Actually, any function F' that is of BV is of the form
F = Fy — F» +i(F3 — F,) with F; non-decreasing (but you do not have to show that). Conclude
that F is of BV if F' has at most finitely many local extrema.

(¢) Prove that
Var(F) = || f[lx

if F is absolutely continuous with ‘derivative’ f € L'([a,b]). In particular, we see that each
absolutely continuous (AC) function F is of bounded variation, i.e., Var(F) < oo.

(d) In Exercise 1.23, we will construct a function F' that is continuous, and of bounded variation,
but that is not absolutely continuous. Use also this fact to conclude that

CO([a,b]) € {f]f is AC on [a,b]} € {f € C([a,b]) | f is of BV} € C([a, 1])
and that all inclusions are strict (see Fig. 2).

Exercise 1.23. Cantor’s stair.

Suppose that the function values F'(a) and F(b) at the ends a and b of the interval I = [a, b]
are known. Then we obtain the values of F' in the other points of [a,b] as follows. We devide

the interval [a,b] in three subintervals, Iy, s, and I5, of equal length, I; = a + (b — a)[0, %],

IL=a+(b- a).[%, 2], and Is = a+ (b — a)[%, 1], and we define F' on the middle interval by
F(z) = (F(a) + F(b)) for all z € I,. Note that now F has been defined on both ends of both
intervals I} and I3. Therefore, the procedure can be repeated on these two remaining intervals,
i.e., we take I = I and then I = I3, etc.. We start our construction on the interval [0, 1] with

the values F'(0) = 0 and F(1) = 1. A graphical display of this function is given in Fig. 2.

(a) Write a MATLAB code of at most 25 commands that for any given resolution h > 0 along
the horizontal axis produces the graph of F' as in center picture of Fig. 2 (i.e., if h > 0 is given,
then for each y € [0,1], F(z) is computed by the program for at least one x € [y,y + h]).

(b) In the first step, F' has not been defined on (two) intervals of total length %, in the second
step, the total length of this area of ‘undefinedness’ has been reduced to (%)2, etc.. Check this.
The set of points at which F' has not been defined is negligible. Argue that in the remaining
points of [0,1] F can be defined such that F' is continous on [0, 1].

Compute the total variation of F. Show that F’ exists and equals to 0 almost everywhere.
Conclude that F' is not absolutely continuous.
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2 Fourier series

The functions in this section are defined on R, have complex values and are locally
integrable (i.e. integrable on each bounded interval), unless stated otherwise.
Let T > 0.

2.1 Periodic functions. A function f : R — Cis T-periodic (that is, periodic with
period T') if
f+T)= f(t) for all teR.

If the function f is T-periodic, then

T T+t
/ ft)ydt = / f(t)dt forall 7eR. (25)
0 T

The space of all T periodic functions f for which

||f||1=?/0 |f(t)] dt < oo

is denoted by LL(R); L2 (R) is the space of T-periodic functions f for which

T
I flle = \/%/O ()2 dt < oo.

2.2 Fourier series. Consider an f € LL(R).
We define the exponential Fourier coefficients:

T
v (f) = %/0 f() exp(—2m’t§) dt (k €Z). (26)
With .
SN = Y Wl esprity) (), 21)
k=—n

Sn(f) is the nth partial Fourier series of f. The formal sum ", vk(f) exp(2mitL) is
the Fourier series of f. We write

[ 3 ) exp(2mit )

k=—o0

Fourier series can also be defined in terms of the trigonometric Fourier coefficients

T
ag(f) = %/ f(t) cos(27rt§) dt (k € Ny),
; (28)

T
Br(f) = %/O f(@) sin(27rt§) dt  (k€N).
Then, 27 (f) = ar(f) —iBk(f) and

5,000 = o) + 3 (an(Deostent ) + AusinCaty)) (e R). (20
k=1

Here we used the fact that exp(i¢) = cos(¢) + isin(¢).
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2.3 If fis odd (ie., f(t) = —f(—t) for all ¢), and real-valued, then

f o~ Y B sin(mt ),
k

and if f is even (i.e., f(t) = f(—t) for all ¢), and real-valued, then

f~ %Oco(f) + Z ag(f) cos(27rt§).
k

Usually, only the real parts have a meaning in Physics. We could restrict ourselves
to sines and cosines. However, mathematical manipulations with powers of e are much
more convenient.

A popular choice for T in many textbooks is T' = 2w. This choice simplifies the
formulas exp(2m't%) to exp(itk). For ease of future reference, we do not follow this
simplification.

The coefficients v, (f) are often denoted by f(k) and ]/”\is called the Fourier trans-

form of f. In the next section, we will see that the notation % f (%) would be more
appropriate.

The Fourier series of f has been introduced as a formal expression. Of course, we
would like to know whether it coincides with f: does (S, (f)) converge to f? For many
functions f it does. However, according to a construction by du Bois—Reymond (from
1872), there is a T-periodic continuous function f whose Fourier series is divergent at
some point z (i.e., (S,(f)(z)) is divergent; see Exercise 2.22). Convergence appears
to depend on the ‘smoothness’ of f and on the way convergence is measured. The
following theorem gives some conditions. For proofs, we refer to the literature. See also
Exercise 1.9.

2.4 Theorem. Let f € LL(R).

() limn—oo [f = Sn(f)2 =0 if f € LE(R).

(b) Let x € R and § > 0. If both f(z+) and f(x—) exist,” and f is CV on [z — 6, )
and on (x,x + ] with bounded derivative, then

lim S,(f)(x) = 3[f(a+) + F(@)].

n—oo

(€) limp—oo [f = Sn(f)llse =0 if f€CD(R). 0

If (S, (f)(t)) converges to f(t), then we may write f(¢) =Y po . v&(f) exp(2m’t%).

Convergence in the square integral sense (as in (a)) does not imply point-wise
convergence. The du Boi-Reymond example shows that a Fourier series may diverge at
some point even if f is continuous (even for continous functions there may be infitely
many points of divergence). However, it can not diverge everywhere: a result by
Carleson (from 1966) shows that set of points of divergence for a function f in L2 (R) is
negligible (has measure 0). It is crucial here that f is in L2(R): there are functions f
in LY(R) for which the Fourier series diverges in almost all points (Kolmogorov, 1923).

5 f(x+) exists if the limit of f(x + ¢) for ¢ — 0 with & > 0 exists. Then f(z+) is the limit value.
Similarly, f(z—) = lime>o0,—0 f(x —€).
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The Fourier series may diverge at x even if f is continuous. However, if f is
continuous at x and its series converges at x, then it converges to the ‘correct’ value:
either (S, (f)(x)) converges to f(z) or it diverges (Cantor, 1924; see also Exercise 2.13.)

The result in (b) (Jordan’s test; [5, §10.1.1]) is remarkable: the condition only
involves values of f in some (arbitrarily) small neighborhood of z, while each ~(f)
depends on all values of f. This is a general fact and is known the Riemann localization
principle: the convergence of the Fourier series to f(x) only depends on the values of
f in a neighborhood of x.

The conditions in (b) and in (¢) can be relaxed.

For instance, in (b), it is sufficient if both f(z+) and f(z—) exists and f is a linear
combination of finitely many functions that are non-decreasing® on [z — &,z 4 d] (f is
of bounded variation on [x — §,z + J], see Exercise 6.20. Note that no continuity is
required). For more theory on point-wise convergence, see, e.g., [1] and [5, §10].

In Exercise 6.20 we will see that (cf. (c)) we have uniform convergence of the Fourier
series as soon as the T-periodic function f is continous and a linear combination of
finitely many non-decreasing functions on (—37, 377 (which is the case if, for instance,

f is of the form f(t) = a+ fot g(s) ds with fOT lg(s)| ds < oo; cf., Exercise 1.18), but,
as we already know, only requiring continuity for f is not sufficient for (c).

Averaging the Fourier series (Cesdaro sums) turns the Fourier series of any T-periodic
continous function f into a uniformly converging one (see Exercise 6.19):

limy oo |15y (S0 S5(F)) = Flloo =0 i f € LL(R) N C(R). (30)

This result is elegant, because the convers is true as well: if the (average of the) Fourier
series of f converges uniformly then f is continuous (see Exercise 2.24). In addition,
it has interesting theoretical mathematical consequences (see Exercise 2.23). However,
averaging turns fastly converging Fourier series into slowly converging ones (see (d) of
Exercise 2.23) and its practical interest is therefore limited.

We will write

e}

f= Z e (f) exp(2m't§) for functions f € L2T(R), (31)

k=—o0

but one should keep in mind that the meaning of this expression depends on the way
convergence is measured (Y - ... assumes a limit, lim,_ z\klﬁn 2.

In practice, it is useful to have an estimate for the error in an approximation by
Sn(f). The theorem does not provide this information. Nevertheless, the theorem is
important. It plays an essential role in theoretical arguments; the proof of Parseval’s
formula in 2.8 forms an example.

Formula (31) tells us that functions f in LZ(R) can be viewed as a superposition

k

e>™ T with frequency %.7 The contribution of the

of harmonic oscillations t ~ vi(f)
oscillation with frequence £ has amplitude [y (f)|- If v (f) = | (f)|e™* with ¢y in

[0,27), then ¢, is the phase of f at frequency %.8

A function f is non-decreasing on [a,b] if —oco < f(z) < f(y) < oo for all z,y € [a,b], z < y.

"If t is a point of time and R represents time, then ¢ ~» €*™**“ runs through k periods in T' seconds,
that is, on average, w = % periods per second. The quantity w is called the frequency then and is
measured in Hz (Hertz), i.e., oscillations per second. We will use this terminology. Often the term 27
is absorbed in w, i.e., t ~» €' is considered. Then w is called the angular frequency.

®To understand why the expression ‘phase’ is used, note that v exp(2mit£) = |y exp(2mit £ — ¢y):
the harmonic oscillation with frequency % is shifted by ¢y.
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FIGURE 3. Elementary building blocks in an electrical network. From left to right, resistor, inductor
(coil), capacitor.

The next theorem states that there is a very simple relation between Fourier coef-
ficients of a function and its derivative. This theorem allows to translate ‘complicated’
problems from Analysis to ‘simple’ algebraic problems: differentiating is translated to
multiplication. This property explains to some extent the popularity of Fourier trans-
forms in technical sciences.

2.5 Theorem. If f is differentiable and f' € LL(R) then

Yel(f) = 2m’% Y(f) for all k€ Z.

Proof. Integrate by parts. The fact that both f and t ~ exp(2m’t%) are T-periodic
implies that the ‘stock term’ is 0. 0

In the next application, we demonstrate how Fourier transformations can simplify
the analysis of an electric current I in a circuit induced by a known varying electric
potential V.

2.6 Application. At time t, let Vo(¢) be the electric potential at the two ends of a
capacitor with capacitance C and let I be the electric current induced by this voltage
difference. Then 4V (t) = &Ic(t) for all t. If the voltage drop V¢ is T-periodic and
Z(C) = 1/(2772'%0), then v, (Vo) = Zi(C)vi(1e).

If VL(t) is the potential at two ends of an inductor with inductance L and I ()
is the induced current, then V(¢) = L%IL(t). If Vi, T-periodic and Zy(L) = 2772'%11,
then vx(VL) = Ze (L) (I1)-

If Vr(t) is the voltage drop at the two ends of a resistor with resistance R and Ir(t)
is the induced current, then Vg = RIr (Ohm’s law): if Vg T-periodic and Zx(R) = R,
then v (Vr) = Zi(R)vk(Ir)-

Now, it is easy to analyze an electric network that is constructed from capacitors,
inductors, and resistors only. As an example we consider the following circuit.

We put a T-periodic potential V' at two points that are connected with each other

by a conducting wire via a capacitor, an inductor and a resistor (see Fig. 4). According
to Kirchhoff’s laws® we have that V =Vo +V, + Vg and I = I¢ = I, = Ig.
These relations imply that £1(t)+LI"(t)+ RI'(t) = V'(t). We could employ analytical
tools to solve this differential equation for I (assuming that [ is periodic). The solution
can much easier be obtained with a Fourier transform: (Z;(C)+ Zi(L)+ Zk(R))v:(I) =
(V). With Z, = Z,(C) + Zi(L) + Zi(R) we obtain the Fourier coefficients of I from
the ones of V: 44 (I) = ZLk%(V).

9Kirchhoff’s voltage law: the algebraic sum of all instantaneous voltage drops around any closed
loop in a circuit is zero. Kirchhoff’s current law: at any point of a circuit, the sum of the inflowing
currents is equal to the sum of the outflowing currents.
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C

FIGURE 4. A simple electronic circuit.

2.7 Orthonormality. Define

1 /7 —
Fo) =5 [ 1050 a1l =VTD (o€ L5E):

(+,-) defines an inner product with associated norm || - |2 on the space LA (R).
The (¢g), with

or(t) = exp(2ﬂ'it§) = (1 (1) (teR ke D),

form an orthogonal system, i.e., (¢r,d¢) = 0 for all k,¢ € Z,k # £. Moreover, the ¢
are normalized, i.e., ||¢rlla =1 (k € Z): the system (¢y) is said to be orthonormal.
Note that orthogonality (orthonormality) depends on the inner product.
In the following sections, we will introduce other inner products for which, for simplicity
of notation, we will use the same symbols. In particular, the dependency on T does
not show in our notation.
Now, for f € LZ(R), the Fourier series can be represented as

w=(f00) (KEZL),  Sulf)= D (f.dr)dr (nEN) (32)
kl<n
and
F=> (f,o1)k (33)
k=—o00

where (33) has to be understood in the LZ-sense: |f — > ikj<n(fr Dr)bxll2 — 0O for
n — oo.

The representation in (33) is unique for functions f € L2 (R), that is, if f =
S k¢k in the L2-sense, then 7 = v (f) = (f,¢x) for all k € Z (see Exer-
cise 2.11). The (¢y) form a so-called Schauder basis for L% (R).

The representation of Sy, (f) and of f as a linear combination of functions that are
mutually orthogonal leads to an ‘infinitely dimensional’ variant of Pythagoras’ theorem
which is called the Parseval’s formula (or also Bessel’s equality) in Fourier theory.
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2.8 Parseval’s formula.

00 T
S b= [ 10Fa (e @), (34)

k=—0oc0

Proof. 1) We have that f —S,(f) L ¢ (|k|] <n). This implies that f—S,(f) L Sn(f),
since Sy, (f) is a finite linear combination of multiples of ¢ (|k| < n).

2) Now, Pythagoras’ theorem leads to ||f]|3 = ||f — Sn(F)II% + 1S, (f)]I3.

3) Since the ¢y, are orthonormal, we can repeatedly apply Pythagoras’ theorem to find
that 150113 = Spen (I

4) Finally, a combination of the results in 2) and 3) with a limit process using (a) of
Theorem 2.4 proves Parseval’s formula. 0

Replacing f by f+(gin (34) and varying the scalar (, leads to the following variant
of Parseval’s formula

> whw@ =3 [ fO0d (fge TR (3)
k=—o00
2.9 According to Parseval’s formula, the Fourier coefficients (y4(f)) of functions

f in L2(R) are absolutely quadratically summable: Y [yx(f)|* < co. Conversely, if a
sequence (pix) w7, Of scalars is absolutely quadratically summable, then it is a sequence
of Fourier coefficients of some function in L2 (R): to be more precise, g = >_ yu ¢ is in
LZ(R) and py, = v(g9) (k € Z). This result is the Riesz—Fischer theorem. Apparently,

the Fourier transform f ~» (y(f)) identifies the space L2(R) with the space ¢?(Z) =
{(/‘k)keZ| S lue? < oo}. If we equip £2(Z) with the inner product < (uy), (vx)>=
ST g with associated norm | (ug)le = /D |ukl?, then the identification by the

Fourier transform also preserves norm and inner product.
The transform (vi),.c7, ~ > Tk @k for sequences (vi) € £2(Z) is called the discrete
Fourier transform. Note that this transform depends on 7.

The orthogonality property that we deduced in step 1) of the proof of Parseval’s
formula implies also that the nth partial Fourier series is the best approximation in
some sense:

2.10 Proposition. If f € LZ(R) and S, = Z|k\§n Vi ¢ for some scalars 7y, then

Proof. Use Pythagoras and the fact that f — S, (f) L Sp(f) — S, (see the first step in

the proof of Parseval’s formula). O
2.11 An immediate consequence of Parseval’s formula is that, for f € L%(R),
lim (/) = 0. (36)
k—o00

Although there are T-periodic functions f for which [|f]|; < oo, while ||f]l2 = oo,
it can be shown that (36) holds as soon as ||f||1 < oo (this is the Riemann-Lebesgue
lemma; see Exercise 2.15).
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For smoother T-periodic functions f, the speed with which ~x(f) converges to 0
(n — o0) can be estimated.
First note that

e (< A1 f[]1-

As compared to (36), this estimate is not very exciting. However, in combination with
Theorem 2.5, it leads to interesting estimates: |y (f)| = #th(f’ﬂ < #Wﬂf’\h if f
is differentiable, or, more general: if f is i-times differentiable, then

T

")
L 1790,

I A N
el = || e < |5

This estimate can be used to obtain an upper bound on the error in S, (f) (see Exer-
cise 2.16): for some positive constants ko and ko, we have that

1f = SulDllz < mon O and [If = Sl < roon SO

Note that the speed of convergence (or, actually, an upper bound of the error) depends
on the smoothness of f.

2.12 Application: the wave equation. Consider the partial differential equation
(PDE)

0?u 0*u
W(m,t) = 02@(56,25) for t>0,z€]0,1] (37)
with boundary conditions (BC)
u(0,t) = u(1,t) =0 (¢t =0), (38)
and initial conditions (IC)
ou
u(z,0) = ¢1(z) and E(CE,O) = ¢a(x) (x €]0,1]). (39)

The real-valued functions ¢1,¢s € L?([0,1]) are known, u is real-valued and has to
be solved for. ¢ is a given real constant. Equation (37) is the wave equation: u(t,x)
describes the height of a vibrating string at time ¢ and position x. The (idealized) one
dimensional string is stretched between 0 and 1. The string is fixed at 0 and 1, which
explains the boundary values u(t,0) = u(¢,1) = 0 (¢ > 0). ¢; and ¢3 describe the form
and ‘speed’ of the string at release at time t = 0.

To solve this problem, we firstly concentrate on the solution of (37) and (38).
We try to find a solution u of the form u(x,t) = f(t)g(z). Note that it is not clear
that such a solution exists, nor that it leads to a solution that also satisfies (39).
Nevertheless, we will try and we will see that this approach is fruitful.
Substitution in (37) yields fTH(t) = 02%/(3:). Since this equation should hold for all
x € [0,1] and for all £ > 0, it can only be correct if

P/ = NEF() (¢>0) and g'(x) = Xg(a) (x € [0,1]),

for some constant A (we used A\? only to simplify notation below). Since (38) implies
that g also should satisfy the conditions g(0) = g(1) = 0, we find that g is a multiple of
sin tkx for some k € Z and that A2 = —k%72. Hence, f is a multiple of exp(wickt) and
f(t)g(x) is a multiple of exp(mickt) sin(mwkz). Note that for g it suffices to take only k
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in N. However, both A\ = ikm and A = —ik7 are solutions of A2 = —k?72. By letting k
range over Z, we capture both solutions. The PDE and the BC are linear. Therefore,
linear combinations of the solution are also solutions. Hence, for any complex sequence

(ax) € £%(Z),
t) = Z ay, € sin(mkx) (40)
keZ
is also a solution of (37) and (38).

We will now use Fourier theory to see that an appropriate selection of the aj leads
to a u that also satisfies (39). Note that ¢; and ¢ can be expressed as a sine-series:

= iak sin(mkz) and ¢9 = iﬂk sin(rkzx) (41)

k=1

with real coefficients oy and S;. To see this, consider the Fourier series of the odd
2-periodic function that coincides with ¢; on (0,1) (i = 1,2; see also Exercise 2.7). If
w is as in (40), then (39) implies that ax — a_p = oy and wike(ag +a—g) = B (k € N).
Hence, 2ax = ap —i5% and 2a_p = —ay — szc = —2ay: the sequence (ay) is odd.
Since the a4, and (j are real, we find that

(e 9]

u(z,t) = Z (ak cos(mket) + % sin(wkct)) sin(mkx). (42)

k=1

Note that, with v = —iag, (40) can be rewritten to

u(z,t) = [h(ct + ) —p(ct — z)], where (s) = Z vy, €7k, (43)

k=—00

The function 1 is 2-periodic in L#(R). Since v_j = 7%, we have that 1 is real-valued:
P(s) = 2Re(X poy Yk exp(miks)). At fixed time ¢, the graphs of the function z ~
Y(ct+x) and of x ~~ 1(ct — x) are mirror images, with mirror at x = 0. The function u
is the difference of a wave that moves to the left and one that moves to the right with
speed —c and c, respectively.

Exercises

Exercise 2.1. Consider T-periodic functions f and g.
(a) Prove (25).

(b) Prove that || f|l1 < [|f]l2 < ||fllcc. Conclude that Cr(R) C L4 (R) C LL(R). Here, Cr(R)
is the space of all continuous T-periodic functions on R.

(c) Find f and g such that |[flz < o0, ||f[lo = 0 and [lg]l1 < oo, glls = o0

Exercise 2.2. Prove the following statements for f € LL(R), n € N,k € Z.

(a) The S,(f) in (27) and in (29) coincide.

(b) f ~» Sn(f) is linear: Sy(af + Bg) = aSu(f) + BSn(9) (a.B€C, f, g€ L3(R)).
(c) S ( ) is T-periodic and continuous.
(
(

d) (A< -
e) Sketch the graphs of ¢ ~~ cos(27rt ) and of t ~ SiD(Qﬂ't%) for k=0,1,2.
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L L L L L L L . L L L L L L
-2 -1 0 1 2 3 4 5 -4 -2 0 2 4 6

FIGURE 5. The left picture displays the graph of some f on [—1,+1] (solid curve) and its 2-periodic
associate f. (the dotted curve). The picture at the right shows the graph of ¢ ~~ f(cos(t)) for t € [0, 7]
(solid curve) and for t & [0, ] (dotted curve). (See Exercise 2.6.)

Exercise 2.3. For a T-periodic function f and a real number a, the ‘shifted’ function f, is
defined by f,(t) = f(t —a) (¢t € R). Show that

fa is T-periodic, vi(fa) = exp(—2mia2) v (f) (k € Z), Sp(fa) = (Su(f))a (n € N).

Exercise 2.4.

(a) Show that f ~ 2ag + > pe ax(f)cos(2nth) if f € LZ(R) is even and real-valued.
(b) Show that f ~ Y32, Be(f)sin(27tL) if f € L%(R) is odd and real-valued.

(¢) Give a variant of the two properties above for the case where f is complex-valued.

(d) Show that each complex-valued function f on R can be written as f = f. + f, with f. even
and f, odd.

(e) Discuss the statements: ‘f is even if and only if 75 (f) is real for all ¥ and ‘f is real valued
if and only if the sequence (v (f))x is even, i.e., v_k(f) = v (f) -

Exercise 2.5. Compute the Fourier coeflicients of the following 2z-periodic functions f (i.e.,
T = 27).

(a) f(t)=0fort e (—m,0] and f(t) =1 for ¢t € (0, 7] (block pulse).

(b) f(t) =t fort € (—m,+7] (sawtooth function).

Exercise 2.6. Periodic extensions.
Consider a complex-valued function f on the interval [—1, +1].

(a) Let f. be defined by f.(t) = f(t —2k) (t € R), where k € Z is such that t — 2k € (—1,1]
(see the left picture in Fig. 5). Show that f, is 2-periodic. Is f. continuous if f is continuous?
(b) For a complex-valued function g that is defined on the interval [0,1], let h be defined on
[—1,41] by h(t) = g(t), h(—t) = g(t) (¢t € [0,1]). Is h, continuous if g is continuous? Is h,
continuously differentiable if that is the case for g7

(c) Show that f.(t) = f(cos(t)), for t € R, 27 periodic (see the right picture in Fig. 5), and

f is real-valued then f. is even. For what n € Ny is the following implication correct: if
f e C™([~1,+1]) then f. € C™(R)?

Exercise 2.7. Sine series and cosine series.

Let f be a real-valued function in L?([0,1]). Convergence and equality below is in L?-sense
(integrating over [0,1]). Further, Ny and N are the collection of non-negative integers (k > 0)
and of positive integers (k > 1), respectively.
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(a) Show that there is a 1-periodic function F in L3(R) such that F(t) = f(¢) for all t € [0, 1)
and conclude that there are real sequences (ay) € £2(Np), (Bx) € £2(N) such that

F(t) = Yoo+ apcos(2mtk) + > By sin(2ntk). (44)

k=1 k=1

(b) Show that there is an even 2-periodic function F in L3(R) such that F(t) = f(t) for all
t € (0,1) and conclude that there is a real sequence (ay) € £2(Np) such that

F(t) = Jao+ Y _ o cos(ntk). (45)
k=1

(c) Show that there is an odd 2-periodic function F in L3(R) such that F(t) = f(t) for all
t € (0,1) and conclude that there is a real sequence (3;) € £2(N) such that

f(t) =" Bisin(ntk). (46)
k=1

Note that sin(wtk) is 0 for t =0 and ¢ =1 (k € N). If f is smooth, but f(0) # 0 or f(1) # 0,
then F' is not smooth at ¢ =0 or at t = 1, and the sine-series will converge slowly.

(d) Show that there is a 4-periodic function F in L3(R) that is odd around t = 0 (F(t) =
—F(—t)), even around t = 1 (F(1+t) = F(1—t)) and that coincides with f on (0,1). Conclude
that there is a real sequence (3;) € £2(N) such that

f(t) = Besin(rt(k + 3)). (47)
k=1

Note that we can have fast convergence only if f is smooth, f(0) = 0 and f/'(1) = 0 (why?).

Exercise 2.8. Fourier—Chebyshev series.
Let f € C([-1,+1]) be real-valued, and let f. be as defined in c) of Exercise 2.6.
(a) Show that S, (f.) is of the form S, (fo)(t) = 20 + Y p_; o cos(kt).

Consider the functions
Tk (z) = cos(k(arccos(z)) for z € [-1,+1] (k € Ny)

and, with «; as in (a),

Cn(f)(x)

Jao+ Y apTi(z)  (n €N,z € [-1,+1]).
k=1

(b) Show that

To(x) =1,Ti(z) =z, (xe€[-1,41))
Tit1(x) = 22Ty (z) — Tr—1(x) (z €[-1,+41], k €N)

(Hint: cos(¢) + ¢) = 2cos(¢) cos(y)) — cos(vp — ¢)), conclude that T} is a polynomial of exact
degree k and that C,(f) is a polynomial of degree < n: the T}’s are the so-called Chebyshev
polynomials and C,,(f) is the nth partial Fourier—Chebyshev series.

(c) Prove that the sequence of polynomials C,(f) converges uniformly on [—1,41] to f if
feCWH([~1,+1]).

Exercise 2.9. Prove that S, (f) = S,(f’) if f is differentiable and f’ € LL.(R).
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Exercise 2.10. Consider the inner product and the functions ¢y defined in §2.7.
(a) Show that the ¢y, are in the space L (R).

(b) Show that the system (¢4 ) in §2.7 is orthonormal with respect to the inner product defined
there.

(c) Prove (32).

Exercise 2.11.
Consider a sequence (f), .7, of scalars. Let g, = Z|k|<n pr ¢ (n €N).
(a) Show that (g,) is a Cauchy sequence in LA (R) w.r.t. || - || if (ug) is in £2(Z).

(b) Suppose g is the limit in L2 sense of the sequence (g,): lim, e ||g — gnll2 = 0. Show that
(g9, 1) = pr. In particular, up, =0 (k€ Z)if g =0.
(c) Show that Jx = (f,¢x) (k€ Z)if f € LA(R) and f = ;- __ 7k ¢k in L% sense.

Exercise 2.12. Formulate Parseval’s formula in terms of the aj and Gy.

Exercise 2.13. Suppose f € L4 (R) is continuous and the sequence (S, (f)) converges uni-
formly. Let g be the limit function of (S, (f)).

(a) Prove that g is T-periodic and continuous.

(b) Prove that f =g.
(Hint: Use (a) of Theorem 2.4 and (a) of Exercise 2.1 to show that || f — g|l2 =0.)

Exercise 2.14. Often a function is described by a table of function values. This type of
description can be found in old table books, but also on new media like CDs and DVDs. For
instance, on CDs, a function f that represents the sound (air pressure function represented by

an electrical voltage function) is ‘sampled’ at a rate of 44100 Hertz, that is, for At = 44—1100

second, the function values f(kAt) are stored: the f(kAt) are called ‘sample values’, 1/At is
the sample frequency. Put Q = 1/(2At).

To analyze the function k ~ f(kAt) (k € Z), Fourier transforms are employed. If (f(kAt))
is in £2(Z), then the ‘discrete’ transform as mentioned in §2.9 can be used.

Define -
F(w) = Z At f(kAt) e”2TWkAL () € R).
k=—oc
(a) Show that F € L2, (R).
(b) Prove that F' € C(R) if (f(kAt)) is in £(Z), where £1(Z) is the space of absolute summable
seauences (i): 1(uo)ls = 3 e
(c) Prove that f(kAt) = f?Q F(w)e?™wkAt (k€ 7).

Exercise 2.15. The T-periodic function f is such that ||f|1 < oo.
(a) Prove that |vi(f)| < ||f — glli + |vx(g)| for each T periodic function g.

(b) Prove the Riemann-Lebesgue lemma: limy_,o y(f) = 0.
(Hint: use the fact that there are smooth functions g for which || f — g|l1 < ¢).

Exercise 2.16. Suppose f € LL.(R) is i-times differentiable, i > 1.

(a) Prove that || f — Su(£)13 = X jpysn (NP < s Iz 7 17D

(b) Prove that ||f — Sn(f)ll2 < & |f@l1n""*t2, where r=+/2(T/(2n)).
(c) Derive an upper bound for ||f — S, (f)]|co in case ¢ > 1.

(d) Let f be the 2-periodic function defined by f(¢) = |t| (¢ € [-1,+1]). Give an upper bound
for [| f = Sn(f)ll2-

Exercise 2.17. The heat equation.
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Use Fourier theory to solve the one dimensional heat equation

2
%(m,t) = 7%(1},15) for ¢t>0,z€]0,1] (48)

with boundary conditions (BC)
u(0,¢) =u(1,¢) =0 (¢t >0), (49)

and initial conditions (IC)
u(z,0) = ¢(x) (xz €10,1]). (50)

The real-valued function ¢ € L?([0,1]) is known, u is real-valued and has to be solved for. + is
a given positive constant, u(t, ) describes the temperature distribution at time ¢ and position
x in a (idealized) one dimensional string that is stretching between 0 and 1. The temperature
of the string is fixed to 0 at 0 and 1, ¢ is the temperature of the string at initial time ¢ = 0.

(a) Prove that multiples of exp(—(wk)%7t) sin(wkz) solve (48) and (49) (k € N).

(b) Find an expression for the solution u of (48), (49), and (50) in terms of linear combinations
of sin(nkx).

(c) Show that, for each t > 0, the function z ~ u(z,t) is in C(>)([0,1]).

NoOTE. Equations like the heat equation (and the wave equation) were the inspiration source
for the development of Fourier theory. The result in (a) was known in the mid 18th century
and it was also realized that linear combinations of solutions form a solution. However, it was
not clear what kind of functions could be formed at t = 0 with linear combinations of sin(wkzx)
(even the concept of ‘function’ was not clear at that time). Although, Fourier published a book
in 1822 with many particular instances of representations of functions in trigonometric series,

it was Dirichlet who started the rigorous study of Fourier series in 1829 and who introduced a
concept of ‘function’ in 1837.

Exercise 2.18. The wave equation 2.

Use Fourier theory to solve the one-dimensional wave equation (see §2.12), but now with bound-
ary conditions given by

u(0,t) =0 and %(l,t) =0 (t >0). (51)
(Hint: use (d) of Exercise 2.7).

Exercise 2.19. The wave equation 3.

We use the notations and results from §2.12. Consider (40) and note that, for fixed t, the
function w(x) = u(z,t) is defined for all 2 € R.

(a) Prove that w is real-valued, 2-periodic, in L3(R), odd around 0 (ie., w(—z) = —w(x)
(x € R)), and odd around 1 (ie., w(l —z) = —w(1+z) (x € R)).
(b) The value at a specific point z is not wel defined for L2-functions. However, w is 0 at 0
and at 1 also in a L%-sense: show that 55 ffé w(z) dz =0 and 35 11_+55 w(z) dz = 0.

Note that the Fourier series also allows to define the concept of derivative in some weak
sense.

Exercise 2.20. Dirichlet kernel.
For n € N consider the so-called Dirichlet kernel, the function D,,, given by

n

Dn(t)= ) exp(ith). (52)

k=—n
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(a) Show that D,, is even, 27-periodic, and
1 2m
— D, (t) dt = 1.
[ o 53)
(b) Show that, with ¢ = exp(it),

Da(t) =1+ Qicos(tkz) —1+2Re <Zn: gk> —1+2Re (gcn - 1) _ sinn+3)) (54)

_ 1
— — (-1 sin(51)

(Hint: Use that 21( = C2 /sin(4t). Why is this correct?)
(c) Show that

1 [27
1+ 2log(n + 1) < [|Dalls = ;/ Do (t)] dt < 2+ log(n + ). (55)
0
Here || - |1 is the 1-norm for 27-periodic functions.

(Hint: split the integral in two parts, integrate in the first part from 0 to the first positive zero

2311 of D, 1ntegrate in the second part from the first zero to 37 and use £ <sin(t) < t.)
(d) Put D, ( fo ) ds for |t] < 7. Show that

D,(t)>0 (te€(0,7]) and [ Dplloc =|Dn (271_|r1 | < 2m. (56)
(Hint: inspect the graph of D,,.)

Exercise 2.21. Sawtooth.
Let f be 2m-periodic given by f(t) = ¢ — « for ¢ € [0, 27).
(a) Is f continuous? Is f even or odd? Show that

n

Su((B) =Y = sin(th). (5)

k=1

(b) Discuss the convergence of (S, (f)) (w.r.t. || - |l2, || * |loo and point-wise).
(¢) Show that

2 =1
- = > = (58)
k=1
(Hint: Use Parseval’s formula.)
(d) Prove that
190 (f)lloo < 2. (59)

(Hint: Show that, with ¢ = S,.(f), ¢ = D, — 1 (see (54)). Now, use (56) observing that
—t < g(t) < Dy(t) for t € [0,7].)

Exercise 2.22. Fejer example.

We will construct a continuous function with Fourier series that does not converge at 0.
For ease of notation, we consider T = 2m-periodic functions.

(a) For p,q € N, g < p, define

u»-n

q
f(t) = fpq(t) = 2sin(tp) Z— sin(t7). (60)
j=1

Prove that i
apti(f) = -3 for 0<|j]<q and apy;(f) =0 elsewhere. (61)



27

(Hint: 2sin(¢) sin(¢) = cos(¢ — 1) — cos(¢ + 1).)
Show that

[Sp+4(£)(0) = Sp(f)(0)] = IZ ap+;(f)] > log(q). (62)

Show that
[l flloo < 4m. (63)

(Hint: use (57) and (59).)
(b) Now, select sequences (px), (¢x) in N such that

1
Pk + Qi < Pr+1 — qr+1 for all k € N| e loggr, — oo (k — 00) (64)

(for instance, check that with py = 2¢x and g = eks, we have that 3qx < qry1 and log qx = k3):
the Fourier coefficients o, (fp,,q.) do not ‘overlap’. Put

— 1
F(t) = Z ﬁfpkﬁqk' (65)
k=1

Show that F' T-periodic and continous.
Show that Sy, +q, (F)(0) — Sy, (F)(0)] > s loglar) — o0 (k — o).
Conclude that (S, (F)(0)) does not converge.

Exercise 2.23. Cesaro sums and Weierstrass’ theorem.
Convergence can be ‘improved’ by using Cesaro sums.
If s, = Z\k\gn ~n, then the average o, = n+r1 Z?:o sy, 1s the Cesaro sum.
(a) Discuss the convergence behaviour of (s,) and of (¢,,) in case 7, = (—1)* for k£ > 0 and
v =0 for k£ < 0.
For f € LL(R), define

J— 1 -
on(f) = n+1j205j(f) (n €N). (66)
It can be shown (see Exercise 6.19) that
Tim flou(f) = fle =0 i e C®)NLER). (67)

(b) Use this result to prove Weierstrass’ theorem:
for each f € C([—1,+1]) and each & > 0 there is a polynomial p such that

If = plleo <& (68)

(Hint: consider f.(t) = f(cos(t)) (¢t € R) and p,(z) = o, (f.)(arccos(z)) (z € [—1,+1]), and
use (b) of Exercise 2.8.)

(¢) Use (67) to prove (a) of Theorem 2.4.
(Hint: for & > 0 there is a continous T-periodic function g such that ||f — g||2 < 3e. Now,

observe that [|f — Su(f)ll2 < If = on(@)ll2 < If —gll2 + [lg = on(9)llc (Why?).)

The following example gives one reason why we do not always work with o,,(f) instead of
Sn(f)-
(d) Consider the T-periodic function f(t) = cos(2r%) (¢ € R). Show that S,(f) = f for all
n € N and So(f) = 0. Conclude that o,,(f) = 47 f and

180 (f) = flloo = 0, while [lon(f) = fllo = 737 forallneN.
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Exercise 2.24. f is in LL(R) in this exercise.
(a) Prove that
I [[f=Su(N)l=0 & feL3R).

(b) Prove that
hm |[[f —on(f)llc =0 < feCR),

n—oo

with 0, (f)f as defined in (66).
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-T2 +TI2

FIGURE 6. The picture displays the graph of some f. The graph of f restricted to [-7'/2,+7/2] is
solid, the graph is dash-dotted elsewhere. The T-periodic extension of f restricted to [—-7/2,T'/2] is dotted.

3 Fourier integrals

Functions as the V' in the application above are never periodic in practice, not even
approximately (think of the variance in voltage caused by a voice in a microphone).

We indicate how the theory in the preceding section can be formulated for non-
periodic functions.

3.1 Fourier integrals, heuristics. Consider a function f for which
“+o00o
Ifh= [l at <.
—0o0

If fe COM), T>0and w(T) =+ [F f(t)exp(—2ritL) dt then
2

Ml'ﬂ
2| N

k
Z% exp 2mtT) for te(—

(to see this, apply the theory from the preceding section to the function f, that is
T-periodic and for which f, = f on [-Z,+Z]; see Fig. 6).

In order to obtain an expression for f in terms of periodic ‘exp-functions’ that is
correct for any ¢t € R, it is tempting to drive T" to oo in the above formulas. However,
limr_oo 7:(T) = 0 for each k. If we select w € R and converge both k£ and T' to oo
in such a way that % converges to w, then we see that limp_,o T, (T) exists and is
equal to fj_ocf f(t) exp(—2mitw) dt.

If we note that, for g € C'(R) for which f+oo (w)| dw exists,

+oo
tim 3" 2 o) = [ g dw,

T—o0
kEZ —oe

(Riemann sum) then we see that, with f(w) = f+oo t) exp(—2mitw) dt (w € R), we
may expect that, for large T,
+oo

27’“ exp( 2mt Z f ) exp( 277225;) / f(w) exp(2mitw) dw

keZ keZ o
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(here we used a Riemann sum approximation): we may expect that f(¢) f +°o w) exp(2mitw) dw

~

and f(t) = f(—t).

We now give a more formal introduction.

3.2 Notations. The space of all functions f for which ||f||; = f_t;o |f(t)] dt < o0
is denoted by L!(R), while L?(R) denotes the space of all functions f for which || f|]2 =

VT2 dt < oo

3.3 Fourier integrals for L'-functions. For f € L'(R) we define
~ +oo A
flw) = f(t)e 2™ dt  for all w € R.
3.4 Theorem. Let f € LY(R).
(a) f is bounded: |f(w)| <|Ifllx for all we R.
(b) f s a uniformly continuous function on R.
(c) f vanishes at +oo: Lm0 f(w) =0.
Proof. (a) |f(@)| < [Z3 £ ()] |exp(—2mitw)| dt = [|f]1.
(b) For each w € R and § > 0 we have that
L +o0 . . A
f(w) _ f(w + 5) — / f(t)e—mt(Qw—I—&)(e-i-mt(S _ e—mté) dt.

—00

Hence, |f(w) — f(w +8)| < [T f(t)][2sin 27td| dt.
For ¢ > 0, select a T" > 0 such that f\t|>T |f(t)|dt < 3. Then select § > 0 such
that |2sin27td| < 2||f|| ¢ for all ¢ for which [t|] < T, and we obtain that we have

fw) = flw+d) <e.
(c) Let w € R. Note that the substitution t = s + 5= leads to

iy +oo . —+00 1 '
f(w) = / f(t)ef%rztw dt = —/ f(S + 2_)672msw ds.
—00 —o0 W
Hence, f(W) - %(J/C\(W eroo (t _|_ )) —2mitw dt and
~ “+00 1
= t)— f(t+=—)| dt.
Fw)l < /Oo 76 = £t 4 50)]
This estimate leads to (c); see Exercise 1.21. 0

Note that (c) can be viewed as an analogue of the Riemann—Lebesgue lemma in
§2.11.

As in §2.5, differentiation transforms to multiplication.
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3.5 Theorem. Let f e L}(R).
(a) If f is differentiable and f' also belongs to L*(R), then

~

Flw) = 2miwf(w) (w € R).
(b) If tf € L\(R), then f € CO(R) and fO = —2ri(tf).

Here tf denotes the function ¢t ~» tf(t) (t € R).

Proof. (a) Integrate by parts and use the fact that f is continuous and vanishes at oo
if both f and f are in L*(R) (see Exercise 1.20).

(b) Apply Lebesgue’s theorem to see that

flw+Aw) - fw)

Aw—0 Aw

= 27 / tf(t)e 2Tt dt

0

Note that, for each n > 0, t"f is in L'(R) if f has a bounded support, i.e., if the

support {t € R ‘ f(t) # 0} of f is contained in a interval [-T,T] for some T > 0: the
support of f is bounded by T'.

3.6 Corollary. If f € L'(R) has a support bounded by T > 0, then
FeCIMR), [[[™o < @D fl1 (n €Ny,

and f is an analytic function, i.e., the Taylor series converges on R.
Proof. Inductive application of Theorem 3.5 shows that fe c® (R) for each n € Ny,
F (@) = (=2mi)" (7 f)(w, and [ f™)]|oo < 2m)"[[¢" Il < (27T)"(|f]1-

For w € R and n € N, the remainder term of the (n — 1)th order Taylor series at 0
of f evaluated at w is equal to ‘:L—T,L iR (£). Here & is some real number between 0 and
w. This term can be bounded by (27“;7:[)”
we see that the Taylor series converges.

Note that the convergence is uniform on each interval [—£2, 4. 0

| f]l1. Since, for each £ > 0 £ — 0 if n — oo,

The above results show that fis a ‘nice’ function in case f € L'(R). Actually, ]/C\iS
so nice that we immediately see that the reverse formula suggested in 3.1 will not be

obvious: because, if f € L*(R) then [ is continuous and the relation f(—t) = f(t) can

not be correct for all ¢ for L'-functions f that have a discontinuity .
Before we discuss how to reconstruct f from f, we consider two examples.

3.7 Examples.
(a) Consider the Gaussian function f defined by f(t) = exp(—mt?) for t € R.
Then f € LY(R) and

-~

f(w) = exp(—mw?) for each w €R, (69)

as we will show now. Note that

+o0 +oo
/ exp(—nt? — 2mitw) dt = exp(—nw?) / exp(—m(t +iw)?) dt.

—00 —00
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To show that g(w) = fj;o exp(—m(t +iw)?) dt = 1, we first note that
+o0o
g(0) = / exp(—nt?) dt = 1.
—00
Moreover,

+oo t=+o00
J (w) = / —27i(t + iw) exp(—7(t + iw)?) dt = i exp(—m(t + iw)?) | ™.

t=—00
—00

Hence, g(w) = g(0) + [y" ¢'(v) dv =1 for all w € R.
(b) For T > 0, conmder the ‘top—hat function II7 given by!°

r(t)=1 if[t|<T, and Irp(t)=0 if|t|>T. (70)
Then,

_— +T . 1 L t=+T 1
IIp(w) = e 2 gf = 7 2mitw | = —sin(2rTw).
_T —2miw t==T 7w

The function ¢ ~» sin(nt)/(nt) plays an important role in Physics and is called the
sinc-function:

(t € R). (71)

The Fourier transform of the scaled top-hat function 5-Il7 with height 1/(2T) and
width 27 is equal to w ~> sinc(2Tw):

—

1
ﬁHT(w) = sinc(2Tw) (w € R); (72)
see Fig. 7 for a graph of the top-hat function and the sinc-function.

Note that sinc(0) = 1 and sinc(k) = 0 for all k € Z, k # 0.

The first example supports the expectation that the reverse formula for Fourier in-
tegrals is correct. The second example is slightly discouraging. The transform function
is uniformly continuous and vanishes at infinity, which is in line with the theorems.
Unfortunately, sinc is not absolutely integrable: sinc & L'(R). However, observe that
sinc is quadratically integrable: sinc € L?(R).

The following three lemmas allow us to define the Fourier transform also for func-
tions in L?(R). First note that f € L(R) if f € L?(R) and has a bounded support.

3.8 Lemma. Let f € L?(R) with support bounded by L > 0. Then, for T > 2L,

1k
2 _ 2 : 2
I3 =Y ZIf (R and 7}5& -z f ) exp( 2m t)]* dt = 0.
keN \k|<n
Proof. Note that f(w f+2 F(H)e 27t dt. With v, (f) from §2.2, ,(f) = =F(%).

The second statement of the lemma follows from (a) of Theorem 2.4. Parseval’s formula

1The symbol II is chosen as an obvious aid to memory.
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FIGURE 7. The top figure shows the graph of the scaled top-hat function %HT for T' =1, the bottom
figure displays its Fourier transform, the sinc function w ~~ sinc(27w) also for T' = 1.

. . +T
implies that %fig |f()? dt = Zkez‘% (% and f+°° )|? dt = Y kez %\ (%)] )

Apparently, imr o0 D ez %L]/‘\(%)P exists and, since ]/C\iS uniformly continuous, it
is tempting to conclude that the limit equals fj;o |J/‘“\(w)|2 dw = ||j/°\||% This conclusion
is correct (see Lemma 3.9 below) but the proof requires somewhat more work. The
proof relies on the fact that t"f € L'(R) N L?(R) if f € L?(R) has a bounded support
(n =0,1). Hence, fe C(*®)(R) (see Th. 3.5) and arguments for f and fapply to tf
and ﬂl) as well.

3.9 Lemma. Iffc L*(R) has a bounded support, then fe L2(R), ||f]l2 = ||f||2,
Q

and, ||f—fall2—0 if Q— oo, where folt) E/ Flw) 27w g
—Q

Proof. Since |f|2 € C(R), the first formula in Lemma 3.8 and (b) of Exercise 1.12 implies
that | f|> € L'(R), whence f € L2(R). Replacing f by tf shows that f&) € L2(R) and
(e) of Exercise 1.12 tells us that || f||2 = Hﬂ|2

To prove the last claim in the lemma, assume the support of f is bounded by L > 0,
and, for Q > 0, T' > 2L, consider the functions

fra(t) = % > f(%)e%“% (t €R).

kel,| £|<Q
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Parseval’s formula and Theorem 2.4(a) implies that

T 1~k 1.,
[0 tro@l ar= 30 ZifpRs [ ne) dos gl

ke, |k |>0

Here, h = |f| and for the last estimate we used (20) in Exercise 1.12.
Since w ~ f(w)e?™ is uniformly continuous, we have that, for any K > 0,

K
/K lfa(t) — fra@®))? dt — 0 if T — 0.

Combining these two results shows that ff(K If(t) — fa®))? dt < fIwIEQ h(w) dw,
whence || f — fall3 < w]>0 h(w) dw. Since h € L'(R), the lemma follows. 0

3.10 Lemma. Let f e L'(R)NL2(R). Then f € L*R) and ||f]l2 = || ]|2-

Proof. For n € N, consider f, = fH Note that f, € L*(R) is of bounded support.

By Lemma 3.8, | fu — full2 = |(fn — fn)ll2 = |72 = Fnll2: (fu) is & Cauchy sequence

in L?(R). Hence, an glla = 0 (n — o0) for some g € L*(R). Since fn(w) — f(w),

we have that Hf gll2 = 0. Apparently, fe L?*(R) and an fllz2 =0 (n — o0).
Since also | fo = fll2 = 0 and [[fullz = || full2, we find that || flo = | fll. O

We can define the Fourier transform for functions in L?(R).

3.11 Fourier integrals for L2-functions. If f € L?(R), then there is a sequence
(fn) n L?(R)NLY(R) for which || f— fn|l2 — 0 (e.g., fn = fII,). According Lemma 3.10,
(fn) is a Cauchy sequence in L?(R). Hence, thereis a g € L?(R) for which \|};—g\|2 — 0.
The limit function g is in some sense unique:

(i) If g € L?*(R) shows up in a similar way as limit function of another sequence of
functions in L?(R) N L'(R) that approximate f, then ||g — g|l2 = 0.

(ii) If f € L2(R) N L*(R), then, by Lemma 3.10, ||g — f]l2 = 0.

Since there is no real confusion concerning the selection of g, we put finstead of g.
Usually, we have that ]/C\( ) = limp oo fg e 2mitw dt for almost all w € R.

Therefore, we simply use the formula f f +°° e~ 2mitw (¢,

If we respect the conventions from 3.11, then Lemma 3.9 leads to the following
analogue of (a) of Theorem 2.4 and of Parseval’s formula ((34) and (35) in §2) can be
proved. The analogue of Parseval’s formula is know as Plancherel’s formula.

3.12 Theorem. Let f € L*(R). Then,

Fel?®),  |fla=Iflles  (f.9)=(F,9) (g€ L*R)), (73)
—~ +oo ) +oo )
flw) = /_ f(t)e_%”tw dt, and f(t) = /_ f(w)e+27”t“’ dw. 0O (74)

As in (c) and (d) of Theorem 2.4, there are onditions on f that guarantee that
the sequence (I,(f)), where I,,(f)(t) = f:? flw)et?™ dw, converges uniformly or
point-wise to f. We refer to literature for more details.
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3.13 Note. The factor 27 in the definition of the Fourier integrals often shows up
in literature on other places.

(a) For sound reasons, the following relations are often used in physics

+00 1 [t
F(w) = f(t)e —i qt  and ft) = Dy

F(w)e”tw dw.

(b) For mathematical reasons, many mathematical textbooks employ

“+o0 +oo
F(w) e~ ™ dt  and / et du.
7=/ 10 0=

In applications, the functions f should often be real-valued. It would be useful if
this could be concluded from f. The relations in the theorem lead to the following
result.

3.14 Property. Let f be in L*(R) or in Ll(]R)
Then, f is real-valued < f is even, f is even & f 1s real-valued. O

With Fourier integrals, electric networks (cf. 2.6) can easily be analysed.

3.15 Application (continued). Again, consider the electric network in the last
paragraph of Application 2.6.

As before, V is the voltage difference between two end points in the network and
I is the resulting current (V' is not periodic now). Then, assuming that V' and I are
L2-functions (which is physically reasonable), we have that V(w) = Z(w)I(w) where
Z(w) = 5m5 + 2miwL + R.

3.16 Interpretation. In many fields in Physics and Technology, t is a point in time
and R represents time. The value f(¢) may describe the voltage drop at time ¢ between
two points in an electric network or the changes in pressure in the air at time ¢ at a
certain place in space (such changes in pressure may be caused by sound waves). The
function f is called a signal then and fj;o |f(t)]? dt can be interpreted as the energy
of the signal. All signals have finite energy. Therefore, the space L?(R) is also called
the space of all signals. The quantity Aw[f(w)\Q can be viewed as the energy contained
in the part of the signal contained in the frequency band (w — 2 Aw,w + FAw): |f(w)[?
is the power spectrum or spectral power density of the signal.

Periodic functions in L%(R) are sometimes called stationairy signals, herewith re-
ferring to the fact that the function is the same after T-seconds. Non-periodic signals
are said to tlme dependent.

Since f(t) = [ f e?™% duw, the function f can be viewed as a superposition of
the harmonic oscﬂlatlons t o~ f(w)eQmw with frequency w.'! The function f has
amplitude |f(w)| and phase ¢(w) at frequency w. Here, ¢(w) € [0,2r) is such that

flw) = fw)e7).

The functions f and f can be identified (via the Fourier transforms). In discussions,
f is often referred to as the function in time domain and f as the function in frequency
domain.

1%In 1 second, t ~» €2™* runs through w periods, that is, the number of ¢t € [T,T + 1] for which
e?™ — 1 is, on average, averaging over all T' € R, equal to w.
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3.17 Extensions. The function ¢,(t) = ¢! (t € R) is not in L}(R), nor in
L2 (]R) and its Fourier transform has not been formally defined. The inversion formula

=/ f w) exp(2mitw) dw for functions in L?(R) tells us that f can be viewed as
a superposltlon of harmonic oscillations. The function ¢, is an harmonic oscillation
itself (with frequency v) and only one oscillation contributes to ¢,. Thefore, if such an
inversion formula makes sense for ¢,, then a(w) = 0 for all w # v. It is tempting to
postulate that @;(u) = 1. However, such a function is equivalent to the zero function
and the integral [ a(w) exp(2miwt) dw is equal to zero rather than to the desired value
exp(2mivt); we are looking for a ‘function’ or construction J, with the following property

/_OO 0y (x) g(z) de = g(v) for all g € C(R).

Of course, d, is not a function —it would be zero at x # v and oo at v. But, it does form
a bounded linear map on the space of continuous functions that vanish at infinity.?
Therefore, 9, can be identified with a so-called ‘measure’. Nevertheless, physicists and
technicians like to view ¢, as a ‘function’ and call it the Dirac delta function at v. For
mathematicians, d, is the point measure at V.

For §,,, we have that 5 = [ 6, (w) ¥ dw = e?™. Conversely, if an inversion
formula can be defined for gby (and 1t can, as we will argue below), then it should be
(bu = 51/-

Recall that we had to employ limit processes in order to get the Fourier transform
of L?(R) functions rigorously defined. The Dirac delta function can also be obtained
as the result of a limit process. To see this and to simplify notation, take v = 0. Now,
note that

© +e e)—G(—¢
lim il_[a(gn) g(x) dz = lim 1 / g(x) dz = lim Gle) — G(=) = ¢(0).

e—=0 ) _ 2e e—02¢ J_, e—0 2e

Here, g is continuous and G is its primitive (G’ = g). Hence, in some weak sense, the
Dirac delta function dg at 0 appears to be the limit of the functions %HE for e — 0. The
function values 2—16H€(£C) converge to 0 if z # 0, and to oo if x = 0 (¢ — 0). However,
there are other sequences of continuous functions that converge weakly to dp and that
do not converge point-wise.'® For instance, there is no « for which smc(m%) converges
for e — 0, while [ Zsinc(22) g(z) dz — g(O) (e — 0) for each smooth function g with
bounded support; see Exercise 3.17. Hence, (z ~> %sinc(:v%)) converges weakly to dp,
or, using a more sloppy notation, (2sinc(z2)) converges weakly to do(z) (¢ — 0). In
particular, 50 can be viewed as the Fourier transform of ¢q:

1

¢0( ) e 2mitw qf — /6 —2mitw 4y — —smc(wg) — do(w) (e —0).

_1
€

™ =

This approach may help to understand some puzzling ‘consequences’ of Fourier’s
inversion formula. Routine manipulation with integrals would lead to

ft) = ff e2mitw ., — f (ff o 2misw ds) e2mitw 4.,
=[] f(s)e?™@(t=5) dw ds = ff (fe27riw(tfs) dw) ds.

121f ' (R) is the space of continuous functions g that vanish at infinity (that is, g(x) — 0 if || — o0),
then a linear map p from Coo(R) to C is bounded if, for some x > 0, |u(g)| < kllglloo (g € Coo(R)).
Such a map can be identified with a measure and the notation [ g(z) du(z) is used instead of p(g).

13 A sequence (f:) of functions converge wealkly to a measure p if [ f-(z)g(z) dz — [g(z) du(z)
for each function g € C' C>o)(]R) with bounded support. A function g has a bounded support if it vanishes
outside some bounded interval, that is, if there is an L > 0 such that g(x) = 0 whenever |z| > L.
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All integrals are from —oco to co. The expression [ e2miw(t=s) qy is hard to interpret,
since |627r“(t_5) [, nor its square, is integrable. However, is we saw above, this expression

can be viewed as the Dirac delta function and that leads to the familiar conclusion:

[ £(s) (J e¥t=2) dw) ds = [ f(s)do(s —t) ds = f(2).

The discussions appear to be consistent.
For a rigorous and extended discussion on Fourier transforms for more general type
of functions and measures, we refer to a course on ‘Distribution Theory’.

Exercises

Exercise 3.1.
(a) Prove that f ~~ £ is linear.

Exercise 3.2. Let f € L'(R) and let a,a,v € R.
Prove the following, where ¢ and w range over R.

(a) If falt) = f(t - a), then fu(w) = 72 f(w).

=

(b) If fT(t) = f(—t), then fT = .

(c) If g(t) = e*™ f(t), then G(w) = f(w —v) = (f)u(w).
( v

(

d) If g(t) = cos(2mtv) f(t), then g(w) = 2(f(w —v) + f(w +v)).
e) If g(t) = Va f(at), then g(w) = \/LE (Lw).

Exercise 3.3.
(a) For A € C, consider the function f defined by

ft)=eM for t >0 and f(t)=0 for t <0.

Show that f € L'(R)N L3(R) if Re(\) < 0 and that then

~ 1

hw) = f(w) = (weR).

2miw — A

(b) Compute the inverse Fourier transform of the function h in case Re(A) > 0.
(Hint: consider h(—w).)

(¢) For n € N, consider the function h,(w) = (A — 2miw)™™ (w € R). For which n € N does
hy, belong to L?(R)? When is h,, in L*(R)? Show that the inverse Fourier transform of h,, is
continuous for n > 2 without explicitly computing the inverse Fourier transform.

(d) Compute the inverse Fourier transform of h,(w) = (A — 2wiw) ™.
(Hint: Consider the nth derivative h(™) of h).

Exercise 3.4.

(a) Compute the Fourier transform of the function t ~ /& cos(2mtr) e~ (@)

A function of the form ¢ ~» cos(2wtv) fo(t) is a so-called wavepacket, with (frequency v and)
envelope fq.

(b) Compute the Fourier transform of the function ¢ ~ /& cos?(2mtw) e~ ™",

(c) Compute the Fourier transform of the function f defined by f(t) = 1if [|t| — d| < 1a and
f(t) =0 elsewhere. Here, a,d > 0 such that a < 2d.

(d) Let a,d > 0 such that a < d. Let dy = kd for k € Z, |k| < K. Compute the Fourier
transform of f, where the function f is defined by f(¢) = 1 if |t — dy| < %a for some k € Z,
|k] < K, and f(t) = 0 elsewhere.
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FIGURE 8. A simple electronic circuit. FIGURE 9. Harmonic oscillator.

Hint: to get a manageable expression, use the fact that

I R S S Rl SO
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Exercise 3.5. Prove the following statements.
(a) f is real & fis even. f is purely imaginary < f is odd.
(b) fis even & fis real. fis odd & fis purely imaginary.

Exercise 3.6. Let f be a continuous function in L!(R).
Consider the function F'(t) =), 7 f(t — k).

(a) Show that [ [F(t)] dt < ||f]|:.

(b) Show that F' is 1-periodic. Hence F € L}(R).

o~

(¢) Prove that F' is constant if and only if f(k) =0 for all k € Z, k # 0.

Exercise 3.7. Complex Gaussian function.

For a € C, let f be given by f(t) = exp(—ant?) (t €R).

(a) Show that f € L'(R) if Re(a) > 0. Show that f € L°(R) if a € iR. Does f belong to
LY(R) or to L?(R) for these purely imaginary a?

(b) We want to compute f in case Re(a) > 0. Tt is tempting to try and to combine (69) and
(d) of Exercise 3.2. Unfortunately, (d) of Exercise 3.2 is not applicable if « ¢ R. Why not?

Nevertheless, use (d) of Exercise 3.2 to compute f.

(c) Consider the case where Re(«) > 0. Prove that

~ 1 w2
flw) = \/ge”a (w e R). (75)
If Re(cr) = 0, then it seems reasonable to define f(w) = \/ge_”% (w € R). Why?

Exercise 3.8. Compute the Fourier transform of (8, +6_,).

Exercise 3.9. Electric circuit.

Consider the electric circuit in Fig. 8. We put a potential Vj;, at the two points of the left hand
side of the circuit. We are interested in the resulting voltage difference V4 at the points at
the right hand side of the circuit. Vi, is sufficiently smooth (V;, € L*(R) N L*(R)).

(a) Derive an expression of the form @(w) =H (w)‘//l\(w) and determine the ‘transfer func-
tion’ H.
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FIGURE 10. An electric network can be viewed as a directed graph. Volages are measured on the
vertices of the graph. Each edge contains exactly one electrical component. See Exercise 3.11.

(b) Sketch, for R =1, L = 0.14 and C = 10, the graph of the absolute value |H| of H.

Exercise 3.10. Harmonic oscillator.

Consider the equation for a simple harmonic oscillator
() + v (t) +wi 2(t) = f(2). (76)

This equation describes the movement of a body M with mass m on a spring S (see Fig. 9).
The body moves along the z-axis (vertically in the figure). z(t) is the displacement distance
of the body at time ¢ from its position at rest, wp is the natural oscillation frequency, v is a
damping coefficient, f(t) = F(t)/m, where F(t) is a force on the body. The force F(t), and
therefore f(t) is known (the input). We are interested in the position z(¢) (the output). We
assume that the input as well as the output is in L?(R)

(a) Assume that f(t) = foexp(—2mitw). Solve (76). Determine the transfer function H(w)
defined by x(t)/ f(t).

(b) For general f € L*(R), we have f(t) = [ f(w)exp(2mitw) dw (t € R). Show that the
associated solution z satisfies z(t) = [ f(w) H(w) exp(27itw) dw (¢ € R).

Exercise 3.11. Electric circuits 2.

An electrical network can be represented by a directed graph: each edge represents a wire with
exactly one electrical component. So, some edges contain resistors, others capacitors, and so
on. The electrical currency in a wire is positive when flowing according to the direction of the
edge. Otherwise, it is negative (or 0). Voltages are measured at the vertices of the graph. A
directed graph can be described by a so-called incidence matriz. This is an M by N matrix,
if M is the number of vertices and N is the number of edges. The M vertices, as well as the
N edges are numbered. The jth column corresponds with the jth edge. It takes the value +1
at the kth coordinate and the value —1 at the ¢th coordinate if the ith edge starts at the kth
vertix and ends at the /th one. The other values in the column are 0.

Let V be the M-vector of voltages, that is, the kth coordinate Vj, is the voltage at the kth
vertix. Let I be the N-vector of currencies, i.e., i; = I; is the currency in the wire correspoding
with the jth edge (positive if in the direction of the edge). Let A denote the incidence matrix.

(a) Give the incidence matrix for the network in Fig. 10.

(b) Give an interpretion of the value of the kth coordinate of AI. What is the value of this
coordinate?

(c) Give an interpretation of the jth coordinate of ATV.

Let C be an N by N diagonal matrix, C}; is the value of the capicitor at the jth wire if
this wire contains a capicitor, C;; = 0 otherwise. The N by IV diagonal mattices R and L are
defines similarly for resistors and inductors, respectively.
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(d) Show that

AI=0

. . . (77)
A"V =RI+C'I+LI+f=0.

What does f describe?

(e) Has Kirchoff’s law of voltages been modelled? How?

(f) Put J = I. Assemble the vectors I, V and J in one large vector X = (I", VT, JT)T. The
coupled system (77) can be written as

EX = AX + U.

Give a describtion of E and A in terms of A, AT, R, C, L, and the N by N indentity matrix
Idy. Describe U in terms of f.

(g) Suppose that, in the situation of Fig. 10, we are interested in the voltage difference V5 — V5.
Show that this difference can be expressed as ¢TX for some vector ¢. Give an expression for c.
This leads to a so-called control system

EX =AX+U
Y =cTX.

U is the control parameter, Y is the observable. Explain these terms.

(h) Now, suppose that U is of the form U(t) = uexp(2mitw) for all t € R, where u is a constant
vector (of appropriate dimension). Suppose X and Y can be written as X (¢) = xexp(2mitw)
and Y (t) = y exp(2witw) with x and y time independent. Show that

y = H(w) = c"(2miwE — A)"'u (w e R).

Exercise 3.12. The wave equation.
We are interested in solutions u of the the wave equation

2 2
%(x,t) =c? %(x,t) for t>0,z€eR

for which @ ~ u(x,t) is in L?(R) for each t > 0. Note that the requirement u(-,t) € L?(R) can
be viewed as a boundary condition. The solution u also satisfies initial conditions

u(,0)= dr(e) and 5(2,0) = 6a(),

where ¢; and ¢ are real-valued functions in L?(R) and ¢; is continuously differentiable.
Consider a function u of the form u(z,t) = $[¥1(ct + ) + ¢2(x — ct)] where ¢; and 1, are

sufficiently smooth function in L?(R).

(a) Prove that u satisfies the wave equation and the ‘boundary condition’.

(b) Show that

~ ~ 1 ~ ~ ~ 1 -~
Y1(w) = ¢1(w) + 27Ticw¢2(w> and  Pa(w) = ¢1(w) — 27ricw¢2( )
leads to a solution that also satisfies the initial conditions.
(c¢) Prove that
oo ] oo in(2 ¢ ]
u(z,t) = / é1(w) cos(2mwet) 2™ dw +/ p2(w) Sméﬂ 2T .,
—00 o Twe

(d) Suppose that both ¢; and ¢o are odd around 0 (i.e., ¢;(—y) = —¢;(y)) and odd around 1
(ie., p(1 —y) = —¢i(1+y)). Show that Y1 (~y) = —¢2(y) and 1 (1 —y) = =1 (1+y) (y € R).
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Show that «(0,t) = u(1,t) = 0 for all ¢ > 0 (Note that these results are consistent with the
ones in §2.12; see also Exercise 2.19).

Exercise 3.13. The heat equation.

We are interested in solutions u of the the heat equation

2

ou 0°u
E(m,t)zvﬁ(x,t) for t>0,z€eR

for which & ~ u(z,t) is in L?(R) for each ¢t > 0. The solution u also satisfies the initial condition

u(z,0) = ¢(x),

where ¢ is a real-valued function in L?(R) and y > 0.
(a) Prove that

u(z,t) = /OO qAﬁ(w) emdmtWit g2mive g,
— 00

Exercise 3.14. Local mode analysis.

To asses the stability of a time dependent partial differential equation one often proceed as fol-
lows. The differential equation is linearized around the exact solution. Then it is analyzed how
the linearized differential equation responds ‘locally’ to a perturbation by a Fourier ‘mode’, i.e.,
by a perturbation of the form £ e?™“?*_ The influence of the boundary conditions is discarded.

To illustrate this approach, consider the heat equation
ou 0%u

E = 7@- (78)

Note that the heat equation is already linear.

(a) Try to find a solution of the form e* e2™“%. Show that A = \(w) = —47%w?y. Note that
A < 0 and that e* — 0 for ¢t — oo only if y > 0.
Generally (for other PDEs), we would like to see that Re(A(w)) < 0 for all w € R.

(b) What is the effect of perturbing the solution u at time ¢t = to by ee*™“2?
(c) What is the effect of perturbing the solution at time t =ty by an f € L%(R)?

Note that any perturbation in L?(R) at t = to can be written as a superposition of pertur-
bations of the form €2 If one of the components increases if ¢ — oo, then the perturbation
amplifies and we may fear that the differential equation is unstable.

In this approach, boundary conditions have not been considered. Perturbations may get
controlled by imposing boundary conditions. However, the idea is here that, if a perturbations
grows strongly, then the perturbed solution already may become completely spoiled even before
the perturbation ‘hits the boundaries’.

If v = y(x, t) depends on time and on place, then the analysis in (a) is applied to the variant
of (78) with ‘frozen coefficients’, i.e., to the equation where ~(z,t) is replaced by the constant
~v(xo,to). Here, again the idea is that perturbations introduced in the neighborhood of (zo, o),
may get out of control, before they enter a more stable region (i.e., a region with nicer values
for y(z,t)). Now, A depends also on z and tg: A = Aw, xg, o), and for stability we would like
to see that Re(A(w,z,t)) < 0 for all w,, t.

The procedure is: linearize around the exact solution, discard boundary conditions, freeze
the coefficients and analyze the growth behavior of solutions of the form e 2™?®_ This ‘local
mode’ analysis is not a thorough stability analysis, but it is an easy way to obtain some insight
in the stability of the differential equation.

Local mode analysis may also be applied to discretized partial differential equations.
Discretization of the heat equation (with Euler’s method) leads to

At
’LL(SCj, thrl) = u(zkvtn) + ’YA—:CQDQU('Ijvtn)
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Here, z; = jAz (j € Z), t, = nAt (n € N), and Dow(z;) = w(z; + Azx) —2w(z;) + w(z; — Ax)
for functions w defined on the grid {z;}.

(d) Use local mode analysis to derive the Courant—Friedrich-Lewy (CFL) stability condition:
for stability we need

t
<

0<rx2

1
5
Exercise 3.15. Sampling signals of bounded bandwidth.
Let Q > 0. Consider a function f € L?(R) with non-trivial amplitudes only at frequencies w
with Jw| < Q, ie., f(w)=0 if |w|>Q: f is of bounded bandwidth.
In this exercise it will be useful to consider the function F' on R that is 2Q2-periodic and
that coincides with f for w € R, |w| < Q: F(w) = f(w) if |w] < Q.
(a) Prove that f € L'(R). Show that f is continuous (or, to be more precise, the function

gt)y=[ jA’(w) exp(2miwt) dw (t € R) is continuous and ||g — f||2 = 0. Hence, it is no restriction
to assume that f = g and that is what we will do) and even in C(°)(R) (why?).
(b) With
1 @ i
T = 5q » F(w)e ™22 dw (kez),
we have that -
F(w) = Z Yee ?@m  forall w € R

k=—o0

(why?). Now, with At = 1/(29), show that v, = At f(kAt) and conclude that f = F Il and

F(w) = i At f(kAt) e 2mwkAL - (, € R). (79)
k=—o0

o~

In particular, we have that f(w) =" At f(kAt) exp(—2miwkAt) if |w| < Q.
(c) Show that (f(kAt)) is in £2(Z).
(d) Now, suppose that, for an £ € N, f € L?(R) is such that

fw)=0 if wgO, where O={w|[lQ<|w|<(¢+1)0}.

Show that there is a 2Q-periodic function F' such that J?: Fxo. Here, xow)=1 if weO
and xo(w) =0 elsewhere. Prove that also for this F' Equation (79) holds.

Exercise 3.16. Fourier transform of discrete measures.
Let d; be the point measure or Dirac delta function at t: [ 8;(s) g(s) ds = g(t) for continuous
functions g. We have that §;(w) = exp(—2mitw) (w € R), .

Let (vx) be a sequence in £1(Z) and let (t;) be a sequence in R. Consider the discrete
measure p defined by

p=S b [ o) due)= 32 woltn) (g€ C(R), g bounded)

(a) Show that [ is given by fi(w) = > vk exp(—2mitsw) (w € R), is bounded, and is continuous.
(b) Show that fi is 2Q-periodic if ¢, = kAt for all k € Z and At = 1/(29). Here 2 > 0.

(c) Show that the setting of (b) allows an extension to the case where (vx) € £2(%Z).

(d) Consider an f € L?(R) for which f(w) =0 if |w| > Q. We may assume that f € C(R)
(see Exercise 3.15(a)). Let F be 2Q-periodic such that F(w) = f(w) for all w, |w| < Q.
Show that

f=F and [=plg if p= Y ALf(kAL) 6.

k=—o00
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Note: this result is a form of the Shannon—Whitakker Theorem to be discussed below in §7.A
(see also Exercise 3.15).

Exercise 3.17. Weak convergence to the Dirac delta function.

For T' > 0, let
sin(27T't)

fr(t) =2Tsinc (2Tt) = —

(t eR).

Consider a g € C(R) with bounded support (i.e., g(x) = 0 for |z| large).
(a) In this part, we only need that g € L'(R). Prove that, for § > 0,

lim frt)g(t) dt =0 forall ge L*(R).

T—o00 |t]>6

(Hint: Consider the function G defined by G(t) = (t)/(wt) if t| > 6 and G(t) =01
Then G € L'(R) and f|, s fr(1) = [*_G(t) sin(2nTt) dt = (G( T) — G(T)
(T — 00). Why?)

(b) Use the fact that [ sm(t) dt = 7 to show that for each § > 0,

f|t|<5

+4
fr@)dt =1 for T — oo.

(¢) Prove that fr is even and

/ fr(?) dt’ <1 forall a>0.
0

(Hint: Consider Fr(t fo fr(s) ds (s € R), inspect the graph of fr, and show that || Fr||e <
Fr(dh) < fr(0) & = o Bt et £ 1AR)

(d) Suppose that in addition, ¢’ exists on (—a,a) for some a > § > 0 and is in L'(—a, +a).
Then, |g(t) — g(0)| < fo lg'(s)| ds for t > 6. Prove that

fr(t) g(t) dt — g(0)

+6 )
< 2/ lg'(s)| ds  for large T.
-5

(e) Prove that

lim = fr)gt) dt = g(0) if geCY(R)NLYR). (80)

T—oo — oo

Note. In (d) we used integration by part for functions g that are absolutely continuous
(locally at 0). The second mean value theorem for integral calculus gives a similar result:

’f“ fr(t)g(t) dt — (0)‘ < 2|g(d8) — g(—9)] for continuous functions g that are locally non-

decreasing. Therefore, for (80) it suffices to require that the continuous function g with bounded
support is of bounded variation on some neighborhood of 0.

Exercise 3.18. The Dirac comb.

In Exercise 3.16, we defined the Fourier transform for discrete measure, ‘summable’ linear
combinations of Dirac delta functions, even though these objects are not in L!'(R) or L*(R)
(even worse; they are not functions). In this exercise, we push the idea even further and define
the Fourier transform for

mar = Y 6, (81)

kel
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where ¢, = kAt for some step size At > 0 (k € Z). This ‘operator’ is sometimes called the
Dirac comb by physicists (or shah function. ‘Shah’ is the name of the Cyrillic symbol g that is
used to denote the function): if the Dirac delta function can graphically be represented as an
infinitely large spike, then the Dirac comb can graphically be represented as infinite sequence
of infinitely large spikes. The Dirac comb simplifies certain formulas in the theory of sampling
signals (see, for instance, Exercise 6.9).

(a) For N € N, consider the discrete measure py = 37 <y 0t . Note that fiy is discussed in
Exercise 3.16. Show that iy is a scaled version of the Nth Dirichlet kernel (see Exercise 2.20,
Eq. (52) and (54)).

(b) With @ = %7, consider the functions hy = finIlo (N € N). Argue that, for each
continuously differentiable function g, the sequence ([ g(w)hn(w) dw) converges to 22 g(0):

o0

lim g(w) hn(w) dw = 20 ¢(0).

N —o0 —00

(Hint: adapt the arguments in Exercise 3.17, or, alternatively, use Theorem 2.4(b).)

(¢) Argue that the Fourier transform of the Dirac comb g with step size At is a scaled version
of the Dirac comb with step size 1/At:

MA; = A7 I (82)

1.
At
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4 Fourier integrals in more dimensions

In the preceding sections, we interpreted the variable ¢ as time. However, in applica-
tions, it can also be a space variable. In those situations, more than one variable will
usually play a role. It is easy to generalize the theory for one dimension to a theory for
more dimensions. First, we introduce some notation.

We put & = (z1,x9,...,24)" for the space variable in a d-dimensional space R
Here, d = 2 or d = 3, but d can also be larger. The frequency vector & will also be
d-dimensional. We will write & = (w1, ws,...,wq)" € R?.1 The multiplication between

a space vector and a frequency vector is the inner product (Z,dJ) between these vectors
defined by

(T, 0)=d"F=z1w + w2 + ... + Tgwy.

If f is real-valued on R? and square integrable, f € L*>(R%), i.e.,

||f||%£//|f(x1,,azd)|2 dzq dxs . .. dxd://|f(f)|2 dz < oo,

~

then the Fourier integral f(&J) can be defined:

7@) = / / F(@) e @D 47 (@ e RY). (83)

The integrals range here, as elsewhere in this section (unless stated differently), from
—00 to +o0.

As in §3, we first should define Fourier integrals for functions in Ll(Rd) and then
introduce the Fourier integral for a function in L?(R%) as the 2-norm limit of a sequence
of functions that are both in L' as well as in L?. We leave the details of such a
formal introduction to the interested reader and concentrate on the situation where
f e L2RY).

It can be shown that

f(@) = / / (@) ™9 a5 (7 e RY). (84)

4.A Application: diffraction

4.1 Huygens’ principle. In physics, diffraction is a wave phenomenon: the appar-
ent bending and spreading of waves when they meet an obstruction. Diffraction occurs
with electromagnetic waves, such as light and radio waves, and also in sound waves
and water waves. In diffraction theory, Huygens’ principle plays a central role: every
point on a wavefront which comes from a source can itself be regarded as a (secondary)
source. All the wavefronts from all these secondary sources combine and interfere to
form a new wavefront.

Here, we consider the case of far-field or Fraunhofer diffraction, where the diffracting
obstruction is many wavelengths distant from the point at which the wave is measured.
The more general case is known as near-field or Fresnel diffraction, and involves more
complex mathematics. Fraunhofer diffraction is commonly observed in nature.

“4Higher dimensional Fourier techniques play a crucial role in analyzing the behavior of waves. In
these application, & is the wave vector and is usually denoted by k = (ku1, ..., kq) instead of &.
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plane wave
spherical wave
from ‘source’ x

©0) Lz

-al2

FIGURE 11. The picture shows a two-dimensional intersection of a screen S with a long narrow
rectangular slit of width a. The intersection is perpendicular to the long direction of the slit. Plane waves
emitted from a mono-chromatic light source located at —oo along the horizontal axis approach the screen
S. The waves are diffracted at the aperture. According to Huygens' principle, points in the aperture can be
viewed as sources that emit (spherical) waves. These ‘secondary’ waves form an interference pattern at the
screen through P parallel to S: the distance s from P at (X, Z) to (x,0) differs from the distance r from
P to the origin (0,0). Depending on the wavelength A of the light and the difference r — s in distance, the
waves emitted from (0, 0) and from (x,0) may amplify each other or may cancel out at P.

4.2 Fraunhofer diffraction. Our obstruction is a screen S with a small transpar-
ent part on which we shine light. For ease of exposition we restrict ourselves here to
a two-dimensional situation, but we urge the reader to adapt the formulas below for
three dimensions. We consider a situation in which the y-coordinate can be discarded.
We assume that the aperture that bounds the transparent part of S is unbounded, rect-
angular, and perpendicular to the plane of the diagram in Fig. 11. In the plane of the
diagram we use Cartesian coordinates: x for the vertical direction, z for the horizontal
one (here, we follow traditional notation). The surface S is along the z- and the y-axis
at z = 0. The y-coordinate can be discarded here (Why?). Furthermore, we assume
that the width a of the aperture is small compared to the distance r from the origin
(0,0) to a point of interest P. We also assume that the light source at L is located on
the negative z-axis with a distance from (0,0) that is so large that a mono-chromatic
electric field E (light is composed of electromagnetic waves)!® emitted from the source
at L has the same magnitude and a constant phase at all points on the transparent
part of S (i.e., we assume that L is at —oo along the z axis, E is a plane wave).!0 The
field E at time ¢ and location (x,z) with z < 0 is given by E = Ey exp(2mi(kz — wt)).

4.3 For ease of notation, we will assume in the exposition below that t = 0.

15 An electromagnetic wave is a combination of oscillating electric and magnetic fields in perpendicular
orientation to each other, moving through space. The direction of oscillation is perpendicular to the
wave’s direction of travel.

16The electric field E is a plane wave if it is of the form Egexp(2mi[(k, @) — wt]), where, with k =
(k1, k2, ks) and & = (z,y,2), (k, &) = kix + kay + ksz. Eo = ||Eo||2 is the amplitude. The wave travels
in the direction of the wave vector k. k = ||k||2, or actually 27k, is the wave number, A = 1/k is the

C

wavelength, and with c the speed of light, w = § is the frequency. As mentioned above, the vector Eg

is perpendicular to k= (K1, k2, ks3): electromagnetic waves are transverse, in contrast to, for instance,
sound waves that vibrate in the direction of travel. They are longitudinal: Eois a multiple of k.

Here, we restrict ourselves to the (x, z) plane (we omit y), and we assume that the wave travels along
the z-axis, i.e., k= (0, k3). We write k instead of ks and we write Ey instead of Eo, thus omitting the
direction of Ejy.
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The field at (x,0) is Ey. Then, according to Huygens’ principle, the field at P = (X, Z)
induced from a strip of width dz at (x,0) will be

T A(z) Ep e*™** du,

where s is the distance from (x,0) to P, I' is some proportionality factor that depends
on the wavelength and Z,!” and A(z) is the aperture function, which describes the
transparent and opaque parts of the screen S. For instance, A is the top-hat function
with width a in case of one slit and A is the sum of two shifted top-hat functions in
case of two slits.

Huygens’ principle is applicable if both X and the width a of the aperture are small
relative to Z and that is what we will assume here.

If r is the distance from (0,0) to P, and ¢ is the angle between the line from P
to (0,0) and the z-axis, then P = (X, Z) = (rsind,rcosd). Note that sind ~ X/Z.
Hence, if we use that |z| < 7, then s = r — zsin(J) and we find that the field at P is
given by

T Eg ™k / A(z) e2™kesin) gz — T By > A(k sin(0)). (85)

Therefore, the reduction at P of the strength of the original field is proportional to the
Fourier transform of the aperture function. The intensity I(P) of the diffracted waves
at P is the square of the absolute value of the expression in (85). Hence,

I(P) = Iy (A(ksin(9))?, where Iy = |l Eol*.

The intensity of the wave is what we measure/observe, or, on other words, the absolute
value of the Fourier transform can be measured. There is no information on the phase.
This fact is known as the missing phase problem in crystallography.

To obtain the formula’s for the more dimensional situation, note that, if we put
# = (2,0) and p= L(X, Z), then (Z,p) = zsin().

4.4 Single-slit diffraction. In case of a single slit, A is the top-hat function II,

and
sin

A

If the aperture is circular (in the (z,y)-plane), the pattern is similar to a radially
symmetric version of this equation, representing a series of concentric rings surrounding
a so-called central Airy disc.

I(P) = Iya’sinc®(aw), where w=

4.5 Diffraction gradings. The aperture is a diffraction grading if it consists of N
parallel rectangular slits of width a at equal distance d from each other, with NV € N
large. Then (see Exercise 4.5) A is a sum of N shifted top-hat functions and

sin ¢

A

sin(Nmdw)
sin(7 dw)

2
I(P) =1 <a sinc(aw) ) , where w= (86)
If a < d, then the light intensity takes locally maximal values at the angles J that
satisfy

dsind = ¢\ (LelZ). (87)

'"To be precise, I' = —i/(AZ) in three dimensions and I' = 1/1/(iAZ) in two dimensions. This precise
expression for I' is not part of Huygens’ principle. The secondary sources in the Huygens’ principle
produce spherical waves F'% exp(2mir) in 3-d and cylindrical waves F”% exp(2mir) in 2-d; r is the

distance to the secondary source, I'' and I'” are appropriate constants.
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This relation is known in crystallography as Bragg’s law.

The most common demonstration of Bragg diffraction is the spectrum of colors seen
reflected from a compact disc: the closely-spaced tracks on the surface of the disc form
a diffraction grading, and the individual wavelengths of white light are diffracted at
different angles from it, in accordance with Bragg’s law.

Exercises

Exercise 4.1. Suppose f € L*(R?) is of the form f(z,y) = fi(x)f2(y) (z,y € R).
Derive an expression for f in terms of f; and fs.

Exercise 4.2.
(a) Formulate the Fourier transform (83) in polar coordinates for d = 2.

(b) Compute the Fourier transform f of the the 2-dimensional top-hat function:

flxyy)=1if 2> + |y <1 and f(z,y) =0 elsewhere.

Exercise 4.3. The wave equation.

Consider the three dimensional wave equation

R

W(f’t) =cAu(Z,t) for t>0,7cR?

where the Laplace operator A acts on the space variables ¥: Af = gié + % + gié for sufficiently
1 2 3

smooth real-valued functions f with domain in R>. ¢ is a positive constant.
(a) Let k € R®. Show that
u(f, t) _ eQTri[(k,f)—wt] (88)

is a solution if w € R is such that |w| = cx, where, k = |[k|la = \/k2 + k2 + k2.

(b) The real part of u in (88) has maxima at the (Z,t) for which (k, Z) — wt = ¢ for some ¢ € Z.
For a fixed time ¢, the £th maximum is at Py = {f| (k,Z) = £ 4+ wt}. Note that Py is a plane
orthogonal to k (if & € Py and § L k then & + i € P;). For this reason, waves of the form (88)
are called plane waves; k is the wave vector and k (or actually 27k) is the wave number (in
many texts, waves of the form exp((E, Z) — wt) are considered: then the factor 27 is included
in the wave vector and in the frequency). Show that Py = {crf—i— gj‘ y L 5}, where 5 is the

direction of k: ¢ = %E, [C]l2 = 1. Observe that these planes move in the direction k at speed
c. Show that the distance between two neighboring planes is A = 1/k: A is the wave length.

Now, fix an Z. Show that time between two consecutive tops at Z is 1/|w|: w is the frequency
of the wave. Note that w = ¢/\.

(¢) Prove that

- o ~ . sin(2 I,
u(Z,t) = // ¢1(k) cos(2mwt) 2™k qf 4 // o2 (k) sin(2mwt) ik dqf; (89)

2mw

8From en.wikipedia.org: Diffraction from multiple slits, as described above, is similar to what
occurs when waves are scattered from a periodic structure, such as atoms in a crystal. Each scattering
center (e.g., each atom) acts as a point source of spherical wavefronts; these wavefronts undergo con-
structive interference to form a number of diffracted beams. The direction of these beams is described
by Bragg’s law. Now, d is the distance between scattering centers, ¥ is the angle of diffraction and /¢ is
an integer known as the order of the diffracted beam. Bragg diffraction is used in X-ray crystallography
to deduce the structure of a crystal from the angles at which X-rays are diffracted from it.
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is a solution in L?(R®) of the wave equation that satisfies the initial conditions u(z,0) = ¢;
andﬁ%(m, 0) = ¢a(x), where ¢; are stifﬁciently smooth functions in L?(R*). Here, w depends
on k according to w = ck, with k = [|k]|2.

(d) Show that there are L?(R®) functions ¢; and )5 such that

.’L' t /// 1/11 27rz[(k T)+wt] dk/’ + /// 1/12 27rz[(k ) —wt| dk/’

Again, w = ck = c||E||2 Give an expression for 121 and 1;2 in terms of (51

Apparently, u can be viewed as a superposition of harmonic plane waves.
(e) In the one dimensional case, we could represent the solution as a sum of two waves, of which
one travels to the left and the other travels to the right (¢1, 12, respectively in Exercise 3.12).
Do we have a similar representation in this three dimensional case?

For each direction vector ¢ (i.c., ¢ € R® such that ||]j2 = 1), define

\Ili(g?, 5) = /OO K2 1@(&5) €2 ke (seR,i=1,2).

Show that

// [W1(C, () + ct) + s (C, (C, &) — ct)] dC,

where we integrate over the semi-ball B = {¢ ‘ ICll2 = 1,¢1 > 0}. Where does the term x2 come
from in the definition of ¥;?

It appears that, for each direction 5 , & wave that moves to the right and one that moves to
the left play a role. To obtain the solution u, we have to integrate over all directions 5 .

NOTE. In reality, waves are vector valued. For instance, they may describe the displacement of
molecules in air by a change in air pressure (acoustic wave). Then u(Z,t) is the displacement
vector: at time ¢, it describes the dispacement of the molecule that originally was located at
position Z. For vector-valued waves, harmonic plane waves are of the form a exp(2m[(k ) —wt]),
where @ is a constant vector in R®. In case of an acoustic wave, @ is a multiple of k (the pressure
changes in the direction in which the wave travels). In case of an electromagnetic wave, both
the d, for the electric component and the dj, for the magnetic component are orthogonal to E,’
in addition, d. is orthogonal to @y.
For vector-valued waves, the above analysis applies coordinate wise.

Exercise 4.4. 'Wavepacket, group velocity.
The function
(T, 1,) ~ e?ﬂ'i(,u‘rka)

is a(n harmonic) wave with frequency p and wavenumber k that travels with speed ¢ = u/k.
The quantity 1/k is the wavelength.

(a) Explain the notions ‘frequency’, ‘speed’, and ‘wavelength’.

Consider a function f in L?(R) with frequencies concentrated around some frequency €,
ie., f(w) = fo(w — ) with ]?O(p) =0 (or = 0) if |p| > € for some small positive .

If © is a space variable, and 7 the time variable, then (7,z) ~~ f(¢r — ), with ¢ some
positive scalar, represents a group of waves or wavepacket that travels with speed c. Why can
c be viewed as speed?

(b) Prove that f(cT — x) can be written as

g(T SC) o — 1, / f 27\'1 (Q+p)(cT—2) dp _ fO(CT . z)SQﬂi(chf(Zx)'

This expression reveals that fo(cm — ) can be viewed as a modulation of the wave with
frequency p = Q¢ and wavenumber k£ = 2 and explains the term ‘wavepacket’. The function fy
is the enveloppe of the wavepacket g.
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Now, suppose that the speed depends on the frequency (as is often the case in practical
situation), ¢ = ¢(w). We are interested in the development in time of the group of waves that,
at z, is equal to f(—=x) at time 7 = 0.

(c) Explain why this group of waves is described by
g(t,x) = /OO J?o(/)) 27 i(Q+p) (e(Q+p)T—2) dp

(d) Put ¢g = ¢(2) and ¢ = /(). Show that
(Q+p)(c(Q+ p)T — 2) = Qco — @) + p([co + Q)T —2) + Olpl*) (o] = 0)

and conclude that _
9(r,2) = fo(leo + N7 — ) el

Note that the enveloppe fy of the wavepacket travels at a different speed as the wave e2mi(co7—2).
¢(Q) is the phase velocity and ¢(Q) + Q' (Q) is the group velocity. Nevertheless, the wavepacket
hardly desintegrates in time: the shape of the wavepacket, the enveloppe, is (approximately)
preserved.
Suppose we travel with the wavepacket. How will we experience the differences in speed?

(e) Note that the frequency p = we depends on the wavenumber according to p(w) = we(w).
The function that expresses p in terms of the wavenumber is called the dispersion relation.
Show that the group velocity is given by p/(€2) and the phase velocity by u/Q (= M)

If the spacial domain is d-dimensional, then the wavenumber is a d-vector k= (k1 ... ka)T
and if the frequency u depends on k then the group velocity is the vector

(@ @)T
Ok’ Oky

(f) Describe the notion of wavepacket on a d-dimensional spatial domain and interpret the
notion of group velocity.

Exercise 4.5. Diffraction gradings.

Suppose the aperture in §4.A is a diffraction grading consisting of N parallel rectangular slits
of width a at equal distance d from each other.

(a) Use the notation of §4.A and prove that the intensity I(P) at P of mono-chromatic light
of wavelength A is as in (86).

(Hint: use the result of (c) of Exercise 3.4: N =2K +1.)

(b) Assume that a < d. Prove (87), Bragg’s law.

(¢) For wavelength A\; = A, there is a locally maximal light intensity at the angle ¢; for which
Y =~ sint) = E%. Determine the smallest A\ for which Ao = A + A\ has zero light intensity
at angle ¥1: A\ is the theoretical resolution of the grading (the difference between wavelengths
that can produce separate images).

Exercise 4.6. Consider the situation of §4.A where the screen S is again in the (z,y)-plane,
but where the aperture is bounded now (with a diameter that is small compared to the distance
from S to P). The aperture function A(z,y) is two-dimensional now.

(a) To describe the field E and the intensity I(P) at P we need expressions involving A(x,y).
Give these expressions.

(b) Compute I(P) in case the aperture is circular: A is the two-dimensional top-hat function.
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5 Discrete Fourier transforms

5.1 If f is T-periodic and sufficiently smooth, then we have that (cf. §§2.2 and 2.4)

o0

f0 = 3w E whae (=7 [ o Ea @)

k=—o00

Suppose that the function values of f are sampled at ¢ = nAt with At = % and
that only the sample values f,, = f(nAt), for n =0,...,N — 1, are available. Then it
seems reasonable to approximate 7 (f) by a Riemann sum, that is, by 7j, where

1 N—-1 . 1 N—-1 .
Yo=Y Atf(nAn) e ?TAT = 2N fy e TR (91)
n=0 n=0

We would like to know how accurate the approximations are.

Note that the oscillations ¢ ~ exp(2mitX) and ¢ ~ exp(2mit®=Y) coincide on the
sample points nAt. This phenomenon is known as aliasing. Two implications are
important for our discussion here. The first one is slightly disappointing: Yx+n = V%
for all k € Z. Hence, 7 can not form a good approximation to v (f) for all k € Z. The
relation that follows from the first equality in (90),

f(nAt) Zuk SN, where m(f)= Y Wersn(f): (92)

j=—o0

is another implication. In combination with the theorem below, this implies that

Y = wk(f), (keZ) (93)

and estimates for the size of the |yi4;n(f)| lead to estimates of the error in the ap-
proximation 7 of v,(f), because

Bk = w(HI <D v ()l (k). (94)
770

For instance, for |k| < %N , the upper bound can be small, particularly if f is smooth
(for an illustration, see Fig. 12).

The following theorem is not only important for proving our claim (93), but it plays
a central role in many computations (in ‘digital Fourier’ techniques)

5.2 Inversion theorem for discrete Fourier transform (DFT).

N—
e = § : —27rz N

Proof. As in 2.7, our proof relies on orthogonal bases.

Let ¢x be the space of sequences f = (f(0),..., f(IN —1)) of N complex numbers,
or, equivalently, of complex-valued functions f on {0,1,..., N —1}. Note that, for ease
of notation, we write f(n) in this proof instead of f,,.

Note that <f,g>= > f(k)g(k) defines an inner product on ¢x. Here and in the
rest of the proof, we sum over k =0,1,..., N — 1.

27‘(2 N (95)

lmz
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The discrete Fourier coefficients yd, of f for N=100.

e oefficien
T T T T T T T T i i i i i i i
1k o Re()
. Re(ue)
* Re(ud) K

1, and pd, along the vertical axis.

. . . . . ! ! . . .
-100  -80 -20 0 20 40 60 80 100 “f00 -8  -60 40  -20 [ 20 40 60 80 100
k along the horizontal axis. 1 ="log10(abs(gamma))’. i, = (y, . K). d, = H(yd, , K) k along the horizontal axis. i = 'log10(abs(gamma))’. e, = (yd,, . K).

FIGURE 12. The left picture shows the log,, of the absolute value of the Fourier coefficients i (f)
(marked with o o o) of a real-valued smooth T-periodic function f and of the discrete Fourier coefficients
Fi(f) (marked with * x %) for N = 100, the right picture shows the log,, of the absolute value of the error
Ye(f) — x(f). For these pictures, f(t) = (t* — 1) cos®(10xt) on [—1,+1], T = 2.

With ¢, (k) = exp(2mi%2) and ¢ = exp(2miZ52), we have that

N
¢V -1 .
—m =0 ifn#m
<, pm>= Y _THET =N "(h =8 (-1
N ifn=m.

This shows that the ¢, (k=0,..., N — 1), form an orthogonal system. In particular,
they are linearly independent. Since their number is precisely the dimension of £, they
form a basis. Therefore, f is of the form f = > ax¢y for certain scalars ay. Taking
the inner product of this expression with ¢,, and using the orthogonality shows that
Nay, =<f, ¢r>. Hence,

f:Zak(bk, where ak:T:NZf(/g)e N =7,.

The last expression follows from the definition of the inner product and of ¢p,. U

The definition of the 7 and the statement for f,, in the theorem is correct for all k
and n in Z, although it suffices to let £ and n run from 0 to N — 1. This observation is
of interest, if we want to use 7 as an approximation to v (f): the approximation will
be useful for |k| < 1N and most accurate for [k| < N (cf., Fig. 12).

5.3 Discrete cosine transform (DCT). If the T-periodic function f is real-
valued and even, then the sequence of Fourier coefficients 7 (f) is even and real and f
can be expressed as a linear combination of cosines. Discrete variants lead to discrete
cosine transforms (DCTs). The DCTs, and in particular the DCT-II, are often used in
signal and image processing, especially for lossy data compression, because they have
a strong “energy compaction” property: most of the signal information tends to be
concentrated in a few low-frequency components of the DCT.

If fo,..., fn is a sequence of real numbers, then there are several ways of expanding
this sequence to an even one. This leads to several variants of the DCT. For instance,
with g, = f, and gnyn = fy_p forn=0,...,N — 1, i.e.,

(gn) = (fos f1. fo, - s IN—1s NS IN—1s - -+, 2, f1),
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gn is defined for n =0,...,2N — 1 and the DFT in (95) leads to DCT-I:

2N-1

1 . .n . (2N n)k
w3 e = (e 3 g
n=0
1 N—-1 - N -
= (Z faeT TN + Zf"ew>
n=0 n=1

= %(fo—i-( )fN)—i-—ancos CL\]:)

Note that the periodic extension g, = gn+2jn (n € Z) is even both around n = 0 and
around n = N. The expression for 7 is correct for all k € Z. Note that ~; is also even
around £k = 0 and & = N. Therefore, the expression for y; has to be computed only
for k =0,...,N. Since v; and g, have the same symmetry properties, we can easily
conclude from the second relation in (95) that the inverse of DCT-I is given by
N-1 "
fa=(0+ (=1)"w) +2 Yy cos(m ).
k=1
The extension

(gn) = (fo’fl"" >fN*1’fN*1"" >f1’f0) = (f’fT)a
where f = (fo,...,fn-1) and fT is f in reverse order, leads to DCT-II:

N-1
s 1
k:Nan¢nk and f, = ’Yo+2kzlfyk¢nk, where ¢nk_COS<N(n+§)]{;>_

Note that the sequence f here in DCT-II, is of length N, whereas the sequence f in
DCT-I is of length N + 1. In both case, g is of length 2N. The periodic extension of
the (g,) here in DCT-II is even around n = —% and even around n = N — % The
sequence of coefficients v is even around k = 0, odd around £ = N, and vy = 0.
Actually, application of (95) leads to a coefficient ¥;, that is the above 7 times (¥,
where ( = exp(mi 2}\[) Coordinate-wise multiplication of the sequence of 43 by the
sequence of (¥ results in a sequence that is even around k = N. These factors ¢* have
been moved to the formula for f,, to keep the formulas real.

DCT-III arises from the sequence

(9n) = (fo, ACH s fvoa GV 0, = fva VT L = AN, (96)

The periodic extension of (g,) is equal to (..., fo, f,O, —fT, —fo, —f, 0,...) times z,
where fz (fi,...,fn-1) and z = (¢"). Note that (2N = 1, (N7 = —¢(N+n and
(™™ = (n. Hence, z is 2N-periodic, odd around n = N, and even around n = 0. This
shows that the periodic extension of (gy,) is not only even around n = N, but also
around n = 0. Except for the position of the scaling factor 2/N, DCT-III is the inverse
of DCT-II. Without the factors (", the sequence in (96) is odd around n = N

The sequence (..., f,—f", —f, f",...) is odd around n = N — % and even around

2
n= —l. Multiplication by z = (C"Jr%) leads to DCT-IV:

N-1

an¢nk and fn—2Z’}/k¢nk, where ¢y, = cos <N( %)(k;+%)>
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The sequence z is also odd around N — % (2n—1 = —ZN,...) and even around n = —%
(271 =20,-- )

In the above, we obtained the DCT by extending first to a sequence (g,,) of length 2N
DCT of type V-VIII follow from making sequences (g,) of length 2N — 1 by odd or
even extensions (before the periodic extension). However, these variants seem to be
rarely used in practice.

DCT-II seems to be the most commonly used form of discrete cosine transform and

is often referred to as “the DCT”. Matlab uses DCT-IV.

From en.wikipedia.org: The DCT is used in JPEG image compression, MJPEG
video compression, and MPEG video compression. There, the two-dimensional DCT-II
of 8x8 blocks is computed and the results are filtered to discard small (difficult-to-
see) components. That is, n is 8 and the DCT-II formula is applied to each row and
column of the block. The result is an array in which the top left corner is the DC
(zero-frequency) component and lower and rightmore entries represent larger vertical
and horizontal spatial frequencies.

A related transform, the modified discrete cosine transform, or MDCT (see Exer-
cise 5.10), is used in AAC, Vorbis, and MP3 audio compression.

DCTs are also widely employed in solving partial differential equations by spec-
tral methods, where the different variants of the DCT correspond to slightly different
even/odd boundary conditions at the two ends of the array; cf., Exercise 5.8.

The discrete Fourier transform (and the real variants, the DCTs) plays a central
role in all numerical computations of Fourier transform. This is the case for periodic
functions, as we saw above, but also for non-periodic ones, as we will explain now.

5.4 If £ is in L?(R) then (see Theorem 3.12).

/ f —27rztw dt and f / f 27rztw dw.

For numerical computations, we have to discretize.
First, we can select an interval [a,b] such that f is small outside [a,b], or, to be

more precise, [*_|f(¢)] dt ~ f |f(t)| dt. Then,

s /bf(t) e~ 2mitw ¢ (weR).

Now, with T'= b — a, We can follow the same discretization strategy as for T-periodic
functions. For At = N, select a sequence of equally space base points t, = ty + nAt,
n=20,...,N —11in [a,b). For wy, let wx = wo + T for k € Z. Then, a Riemann sum

approach leads to f Wi) f f(t) e 2mitor dt ~ Zg;ol Atf(t,) e~ 2wk Hence,

N-1

fm)w(Nwa*%’“)Te—mw-wo% where f, = f(t,) e ™0, (97)

n=0
Similarly,

e?ﬁito (wk 7&)0)

T (98)

N-1
F(tx) <Z 9 eQ’fi”—zv’“> 0, where gy = f(wy)
k=0



55

~

Due to aliasing, our approximations for f(wy) will only be of interest for N values
of k. Therefore, it is convenient to select the wg such that the wy are in the range of
interest, for kK =0,..., N — 1.

Note that the expression in brackets are discrete Fourier transforms (cf., Theo-
rem 5.2).

The step size % in the frequency domain is determined by the length of the interval
[a, b] in time domain that carries the interesting part of f. The number N of interesting
sample points in both time and frequency domain is determined by At = T'/N, that
is, by the sample rate in time domain. Since the discrete Fourier transform only leads
to a useful approximation for at most N frequencies spanning an interval [wg,wpn) of
length wy —wg = N/T = 1/At, one can also argue that N is determined by the length
of the interval in frequency domain that carries the interesting part of f.

Often large values are required for both 7" as well as for 1/A¢. This implies that N
will be huge. For instance, with 7" = 1000 and 1/At = 1000, N will be 10. But larger
values for N are not unexceptional. Since discrete Fourier transforms are performed in
all numerical computations involving Fourier transforms (for instance, in digital signal
processing, in date compression as in MP3 and JPEG, etc.) it will be clear that it is
important to have an efficient algorithm for this transform. This is the subject of the
next section.

5.5 Fast Fourier Transform. Let agp,...,an_1 be scalars and suppose we want
to compute

N—-1
fn = Zake%i%ﬂ for n=0,...,N—1. (99)
k=0

Obviously, an efficient algorithm for computing the f,, is an efficient algorithm for the
discrete Fourier transform.

If we assume that the values for exp(2m‘%”) are available, then a naive implementa-
tion of the formula in (99) would still require N multiplications and N — 1 additions to
compute one f,: the N values f,, can be computed in (2N —1)N =~ 2N? flops (floating
point operations). The Fast Fourier Transform (FFT) algorithm can it do in 2N/ flop
where ¢ = logy(N). If, for instance, N = 220 ~ 10%, then ¢ = 20 and there is a gain
by a factor N/¢ = 510* which is the difference between approximately 14 hours and 1
second!

Radix 2. To explain the idea of FFT, assume that N = N, = 2¢ for some positive
integer . Put M = N, = N/2. Now, write f, as

fn = ( > ook 627”%771) + < > amkn BQWi%Tn> TN (100)

2k<N 2k+1<N

For ease of discussion, let us denote the term in the first pair of brackets by f., and
the one in the second pair by f,, (‘¢’ for ‘even’, ‘o’ for ‘odd’):

fn = fe,n+fo,n62mﬁ = fe,n+fo,n emv- (101)
We now concentrate on f.,. Note that

M—-1

Z 2mikn
fe,n = Aok € WZ M,

k=0
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which is an expression as in (100), but with N reduced by a factor 2 to M. We are
only summing over half of the number of terms (M instead of N). But, of course, that
does not lead to savings in the computational costs, since we also have to compute
the f,,. However, exp(QWilg("iA—;M)) = exp(27ri%”) and, consequently, fepiar = fen for
all n. The aliasing phenomenon is helpful here: we only have to compute f.,, for the
values n = 0,...,M — 1 and we get the f,,, for n from M to N —1 for free. The same

observation applies to f, . Since exp(m’%) = —exp(migy), we now have that

fn—l—M = fe,n - fo,n em%- (102)

We apply (101) and (102) for n = 0,... M — 1 to obtain the f, forn =0,...,N — 1
we have to compute only half of the f., and f,, values and this is where the savings
come from. Of course, this idea can be applied recursively (to the f. and f,, etc.), and
that is what FFT does.

We explained two recursive step at the ‘highest’ level (from N,_; to N;). FFT
starts the computation at the lowest level (from Ny to Np) and then works recursively
towards the highest. Note that the ‘Fourier coefficients’ ag;, and a1 of fe, and fop,
respectively, coincide with the Fourier coefficients of f,,; there is only a difference in
numbering. Similarly, the Fourier coefficients at the lowest level are equal to the ay’s.

To analyze the computational costs of FFT, let ks_1 denote the number of flops to
compute the values f., forn =0,...,M — 1. Then we have that

Ke = 2ky_1 + 2N. (103)

The first factor 2 expresses the fact that computing the f,,,, is as expensive as computing
the fen. The factor 2N comes from the multiplication by exp(2min/N) and summing
the ‘e’ and ‘0’ components for each of the N values of n (see (101) and (102)). Recursive
application of (103) leads to ky = 2(kp_1 + N) = 2(2k¢_o +2M) +2N = 22k, 9+ 2N +
2N = ... =2y + 2N/. The number of flops for computing (99) at the lowest level is
0: ko9 = 0. Therefore,

ke = 2NU.

In our discussion above, we assumed that the values of exp(27m'%”) are available.

They can be computed in an implicit way: with wq = exp(m’ﬁ), we can compute the

fvo n = Jon €X 7‘1’2£ recursively as
) 3 p M y

w =1,

for n=0to M -1
fo,n:fo,nw
w=wwp

This scheme requires two multiplications for each n, but since }:m can be used twice
(cf. (101) and (102)), the cost formula (103) is still correct. Apparently, all the f,, can
be computed in 2N/ flops plus £ exponentials exp(mi277) (j < £).

Although it is relatively simple to write a code for the FFT algorithm, we do not
encourage to do it yourself. There are so many details to take care of if you really want
your code to be efficient. There are excellent codes available, codes that have been
optimized for specific computer architectures and processors.

Radix d. In the discussion above we assumed N to be a power of 2. What if that is
not the case?
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Of course, we can adopt the above saving strategy when N is, say, a power of 3. Then,
we split the sum for f,, in three parts involving asg, ask+1, and asgi2, respectively,
(cf. (100)), etc.. The resulting FFT algorithm is called FFT with radiz 3. The FFT
with radix 4 appears to be the most efficient variant, even more efficient than the above
‘basic’ variant of radix 2.

General. More generally, we can decompose N as a product of powers of primes
and we can formulate FFT variants accordingly. However, such a strategy will not
be highly efficient: on each level, we have to deal with another prime number. The
following observations are more useful.

Suppose we have a choice of applying FFT with N = 2¢ or the naive approach with a
much smaller N, say, N = %25 + 1. Then, it is interesting to note that the FFT on the
longer sequence is still faster than the naive approach. It is faster by approximately a
factor N/(4¢); this is still the difference between 3h30 and 1 sec. in case N = 220 ~ 10,
Therefore, if we are in the situation of §§5.1 or 5.4 and we can select our sample ratio
At or the sample length T freely, then it is more efficient to take a larger N in order
to get a power of 2. In a number of other applications, the Fourier transforms are only
used for fast computations and not for, say, filtering: filtering affects the functions in
frequency domain (see, for instance, Exercise 5.4). In such applications, the sequence
of (ay) can safely be trailered with zeros in order to get a sequence of the desirable
length.

Finally, we mention that a discrete Fourier transform can be viewed as a convolution
product between two sequences of complex numbers (see Exercise 5.5). Since convolu-
tion products can be efficiently computed with FFT with radix 2 (and 4), this offers
also a possibility for fast computation of the discrete Fourier; for more details, see
Exercise 5.5.

The DCTs also have fast variants. This is not surprising, since the DCTs can be
obtained from the complex DFT by simple rearranging terms.

NOTE. The FFT algorithm has been introduced by Cooley and Tukey in 1965 [3]. Their paper
is one of the most cited mathematical papers. It was published at a time when computers firstly
made large scale computations possible. Earlier publications of the fast algorithm (by Gauss in
the first half of the 19th century (published in his collected works, 1866) and by Runge (1903))
appear to have been forgotten in 1965.

Exercises

Exercise 5.1. Accuracy of the DFT.
Let f be sufficiently smooth and T-periodic. We sample f at ¢, = nAt with sample ratio

ink

At =T/N and approximate v by 3i(f) = + 22:01 fltn)e >™x.

(a) Prove that ||f — Sp(f)]leo < Z|k|>n 75 (f)]-

(b) Prove that [y(f) —3k(f) < 32540 [Ve+in (F)]-

(c) Prgve that || f — Sp(f)]lee < 23 1kisn (O] [R] < 3N

Here, S,,(f) is the nth partial Fourier series of f with i (f) replaced by x(f).

Prove that S, (f) is the inverse discrete Fourier transform of the (7x(f)) as defined in Theo-
rem 5.2.
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(d) Suppose that f € C)(R) for some i > 2. Put x = (%)l £ D5
Show that, if |k| < 2N,

() = A < 26 ) GN = k)™ < 3k (N — [k|)

j=1
(Hint: use the integral criterion to estimate >, (N — [k[)~".)

(e) If N is even and N = 2M then f(t,) = S (f)(t,) for all n € Z. Prove this.
Snm(f) interpolates f at the equally space grid-points ¢, = nAt: Sy(f) is the interpolating
trigonometric polynomial of f at t,.

Exercise 5.2. Consider the construction of §5.4. Put
alwr) = | 2 n .
Estimate the computational costs to compute fd(wk) fork=0,...,N —1.

Exercise 5.3. Discrete convolution product.

Let x be the space of sequences of N complex number.
If & = (ag, . ..,an—1) the we will also write at(n) instead of a,. We denote the discrete Fourier
transform of o by F(av):

N-1
Fla)(k) = Zane_%i% (k=0,...,N —1).
n=0

We define the convolution product o * 3 on £ as follows

N-1 N-1
axBn)=> an-kBk) =Y akBn-k (n=0,.. N-1). (104)

k=0 k=0
Here, we assumed a(k) to be defined for values of k outside {0, ..., N—1} by periodic extension:

alk+N)=a(k) (keZ).
(a) Prove the equality in (104).
(b) Prove that F is a bijection from £y onto .
(c¢) Prove that
FlaxB)=Fla)-F(B) (a,B€ln).
Here, - is the coordinate-wise product: p-v(n) = p(n)v(n) for p,v € ly.
(d) Show that F~1(u)* Ft(v)=F Y pu-v) foral u,vely.

Exercise 5.4. Multiplying polynomials.
Let p and ¢ be polynomials of degree M and L, respectively, p(z) = Zgio apn 2™ and ¢(z) =
L k
Zk:o Bk €.
Let N > M+ L. By defining o, =0if n > M, and 8, = 0 if k > L, the sequences o = (avy,)
and 3 = (O) belong to £. The convolution is defined as in (104).

(a) Prove that the product polynomial pq is given by

pq(z) = p(x) q(z) = Z ax B(m)a™.
m=0

(b) Compute the convolution product of the sequence e = (1,2,1) and 8 = (1,4,6,4,1).
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(c) Prove that ax 8 = F~1(F(c) - F(B)) also if we increase N and trailer the sequences of as
and (s with zeros.

(d) The coefficients of the product polynomial can be computed i) directly from the definition
of the convolution product, but also ii) via the discrete Fourier transform and its inverse.
The discrete Fourier transform and its inverse can be computed in ii.a) the naive way with
N = M + L or ii.b) with FFT and N = 2¢, ¢ such that 2¢~' < M + L < 2°.

Analyze and compare the computational costs of these three approaches i), ii.a), and ii.b).
What is the most efficient one? Does it depend on the size of M and L7

Exercise 5.5. ZCT and DFT as a convolution product.

Here, we will see that the DFT can be written as a convolution product.
Let N € N and let @ = (g, 01, ...,an—1) be a sequence in C.

(a) For (y,(1 € C, non-zero, let 2z = (o (¥ (k € Z). Consider the transform

N—-1
W=y omz" (k=0,...,N-1). (105)
n=0

A transform of this form is called a z-chirp transform (ZCT) .
Show that the DFT is a special kind of z-chirp transform (o = 1 and {; = exp(27i/N)).

(b) Consider formula (105). Note that 2kn = n? + k% — (n — k)2. Let ¢ € C be such that
¢%? = (;. Prove that

~v=(axB)/B, wherea(n)=awa,¢" C_"2, B(n) = C”Z.

What is the range of n for v(n) = v,, @(n) and B(n)? Has the range to be extended?

(¢) Describe a procedure using FFT with radix 2 that computes the z-chirp transform (105)
also in case N is not a power of 2. Pay special attention to the way you extend the range of 3.

(d) Analyze the computational costs of this approach. What are the costs for perfoming the
DFT (99) with this approach?

(e) Write a MATLAB code to perform DFT for any N based on FFT with radix 2.

Exercise 5.6. Convolution and circulant matrices.

We can identify sequences f = (fo,..., fnv—1) of N complex numbers with vectors f in the
N-dimensional vector space £. Consequently, the discrete Fourier transform F and its inverse
can be identified with IV by N matrices. Let the N by N matrix F represent the discrete Fourier
transform (i.e., the transform from the f,, to the 7% in Theorem 5.2. See also Exercise 5.3).
(a) Describe the matrix F.

(b) Prove that the inverse Fourier transform is represented by F~! and that F~! = NFH,
where F¥ is the conjugated transpose of F.

(¢) If v € £y, then the convolution product « * 3 defines a linear map from £y to £y .
Describe the matrix A that represents this map: A 3 = a * 3.

Show that A = (a;;) is a circulant, that is a;; = aj414+1 if j < N and a;; = a;411 if j = N.
Show that the ‘convolution map’ identifies the circulant matrices with vectors in £y .

(d) Show that the columns of F' are eigenvectors of A and that the associated eigenvalues are
the discrete Fourier coefficients F(a)(k) of a.

Exercise 5.7. DCT.
Prove the formulas for DCT-II, DCT-III, and DCT-IV.

Exercise 5.8. DCT and differential equations.

The Fourier transform and the discrete Fourier transform can be viewed as transformations
from one orthogonal basis system to another. The same is true for discrete cosine transforms,
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although this is a bit hard to see. The following questions offer an alternative approach for
proving orthogonality of the cosines that are involved in the DCTs: the cosines show up in the
numerical solution of the symmetric eigenvalue problem f” = Af with appropriate boundary
conditions as f/(0) = f/(1) = 0 (f € C([0,1])).

(a) Consider the N by N matrix A with all 1 on the two first co-diagonals (A; i+1 = Ai41, = 1)
and —2 on the diagonal, except for A; ; and Ay, which are equal to —1. Prove that the vectors
¢, with nth coordinate equal to cos(wk(n + %)/N) are eigenvectors of A. Conclude from the
fact that A is symmetric that the vectors <5k form an orthogonal system. Show that the cosines
involved in DCT-II form an orthogonal system.

Ezplanation: A can be viewed as the discretization of the second derivative f ~» f”, where f
has been discretized on [0,1] in the points ¢, = (n — 2)At with At = 1/N: f,, ~ f(t,). If we
require the derivative of f to be zero at ¢t = 0, then f(%At) ff(féAt) ~ fo— f_1 = 0 combined
with f(—1At) —2f(3A1) + f(3AL) = fo —2f1+ f2 = Af1 yields — f1 + f2 = Af1. This explains
the choice Aq1 = —1. Similarly, the boundary condition f/(1) = 0 leadsto Ay n = —1.

(b) For DCT-I, consider the N 4+ 1 by N + 1 matrix A with ones on the two first co-diagonals
and —2 on the diagonal except for A; o = Ay11,8 = 2. Show that that the vectors ¢ with nth
coordinate cos(wkﬁn) are eigenvectors of A. A is not symmetric but J —1AJ is, if J the identity
matrix except for Ji1 = Jny1, N1 = V2.

Ezplanation: Here f has been discretized in the points ¢, = (n — 1)At, At = 1/N. Again
the derivative of f is taken to be zero at 0 and at 1: f(At) — f(—At) = fo — fo = 0, and
fo — 2f1 + f2 = )\fl transforms into 72f1 + 2f2 = >\f1; etc..

(c) DCT-IV can be treated with the N by N matrix A with 1 one the first two co-diagonals,
—2 on the diagonal, except for A2 =2 and Ay y = —3.

Ezplanation: the discretization is again in ¢, = (n — 1)/N. The derivative of f at 0 is again
0, but at 1 we require f(1) = 0. f(1) = 0 discretizes as f((N — 3)At) = —f((N + 3)At), or,
fn = —fn+1, which leads to Ay ny = —3.

Exercise 5.9. Fourier and Fast Fourier Transform in matrix representation.
Consider the column vectors f = (fo,..., fv-1)" and v = (y0,...,7n-1)". Note that, for

consisteny of notation, we let the first index of the vector to be 0. Similarly, the first entry of
a matrix (the left top entry) will be the (0, 0)-entry.

(a) Let F be the N x N matrix with (n, k)-entry equal to ¢2™'% . Show that the matrix vector
multiplication f = F~ represents the DFT. Show that the inverse DFT is given by the matrix-
vector multiplication v = %F*f . Here, F* is the complex-conjugate transpose of the matrix F.
Conclude that the scaled matrix \/—INF is unitary.

(b) Assume that N = 2M for some positive integer M. Show that the first step in the derivation
of the FFT (represented in (101) and (102)) can be represented as

Ve

Yo

£ f/ . Iy Dy, fe . Iy Dy, Fy 0
|| | Iy -Du £, | | Iy -Duy 0 Fuy
Here, f', £, f., f,, ¥e, Yo are M-vectors, f’ is the top half of f, f” is the bottom half. f. is the
DFT of the M-vector ~., where v. = (70,72,...)T. Similarly, 7, consists of the odd indexed

v;s and f, is the associated DFT. Fjs is the FFT of lenth M, Dy, is the diagonal matrix of
size M x M with (i,i)-entry equal to ™31, Ips is the M x M identity matrix.

(c) Suppose N = 2¢. Conclude that the Fourier Transform matrix F can be obtained as a
product of ¢ sparse matrices (with 2 non-zeros per row) and one permutation. How are Dye—1
and Dy, related for j < £7

Exercise 5.10. Modified discrete cosine transform (MDCT).

The MDCT is unusual as compared to the discrete Fourier-related transforms in that it has
half as many outputs as inputs.
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For N = 2M even and a sequence f = (fo, ..., fan—1) of 2N real numbers the N coefficients
Y0s---,YN—1 are given by

IN—1
1 . s 1 1
™= ; fo Gk n  With g, = cos (N(k +5)n+ 5)) (106)
with ‘inverse’ the sequence f~: (f~’0, cel j?gN,l) of 2N real numbers given by
. N-1
fn= Z Vi Pk, M+n- (107)
k=0

Note that MDCT as defined in (106) and the ‘inverse’ IMDCT from (107) are shifted variants
of DCT-IV and its inverse. Of course, MDCT does not have an inverse (why not?). But if we
add the results of the IMDCT of subsequent overlapping blocks, we have perfect invertibility
as we will explain in (e) below.

(a) Let @ be the N x N matrix with (n,k) entry equal to ¢,k (the (0,0)-entry is the top
left entry). Express DCT-IV in terms of a matrix-vector multiplication (using ®). Show that
®T = @ and £ P? = I, with Iy the N x N identity matrix.

(b) Prove that ¢ron—1-n = PkoN—14n = —¢n k. Conclude that the N x 3N matrix with
(k,n)-entry ¢, can be written as

| Iy —Jn fIN}.

Here, Jy is the N x N matrix that represents the back numbering (all entries of J are zero
except for the (i, N — 1 — i) which are 1).
(¢) With 0 the M x M zero matrix, conclude that the MDCT can be represented by the matrix

1
R ge— 3

N

- 1
v=o| ° 0 Im M
Iy, -Juy O 0

Show that the ‘inverse’ MDCT is given by ¥7, i.e., f= WTT,

(d) Let (F1, Fy, F3, Fy) be the sequence f partioned in blocks F; of length M. Show that the
‘inverse’” MDCT applied to (vx) equals (Fy — Fy,', —F\* + F», F5 + F,"  F;" + Fy,). Here, FF'T
is F in reverse order (the ‘transpose’ of F'). Conclude that the inverse MDCT leads to

f=L(F,F) - (F,F)", (F,F)+ (F, F,)").

This interprets the result when the sequence f is supposed to be partioned into two blocks each
of length N, as ((Fy, Fy), (F5, Fy)). Note that time values from the second block (in Fy) get
represented in the first block, etc.. This phenomenon is referred to as time-domain aliasing.

(e) TDAC. Now, consider the sequence F = (Fy, Fy, ..., Fy), where now F; are blocks of
length N (twice as long as the blocks above!) and ¢ > 3. Apply MDCT to the subsequences
(F;,F;11) of length 2N, to obtain the sequences I'; of length N. Note that the subsequences
(F;, Fjy1) overlap: for j = 4,7+ 1, they share the block Fj;.

Let the inverse MDCT applied to I'; be denoted by (G;, H;+1). Show that H; 11 + G411 =
F;q: the reverse terms cancel. This property is called ‘time-domain aliasing cancellation’
(TDAC).

Conclude that we have perfect reconstruction by adding the overlapping IMDCTs of MDCT's
applied to subsequent overlapping blocks if the first block F} and the last block F; are zero.

(f) Windows. Usually window functions are used to attenuate effects of applying the trans-
form per block (to F; rather than f with a Fourier transform). Let W = (W7, W3) be a se-
quence of length 2N partioned into two blocks W; each of length N. Asinc), F = (Fy,..., Fy)
is partioned into blocks F; of size N. Apply MDCT to the sequence (W1 F;, W5 F; 1) to obtain
I';. The multiplication is point-wise. Here, W acts as a ‘window’; W is a window function.
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Let the results of IMDCT applied to T'; be denoted by (G;, H;+1). Application of the same
window leads to (W1 G;, WoH 1).
Prove perfect reconstruction, i.e., WoH,; 11 + W1G;41 = Fiq, if

Wy =W and W?+Wi=1.

The first property makes the window symmetric (around k = N + %), the second property is
the Princen—Bradley condition.

Show that both the sine window W = (wy,) with wy = sin 5% (k+3) (k=0,...,2N —1)
and the window wy = sin (g sin? [% (k: + %)]) are symmetric and satisfied the Princen—Bradley
condition. Note that the wy are small for k =~ 0 and ~ 2N — 1. The sine window is used in MP3,
MPEG2-AAC, the second one in Vorbis. The Kaiser windows (used in, e.g., MPEG4-AAC) are
based on Oth order Bessel functions.

Here, we assumed that the analysis window (the MDCT transforms to frequency domains,
thus, prepares for spectral analysis) and the synthesis window (with IMDCT, spectrum infor-
mation is transformed back to time domain) are the same. However, perfect reconstruction is
also possible with different (but carefully selected) windows.
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f and its delayed version f1 5

-5 -4 -3 -2 -1 0 1 2 3 4 5

FIGURE 13. A signal f (solid line) and its delayed version fs (dashed-dot).

6 Convolution products

We can multiply functions coordinate-wise. However, there is another type of multi-
plication, the convolution product (see §6.1), that is extremely important in practice.
Although, this multiplication looks complicated, the Fourier transform transforms it to
coordinate-wise multiplication (see Theorem 6.4).

All integrals in this section run from —oo to co.
If f is a function and s € R, then the translated, shifted, or delayed function fs (see
Fig. 13) is defined by
fs(t)=flt—s) (teR):

the graph of fs is precisely the graph of f but translated (or shifted) over s, or, if f is
a signal in time, then f, is the same signal, but with a delay s.

6.1 Convolution products. For f and h from a large class of functions on R, new
functions fxh on R can be defined by

+00 +oo
fxh(t) = f(t—s)h(s) ds = / f(s)h(t—s)ds for teR. (108)

—00

fxh is the convolution product of f and h.

6.2 Example. If h(t) = & for t € [0,7] and h(t) = 0 elsewhere, then fxh(t) =
. ftt—T f(s)ds for all t € R: fxh(t) is an average over the f-values in the time interval
[t — T,t] of length T prior to t.

In general, the function value fxh(t) can be viewed as the average of the delayed
f-values, f(t — s), where the f-values have been weighted with weights, h(s), that
depend on the delay, s: h is the weight function. Such a situation occurs in practice
when, for instance, an acoustic or electromagnetic signal f is broadcast. The signal
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will be received with a delay, say sg. The delay depends on the speed with which
the signal travels and the distance from source to receiver. Of course, the received
signal will be reduced in strength, so f(t — sg) h(so) will be received at time ¢, where
h(sg) is the damping factor. In addition, there will be echoes. The echoes will have
to travel a longer distance and will be less energetic than the ‘primary’ signal: one
echo will contribute to the received signal at time ¢ with f(¢ — s1) h(s1) where s1 > s
and (probably) |h(s1)| < |h(sg)|. If there is a range of echoes, then the signal that
is received at time ¢ is equal to [ f(t — s) h(s) ds, where the integral represents the
superposition of the echoed values. In practice, the received signal will, in addition, be
polluted with noise. Therefore, the received signal will be of the form f * h + n, where
n represents the noise.

Obviously, the convolution product (108) is well-defined in case f € L'(R) and
h € L*(R), but also if both f and h are in L?(R). Then, we have the following
estimates

1f % Plloo < [[fllllPlle and  [[f % hllo < [fll2 [IAll2, (109)

respectively. To prove the last estimate, apply the Cauchy—Schwartz inequality. The
convolution product f * h for f € L'(R), h € L>(R) or both f and h in L?(R) are not
only bounded, but also continuous.

6.3 Theorem.
If f € LY(R) and h is bounded, then fxh is a uniformly continuous function on R.
The convolution fxh is also uniformly continuous if h, f € L*(R).

Sketch of a proof. We leave the details to the reader; see Exercise 6.11.

Suppose f € LY(R). Then, for ¢ > 0, there is a smooth function f such that
|If = Flli < & (see §1.8). It is easy to see that fsh is smooth as well. The first estimate
in (109) teaches us that |[f*h— f*hllc = [|(f = f) *hllso < &||h|os. Apparently, there
are smooth functions (f* h) that are arbitrarily close to f % h in the sup-norm. This
implies that f * h itself is smooth.

The statement for f and h in L?(R) can be proved with similar arguments. 0

If we do not insist on defining a function point-wise, but if we also accept definitions
by means of converging sequence of functions (as in 3.11), then fxh is also defined for,
for instance, f € L'(R) and h € L'(R) U L?(R); then

fxh € LYR), |f =hllv < Ifllu [kl if € LY(R) (110)

and

fxh € L*(R), |If hlla < [IfllIhll2 if b € L*(R). (111)

The statements are quite surprising, because, if f € L'(R), then f2 need not be
integrable (as is shown by f(t) = 1/y/t for |[t| < 1 and f(t) = 0 elsewhere). So, products
of L'-functions need not be integrable: the integral need not be finite. However, ac-
cording to the statement in (110), the infinite value in a convolution of two L!-functions
can only occur in a negligible set of points t.

We sketch a proof of (110) using the following fact: if f € L'(R) then

1£h = sup (£, 9)] = supr/f<t>% ],

where the supremum is taken over all g € L= (R) with ||g]|c < 1.
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Let both f and h be in L!(R). For the moment, let us not worry about the existence
of f * h, but simply estimate its 1-norm using the above fact:

((fxhog)l < [ J1f(S)] IRt = 9)l1g(t)] dt ds
=[] Iht = 9)llgt)] dt ds
< (J1f(s)] ds) (sup, [ [A(t = 5)|g(t)] dt)
= [fllllh = glloo < I ll1 IRl lglloo-

Hence, ||f * hlly < ]l 4]}
Now, define h,(t) = h(t), if |h(t)| < n, and h,(t) = 0, elsewhere. Then h,, is bounded
(by n) and ||h—hy,||1 — 0if n — oo. Since hy, is bounded, fxh,, is well-defined, and since
hy isin LY(R), we have that || f*h, — f*hmll1 = | f*(hn—hw) |1 < [ £]11 |hn—hm|1 — O
if n > m — oo. Therefore, there is an L' function, which we denote by f % h, such that
|f*h—fxhy|i = 0if n — oo.

The proof of (111) is similar. It exploits the fact that

1l = sup {179 [ € L2®), gl <1} (f € TA(R)).

We learned from Theorem 6.3 that convolution tends to smooth functions. However,
we emphasize that f*h need not be continuous if f € L'(R) and h in L'(R) or in L?(R)
see Exercise 6.12. The arguments in the proof of Theorem 6.3 are not applicable to
these functions for the following reason. In (109), we are dealing with the sup-norm,
whereas the estimates in (110) and (111) involve the 1- and the 2-norm. If a function
is arbitrarily close in the sub-norm to continuous functions, then that function itself
must be continuous, but this need not to be the case if closeness is measured in 1- or
2-norm.

The estimates in (109), (110), and (111), are instances of a more general result. We
give this more general result now since it may be easier to memorize:
if p,q,r € [1,00] such that % —|—% =1+ %, then

Jrh e '®R), If+hll, < IflplIlly i f € LP(R), h e LUR)  (112)

Here, f € LP(R )forpe [0,00) if |[fll, = ([ |f(@)P di) » is finite.
If r = o0, i.e., 5 + 5 =1, then f * h is continuous.

Fourier transform maps the convolution product to the standard coordinate-wise
product.

6.4 Theorem. If f,h € L'(R)UL*(R), then

—

fxh = f h. (113)
Sketch of a proof.

@(W) = ff*h(t) e 2Titw gt — fff(s) h(t — S) e~ 2mitw 3¢ ds
fff(s) e 2misw h(t— )6727ri(tfs)w dt ds
[ ([ ht—s) e~ 2mi(t—s)w dt) f(s) e 2T ds

o~

= [h(w) f(s)e 2™ ds = h(w) f(w). 0
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The statement (113) is also correct if h € L°°(R) and is the Fourier transform of a
function in L'(R): h € L'(R).

The convolution product can also be formulated for discrete functions (see Ex-
ercise 5.3) and for T-periodic functions (see Exercise 6.13). Here also, the Fourier
transform leads to coordinate-wise multiplication.

6.5 Correlation product. The correlation product f ® h, defined by
font= [ Foncrods= [ To-0hs) ds=(hf) (teR),

is related to the convolution product (see Exercise 6.3).

This product plays an important role in stochastics. It measures the stochastical
dependence, the correlation, of A and f or a translate f; of f. The autocorrelation
f ® f measures the correlation of f and translates f; of f. If, for instance, f and h are
independent in a stochastical sense (uncorrelated), then (h, f) = [ f(s)h(s) ds = 0.
If n is a function that represents noise and f is a signal such that [ f(¢) dt = 0,
then n and f, but also n and f; will be uncorrelated. Therefore, f ®n = 0, and
fFOf+n) =06f0f); see Fig. 14. here, ¢§ is a scalar (scaling factor). This can
conveniently be exploited specifically in situations where the noise is large relative to

5.

6.6 Application: radar. This last property is used in practice to measure dis-
tances. The distance between two objects can be measured by sending a signal (acoustic
or electromagnetic) from one object to the other. The signal will be reflected. The time
of arrival of the reflected signal at the source is proportional to the distance between
the objects. Unfortunately, the reflected signal will be much weaker than the original
one (0 < 1) and is often heavily polluted by noise (see the two left pictures in Fig. 14).
As a consequence, it will be hard to accurately determine the time of arrival of the
reflected signal. By forming the correlation product of the received, reflected, signal
with the original signal, the obscuring effect of most of the noise can be annihilated (see
the right pictures in Fig. 14). Here we assume that the reflection f of the source signal
f is of the form 4 f; 4+ n, where ¢ is a damping factor and 7 is the delay, that is, the
time that the reflected signal needs to return; n represents noise. So, we assume that
there are no (significant) echoes in the reflected signal. We are interested in computing
7. Note that f © (6fr +n) = 6(f © f);. Therefore, if f © f is largest at ¢ = 0, then
f ® f will be largest at time 7.

The source signal in the pictures in Fig. 14, is a sine function. The pictures indicate
that the autocorrelation can be used to determine time of arrival of the reflected signal.
However, determining when the correlation function f ® f is largest would be easier
if this function were more localized. (This is particularly so if the reflected signal
contains echoes from multiple objects.) This can be done by making the initial pulse
shorter in duration, but then the energy transmitted —and more importantly, the
energy received— would decrease (§ gets smaller), while the magnitude of the noise
would not be affected. Another approach is to find a source signal that has more
localized autocorrelation. The premier example of such a signal is the chirped pulse
sin wt, in which the frequency w is itself time-dependent. That is, the frequency changes
as a function of time, like a bird’s chirp, see Fig. 15.
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Graph of f='sin(5*2+pi*t) *(@bs(t)<1)
T T T

06

02

L L L L L L L L L L L L L L
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Graph of f="sin(5*2*pi*).*(abs(t)<1)
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FIGURE 14. The source signal f (top-left) and its autocorrelation function f ® f (top-right). The
received signal f = f, +n is polluted with noise n. The noise n is large relative to f: ||12]|ec = 3||f]lc. The
polluted signal is displayed in the bottom-left picture. Here, we took 7 = 0. The bottom-right picture shows
the correlation product f © f of the received signal with the source signal f. The noise is not completely
annihilated in the correlation product f ® f (in our computation we used sampled values. This introduces
an error, which partially explains why the noise did not completely vanish). Nevertheless, the time of arrival
of the pure received signal f-, that is, the time where the ‘noiseless’ received signal f; starts to be non-zero,
can be determined from f ® f, which is not possible from f. Notice that the scale along the vertical axis
is different in each picture.

6.7 The Wiener—Khintchini theorem. In the frequency domain we have that

o —

foh=Fh.
In particular, for the autocorrelation function f ® f, we have that
fof=IfP

This result is the Wiener—Khintchini theorem: the Fourier transform of the autocorre-
lation function is the power spectrum.

These results allow efficient computation of the correlation product: the FFT can
be exploited.

Exercises

Exercise 6.1.
(a) prove that fxh=hxf.
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Graph of f="sin(5*pi*(1+5*abs(t)).*t).*(abs(t)<1)'
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FI1GURE 15. For an explanation, see Fig. 14. Here, we replaced the sine pulse from Fig. 14 by a chirped
pulse. Note that this approach allows easy detection of the center of the broadcast signal as well as of the
received signal.

(b) Prove that f*h, = fr+xh=(f*h), (T €R).
Exercise 6.2. Provethat fO© (0fr +n)=0(f® f)..

Exercise 6.3. Let f,g € L?(R) and h € L'(R). Define the adjoint h™ of h by
h™(t) = h(—t) (t e R).

Note that real even functions are self-adjoint, i.e., hT = h.

(a) Prove that (f,h*g)=(hT x f,g).

For h € L'(R), the convolution f ~ h x f defines an operator from L?(R) to L?*(R). This
operator is linear and bounded, with operator norm (less than or equal to) ||h||1, because
1h fll2 < |hll1 ]| f]l2- In (a), we showed that the adjoint is given by f ~» hT % f. This is the
reason, we called h™ the adjoint of h; formally adjoints are defined only for operators.

b) Show that (fxh)T = f* KT

(

(¢) Show that AT = h.

(d) Show that h® f=f*xhT =(hx fO)" = (fOh)".
( —

(

e) Combine (c) and (d) to show that h® f =

ih (Wiener—Khintchini, see §6.7).
f) Prove that [[h® fl3=(f® f,h®h) and (h®

Hohof)=Fof)(hoh),

Exercise 6.4. Dilation equations.
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Let f and g be in L?(R) such that

fGa)= > ajf(z—j) and g(Gz)= Y Biglx—j) (veR),
Jj=—00 j=—o0
for some sequences a = () and B = (3;) in £?(Z).
(a) Prove that

o0

(fx9)32) = Y 3axB))(f+9)(z—j) (v€R),
j=—o00
where the convolution product « * § of the sequence of scalars is defined by

o0

Oé*,@(k) = Z Qa; ﬂkfj = Z Qf—j ﬂj (kE Z)

j=—o00 j=—o00

(see also Exercise 5.4).

Exercise 6.5. Splines.
Let By be the function defined by

By(t)=1 if t€][0,1) and By(t) =0 elsewhere.

(a) Compute By = By x By and By = By * By * By.

(b) Prove that the convolution B,, of n+ 1 copies of By is a spline of degree n, where a function
f is a spline of degree n if its restriction to each of the intervals [k, k+ 1) is polynomial of degree
<n (k€Z)and f € C""D(R) (here CO(R) is the space C(R) of continuous functions and
C(=1(R) is the space of all functions on R that are left continuous).

(¢) Consider an n € Ny. Show that any finite collection of functions x ~~ By, (x — k), i.e., k
belongs to some finite subset of Z, forms a linearly independent set.

(d) Check that By(32) = Bo(z) + Bo(z —1) (z € R).
Use this relation and the results in Exercise 6.4 to show that, for each z € R,

Bl(%.’ﬂ) = %Bl(.’L') + Bl(,CE — 1) + %Bl(ac — 2)

and
Bs(3z) = 5 (Bs(z) +4Bs(z — 1) + 6Bs(x — 2) + 4Bs(x — 3) + Bs(z — 4)).

Exercise 6.6. Convolutions with elementary ‘functions’.
Let f € L'(R).
(a) Show that the convolution product f * ¢, of f and the harmonic oscillation ¢,,(t), ¢, (¢)

o~

exp(2mitw), is equal to f(w):

o~

f*¢w = f(w)¢w

(b) The convolution product can also be defined for Dirac delta functions or point-measures:

fxo,(t) = /_OO ft=9)d,(s)ds= f(t—v) = fu(t) (t eR).

Show that this definition is consistent with the interpretation of §, as a limit, that is, for v = 0,

Fodo) = tim [ =555 ds

Exercise 6.7. Convolution with discrete measures.
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Let f € LY(R) and pu = Y 46 for some sequence () € £1(Z) and some sequence (t;) in R
(see Exercise 3.16).

(a) Show that f* u(t) =D vk [ e, () = 2oy f(t —ti).
(b) Show that f = f fi.

Exercise 6.8. Shannon—Whittaker.

Let © > 0 and let f € L2(R) be such that f(w) = 0 if |w| > Q. In §7, we will see that the
bandwidth restriction on f implies that f is smooth, and, in particular, the function values
f(kAt) are well-defined.

For At =1/(2Q), put = 3" At f(kAt) Sxar (see Exercise 3.16). Put ¥ = Iq,.
(a) Show that m =Tlgfi = f. Conclude that

Ft) =Wxp(t) =Y At f(kA) U(t — kAL) =Y f(kAt)sinc(2tQ — k) (t € R).

Exercise 6.9. Shannon—Whittaker II.

Here is a ‘quick proof’ of Shannon—Whitaker’s theorem. Proof and formulation use the Dirac
comb ma; of Exercise 3.18. f, Q, At are as in Exercise 6.8.

(a) Show that (fma;)™ = f *my /Ay
Interpret the spectrum of the sampled version of f as the 2{2 periodic extension of the spectrum
of f (with spectrum of f being resticted to [—Q, +]).

(b) Show that f= (f* 1y /ae) .

(¢c) Show that f = (fmay) * L.
Interpret this result as the Shannon—Whittaker theorem.

Exercise 6.10. The smoothing effect of convolutions I.
Let h be the scaled top-hat function %Hg.

(a) Prove that fxhisin C+1D(R) if f is bounded and in C(™(R). Prove that f*h is uniformly
continuous if f is bounded.

Exercise 6.11. The smoothing effect of convolutions II.

(a) Prove (109).
(b) Prove that f+h € C™(R) if f € C™(R)N LY(R) and h € L>=(R).
(c) Use the Density Theorem 1.8 to prove that f * h is uniformly continuous if f € L!(R) and

h € L*(R).
(d) Use the Density Theorem 1.8 to prove that f x h is uniformly continuous if f € L?(R) and
h € L*(R).

Exercise 6.12. Compute the convolution product f * h of f and h with h and f given by

1 1

J@) =0, h)=Gr i =1 and - f(0) = h(t) =0 if |t < 1.

Does f * h belong to L'(R), to L?(R)

Exercise 6.13.

(a) Formulate a convolution product for T-periodic functions. Derive an expression for the
Fourier transform of this product.

(b) For a = (i) € L%(Z), let a(w) = > po o e 2™k Then ay = fol G(w) 27wk .
Formulate a convolution product for sequences in £2(Z) and derive an expression for the
Fourier transform of this product.
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Exercise 6.14. Heat equation.

We use the notations and results from Exercise 3.13:
® . 2 2 .
u(ac,t) :/ ¢(w) 67471' wyt e27rzwz dw
— 00

solves the heat equation with initial condition u(z,0) = ¢(z).

(a) Prove that H; = /f;t, where

Hi(w) = e~4m Wt and hi(z) = 2;\/% e m(m)?

(b) Show that u(x,t) = ¢ * hy(x).

(c) Prove that (x,t) ~ u(z,t) is a smooth function on R x (0, 00).

(d) Note that the limit h; for ¢ — 0 does not exist. Nevertheless, ¢ * h; defines the solution
that matches with the initial condition. To understand this, show that

o0 o0
| s do—g0) = [ gla)oota) do (- 0),
— 00 — 00

for each continuous function g € L(R). Here, &y is the Dirac delta function. Hence, in some
weak sense, hy converges to dg for ¢t — 0. Show that ¢ x hy — ¢ if, in addition, ¢ is continuous.
INTERPRETATION. The solution of the heat equation can be represented as a convolution of
the initial heat distribution with a Gaussian function hy. This clearly represents the spreading
of the heat in time. The Dirac delta function &g at t = 0 spreads to a Gaussian distribution h;
for t > 0 that ‘gets wider’ with increasing t.

Exercise 6.15. Wave equation.

We use the notations and results from Exercise 3.12:

u(z,t) = /00 b1(w) cos(2mwet) €277 dw + /Oo ba(w) sin(2mwet)

e?ﬂ'zwx dw
2nwe

solves the wave equation with initial conditions u(x,0) = ¢1(z) and %(m, 0) = ¢a(x).
(a) Prove that, for ¢ > 0,

U(.’L‘,t) = ¢1 * (%[5015 + 5—015]) + ¢2 * (QLCHct)

(b) Show that ¢y * (3[0ct + 6_ct]) — @1 % 0o = ¢1 (t — 0) of ¢; is also continuous.

)
(c) For a continuous function g, consider ®(t) = [ Il (x)g(z) dz. Prove that ®'(t) =
lg(ct) + g(—ct)] for t > 0 and conclude that ®'(0) = lim;—o ®'(t) = g(0).
Show that the partial derivative with respect to t of ¢o * (%Hct) is equal to ¢o (% [Oct+0—ct])
and conclude that this derivative converges to ¢s if t — 0 and ¢ is continuous.

Exercise 6.16. Huygens’ principle.

Consider an electromagnetic wave, with electric field F in two space dimensions: E(z, z) is the
field at (z,z) at t = 0.
Suppose A(z) = E(z,0) (« € R) is known and suppose the wavenumber k, or, equivalently,
the wavelength A = £ is known. We want to determine E(z,z) from A.
If A(z) = Egexp(2wikiz) then
2

E(z,2) = Egexp(2mi(kiw + k3z)), where k*=Fk] +ki= QC}—Q

Since the wavenumber & is know, the frequency w, and k3 can be computed: FE(z,z) can be
determined.
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(a) Show that, in the general situation,
E(w,z) = / A(ky) e2milthrzthon) qf; = / A(ky) H(ky) €™ dky,
where the transfer function H is given by H (k1) = exp(2miksz) with k; = \/k2 — ki. Hence,
E(X,z)=Axh(X)= /A(m) h(X —x) dz, (114)

where h(z fH (k1) exp(2mikix) dk;. Note that H and, therefore, h, depend on z.

(b) Assume that k1 < k (i.e., the wave EO e?mik1etksz) moves almost parallel to the z-axis).

Then, show that ks = k4y/1 — 2% =~ k — 5. Hence,

(kl) 27rzkz efwzzkz

Show that, if, in addition, z < z, then

k ) ) k ) 1 2mikr
h(z) = h,(z) = || — e*™ik= PLU-L PN \[ = e2mikVER T Y 67, (115)
(%4 (%4 1 T

where r = V22 + 22 is the distance from (z, z) to the origin (0,0).
(c) The function (x,z) ~ exp(2mikr)/+/r in (115) represents a cylindrical wave emitted from
the origin (0,0). Apparently, h, approximately represents a cylindrical wave, in case k =
(kl,/{?3) ~ (0, kg) and r < z.

Similarly, if in three dimensional space A(x,y) = E(z,y,0) is known, then E(X,Y, z) can
be computed from the two-dimensional variant of (114), where

1 eQTrikT

k k
h h. 2mikz ﬂ'z (z +y )
(‘Tay) = (.Z' y) ~ zze S

Here r = /22 + y? + 2z2: h approximately represents a spherical wave (here also assuming that
the direction of the wave has a small angle with the z-axis and y/x? + y? is small relative to
z). Formulate the two-dimensional variant of (114).

Now, use (114) and (115) to interpret F(X,z) (and E(X,Y,z)) as a superposition of ap-
proximate cylindrical (spherical) waves (Huygens’ principle).

T-periodic functions.

A convolution product can also be defined for T-periodic functions f and h

/ft—s :—/ f(s)h(t—s)ds for teR.

Note that the integral here has been adapted to the inner-product. For this convolution product
we have statements similar to ones in the Theorems 6.3 and 6.4.

We will consider T-periodic functions and this convolution product in the following three
exercises, where we prove some of the results from §2 that we stated there without proof. The
proofs exploit convolution products.

Exercise 6.17. Approximate identity.
Consider a sequence (K,,) of functions in L1.(R) for which
cmmem<M<m
fo a(t) dt =1 forall n €N,
(111) for each 6 > 0 we have that lim,_ féé\tIS%T |K,,(t)| dt = 0.
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‘We will show that

lim || K, % f— fllo =0 for each T-periodic f € C'(R) (116)

For this reason, a sequence (K,) in LL.(R) with these three properties is called an approzimate
identity.
(a) Show that, for each § > 0, we have that

(K f(t) = f(B)] < I + I,

where

_l s —s)— s :l S —S8)— S
zlzT/lsgm( WA= s) — F(2)] d, Ig_T/6<S|S%T|Kn( 1At~ 5) — F(0)] ds.

b) Prove that, for each £ > 0, there is a 6 > 0 such that I; < eM.
Hint: f is uniformly continous. Why?)

(

(

(¢) Prove that, for any 6 >0, Iy — 0 if n — oc.

(d) Prove (116).

(e) Show that (116) also holds if (ii) is replaced by the weaker condition
(il') limy oo & [ Kn(t) dt = 1.

Exercise 6.18. Dirichlet kernels.

Put i
Dn(t)= > exp(2mt ).
|k|<n
(a) Show that
Sp(f) =Dy x f forall fe LL(R). (117)

D,, is the so-called Dirichlet kernel of order n (see Exercise 2.20).

(b) Show that (see (54))
sin(m % (2n

Do (t) = )+ V)

2
sin(m %
(¢) Show that (see (53))

%/OTDn(t) dt=1.
(d) Show that there are constants k1 > k2 > 0 such that (see (55))
kolog(n) < ||Dnll1 < k1log(n+1) for all n.

Is (D,,) an approximate identity (see Exercise 6.17)?
The proportionality of || D, |1 with log(n) is the reason for a lot of hard work and ‘nasty’
estimates in the convergence theory for Fourier series for functions f that are not very smooth.

Exercise 6.19. Cesaro sums and Fejér kernels.

For f € LL(R) consider the trigoniometric polynomial

j— 1 -
on(f) = nH;sj(f).

The function o, (f) is the average of the first n 4+ 1 partial Fourier series So(f), ..., Sn(f): it is
the so-called nth Cesaro sum.
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In this exercise, we will see that

lim ||o,(f) = flleo =0  for all continous f € LL(R). (118)

Here, we have uniform convergence for any continous T-periodic function f, while for (S, (f))
uniform convergence requires some additional smoothness for f (as we know from the examples
of du Bois-Reymond, see the discussion on Theorem 2.4, and of Exercise 2.22).

Define

We will see that these so-called Fejér kernels form an approximate identity (see Exercise 6.17).
(a) Show that

on(f)=Fnx f.
(b) With ¢ = exp(2mi+), show that
1 =~ 2Re(¢" ™ -1 in*(r&(n+1
(n+1)Fp(t) = ———2Im ZC]+% _ RGSC _ ) _ sin (,TFQT(n:_ ) >0

Cz — (= = (€2 —(2)2 sin”(74)

(¢) Show that
| E2 | l/TF (t) dt = L il/TD-(t) dt =1

nl*To n *n_*_lj:OTO 7 = 1.
(d) Show that (F},) is an approximate identity and prove (118).
Exercise 6.20. Jordan’s test.
In this exercise we will show that, for f € LL(R) and z € R,

lim S, (f)(t) = 5 (f(t+) + f(t-)), (119)

n—oo

if f(t+) and f(t—) exist and, for some § > 0, f is of bounded variation on (¢ —d,t+4J) (Jordan’s
test; see (b) of Th. 2.4 and the discussion following this theorem).

(a) Take T'=2r. For t € (—m, 7], let g(s) = 3(f(t+s)+ f(t—s)) (s €R). Show that D,, and
g are even and that (see (117))

Su(F)t) = & [T Du(s) f(t—s)ds = o= [T Dp(s) f(t+s) ds
= L [T Du(s)g(s) ds = L [T Du(s) g(s) ds.

To prove (119) it suffices to show that

lim 1 /ﬂ D, (s) g(s) ds = g(0+). (120)
0

n—oo T
Since + [" Dy (s) ds =1 (see (53)), it suffices to show (120) in case g(0+) = 0 and g is non-

decreasing.
Therefore, assume that g is non-decreasing, g(0+) = 0, and, for § > 0, consider

1

&
Ilz—/ D,(s)g(s)ds and I=
T Jo

/ D, (s) g(s) ds.
&
(b) Show that

n—oo
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(Hint: Consider the 2m-periodic function G that is 0 on (—m, 7] except for 2s € [d, 7], where
G(s) = g(2s)/|sin(s)|. Then,
I = %ffgﬂ G(3s) sin(s(n+3)) ds = 2 [7_G(s) sin(s(2n + 1)) ds = 262n11(G).

Now, use the Riemann-Lebesgue lemma.)

(c) To prove that |I;| < e, first consider the case where g(s) = [ h(r) dr for some h €

0
LY([0,7]), h > 0. Now, prove that

5
| < 4/0 Ih(s)] ds = 4(6).

(Hint: With D, (s) = fos D, (1) dr we have that |D,(s)| < 2r for all s € [0, 7], see (56)), and
conclude that (120) holds in this case.

The 2nd mean theorem of integral calculus leads to the same estimate for I also in case g
is only non-decreasing on [0, §] and g(0+) = 0: then, |Iz| < 4g(5-).
(d) Adapt the above arguments to prove that

i (|~ Su(f) o0 = 0

or each T-periodic function f that is continuous and of bounded variation on [0, 7] (see (c) of
Th. 2.4 and the discussion following the theorem).

Exercise 6.21. Discrete convolution products.

For a sequences f = (..., fo, f1,...) in C define

SUfP (pel,0),  1fle =suplfil.
jeZ /

¢P(Z) is the space of all sequence f for which | f], < co. For sequences f and h of complex
number consider

171,

(f xh), = ka—j h (k € Z).
jeZ

(a) Proof that f « h is well-defined for f € ¢!(Z) and h € £°>°(Z). Show that then

frhel>(Z) and |fxhle <[fl1hlo.

(b) Formulate and proof a similar result in case f,h € (2(Z).
(c) Give a proper definition for f * h in case f € £P(Z) and h € £*(Z). Show that

Frhet”(Z) and |f+hl, <|fl, 1Rkl
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7 Signals of bounded bandwidth

We use the terminology of Par. 3.16.

If f is a signal, then {|w| | f(w) # 0} is the frequency band of f. The signal f has a
bounded bandwidth if there exists an £ > 0 for which the band of f is a subset of [0, ©2].
The ‘smallest’ ) for which this is the case, is the bandwidth of f.

The signals that play a role in practice all appear to have bounded bandwidth:

e The male voice does not contain frequencies of 8000 Hertz or higher (€2 < 8000).
e A symphony orchestra produces music with bandwidth less than 20000 Hertz.
e The frequencies in TV technology are below 210° Hertz.

Devices that manipulate or transfer signals tend to strongly damp high frequent os-
cillations in a signal. As a consequence, these devices change any signal into a signal
of which the bandwidth is more or less bounded. Depending on the device and the
bandwidth, signals of bounded bandwidth can be well manipulated.

Signals of bounded bandwith are of interest in technology since they are natural and
can easily be manipulated. In the sequel of this paper, we consider some mathematical
aspects of technical questions concerning signals of bounded bandwidth.

As the following theorem shows, signal of bounded bandwidth are very beautiful
from a mathematical point of view.

7.1 Theorem. A signal f of bounded bandwidth is an analytic function
(ie. f € C™)(R) and f has a converging Taylor series in each tg € R).
Proof. Let f be a signal with bandwidth < €.

We will show that f € C(*)(R) and

FO@)] < 1fl2 @72 (€ RneN).

Then, with
_ (t —to0) 1) (t=10)""" )
f&) = fto) + =71 (’50)+---+Wf (to) + Ra,
where R, = Mf(")(f) for some & between t and tg,

n!

the nth order Taylor expansion of f in t around ¢y, we have that

1
(2rQ)" T2

[Ral < |t = tol" =
n.

[1£1l2-

The n! in the denominator implies that, for any ¢ € R, lim,, ., R, = 0.
Apply Cauchy—Schwartz and Plancherel’s formula to find that

o~ Q o~ o~
17 = / F@I 1 dw < [ fl2vER = | 12VE

Hence, ||f]|1 < oo and a combination of 3.12 and 3.4 (interchanging the roles of ¢ and
w) tells us that f is uniformly continuous.
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FIGURE 16. A function (solid line) sampled at ¢, = nAt (marked with + + +), with A¢ = 0.15. The
sampled function values are marked with o o o.

In addition, we have that

dnf +Q o ) +Q )
B = [ G = [ fe)emiret d
dir o Oin g

Hence,

+Q

+Q N N
0w < [ IFelpre do< [ CIF@)r0 o < IFero). 0

Signals of bounded bandwidth are so smooth that they can not last in finite time.

7.2 Corollary. Let f be a signal of bounded bandwidth.

If f =0 on an interval [t1,ts] with t; < ta, then f =0 on R.

Proof. Consider a tg € (t1,t2). Then £ (tq) = 0 for each n € N, whence the Taylor
series of f around tg equals 0. Therefore, f(t) = 0 for all ¢. 0

Apparently, any spoken word is around until eternity (if it has bounded bandwidth).
Common sense tells us that this is not the case. As an explanation, we can mention that
each signal carries energy that is so low after a while that the signal is not detectable
anymore for common humans nor for devices. (If f is a signal, i.e. fj;o |f(#)]? dt < oo,
and € > 0, then there is a 7" > 0 such that f|t\>T |f(t)|?dt < e. If ¢ is the lowest energy
level for which we can detect a signal, then we fail to detect the signal for T' > 0).

7.A  Sampled signals

In digital signal processing, one would like to reconstruct the signal from a discrete
series of signal values (see Fig. 16). According to the following theorem, this is possible
provided that the signal is of bounded bandwidth and the function values are ‘sampled’
at a uniform speed with a frequency at least twice the bandwith.'”

In general L? functions will not be continuous and the value of a function in a
specific point may not be well-defined. However, this problem does not occur for
signals of bounded bandwith, since they are very smooth.

Devices that sample function values are called analog to digital converters. Since the point of
digital signal processing is usually to measure or filter continuous real world analog signals, an analog
to digital conversion is usually the first step. The target of the signal processing is often another analog
output signal which requires a digital to analog converter for translation.
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7.3 The sampling theorem of Shannon—Whittaker.
Let f be a signal of bandwidth < Q). Put At = ﬁ Then

F() =" f(kAt)sinc(2tQ — k) = Y~ f(kAt) sinc(t _AktAt> for all teR.

keZ keZ

Convergence is in L? sense as well as uniform on bounded intervals.

Proof. The essential idea of the proof is simple. From (b) of 3.7 and Theorem 3.12, we
see that U = %HQ, where Vo = sinc(2t2). Therefore,

400 . k‘ 1
/ sinc(2tQ — k) e 2" dt =< s =t — kAt >= exp <—2m'ﬁw> EHQ((A)). (121)

—00

If ¢g is the 2Q-periodic function for which ]/”\ = gllg, then the Fourier transform of
f = gllg leads the claim in the theorem. The formal proof below uses Lemma 3.8
several times, but with the roles of —¢ and w interchanged.

For n € N, consider fy(t) = >y <,, f(kAL) sinc(2¢Q — k). By (121), we have that

fu(w) = Z %f(%) eXp(—QWi%w) o (w).

[k|<n

By Lemma 3.8, lim, . Hﬁl — ']/l\.HQ = 0, and, with Theorem 3.12, this implies that

hmn—>oo an - fHQ =0.
Proving convergence in a uniform sense requires an additional argument. Consider

at e [-At,+At]. Then [sinc(2tQ — k)| < min(l,ﬁ). Cauchy-Schwarz and
Lemma 3.8 implies, for m > n > 1, that

> stz -w) < (S lsrank | 53
n<|kl<m k k=n
Ui 1
§ ;CZ;L (k‘ _ 1)2'

Apparently, the sequence (f,) converges uniformly on [—At,+At]. Uniform conver-
gence on any other bounded interval can be proved similarly. Since (f,,) converges in
L?-norm to f and f is continuous, we may conclude that (f,) converges to f uniformly
on any bounded interval. O

The theorem is also correct if At < 1/(2Q) (if At < 1/(29), then consider ' =
1/(2At) and note that the bandwidth of f is less than Q). The theorem states that the
signal f with bandwith < Q can be reconstructed from a sequence (fi) of samplevalues
fr = f(kAt), provided that the sample frequency 1/At is at least twice the largest
frequency present in the signal (see also Fig. 17). The critical value 1/(2€2) is the
so-called Nyquist rate.

7.4 Digital signals. If f is of bandwidth < Q, then, with f; = f(%), we have
that

[e o]

~ c ok @ ik
Fw)= 3 s feed (u] <Q) and fi= / Fwyemd aw (2)

k=—o0
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FIGURE 17. The harmonic oscillation f(t) = sin(27tQ2) (solid line) with 2 = 10 and the zero function
coincide at t, = n/(29Q) (marked with + + +). The function f has bandwidth €, but can clearly not
be reconstructed from its sampled values at sample frequency 22. This example seems to contradict
the Shannon-Whittaker Theorem, where the critical sample frequency 2(2 is allowed. However, note that
this function f is not square integrable (f ¢ L?*(R)). Nevertheless, this example clearly shows what the
critical value is of the sample frequency to allow reconstruction from the sampled function values (see also
Exercise 7.2). It may help to memorize that the critical sample value is 2 times the bandwidth.

The first equality in (122) is the Fourier series of the 2Q-periodic extension of the
restriction of f to [—€2, +€] (with the roles of —t and w interchanged; cf. Exercise 2.14).

A digital signal is a sequence F = (fi) in £2(Z), i.e., | fx]|?> < oo. In view of the
above arguments, we define the Fourier transform F (w) by

~ 1 4
Fw)=os Y fre@im  (weR).
Then F is 2€)-periodic and

Q
Tk =/ Flw)e?™ m dw (k€ Z).
-Q

Note that it is not clear what value for 2 should be taken if a digital signal F is
given, but no information on the sample frequency is available. However, often the
precise value for €2 does not play an essential role. Therefore, to simplify notation, one
usually takes Q = 7 (or Q = 1). Then the w with w ~ 0 are low frequencies and with
|w| &~ 7 are high frequencies.

The study of signals in a digital representation (or in discrete time) as above and
the processing methods of these signals is called digital signal processing.

In practice, sampling is not straight-forward. We mention some of the problems
that one may encounter.

7.5 Noise. The signal f will be polluted by some noise. Rather than f, we will
have fE f + €, where ¢ is some function representing the noise.

Noise does not lead to serious problems if the average energy } ftt+6 le(s)|?ds of the
noise per time unit [t,t+0) is significantly less than the average energy in the signal f in
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that same time unit. If € is continuous (unlikely), then lims_o 3 |} t+5 (5)]? ds = |e(t)|?
and we will not be bothered by the noise if |£(t)|? < |f(t)|? for all t.

The noise in an audio-signal seems to be undetectable by ear if the signal-noise
ratio is larger than 90 dB (decibel),?° i.e., 10 logyo | f(t)|* — 10 logyq e(t)]? > 90.21

7.6 Approximation error. Signals of bounded bandwidth last forever. On, for
instance, a CD only finitely many sample-values can be stored.?? We have to stop the
sample process. The following property can be used to estimate the resulting error.

Property. For T'> 0, n > 2QT, and |t| < At =1/(29), we have that

. 2 [1
- Z f(EAt)sinc(2tQ — k)| < ;\/ﬁ /SIZT |f(s)[? ds.

|k|<n

Proof. In step («) of the proof of 7.3, we saw that
| (8) =X gy S (RAL) sine(2Q—F)* < (35007 AU (RAD) (Cjpsn 7252)- O

7.7 Aliasing. To determine the Nyquist ratio, an estimate of the bound 2 of the
bandwith the signal should be available, which is often not the case. If the estimate
for © is too small (and, consequently, the Nyquist ratio too large), then a harmonic
oscillation ¢ ~~ f(w)ezmtw with frequency w that is too high gets represented an a ‘grid’
{% ‘ k € Z} on which the oscillation can not be distinguish from its alias, i.e., an
oscillation of lower frequency (see Fig. 18):23

e2mitw — o 2mit(w=2) ¢ aach t € { | kelZ}.

This ‘alias-phenomenon’ can be observed in old western movies where the wheels of the
post coach appear to turn backward (the spokes of the wheel have been samples with
a frequency of 16 frames per second, while the number of times that a spoke passes a
specific point is much larger than 16).

20The quality of a signal or of a device in audio-technology is given on the decibel scale. Roughly
speaking, this scale corresponds to the sensitivity of our ear: a signal that is twice as strong on the
decibel scale as another signal leads to a sound that appears to be twice as loud to us.

*1The sample values on a CD are represented by 16 bits (sinks and non-sinks) numbers. These
numbers will not be the exact function values. However, the ‘noise’ that is introduced by rounding
function values to 16 bits numbers is below the threshold for our ear: the signal-noise ratio is > 90 dB.

22The Nyquist ratio on a CD is 44100 second: Q = 22500. A CD can contain about 510° bits in total.
A CD player reads 10° bits per second (the CD does not only contain the sampled values, but there
are also many control bits. For instance, there are additional bits to allow the Reed-Solomon code to
correct a few bits).

The digital to analog (DA) converter in a CD player transforms the discrete function of sampled
values to a step function: if f is sampled at t, = nAt (n € Z), then the DA converter produces fthat
is defined by f(t) = f(tn) if t € [tn,tnt1). There is no accurate reconstruction of f! The discontinuities
in this ‘reconstruction’ )?of f seem to be audible. To mask the discontinuities, ‘oversampling’ is applied
before sending the sampled values to the DA converter, that is, the values of f are computed at ¢,,/2
(one time oversampling) or also at t,,4 (two times oversampling). Here t. = rAt. In case of two
times oversampling, the DA converter produces f defined by f(t) = f(tnya) if t € [tn a,t(ns1y/a). The
Shannon—Whittaker Theorem can be exploited to do the oversampling.

23To handle this problem as gracefully as possible, most analog signals are filtered with an anti-
aliasing filter (usually a low-pass filter; see §8 for definitions) at the Nyquist frequency before conversion
to the digital representation.
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FIGURE 18. An harmonic oscillation and his alias. The sine functions ¢ ~ sin(27tw), with w = w; =2

(solid line) and w = w2 = —8 (dotted line) in the left picture coincide on {k/10 ‘ k € Z} (4's with function
values o). Note that w1 = w2 + 10. The cosine functions cos(27tw), with w = w1 = 2 (solid line) and

w = w3 = 8 (dotted line) in the right picture coincide on {k/10|k: € Z}. Now, ws # w1 + 10. But
cos(¢) = cos(—¢) and w3 = —w1 + 10.

The following property allows us to estimate the error due to aliasing. We compare
f with another nearby function that can be handled by the theory and we interpret
the difference as noise.

Property. Let fq be the signal for which ?5 = fHQ. Then the Shannon—Whittaker
theorem is applicable to fq and

~

£(t) — fat)] < / Flw)] dw.

|w|>

Proof. See (a) of theorem 3.4. 0

7.8 Jitter. The times at which the sampled values are taken will in practice not
be exactly equidistant: one will sample at ¢ = kAt + €. The resulting error is called
Jitter.

7.9 Note. Since there is no T > 0 for which the sinc function sinc(-;) vanishes
outside [—T,4T], any sampled value will have an effect on the signal for ever (see
Fig. 7).

Numerical mathematics provides algorithms to reconstruct the signal if a number
of sample values are lacking (for instance, due to some flaw in material of the CD).?*

A question that is of interest in Harmonic Analysis (pure mathematics) is whether
the collection {kAt} can be replaced by another subset of R that, in some sense, contains
‘less’ points.

The theorems (and their variants for more dimensions) are also of importance for
Crystallography: the points kAt will then represent the positions of atoms in a crystal.

24The Reed-Solomon code only corrects a bit if most of the neighboring bits are correct. In case of,
for instance, a flaw in the material a whole series of bits will be incorrect. The Reed-Solomon codes
can track the error, but they do not provide a correction then.
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7.B Information on a signal with bounded bandwith

Communication technologists assume that a signal with bandwidth €2 and time interval
2T can carry approximately 4QT different messages. The assumption “the dimension
of the space of all signals f for which f = 0 outside [-T,+7] and ]? = 0 outside
[—€, +Q] is approximately 4Q7T ” looks like the mathematical translation of this as-
sumption (signals f and 5f differ only in volume and consequently(?) carry the same
information!). Unfortunately, except for the trivial signal, there is no signal with both
bounded bandwidth and bounded time support. Since the devices that the engineers
design do their job, we may assume that there is another translation. The following
theorem might be a suitable candidate.

7.10 Theorem. Assume 2QT € N. Let f be a signal with bandwidth < ().
Then, there is an a € [0, 55) such that, with f,(t) = f(t — a), we have that

Il fa — Z fa Slnc(QtQ k)2 < \//t » ()2 dt.

|k|<2qT

Proof. From 7.3 and 3.8 (interchanging roles of ¢ and w) we conclude that

1
/2Q || fa — Z fa smc(?tQ B3 da <
0

k|<20T

e 1
|75 X g dasgg [ 1o

k|>20T =T
For the last estimate, we exploited the observation that |o5 — a| > |25 | —a > ZLLEL —
% =T if |k| > 2QT. This leads to the statement in the theorem. O

Except for a delay a, the signals f and f, are identical (cf., Fig. 13). If the signal f
carries € = f\t|>T |f(t)]?> dt energy outside the time interval [T, +77] then the difference
between the slightly delayed signal f, and some signal in the span of the 4QT + 1
functions sinc(2tQ — k) (k = =297, 20T + 1,...,2QT — 1,2Q7T) has energy less
than e.

7.C Signal reconstruction

The questions in this subsection are harder to answer than the ones in the two preceding
subsections. We will not give details here, but we will indicate what techniques can
be used for a proper treatment. Questions and analysis techniques show that also in
fields of application of Fourier theory a wide mathematical knowledge and expertise is
necessary for successful research.

A signal can not be of bounded bandwidth and at the same time last only for a
limited period of time. In spite of this fact, of signals f with bandwidth €2 often only
values in a bounded time interval [—T, +7] are know (or f-values from a certain time
interval are lacking due to deficiencies in the material or perturbations by noise,. .. ).
It is remarkable that a signal f of bounded bandwidth is completely determined by its
values on each arbitrary time interval [to,t1] where ¢y < t1, no matter how small the
interval is.
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7.11 Property. Letty < t1. If fi and fo are signals of bounded bandwidth such
that f1 = fa on [to,t1], then f1 = fo on R.

Proof. Apply 7.2 with f = f1 — fs. O

Now, one may wonder how to reconstruct f from its values on a bounded time
interval. The problem resembles the ‘sample problem’ of §7.A. However, the answer to
the present problem is more complicated and requires results from Hilbert space theory.

We look for a solution by means of an orthonormal basis of appropriate functions.?>

We will use Plancherel’s formula (see (73) in §3).

7.12 The space of all signals with bandwidth < €2 is denoted by Bg:
Bo = {f € L*(R) |f has bandwidth < Q}.
Define D7, Bq : L?>(R) — L?(R) as follows:

Dr(f) = fliy and Bo(f) = f+llo  (f € LA(R).

With g = Bq(f), we have that g = ]/C\ﬁg = ]/C\HQ = DQ(]?) Here, we used that Ilg is

an even function: o (w) = Ig(—w) = Mo (w).

We collect some elementary and useful properties.

7.13 Properties. Let f,g € L?>(R). Then, with (-,-) the L*>(R) inner product, we
have that

(i) (Dr(f),9) = (f,Dr(g)) and (Ba(f),9) = (f,Ba(g)),

(i) DrDr(f) = Dr(f) and BoBo(f) = Bo(f),

(iii) if DrBq(f) =0, then Bqo(f) =0, and if BoDr(f) =0, then Dr(f) =0.

Proof. (i) (Dr(f),9) = 2, f(t)g(t) dt = (f,Dr(g)).

(Ba(f).9) = (Ba(f),9) = (Daf,g) = .. ..

(ii) Clearly the first equality is correct. The second one follows by taking the Fourier
transform.

(iii) The first claim is a consequence of 7.11, the second one follows from the first claim
via the Fourier transform. O

The eigenfunctions of B Dy Bq lead to the desired orthonormal basis.

7.14 An eigenvalue problem.
We are interested in the eigenfunctions v in L?(R) of Bq Dy Bq with eigenvalue
AER:
Bq Dr Ba(¥) = M.

The following result can be proved with techniques from Hilbert space theory. The
representation of the operator Bg Dr Bg as an integral operator (see (123) below)

*Orthonormal basis often play a central role. The fact that the functions ¢ ~ exp(2ritL) form
an orthogonal basis for the space of the L%-functions is one reason why the theory on Fourier series
is so elegant. The Fourier transform of ¢ ~ sinc(2Q¢ — k) is precisely w ~ 55 exp(2mizsw)Ilo(w)
(see the proof of Shannon—Whittaker’s theorem). This and Parseval’s formula imply that the functions
t ~ sinc(2Q¢ — k) form an orthonormal basis of the space of signals of bandwidth < Q. This basis
is well-suited for reconstruction from sampled function values. For reconstruction from functions on
intervals, we need another orthonormal basis.
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implies that the operator is compact. From 7.13 it can be deduced that this operator
is selfadjoint and positive definite. The following theorem holds for compact positive
definite operators on Hilbert spaces. We will not give a proof here.

7.15 Theorem.

There is a sequence (1) in L*(R) and a sequence (\,) in [0,00) such that

(i) Ba D1 Bo(Yn) = An ¥y for all n € N,

(ii) the v, form an orthonormal basis for L*(R). 0

The v, in Bq will provide us with a basis that can be used to solve our signal
reconstruction problem.

7.16 Lemma. Let E={n¢ N|)\n # 0}.
If n € E, then Bq(v,) = 1, and 1, € Bq. If n € E, then Bq(¢y,) = 0.

Proof. If n ¢ E, then Bq D1 Bq(,) = 0, and Bq(¢y,) = 0 follows from (iii) in 7.13.
Property (ii) of 7.13 implies that

and Bq(¢y) = ¥, if A, #0. O

7.17 Theorem. For eachn € E, we put @Zn = \/%DT(qbn).

(i) The functions 1, with n € E form an orthonormal basis of Bq.
(ii)  The functions ¥, with n € E form an orthonormal basis of {Dr(f) ‘ f € Ba}.

If f €Ba and f =3, g Br g then Dr(f) = Yicg Bt

Proof. (i) Let f € L*(R).

By 7.15, we have that f = > 27, agthy. Hence, (f,¢n) = Y, (W, ¥n) = ay. If
f € Bqoand n ¢ E, then ay, = (f,¢n) = (Ba(f),¥n) = (f, Ba(¥n)) = 0.

(ii) To show that the 1, form an an orthonormal system, note that, for n,m € E,

(DT(wn)aDT(wm)) = (DT BQ(¢n)7DT Bﬂ(wm))
= (BQ Dy Dr BQ(¢”)’wm) = )‘n(wna¢m)

Therefore, the orthonormality of the 1), implies orthonormality of the {bvn (n €eR).
If f € Bg, then f =}, | axy and

Dr(f) =Y ar Dr(vw) = > apy/ M.

kelE keE

The last claim in the theorem follows with 0 = agv/Ar and we proved that the {/;n
form a complete system for Dr(Bgq). 0

The functions v, have a double orthogonality property which makes them attractive
in many application. For instance, they solve our problem:
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7.18 Corollary. If g= Dr(f) for some f € Bq, then

T ~
f = Zﬂk v, where Bi= [ g0)Du(0) dt

Proof. Tf Dr(f) = Dr(9) = 9= 2R P b,
then f Tg wn( ) (Q,T,Z)n) = Zk; Bk(¢ka¢n) = Bn ]

Formally we have now solved our signal reconstruction problem. However, before
we can apply the above corollary in practice, some difficulties have to be solved. We
mention a few obstacles.

In the first place, we have to learn how to deal with the eigenfunctions ,,. The
observations the following paragraphs will be useful for this.

7.19 The eigenvalue problem revisited. We are interested in the eigenfunctions
1 € Bq. For such an eigenfunction ¢ with eigenvalue A we have that Bq(y) = .
Therefore,

e +T in(2m(t —
Ba Dr()(t) = (W) + in(t) = [ w(s) T
With ¢=QT, ¢(y) = (Ty), and t = Ty, we have that (substitute s = T'x)
/+1 sin 2cm(y — o)

-1 m(y — )

D 45— ap).  (123)

¢(z) dz = A¢(y). (124)

We see that the eigenfunction ¢ and eigenvalue A depend only on the product QT', on
¢, and not on the terms 7" and € separately. Note that (124) allows to compute ¢(y)
for |y| > 1 if ¢(x) is available for |z| < 1.

The eigenfunction ¢ is also a solution of the differential eigenvalue problem

d dé

@(1 —z%) — T + ( — 42t = 0.

A

This differential equation plays also a role in the analysis of the wave equation in
certain spherical coordinates. Due to this analysis, many properties of the solutions ¢
(the so-called prolete spherical wave functions) are well-known.

7.20 The values of the eigenvalues. Let Ai(c), A2(c),... be the eigenvalues A of
the problem (123). We may assume that these eigenvalues are ordered such that

Ar(e) > Az(c) >

(and that A, = A\, (QT) for all n, where A, is as in 7.15).
The following can be proved (cf. Fig. 19):

e \,(c) = % if n =~ 4c;
e \y(c)=1if n<4c (even for n < 4c —§, where 0 ~ log(c));

e \y(c)=0if n>>4c (even if n > 4c+9).
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FIGURE 19. The top figure shows the value of the eigenvalues A, (c) for ¢ = 3.5. The dotted lines
at log ¢ of the value 4c (dashed-dot) mark the transition area from A = 1 to A &~ 0. The next four figures
show the graph of eigenfunctions ¢, corresponding to the eigenvalues that are marked (with circles) in the
top figure. The most left eigenvalue in the top picture corresponds to the left picture at the second row
of pictures, etc.. Note that the eigenfunctions corresponding to A =~ 1 are well-concentrated in [—1,1],
whereas the eigenfunction with A = 0 nearly vanishes on [—1, 1]. The eigenfunction with X in the transition
stage has significant values inside as well as outside the interval [—1,1].

The domain of the ns for which A,(c) % 1 and A,(c) % 0 is small. This do-
main is an interval around n ~ 4c¢ with width ~ loge. Since (Dr(¢n), Dr(¢y)) =
fj}: | (8)[? ds = A, (cf. 7.17), this implies that for n < 4c — &, the signals v, are
almost completely concentrated in the interval [—T, +7, while for n > 4¢ + § the sig-
nal 1, have almost no energy in the interval [—7,4+T] (cf. Fig. 19. This figure is for
c=3.5. For ¢ =10, the A\1,..., A1 are up to 15 digits equal to 1, while A35 = 0.99986:
apparently, even 35 is close to 1. Hence, even 35 is for 99.993% concentrated in
[-T,T].).

With the v, and exploiting the insights obtained above, a “4QT-theorem” can be
formulated, that is, a theorem as in §7.B that expresses how a space of signals with
bandwidth Q and energy that is almost completely concentrated in [T, +7] can be
viewed as the span of ~ 4Q7T linearly independent signals: the 1, for n < 4QT — ¢ form
an orthonormal system of signals that are almost completely concentrated in [T, +7.

To conclude this discussion, we mention that > > | A, (c) = 4e.

7.21 Practical objections. If f € B and f is known on [-7,+T], then, in
principle, f can be determined everywhere. Unfortunately, the values of f on [-T, +T]
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FIGURE 20. The function A\ ~» 1/v/X (dashed-dot) and its regularized variant A ~» v A(\ + p) for
p=0.02.

that are available will usually be polluted by errors. Rather than g = Dp(f), we have
g = g + ¢, with ¢ some noise (function in L?(R)) with Dr(¢) = ¢ and & = ||| small.

If g=> 1k Bk ¥y, then f = > keE B \ﬁlbk and || fII3 = X ,cR |&“IJ‘ < o0, since
feL?R ) For f we will take the function > kel (Br + 5’“)\/5 Py, with

O = f T € Q,Z)k( ) dt. Since the Q,Zk form an orthonormal system for k € E, we have
that ZkeE 0x|2 < &. However, since ¢ will not be in Bq, the error ||f — f|l2 can

be unboundedly large, because | f — ]7H2 > kel |‘)’\““ The problem is said to be ill
conditioned.

The produced solution fvitself will be infinitely large in case the error is infinitely
large (| fll2 = If = fll2 + |If]l2). This is the reason that in practice a regularisation
technique is employed: a small value of p > 0 is selected and the function f in Bq is
computed for which the expression

1Dz (f) = Dr(9)lI5 + ull £113

is minimal. If f7 is this minimizing f, then f" can not have an infinite norm || f"||2.

With r(\) = )\\fu for A > 0, we actually have that "=, ¢ B (M) ¥p, where

B = ijTg(t) Yi(t) d

The above misery stems from the fact that ﬁ is large if Ay is small. Note that

r(\) ~ % for larger A, while r()), also for smaller A\, will not be large; see Fig. 20

7.D Uncertainty relations

We have seen that a signal can not have bounded bandwidth and at the same time
last only for a limited period of time. Nevertheless, it is important to have signals that
are well concentrated both in time as well as in frequency. (Radio stations are close
together on the radio band. One would like to have not only ‘smooth’ signals that
transport music and speech, but one also would like to employ short pulses as dots and
dashes in telegraphy and dots and non-dots in digital communication.)

The uncertainty principle of Heisenberg gives a lower bound on how well a signal
can be concentrated both in time and in frequency.
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7.22 Let f be a signal. Then

E= /m B dt = /+OO|A(w)|2dw (125)

is its energy. The center of the (energy distribution of) signal f is located at time

EE/ t1f(t)? dt. (126)

The quantity oy, given by

o= / (=P IO e - = / RIOF - (127)

is a measure for the concentration of the energy around the center: if f is well-
concentrated around tp, then oy will be small, whereas o is large if f has large values
far away from .

Similar definitions can be given in the frequency domain: with

1 o0 ~
wo = E/_Oow\f(w)IQ dw, o?

wp is the center of the spectral energy density, o,, is a measure for the spectral energy
concentration.

The uncertainty principle of Heisenberg states that a signal can not be concentrated
both in time as well as in frequency: o; and o, can not both be small at the same time.

[ iFer a

7.23 The uncertainty principle of Heisenberg. Let f be a signal that is suffi-

ciently smooth. Then

1
OL0y > E

In addition, we have that

1
010w = S f(t) = cert=to)? (t e R) for some c and v € C, Re(y) < 0.
7r

Proof. Without loss of generality, we may assume that {9 = 0 and wo = 0.
We have that f/(w) = 2miwf(w). Cauchy-Schwartz’ inequality and Plancherel’s
formula (see Th. 3.12) imply that

[Tuwro o < [Teuora [Tirop a

—00

~ /_JrootQ\f(t)]Q dt-/JrOsz]f(w)\z .

—00

2

Here, we also used Theorem 3.5. Integration by parts leads to

—00 2
—00 —00

and Heisenberg’s uncertainty relation follows by a combination of these two estimates.
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The estimate can only be sharp if the estimate with the Cauchy—Schwartz inequality
is sharp. This is the case if and only if the functions ¢ ~ ¢f(t) and f’ are linearly
dependent, that is, if there is a 7 € C such that f'(t) = F¢f(t) for all ¢ € R. Then,
(log f)'(t) = At, and, therefore, f(t) = cexp(37t%). This f can only be in L*(R) if
Re(v) < 0, where v = 7 < 0. 0

Heisenberg’s uncertainty relation is famous from quantum physics. Quantum physi-
cists do not interpret f as a signal but as a quantity that expresses the probability to
find a particle in certain place t. In this interpretation, fis the probability that the
particle has impulse w. The quantities o; and o, are of stochastical origin in this
application.?6

7.24 The stochastical approach by the quantum physicists is less convenient for the
communication technology, where one is more interested in the quantity ar(f) given

1 [*T

2 _ — 2 2
ar(f) =z /., [f(t)]* dt with FE= / (t)|* dt.

The quantity ar(f)? is the fraction of the energy of the signal f between —T and +7.
One is interested in how large ap(f) can be for signals f with bandwidth €2, in other

words, one wants to determine ar = sup{ar(f) ‘ f € Ba}.
Note that

& = sw{|Dr(NI3|f = Balf). Ifll2 <1}
= sup{| Dr Ba(/)IB]IIf]l2 < 1}
= sup{(Ba Dr Bof. f)| | fll2 < 1}.

A result from Hilbert space theory (the Courant-Fischer Theorem) tells us that o2
is the largest eigenvalue of the linear map Bg Dr Bq (see 7.14). The eigenvalues and
eigenfunctions from the preceding subsection appear to play a role here as well. Note
that 1 ~ ap <1 (see 7.20).

From the results in this subsection, we also know that ap does not depend on T" and
() separately, but only on the product T2 (see 7.19). In addition, it appears that 1)y,
corresponding to A\ = a2T, is the signal in Bg that is mostly concentrated in [-T, +T.
For a graph of ¢ for T'=1 and € = 40, see Fig. 19.

26 The quantum mechanical particle is described by a Schridinger wave packet 1(x). This function
describes a free quantum mechanical particle in one dimensional space with coordinate x at a fixed
time. The square absolute value |i)(z)|* represents the probability density for finding the particle at
point z. In particular, we have that [ |¢(x)|* dz = 1 and the expected position of the particle is
[z [¥(z)|* dz. We can write ¢(z) as a superposition of pure De Broglie waves exp(2mipz/h), which
corresponds to a Schrodinger function of particle momentum p. Here, h is Planck’s constant. Notice
that the ‘frequency’ of the De Broglie wave is p/h. We write the superposition of pure De Broglie waves

as ) -
vie) = / (p)e*™E? dp.

As an application of Plancherel’s formula, we find that f|d>(p)|2 dp = 1. Therefore, |¢(p)|* can
be interpreted as the probability density that our particle has momentum p. Let us assume that
I plé(p)]? dp = 0: our particle is expected to be at rest. Theorem 7.23 can be applied with ¥(x)
instead of f(t). With o2 = [2|¢(z)> dz and of = [p®|¢(p)|* dp, this leads to .0, > h/(47),
which is viewed as the mathematical formulation of Heisenberg’s uncertainty principle.
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Exercises

Exercise 7.1. Prove that the functions ¢ ~ sinc(2tQ) — k) (k € Z) form an orthonormal
system.

Exercise 7.2. Cousider the functions f(t) = sin(27t2) and, for some o, 0 < o < 1, g(t) =
exp(—ma?t?) (t € R).

(a) Show that f & L?(R) and f * g € L*(R).

(b) Show that the bandwidth of f x g is > Q.

Exercise 7.3. Suppose that the frequency band of a real-valued signal f is contained in
0= {w‘ lw| € [£9, (£ + 1))}, where Q > 0 and £ is a positive integer: O is symmetric about
0 and consists of two intervals of width €.

In this exercise, we will see that, although the bandwidth of f is (¢ + 1), it still suffices
to sample f at ¢, = kAt, where At = 1/(2Q), i.e., at a sample frequency of 20 as in the
Shannon—Whittaker theorem. But with an adapted ‘reconstruction function’. We will see that

F&)= > f(tr) cos(m(t — tx)Q20 + 1)) sinc((t — t;)Q)  (t € R). (128)

k=—o0

~

There is a 2Q-periodic function F such that F(w) = f(w) for all w € O (see Exercise 3.15).
Show that F' is even. From Exercise 3.15 we know that

F(UJ) — Z Vi e—27rikat — Z At f(k/’At) e—27rikat (UJ e R)

k=—o0 k=—o0

(a) Let ® € L2(R) be such that ®(w) =1 if w € O and ®(w) = 0 elsewhere. Show that

sin(7t€))

®(t) = 2 cos(2mtQ(L + 1)) o

(t € R).

Is this consistent with the formula for ¥ that we have in the proof of the Shannon—Whittaker
theorem?

(b) Consider the function g(t) = Y37 55f(tk) ®(t —tx) (t € R). Show that

Gw)= > Atf(kAt) e R P(w) = F(w) D(w)  (wER).
k=—oc0

o~

Conclude that g(w) = f(w) for all w € R and, finally, prove (128).

Exercise 7.4. Let f € L?(R).
(a) Show that that
JRECAICIR
is minimal for s = ¢y, where t¢ is the center of the energy distribution of f (see (127)).

(b) The uncertainty principle of Heisenberg is ‘symmetric’ with respect to f and f The
second statement in Theorem 7.23 involves a tg, but does not seem to involve an wy. Explain
this (seemingly) lack of symmetry.

(c) Derive the scaled version in Footnote 26 of the uncertainty principle.
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8 Filtering

In fields as signal processing (with its three major subfields: audio signal processing,
digital image processing and speech processing) filtering is an important operation.
With analog or digital techniques, one wants to filter a part with limited bandwidth
from a signal f: for instance, for {2 > 0 one wants to produce a signal fq from f such
that fQ = f Il (to avoid aliasing, to let speakers produce the sound of only one radio
channel,...). Or noise has to be filtered from a signal. In practice (specifically when
using analogue techniques) filtering has to be done in time domain. It is not clear
whether the ‘ideal’ filtered signal fq can be produced in time domain. This issue will
be addressed in §8.A. But, first we introduce some terminology.
Of course, in practice, one is not only interested in filtering for low frequencies.

8.1 Definition. Let H be a locally integrable bounded (even) function on R. The
map from L?(R) to L?(R) that maps the signal f to the signal g where § = fH is called
the ideal H-filter. The signal f is called the input signal, g is the output or response
signal, and H is the so-called transfer function or (frequency) response function.

Consider an oscillation component ¢ ~ f(w)exp(2miwt) (w € R) of the input
function. The filter changes the amplitude by a factor |H(w)|: |H(w)| is the gain at
frequency w. H is complex-valued. The phase of this component is shifted by ¢(w),
where, ¢ is such that H = |H(-)|e(). Or, equivalently, the time is delayed by g—“:}
seconds,

2riwt—id(w) _ 2miw(t—5))

2Tw

ow)

2mw

is the phase delay at frequency w.

Here, we mainly focus on the ideal Ilg-filter. Insights for filtering low frequencies
are also useful for filtering for other parts of the frequency band (if, for instance,
H =1l —IIp with 0 < T < Q).

In order to see whether an ideal H-filter can be formed in the time domain, it is
convenient to have a representation of the filtering process in time domain. If H is a
response function then, according to Theorem 6.4, the ideal H-filter can be represented
in the time domain by means of the convolution product f ~» fxh (f € L%*R)),
where h € L2(R) is such that h = H. This function h is also called the impulse
response function (to understand the naming, consider the function f5 = %H(; for
§ > 0. Then fsxh(t) = 2 ttj(f h(s) ds and certainly if A is continuous, we will have
that limg_,o fsxh(t) = h(t): if the input signal is a “pulse” fs, then the response function
will resemble h, the resemblance will be better for shorter pulses).

8.2 Example. The ideal low frequency band filter, the ideal Ilg-filter, can be rep-
resented in time domain as f ~» f *HQ Here we used the fact that ]._.[Q is even. Hence,

f(w)HQ(w) = f(Q)HQ(—w) = f(w) a(w). Recall that (see (b) in 3.7)

Mg = M = 2Q sinc(2t12).
T

A convolution product can be viewed as weighted averaging. Therefore, filtering in
frequency domain corresponds to weighted averaging in time domain.
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8.A Filters constructed with the window method

If a filter is to be formed in time domain, then one should realize that it is not possible
to include signal values in the ‘averaging process’ that have not been received yet: in
some applications, typically in audio signal processing, the function is available as a
‘stream’ of function values.?” Then, the impulse response function h should be such
that

t
fxh(t) = /_ f(s)h(t —s) ds for each f.

This is possible only if A(t) = 0 for all ¢t < 0.
8.3 Definition. An impulse response function h is causal if h(t) = 0 for all ¢ < 0.

8.4 If h is an impulse response function for which, for some s > 0, h(t) = 0 for
all ¢ < —s, then h need not be causal. However, by delaying the input signal, we can
average s seconds ‘in future’.

For a signal g and s € R, we define the delayed signal g5 by gs(¢t) = g(t — s).

8.5 Property. Let f be a signal and h an impulse response function. Then

(fs)*h = f*(hs) = (f*h)s

Proof. Express the three convolution products as integrals using the definition and
apply appropriate substitution of variables. O

The output signal fxhs produced with a shifted impulse response function hg is,
except for a delay s, precisely the desired signal fxh. Note that, hs is causal if h(t) =0
for t < s. For ease of terminology, we will call such a response function causal as well.

8.6 The realistic low frequency band filter and Gibbs’ phenomenon. The
ideal low frequency band filter is not causal and can not be turned into a causal one
by a shift. However, by taking T sufficiently large, we can approximate the ideal
impulse response function 1{[;2 with, for instance, ﬁBHT. If we shift this approxi-
mate impulse response function by 7', then we have a causal impulse response function
(ﬁBHT)T. Except for the delay T, this response function produces the approximate
signal f *(ﬁ;)HT). We discuss how accurately this constructable signal (with delay) ap-
proximates the ideal signal. We compare the approximate response function (f[;z )~
with the ideal response function Ilg.
According to Theorem 6.4, we have that (ﬁ?)HT)A: Hg*ﬁ} and

+Q w2 s

—~ —~ sin(27T

MoxIlp(w) = / Ip(w—p)dp = / sin(2rTp) dp.
—-Q w—0 ™p

With o oy
UT(w)E/ Mdp for welR

oo T

*"That is, at time ¢, only the function values f(s) for s <t are available. For s > t, one has to wait
s —t seconds. Waiting may be undesirable if s is much larger than t¢.

In other fields, as digital image processing, all function values are already available at the beginning
of the ‘processing phase’.
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© - 2*T*sinc(2*T*w) with T=1 @~ [° 2*T*sinc(2T*0) do with T=1
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FIGURE 21. The graph of sin(2nrTw)/(nw) (left) and its primitive (right).
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FIGURE 22. The ideal low frequency band filter with ‘causal’ approximate in frequency domain. The
approximate vanishes in time domain outside the time interval [T, T] and is, strictly speaking, not causal
(see §8.4). The left picture shows the ideal filter (solid line) and the causal approximate (dotted line) for
T = 5. Both functions are even and only the graph for w > 0 is displayed. The right picture shows the
ideal filter and the causal approximate on decibel scale.

we have that

oIz (w) = Ur(w + Q) — Ur(w — Q).

For a sketch of the graph of I_/I\T and Ur, see Fig. 21. We now can describe how HQ*T/I\T
approximates the ideal Il (see Fig. 22). We see that, specifically near the endpoints
of the interval [—€, +£2], the approximate filter exhibits a lot of deviating wiggles. By
taking T larger the area shrinks where the wiggles are large, however, the height of the
wiggles near —€) and +£2 does not change. This can be understood as follows

W Tw ;
Ur(w) = / Sln(277TTP)T dp = / sin(2ro) do =U;(Tw).

oo TIp oo TO

Apparently, changing T only implies a rescale of the w-axis. If T' gets larger, the graph
of Ur in Fig. 21 is compressed only in the horizontal direction; the height of the wiggles
is not affected.?®

28 Also without explicit computation, properties of the graph of Ui can be deduced.
Obviously U;(—o0) = limy——oc U1 (w) = 0. Since 17 is even (why?) it follows that Uy (w) = Uy (c0) —
Ui(—w). In addition, we have that Ui(o0) = fj;o 1 (p)e®™ " dp = 11, (0) = 1.
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FIGURE 23. The top-left picture shows the original signal f in time domain, the top-right picture
shows the filtered signal fo = f * Ilq. Here fo(t) = 3.5\/aexp(—ma’t?), f(t) = 2fo(t) cos®(26nt), with

a=0.1, =5 and Q =9. The bottom-left picture shows the error fo — fo when fo is computed with the
causal approximate: fo = f * (Ilollr). The bottom-right figure also shows this error, but now on decibel

scale (201og,, | fo — fol)-

For a signal f that is filtered with this constructable approximation of the ideal

IIo-filter, this means that oscillation components with frequencies close to 2 and —¢)
will be amplified by ~ 10 % (‘overshoot’), no matter how large 7' is. This is the so-
called Gibbs’ phenomenon. In addition, high frequency oscillation components (with
lw| > Q) are damped, but for a large set of these components the damping is poor,
certainly for acoustical applications. Not only oscillations with frequencies that are
slightly larger than €2 are poorly damped but also many oscillations with frequencies
that are considerably larger than Q (see Fig. 23).
(Consider an L >  and, for 6 > 0, the signal f5 with ﬁ;(w) =1if||w| —|L|| £ and
ﬁ;(w) = 0 elsewhere. Let g5 be the output signal associated with this input signal fs:
Js = ]/”:;(Hg*ﬁ;) Then, for small §, the ratio between the energy of the output and the
input signal approximately equals |Up(L — Q)|?, or, in other words, is approximately
10log |Ur(L — ©)|? dB. This can be as much as ~ —21 dB. From Fig. 22, we see that
damping with not more than 20 a 30 dB occurs in a very wide part of the band of high
frequencies.)

In the next paragraph we turn to the question whether the above approach can be
used to construct filters with better filter properties.

Put I = [F 9279 45 for k € Z. Then
o< =T g<H s5< T 4<H] 3< T o<+l 1 =1Ig>—-11 >+ >—-I3> ...
This implies that, for k < 0, U1(2k) = (Jok + Iok—1) + (Iok—2 + Iak—3) + ... >0

and U1(2k + 1) = (I2k+1 + IQk) + ([21@71 + [21672) +...<0, etc..
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FIGURE 24. Pass band, transition band and stop band of a filter (dotted line) in the frequency domain.
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FIGURE 25. An ideal H filter (solid line) and a causal approximations (dotted line) for 7' = 5 in
frequency domain. In the picture, H is the Bartlett window. All functions are on decibel scale.

8.7 Other low frequency band filters. In view of the arguments in the preced-
ing subsection, it is clear that, if H is a response function, the ideal H-filter can be
approximated by the H *I:I\T—ﬁlter. Except for a delay T this filter has a causal impulse
response function. This approach to form a causal filter from an ideal H-filter is called
a window-method: in the weighted average fjiFT f(t —s)h(s) ds (or in its the causal
variant) only f-values from the “time window” [—T, 4T are used.

Since H+II7 is continuous (see 6.3) if H is in L?(R), it is impossible to construct a
step function as Ilg in this way. A response function Hx*lIlg that vanishes on the band
of high frequencies can not be constructed either (see 7.2). Appropriate continuous
approximation H of Il lead to realistic H *lf[}—ﬁlters with significantly better filter
properties in the high frequency band and less overshoot than the HQ*T/I\T—ﬁl‘cer. The
approximations H are also called windows: Ilg and also H are windows in frequency
domain.

If H is continuous, then the ideal H-filter and the realistic H *ﬁ;—ﬁlter will not
only either stop or pass harmonic oscillations but will also somewhat damp oscillations
of certain frequencies. The collection of frequencies in this “transition” area is called
the tramsition band. The collection of frequencies of the oscillations that are stopped
to some acceptable degree are called the stopband. Frequencies of oscillations that are
hardly damped form the passband. “Stop”, “pass” and “damp” have to be understood
in some relative sense on the decibel scale (cf. Fig. 24).

Continuous response functions H lead to realistic H *ﬁ;p-ﬁlters of which the transi-
tion band is wider than that of the Hg*ﬁ;—fﬂter but with better stop properties in the
stop band (compare the Figures 22, 25, and 26).

Examples.
e Bartlett window: H = (1 — §)Ilo(w) (see the Fig. 25).
o Welch window: H = (1 — (§)?) lo(w).
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FIGURE 26. Ideal H filter (solid line) and a causal approximations (dotted line) for 7' = 5 in frequency
domain. In the left picture, H is the Hann window, and, in the right picture, H is the Blackman window.
All functions are on decibel scale.
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FIGURE 27. The function f of Fig. 23 is filtered here with a causal variant of Bartlett's window (top
pictures) and Blackman’s window (bottom pictures): fo = f % (H Il7). The errors fo — fo are displayed in
the left pictures on standard scale and in the right pictures on decibel scale.

e Hann window: H = 3(cos(n%) + 1) g (w) (see the left picture in Fig. 26).

A Hamming window is a small variant of the Hann window:

H = (0.46 cos(mg) + 0.54) I (w)

e Blackman window: H = $(cos(m%) + 1) IIg(w) + 0.08(cos(2r%) — 1) o (w) (see the
right picture in Fig. 26).

e The Kaiser window is based on the Oth order Bessel function.

8.8 Stability. For filters with a causal impulse response function, that we formed
by means of a convolution product, we have to discuss the effect of noise on the output
signal.

It is easy to see that |exh(t)] < éfj;o |h(s)| ds = &|h||1 if |e(s)| < € for each s € R.
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For the L'-impulse response functions h, as constructed with the window method, the
noise gets amplified by at most 20log;q ||#||1dB. Although the amplification by the filter
of the noise can be large, it can never be unlimited, in case of an L!-impulse response
function. (In view of this kind of stability arguments, we see that, in, for example, the
Tl +II7-filter, we should not take the time window [T, +T] too long.)

8.B Analog filters with an infinitely long impulse response

In time domain, a filter can be represented by a convolution product in which signal
values are averaged in some weighted way. The averaging for the ideal IIg-filter involves
very old signal values (as well as future ones). Since signals with bounded bandwidth
are completely determinated by their values on any time interval (see 7.11 for more
details) it is conceivable that there are ‘filters’ that, by exploiting the smoothness of
a signal, realize the ideal filters in time domain better than those from the window
methods.

In this section, we consider filters that, although in time domain they only need
‘local information’, their impulse response function has infinite duration (h(t) # 0 for
arbitrarily large t). These filters assume input signals that have some smoothness.

8.9 The filter. Consider ag,aq,...,ar and bg,by,...,b, in R.
With, for instance, electronic circuits as in Application 2.6,%° devices can be constructed
that produce from a smooth input signal f, a smooth output signal g for which

aog(t) +arg' () +. ..+ apg®™ () = bof(£)+bif (£)+...+buf™(t) for teR. (129)

Put p(¢) = ap + a1 + ... + apc” and q(¢) = bo +b1( + ... +byp(™ for ¢ € C. Then we
have that p(2miw)g(w) = q(2miw) f(w). Suppose that the coefficients a; and b; are such
that

p(¢) #0 forall (e {2m’w|w €R} and k>m.
Define
q(2miw

H(W)Ep(Tiw; for weR.

Then is H a bounded C(®)-function and

g=Hf.

29From en.wikipedia.org: The simplest electronic filters are based on combinations of resistors,
inductors and capacitors. Since resistance has the symbol R, inductance the symbol L. and capacitance
the symbol C, these filters exist in so-called RC, RL, LC and RLC varieties. All these types are
collectively known as passive filters, because they are activated by the power in the signal and not by
an external power supply.

Here’s how passive filters work: inductors block high-frequency signals and conduct low-frequency
signals, while capacitors do the reverse. A filter in which the signal passes through an inductor, or in
which a capacitor provides a path to earth, therefore transmits low-frequency signals more strongly
than high-frequency signals and is a low-pass filter. If the signal passes through a capacitor, or has
a path to ground through an inductor, then the filter transmits high-frequency signals more strongly
than low-frequency signals and is a high-pass filter. Resistors on their own have no frequency-selective
properties, but are added to inductors and capacitors to determine the time-constants of the circuit,
and therefore the frequencies to which it responds.

Active filters are implemented using a combination of passive and active components. Operational
amplifiers are frequently used in active filter designs.
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If k > m, then H € L%(R) and g = fxh with h € L2(R) such that h = H. We will see
that h is also in L' (R) (see Theorem 8.13 and the subsequent discussion). In particular,
we have that g € L?(R) (see (111)).

Note that, in practice, initial value conditions for g are needed: if f(t) = 0 for all
t <0, then it seems reasonable to require that g(0) = ¢’(0) = ... = g*=1(0) = 0. The
function f % h meets these conditions only if h is causal. This brings the question how
we can tell from the polynomials p and ¢ that is the case?

One can try to construct a low frequence band filter by selecting appropriate p and
q and approximating Il by H. This kind of filters leads to problems that we did not
encounter before. As an illustration, we consider an example with p and ¢ as simple
as possible. The resulting H happens to be complex, non-real, valued. Filtering with
complex valued response functions is possible (and, even unavoidable, as we will see
below): if, for instance, H = Ilg exp(—i¢) with ¢(w) € [0,27) for w € R, then, for
any w € (—Q,+Q), the filter transforms the harmonic component ¢ ~» f(w) exp(2mitw)
to the oscillation ¢ ~~ f(w) exp(2mitw — i¢(w)): the phase of the oscillation shifts (by
®(w)), while the amplitude is unaffected.

8.10 Example. We consider two filters that, as in (129), are given by

@) g+g=f (b)) g-g =1/
The functions H for case (a) is not equal to the function H for case (b). However, in
both cases, we have that |H (w)|> = 1/(1+4m2w?): both Hs have the same amplification
and damping properties. Nevertheless, the filtering properties are quite different as we
will show now.

In practise, f may get perturbed. We will analyze the effect of such perturbations.
For eg € R and § > 0, consider perturbations ¢ in L?(R) given by

e(t)=ep for t € [-9,+6] and e(t)=0 elsewhere.

If g satisfies (a), g+ ¢’ = f, and g satisfies the perturbed equation, g+ ¢ = f + ¢,
then the error E = g — g satisfies the equation

E(t)+E'(t)=¢(t) for teR. (130)

The equation should hold in some weak sense, i.e., there is some function D and a
constant ¢ such that E(t) = ¢+ fg D(s) ds and f(f |D(s)| ds < oo for all ¢t € R and
E(t) + D(t) = e(t) for almost all ¢: D is the (weak) derivative of E. We put E' = D.
Note that F is continuous. Note also that, for any cq, ¢, c3 € R,

E(t)=cie" (t < —6), E(t)=¢co+coe”" (|t| <), E(t)=cze" (t>9),

satisfies (130) if |¢| # 0. If we select the constants ¢, ca and ¢3 such that E is continuous
also at t = 44, then F solves (130) in the weak sense. In practice, perturbations will
effect only future function values g and not past ones (why?). Therefore, ¢; will be 0.
Hence, co = —goe™® (then E(—§) = 0) and c3 = (e’ — e7%) (to have continuity also
at t = ). Note that cze™ is the effect of the perturbation ¢ for ¢ > §. This effect
vanishes if ¢ increases. Note also that, with this choice for the ¢;, the perturbation F
is in L2(R).

Now, assume that g satisfies (b), g — ¢’ = f, and g satisfies g — ¢’ = f + &, with
¢ as before. Following the above arguments and insisting on an error £ = g — g that
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is 0 in the past, i.e., for £ < —§, we find an F that is continuously differentiable and
that, for some c3 # 0, is equal to cze! for t > §. Note that |E(t)] — oo if t — co. In
particular, E ¢ L?(R). This may seem a bit strange, since, for each input signal f (or
¢), Equation (129) has precisely one solution that is also a signal (assuming that n > m
and p has no zeros on the imaginary axis). However, (129) itself does not require the
solution to be a signal and, it appears that the condition ‘E(t) = 0 for t < —§’ leads
to this ‘exploding’ solution. We conclude that (b) is unstable.
The L?(R) solution E can be constructed by putting c3 = 0, and selecting ¢, and c;
such that E is continuous also at t = § and t = —§, respectively. Then, for some
c1 # 0, we have that E(t) = cie! for t < —§. In particular, E € L?(R) and |E(t)| — 0
if t — —oo. Unfortunately, this L?-solution incorporates the effect of the perturbation
e on f before the perturbation became effective, which is impossible in practice.

In contrast to case (a), it appears that in case (b), the condition ‘E € L?(R)’ (or,
more appropriate, § € L?(R)) and the condition ‘E(t) = 0 for t < —4’ can not be
satisfied simultaneously.

Instabilities as in (b) show up for large class of filters. The instability problem is a
consequence of the desire to employ a filter that operates based on local information,
but with a response function that has an infinitely long impulse response.

8.11 Stability. The instability in (b) in §8.10 comes from the fact that the homo-
geneous equation g — ¢’ = 0 has a solution e* with Re(\) > 0. In this case A = 1.

More generally, the homogeneous part of the differential equation (129) determines
the stability. If the homogeneous part has a solution of the form e* and Re(\) > 0
then the differential equation is unstable and the associated filter is said to be unstable.
Stability and instability can be expressed in terms of the roots of p (why?):

8.12 Definition. Let degr(p) denote the degree of the polynomial p.
A filter with response function H of the form ¢/p is stable if degr(p) > degr(q) and all
zeros of p are in the left complex halfplane {{ € C ‘ Re(¢) < 0}.30

The zeros of p are called the poles of the filter. The zeros of g are the zeros of the
filter.

Consider the situation of §8.10. Note that £ = ¢ x h. Therefore, taking g = %
and driving § to 0 leads to h: let Es be the L2-solution corresponding to this g5 = e,
then h = lims (g5 * h) = lims_o Es (Why?). Hence, h(t) = e~ for t > 0, h(t) = 0 for
t <0 in case (a), while h(t) = —e! for t < 0, h(t) = 0 for t > 0 in case (b). Note that
in both cases h is also in L'(R). Only in case (a), h is causal. The conclusion holds
more general:

8.13 Theorem. The impulse response function h of a stable filter is causal.

Proof. Any rational function ¢/p with k& > m and p has k& mutually different zeros
A1, ..., A, can be written as

I (I TR (131)
) - |

30Tf the notion of ‘stability’, has been formally defined in terms of the effects of perturbations, then
the statement in the definition would have been a theorem.
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Here, the «; are appropriate constants in C. Hence, h is the sum of h; with h; the
inverse Fourier transforms of the term «;/(2miw — A;); h; is equal to

hj(t) = aje’t fort>0 and hi(t) =0 fort <0

(see Exercise 3.3). The h; are causal and, therefore, h is causal. Here, we used the fact
that Re(\;) < 0. If Re(\;) > 0, then the h; (in L?(R)) is given by

h;i(t) = —ajeM' fort <0 and h;(t) =0 fort>0.

Note that the term /(¢ — Aj) corresponds to the differential equation ¢’ — A\jg =
a; f: the ‘special’ cases in §8.10 appear to be quite general.
If p has roots, say Aj, with multiplicity, say ¢, larger than 1 then the sum in (131)

also contains terms «;;/(¢ — A;)* for ¢ = 1,...,¢. The invers Fourier transform h;;
of such a term is equal to t‘e*’ for t > 0 and 0 for + < 0 (see (c) of Exercise 3.3).
Therefore, also for this case, we can conclude that h is causal. O

Note that the above proof implies that h; and therefore the A not only belongs to
L?(R) but also to L'(R).

8.14 Butterworth filters. The response function function of filter that is given
by the equation

1

9F riqy)

is equal to w ~» 1/(1 + (%)k) This function reasonable well resembles Ilg for large k.
Unfortunately, the filter is unstable. Moreover, its coefficients are not real if k is odd.
Stable variants with real coefficients are possible and are called Butterworth filters (of
order k).

We actually saw such a variant for k£ = 1: the filter in Example (a) in §8.10 has a
stable response function H and [H(w)| = 1/,/1 + (§)?.

As an additional example, we consider the case k = 2.
The filter

V2 1

/ //: 1 2
270 7 * (27Q2)? =1 (132)

has a stable response function H and |H(w)| = 1/1/1+ (§)*

g+

Since we are interested in stable filters, we learned from the preceding example
that we have to deal with response functions H that are not purely real valued. The
resulting phase shift leads to a surprising effect that we will discuss below.

8.15 Phase and group delay. If H = |H|e ™ is a response function, then the
gain |H(w)| and the phase delay ¢(w)/(27w) play a role (see §8.1), but also 1/(2)
times the derivative ¢’(w) of the phase shift. Note that, ¢(w)/w = ¢'(0) if w ~ 0.

First consider a signal f with bandwidth < 2 and a response function H for which
H(w) = e if |w| < Q. Note that in this case ¢ = ¢p(w)/w = ¢'(w): ¢(w) = cw. For
the output signal g we have that

g(t) = ?ﬁ(—t) = /+OO f(w)e%iw’e*icw dw = f(t — ﬁ) for each t: (133)

—00
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A Bode magnitude plot of the Butierworth fille of order n=2 A Bode phase plot of the Butterworth filter of order n=2
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FIGURE 28. The pictures show several graphical ways of displaying a filter. Here, we consider the
butterworth filter of order 2. The left picture is a so-called Bode magnitude (or gain) plot, that is, |H (w)| is
plotted along the vertical axis on dB scale (20log,, |H (w)]|) versus the frequency along the horizontal axis.
The frequency is also on log scale. Here, we used the log, scale, since on this scale one octave corresponds
to an interval of unit 1. The value of |H ()| at the so-called cut off frequency €2 is -3 dB (the dotted line);
Q is equal to 1 here. The transition band (right from the cut off frequency) slopes off towards —oco with
slopes of -12dB per octave. An instance of an octave is indicated by the dashed-dotted lines. The frequency
response is as flat as possible in the pass band (no ripples). The picture in the middle is a Bode phase
plot. It shows the phase ¢ as function of the frequency: H(w) = |H (w)|e™**“). The frequency is again on
log,-scale; ¢ is in degrees. Finally, the right picture is a Nyquist plot. It shows the curve w ~» H(w) in the
complex plane, where w runs from —oo to co.

the filter delays the input signal by 5~ seconds. This is not surprising, since we already
know that each harmonic component of f is delayed by ¢(w)/(27w) seconds which, in
this case, is the same amount of time: ¢(w)/w is constant!

What if ¢(w)/w is not constant? Then the situation is much more complicated, but
for certain interesting signals, the derivative of the phase shift plays a role in the delay
of the output signal.

To see this, consider a general smooth H and a signal of the form f(t) = fo(t) exp(2mitQ?),
where f is concentrated on a small domain [—¢,e] around 0, that is, ﬁ](w) =0 (or=0)
for |w| > e. Note that f is concentrated in a small domain around Q: f(w) = fo(w—9).
Such a signal f is called a wave packet (with frequency ), fo is the envelope. Taylor
approximations lead to

|H(Q)]e " @@+e@=D) for e [Q—e,Q+e.

=
&
2

— “+oo
o) = FHO~ [ Fe) @ eniarics g,
oo , (134)
= @)D f¢ L) = (@) foft - LD -
27 27
Again, we see that the derivative of the phase shift gets expressed as a delay, now as a
delay of the ‘envelope’ fo by %(ﬁ' (©) seconds; %(ﬁ' is the so-called group delay. The
phase delay ¢(€2)/(27Q) is visible in the ‘wave part’ exp(27it(2) of the wave packet.
Note that, (134) is consistent with (133): if ¢(w) = cw, then ¢(Q)/Q =c = ¢'(Q).
For real wave packets and even filters, we have a similar result.
For f of the form f(t) = fo(t) cos(2mtQ) with fo concentrated on [—¢, +¢] and H even

(i.e., H(—w) = H(w), whence |H| even, ¢ odd, and ¢’ even), we have that

o(t) = FH() ~ [H(@Q)] folt — 42 cos(2r (1~ 42) 0). (135)
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8.16 Chebyshev filters. Chebyshev filters are related to Butterworth filters. They
are stable, but they have a steeper roll-off (the function is steeper in the transition
band), ‘at the cost’ of more ripples in the passband or in the stopband. They have
the property that they minimize the error between the idealized filter at the passband
(Chebyshev filters of type I) or at the stopband (Chebyshev filters of type II') and the
actual one, but as noted, there can be ripples in the passband (type I) or in the stopband
(type II). For this reason filters which have a smoother response in the passband but a
more irregular response in the stopbands are preferred for some applications.

The frequency (amplitude) characteristic of a Chebyshev filter of the kth order can
be described mathematically by:

1

H(w 2:—,
TR

where |e] < 1 and |H(Q)| = 1/V/1+ &2 is the gain at the cutoff frequency €, and T}
is a Chebyshev polynomial of the kth order.3! (Note: Commonly the frequency at
which the gain is -3dB is called the cutoff frequency. But for Chebyshev filters another
definition is used!)

8.C Digital filters

In electronics, a digital filter is a filter in discrete time, that is implemented through
digital computation. It operates on sampled signals (see §7.4 and (b) of Exercise 6.13).

One advantage of digital filters is the stability of their parameters. A computer
is much less susceptible to environmental conditions than analog circuits. Computers
are relatively cheap, and the advantages of digital signal processing are outweighing
complex analog filters. (But, of course, computer chips consist of many very complex
analog filters!) Although, for proper sampling an (analog) anti-aliasing filter is needed,
which is usually a low-pass filter or band-pass filter.

In this section, we define

Fwy= Y fae?™" (weR)

for digital signals f = (f,) € £2(Z); f is 1-periodic and
1
fn :A f(w) eQﬂiwn dw

(see §7.4, where here, for ease of notation, we took {2 = %, ie., At = % =1).

We leave the proof of a number of claims in this section to the reader: these claims
and proofs are analogues of the ones in §8.B.

8.17 The filter. A digital filter with input f € £2(Z) and output g is typically of
the form

aogn = (Bofa+Lifo-1+ ...+ Bmfrn-m) — (¥1Gn—1+ 2gn—2+ ... + CkGn—k)

m k
= > Bifai— Y g
§=0 J=1

(136)

31The Chebyshev polynomials have been introduced in Exercise 2.8.
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Hence, g satisfies the equation
axg=03xf on Z

where a = (ag,...,qr), oo # 0 and B8 = (fo,...,Bm) are finite sequences of real
numbers. We will assume that g = 1, which is no restriction. The function g can be
computed in MATLAB with the command ‘g=filter(beta,alpha,n)’. The filter has
m so-called feed-forward stages and k feedback stages. The number k of feedback stages
is called the order of the filter. If the order is 0 (i.e, k = 0: oj = 0 for all j > 0), then
we have a so-called finite impulse response (FIR) filter. The number m of coefficients
of a FIR filter is the length of the filter (also referred to as the number of tabs and
sometimes as the order). We have an infinite impulse response (IIR) filter if & > 0: the
response has infinite duration because feedback of the outputs is used to calculate other
output values. Unlike the FIR filter, the IIR filter must have an ‘initial condition’ for
k successive feedback values: for instance, if f,, =0forn <Otheng 1 =...=¢g_1r =0
are appropriate ‘initial values’ for g.

With p(¢() =1+ ai+...+ax® and ¢(¢) = Bo+ B¢+ ... + Bn¢™ for ¢ € C, we
have that p(exp(—27iw)) g(w) = q(exp(—2miw)) f(w) Hence, the response function H
is given by

m

—2miw]
Y Bie i
j=0

H(w) = = C: where (¢ = 2™,

k
_—2miwj
1-— E aje
Jj=1

The function z ~ ¢(z7!)/p(z71) (2 € C) is the so-called z-transform of the filter. In
MATLAB: ‘[H,omega]=freqz(beta,alpha,n)’. Note that the z-transform is a rational
function of z: with N = max(k, m), both 2V¢(z7!) and z¥p(2~1) are polynomials.

8.18 Stability. The filter is stable if p(A~!) = 0 implies that |\| < 1, or, equiva-
lently, if the zeros of the polynomial zVp(z~!) are in the open complex unit disc.

The definition is motivated by the following observation. If g = (g,) is a solution
and p(A~1) = 0, then g, = g, +A" is a solution as well. Stability guarantees that such
a perturbation is relatively harmless.

A filter that is not stable, i.e., |\| > 1 for some A € C for which p(A~!) = 0, is
unstable.

The zeros of p(z~!) are the poles of the filter, while the zeros of q(z~!) are referred
to as the zeros of the filter. The poles of the filter determine the stability. Both poles
as well as zeros of the filter are important in the design of the filter: except for a scalar
multiplicativity factor, the filter is completely determined by its poles and zeros. The
multiplicativity factor does not play an essential role.

There is a close similarity between the analog filters discussed in §8.B and the dig-
ital filters that we have here. Note, however, the difference in the stability condition:
Re(A\) < 0 in case of analog filters, while |A| < 1 for digital filters. This is precisely
the difference that we know from discussions on differential equations versus difference
equations: (136) is the general form of a linear difference equation with constant co-
efficients. These type of equations show up when, for instance, a ordinary differential
equation (initial value problem) has been discretized with a so-called multistep method.



104 8 FILTERING

We did not discuss existence of g in £2(Z) yet. We will address this issue now.
Note, however, that we are not only interested in having a square summable output,
but the output may also have to satisfy initial conditions.

8.19 Causality. Suppose the filter is stable.
Then, p(¢) # 0 for all ¢ € C, |(| = 1. Hence, H is a continuous 1-periodic function. In
particular, H € L?(R) and there is an h = (h,,) € £2(Z) for which

o o 1
h(w) = Z Ry, €27 = Z [ pLEE_lg = H(w) where ¢ = ™,
n=—00 n=—00

With Fourier transforms, one easily verifies that, with g = f *x h, g satisfies (136).

From the fact that p and ¢ are polynomials, p non zero on the complex unit circle, one

can even deduce that h € £1(Z) (cf., Exercise 8.7 and Exercise 8.8). Hence, g € (2%(Z)

whenever f € £2(Z). However, it is not clear that g, = 0 for all n < 0 if f,, = 0 for all
n < 0. In other words, we do not know whether h is causal.

However, it can be shown that (see Exercise 8.7), for some sequence (h,) in £1(Z),

D

1
az) _ S K, 2" forall z€C for which |2| < -,
p(z) = P

where p = max{|}| ‘ A € C, p(A~1) = 0}. Stability of the filter implies that p < 1. In
particular, we have convergence for z = (=1, where ¢ = exp(2miw). Since two £2(Z)-
sequences that have the same Fourier transform, coincide, we have that, h, = h], for
n > 0, and h, = 0 for n < 0. In particular, h is causal: stability implies causality.
Conversely, if the filter is not stable then h is not causal (cf., Exercise 8.8).

8.20 Discussion. If the filter is a FIR filter, then p = 1. There are no poles and
the filter is stable. In this case h = B, h has finite duration: only finitely many h,,
are non-zero. Here, we define h,, = 0 for n for which (3, is not defined. The impulse
response function h has an infinite duration (see Exercise 8.7) if the filter is a (stable)
IIR filter.

A FIR filter can have a linear phase. It has linear phase if and only if its coefficients
are symmetric about the center coefficient.

If the impulse response function of a FIR filter has a long duration, then it it
may be attractive to apply (Fast) Fourier transform to compute f % h. There is no
advantage in using Fourier transform to compute the output of IIR filters, that is, if
Fourier transforms are considered for practical computation with IIR filters, then one
could as well have designed a filter in frequency domain and not bother at all about
its realization in time domain. There is no need to work with rational functions then.
In the construction phase of an IIR filter, however, the Fourier transform does play an
important role.

The sequences o and 3 of IIR filters are usually relatively short and the filter is
often applied in situations in which the input signal f is available as a ‘stream’ of
function values (as when playing a CD or on radio). The filter is causal: g; can be
computed as soon as f, is available for n < j, but f,, for n > j is not yet needed. With
the feedback part a one wishes to achieve good filtering properties with short a and
3 that otherwise with FIR filters would require a long 3.
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8.21 Constructing digital filters There is an elegant way to transform analogue
filters into digital ones using Cayley’s transform:

z—1
A =
(2) P

This transform is a conformal mapping, that is, it is complex differentiable, or, equiv-
alently, analytic, and its derivative is non-zero everywhere in C\{—1}. Moreover, it is
a bijection

(z € C\{-1}). (137)

(1) from C\{-1} onto C\{+1}, (138)
(2) from {z € (C| |z| <1} onto {(C € (C|Re(() < 0}, and
(3) from {z € (C| |z| =1,z # 0} onto iR.

Property (2) and (3) makes the Cayley transform useful for our application. We assume
in this paragraph the following relation between the complex numbers z and ¢ and
between the real numbers v and w:
—1

C=~Z(z) = 7;—1 (x€C), w= —% tan(rv) (v € R). (139)
Here, for convenient scaling along the imaginary axis, and to let stability of the analogue
filter be transferred to stability of the digital filter (by relating z with |z| > 1 to ¢ with
Re(¢) < 0), we select a v < 0 (to be specified below):

Proposition 8.1 For v < 0 we have that
(a) z=e" 2™ jf and only if ¢ = —ivytan(mv) = 2miw.
(b) Re(¢) <0 if and only if |z| > 1.

If, for V€ (0, %), we are interested in approximating ITy (v) (that is, if we want to
filter for frequencies v in [-V,V]), then we can consider approximating Ilo(w) for
= —sLtan(nV): v € [-V,+V] if and only if w € [-Q,+€Q]. Note that the scaling
v = —2m/tan(7V') might be attractive: then 2 = 1.
Suppose that we have a stable analogue filter A = % that filters for frequencies in
[—Q,+Q], that is with H(w) = A(2miw) we have that
o |H(w)| = Ig(w) (it filters for frequencies in [—£, +])
e if A({) = oo then Re(¢) < 0 (the stability condition).
Now, define the digital filter by

z—1

T F 1) (z€C) and H(v)=D(e ¥™™) (veR).

D(z) = A(C) = Al

To prove that this defines a stable digital filter first note that D is a rational function
(quotient of two polynomials: multiply both p and ¢ with (z+1)*, where k the degree of
p). Moreover, since D(e~2™) = A(2riw) (use Prop. 8.1(a)), we see that H(v) = H(w)
and therefore |H(v)| approximates IIy (v). Stability follows from the observation that
D(z) = oo implies that A({) = oo, whence Re({) < 0 and, therefore by Prop. 8.1(b),
|z| > 1.

8.22 Butterworth and Chebyshev filters. There are digital versions of the But-
terworth filters as well as of the Chebyshev filters: the gain (that is, |H(w)|) for these
versions is as described in §8.14 and §8.16, respectively, but the stability has to be
understood in the ‘digital’ sense.
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8.23 Equiripples filter. Approximation of the ideal Ilg, filter leads to the Gibb’s
phenomenon. To avoid the disadvantages associated herewith, FIR filters are con-
structed that approximate as accurately as possible the value 1 for |w| < w,,.. and the
value 0 for |w| > wy,, and, of course, [w| < 1 (recall that we assumed that Q = 1): they
do not ‘worry’ about the transition band (for frequencies w with w,.., < |W| < Weop-
Here we assume that cutoff frequency w,... of the passband is smaller than the cutoff
frequency wy,, of the stopband and w,,, < %) If accuracy is measured in the sup-norm,
with supremum taken over all w € [—%, —|—%] except for the ones in the transition band,
then the best filter, the equiripples or elliptic filter, has ripples of equal (maximum and
minimum) height, say §, in passband and in stopband. The filter slopes almost linearly
off (in dB scale) in the transition band. The height 6 depends on the length N of the

filter: N ~ %, where Aw = w is the width of the transition band.
n —

The so-called Rémez algorithm can be used to compute the best filter for any length
N. If accuracy is measured in another norm (as the 2-norm over the frequency area of

interest), then other filters arise.

stop wpass

8.24 Application: MP3 compression. A bird that flies in front, or almost in
front, of the sun is not visible. For similar reason tones are not audible if they sound
slightly after a louder tone with approximately the same pitch. These softer tones
can be blocked without affecting the quality of the piece of music. Audio compression
techniques as MP3 (MPEG /audio Layer III) exploit this fact.

Psychoacoustics. The resolving power of the human auditory system appears to be
frequency dependent. Experiments show that this dependency can be expressed in
terms of 27 ‘critical’ frequency bands O; with widths which are less than 50 Hz for the
lowest audible frequencies and approximately 5 kHz at the highest. For each pair of
critical bands there is a ‘mask’ that can be used to block softer tones in these bands,
or, in a more mathematical formulation, for each pair (i,j) of critical bands, there
are positive functions t ~ ¢; ;(t) (the mask) with §;;(0) = 1 and decaying to zero for
increasing t. Decompose a signal f as f(t) = Zj f(t) with j/; in the jth frequency
band O;. The F = f; sounds the same as f if |f;(¢)| < max,« (|F(s)]0;;(t —s)) for
all t and 7 # j.

MPEG /audio. The MPEG/audio algorithms use 32 frequency bands O; of equal
width, (on linear scale) whereas the width of the 27 critical bands O; fits equality better
on a log-scale. However, equal width on linear scale allows more efficient computation
as we will see below. These algorithms split a digital audio signal f into 32 signal f;,
where (ideally) f; has frequencies only in O;. Sample values fi(t;/) are replaced by
zero if signal components f;(t;) in a neighbouring frequency band O; and nearby time
domain (t;; ~ t; and t; < t;/) carry relatively much energy: softer tones are blocked.
The blocking threshold depends on amount of energy and band numbers. Layer III
(MP3) is more sophisticated in computing the blocking thresholds than the layer I and
layer II approaches: it applies MDCT (see Exercise 5.10) to each of the f; to obtain
more detailed spectral information.?? In addition, each of the signals f; is ‘quantized,
that is, each (16 bit) function value f;(¢;) is replaced by an m-bit value with m = 8
or less.?3 Quantization (that is, the value for m) also depends on the band and is as

32The splitting of a signal into 32 signals with a limited frequency band has been preserved in MP3
for compatibility reasons. Other modern compression techniques as Advanced Audio Control (AAC)
rely on MDCT only.

33Quantization is preceded by a transformation of the function value = fi(t;) according to the
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coarse as inaudibility allows.3*

Polyphase filter bank. The splitting exploits a so-called polyphase filter bank:

filtn) = fxhi(ty) = Z f(tn—j) hi(j), where hi(n) = 2C(n) cos(gz(2i+1)n), (140)

j=—o0

where C' is the impulse response function of an approximate ideal Ils filter with 6 = ﬁ.
The choice for this ‘analysis’ filter bank for the encoder can be understood as follows.
First recall that, with sample frequency 20 = 1/At, (€2 is the bandwidth of f),

Y — A At) e2rinAtw A At) e2min@ h O=A _ i
f(w) th(n t)e th(n t)e , where @ tw 50

The range of w is (—,+Q), whence, @ ranges in (—%, —i—%), and with v; = 211‘;-81’

Oi={o| -6<Bl-v<s (i=0,....31)

defines a partitioning of the scaled frequency interval (—%, %) into 32 bands 62 of equal
width 2§ (since vj41 —v; =20, 19— 0 =0, v31+0 = %) Note that the O; are symmetric
about 0 (& € O; = —& € 0;) and O; = {20& | & € O;}. If C filters for frequencies in
(—0,9), then n ~» C(n)lexp(2miny;) + exp(—2mwiny;)|] = hi(n) filters for frequencies in
Oi, since hi(@) = C(@ + 1) + C(@ — ;).

For C a sequence of 512 coefficients is used.

Note that n ~» fo(t,) has (ideally) maximum frequency 20. Hence, its Nyquist
ratio is 1/(2 - 26) = 32. Therefore, it suffices to subsample fy(t,) at n = 32¢. But it
also suffices to subsample the other f; by 32 (see Exercise 7.3). This implies that it
suffices to replace each set of 32 input samples as f(tg),..., f(t31) with a set of only 32
output samples as fy(to), ..., f31(to): the outcome of the filter bank does not require
more storage than the original signal!

Of course, the ‘prototype’ filter 6’, does not have a sharp cutoff at frequency §:
C is not equal to II5. So, when the filter outputs are subsampled by 32, there is a
considerable amount of aliasing. However, the design of the prototype filter C results
in a complete alias cancellation at the output of the decoder’s ‘synthesis’ filter bank.
Another consequence of the lack of sharpness at cutoff is that some frequencies get
represented at two bands. The MDCT in the Layer III approach allows to remove
some artifacts caused by this overlap.

Exercises

Exercise 8.1. Let h be an pulse response function.

(a) Prove that the following three properties (in continuous time) are equivalent.
(i) h is causal

so-called p-law: y = sign(x) In(1 + plz|/X)/In(1+ p), here X is the maximum absolute value that the
function values can take, u is an appropriate constant (as p = 255). The resulting logarithmic step
spacing obtained after quantization represents low-amplitude audio samples with greater accuracy than
higher-amplitude values, which is not the case for linear quantization (i.e., quantization of z/X). So,
this strategy avoids that soft parts of a piece music get rounded to 0.

34 All these techniques replace function values by 0 or by values that can be represented by much less
bits than the original values. In the layer III approach an additional compression is obtained by the
Huffman coding. This is a lossless compression technique.
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(i) f*h(t) =0 for all t < 0, whenever f(t) =0 for allt <0 (f € L*(R)).
(iil) f*h(t) = [ f(s)h(t —s) ds for all t and all f € L2(R).

(b) Formulate and prove the analogue of the above statement in discrete time.

Exercise 8.2. Consider the situation as in §8.10.
Assume f is perturbed by e that is now given by

e(t)=eo(t* —6%) for |t| < and e(t)=0 elsewhere.

Note that € is continuous and in L?(R).
(a) Prove that the continuous solution E is continuously differentiable.

(b) Determine the error E that is in L?(R) for case (a) of §8.10. The same question for case

(b).
Exercise 8.3. Prove (135).

Exercise 8.4. Optimum filter.

Consider a signal f. Suppose that the signal is perturbed by white noise n: fz f+n. We are
interested in a filter that gives the best signal-to-noise ratio, i.e., that is such that after filtering
the ratio N/S of the energy in the noise (V) and in the signal (S) is small as possible.

The energy in noise and signal after filtering is given by

/OO |n(w) H(w)|? dw and /00 |f(w)H(w)|2 dw

— 00 — 00

respectively. Here, H is the frequency response function of the filter. For white noise, we may
assume that

| @ H@P do=x [T )P

— 00 — 00
for some constant k. Why?

(a) Prove that N/S > k and that equality holds only if [H| is a multiple of | f|. This is the
matched filter theorem. (Hint: apply Cauchy—Schwartz to S/N).

It appears that, for the best filter, the power spectrum of the signal needs to be know in
advance. This filter could not be implemented in hardware, but can only be (approximately)
applied by software after the data has been collected.

Exercise 8.5. Butterworth filters.
Consider a butterworth filter of order k.
(a) Compute H(w) in case k = 2 and show that the filter is stable.

(b) Show that |H (w)| at cut off frequency w = Q is & —3dB (or to be more precise, —3.0103 .. .dB),
independent of the order k.

(c) Show that the slope in the transition band approximates & times —6.0206...dB for large
frequencies w.

Exercise 8.6. The stability of digital filters..

Consider the digital filter defined by p(z) = 14+ay2+...+a2" and ¢(2) = Bo+Brz+. ..+ Bmz™
with input signal f and output signal g.

(a) Prove that (g; +e)) is a solution if (g;) is a solution and p(A~1) = 0.

(b) Assume that p(z) # 0 if |2] < 1. Prove that e\ — 0 if j — oco.

Exercise 8.7. The output of digital filters.
Let ay = —A; be such that [A;| < 1. Consider the digital filter

9 = Bm fj—m —a19j—1 (j €7Z)
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with input signal f and output signal g.

(a) Verify that g(z) = B, 2™ and p(z) =1 — Ay 2.

(b) Show that the filter is stable (also in the sense that errors at, say go, are not amplified).
(¢) Show that for |z| < 1/A1, we have that

j Z )\12’

(d) Let hpim =B A} for n>0 and hpqm =0 if n<O.
Prove that g=h if fo=1, fr=0 if n#0 and g, =0 if n <0. Note that the sequence
h is in £1(Z) and that it has an infinite duration: hy, # 0 for all n > 0.

Q

/—\

Consider the general digital filter defined by p(z) = 1 + a1z + ... + ag2* and ¢(z) =
Bo+ Biz+ ...+ Bmz™ (z € C) with input signal f and output signal g.

(e) Prove that p(z) = H?:o(l — \j z), where \; are the zeros of p(z™1).
(f) Show that there is an h € £1(Z) such that

o0
1
az) _ Zhnz" forall z€C, |z] < —,
p(z) = P
where p = max{|/\-|} <1
(Hint: Slnce =) 1 A for appropriate weights w;, we have that Ezg is a linear combina-

tion of terms of the form B 2™ /(1 — Aj2).)
(¢) Provethat g=hif fo =1, f, =0if n # 0 and g, = 0 if n < 0 and conclude that

?L(w) = q(C_1; for ¢ =e?m,

(h) Show that g = f xh and g € (%(Z) if f € £2(Z).
(i) Show that the impulse response function h has an infinite duration, i.e., for each ng € N,
there is a n € N, n > ng such that h,, # 0.

Exercise 8.8. The output of digital filters 2
Consider the digital filer
gn = fn —29n-1-

(a) Compute the response function H. Is H continuous and, therefore, in L%(R)?
(b) Show that

)
—
N
|
—
~—
—_
L\DI»—-

- Thh 2] < 2.
p(")  1-35 22—1 2; |

(¢) Compute the impulse response function h for this filter.

(d) TIs the filter stable? Is the impulse response causal?

Exercise 8.9. FIR filters with linear phase.

Prove that a digital FIR filter has a linear phase if and only if its coefficients are symmetric
about its center coefficient.

Exercise 8.10. Polyphase quadrature filter.

Consider the polyphase filter bank from (140) with ho only 512 non-zero coeeficients, i.e.,
ho(k) = 0 if k < 0 or k > 511.
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(a) Show that

511

filte) = f*hi(ty) = Zf tr—j) 2ho(j cos(6 (26 +1)7)

Z Mi Z ho(n + 641) f(tr—n—6a),
n= =0

where M; , = cos(gy(2i + 1)n) and ho(n + 641) = 2(—1) ho(n + 641).

(b) Show that the first sum requires 32 x 512 multiplications to compute f;(tx) (i =1,...,32)
for each k, whereas the second sum only requires 5 x 512 multiplications per k. Here we have
averaged the total number of multiplications over all k and assumed that k is large.

Exercise 8.11. Resampling.

Let f € L2(R) such that f(w) = 0 if [w| > Q. Let At = 1/(29), and t,, = nAt. Suppose that
only f-values f, = f(t,) at the sample points t,, are available and, for some p,q € N, we want
to compute f values at the sequence nAt’, where At' = %At: we want to resample the sequence

(fn) of f-values.

(a) Let g € LA(R) with Fourier coefficients ;. Note that g is also pT-periodic. Let ) be the
Fourier coefficients of g as a pT-periodic function. Show that

Yep =P (k€Z) and ;=0 if j € Z\pZ.

(b) Let F be such that F(w) = f(w — 2kQ) if |w| < pQ with k € Z such that |w — 2kQ| < Q
and F(w) = 0 elsewhere. Put h = At/p. Show that

F(nph) =pf(nAt) (n€Z) and F(jh)=0Iifje€ Z\pZ.

(c¢) To have f(jAt") we proceed by subsequentially (i) upsample, (i) filter, (iii) downsample.
(i) First we upsample (f,,) by p, denoted by (T p)(fn): with (fJ) (Tp)(fr)

fnpzf(nAt) for neZ and ijO if j e Z\pZ.

In other words, the sequence (fn) is extended to a sequence ( fj) by adding p — 1 zeros after
every f,. Show that fj = ;F(]h) (j € Z). Show that the Fourier transform of (fj) is the
2pQ-periodic function that is equal to F on [—p9Q, pQ).

(ii) Secondly, we apply a filter to get rid of the high frequencies. Ideally, in the frequency domain,
we multiply the Fourier transform of f by the 2pQ periodic function g, i.e., Ig(w) = 1 if
lw| < Q and I (w) = 0if Q < |w| < pQ: g = f*1lq. In practice, a digital filter (HR) is applied
to (f;) that approximates the effect of the ideal filter. Show that, in the ideal case, the filtered
result, say (g;), is such that g; = 1 f(jh) for all j € Z.

(iii) Finally, we downsample the sequence (g5) by g, denoted by (| q)( ) ie., with (g;) = (|
q)(g;), we have that g; = g;, (j € Z). Show that g; = ;f(jAt (jez
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D) '\ ) = (¢ cos(9),  sin(@))

FIGURE 29. The dashed line is at distance FIGURE 30. If (r,9) are the polar coordinates
¢ from the origin and has angle ¢ + 17 with the  of (z,y), (z,y) = (rcos(d),rsin(d)), then (z,y)
x-axis. The point (x,y) has coordinates (§,m) in  has polar coordinates (r,9 — ¢) in the rotated sys-
the rotated axis system: = = £cos(¢) — nsin(¢),  tem, where the rotation of the Cartesian coordinates

y = Esin(¢) + ncos(9). is over an angle ¢.

9 Computerized Tomography (CT)

Before we give the physical background in §9.2 of X-ray computerized tomography, we
firstly give the mathematical formulation of the problem.

9.1 A reconstruction problem. Consider a complex-valued map f on R?. For
each ¢ € [0,7) and each £ € R, let py(§) be defined by

pol€) = / F(m), y(n) dn, (141)

where x(n) = £ cos(¢) — nsin(¢) and y(n) = sin(¢) + neos(¢) (n € R). The map
n ~ (xz(n),y(n)) describes a straight line in the (x,y)-plane at distance £ from the
origin. The line has angle ¢+ %7? with the z-axis (see Fig. 29). The function f in (141)
is integrated along this line: py can be viewed as a projection of f on a straight line with
angle ¢ with the z-axis (the ‘¢-axis’). For ¢ = 0, we have that po(¢) = [ f(&,n) dn.
The map (§,¢) ~» py(§) is known as the Radon transform of f. The 2-dimensional
graph of the Radon transform (&, ¢) ~» py(€) is called the sinogram of f.

Now, suppose that only the values py(§) are available (£ € R,¢ € [0,7)). Then
the question is how to reconstruct f from these values py(§). It turns out that this is
possible via two one dimensional Fourier transforms (see Theorem 9.4). However, the
proof of this result relies on two dimensional Fourier transforms (see 9.3).

9.2 CT scans. We took the text in the following two paragraphs from [4], pp.325—
326. For more details, we refer to [6, Ch.3].

As a beam of x-rays passes through a uniform slab of material, the intensity of
the beam decreases according to I = Ipe "% where Ij is the initial intensity, d is
the thickness of the slab, and x is an appropriate coefficient. s is often called an
absorption coefficient, but there are actually many processes occurring that diminish
the intensity of the beam. The detector is constructed to measure the intensity of the
beam that passes straight through the object, so that x-rays that are scattered will not
be detected. The reduction of the signal in computerized tomography (CT) is primarily
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FIGURE 31. x-rays are directed in a series of FIGURE 32. The scanner will circle around the
thin, pencil like parallel beams through the image object. The attenuation of beams is measured for a
plane, and the attenuation of each beam is mea- range of angles ¢. The light gray rectangles mark
sured. past and future positions of the scanner (beamer

(gray) and detector (dark gray)).

due to scattering out of the forward direction. We will refer to the loss of intensity, to
whatever cause, as attenuation.

In CT, a two dimensional slice through an object is imaged. In its simplest config-
uration, x-rays are directed in a series of thin, pencil like parallel beams through the
image plane, and the attenuation of each beam is measured (as picturized in Fig. 31).
Since the object is nonuniform, the attenuation of the beam varies from point to point,
and the total attenuation is given as an integral along the path of the beam. That is,
if fis an ‘absorption’ function on R?, then the intensity at the detector of the beam at
distance £ from the origin at angle ¢ + %Tr with the z-axis will be of the form

[ = Ipe@mym) dn

where 1 ~~ (z(n),y(n)) is the parametrization of the beam as in 9.1. From the collection
of beams a profile of the object can be built. The ‘projection at ¢’ can be obtained by
evaluating the logarithm of the measured I/ ratio,

po(€) = —In ([io) = [ . v an

Note that f can not be reconstructed if only the values py(&) are available at a fixed
angle ¢ (then the ‘bone’ can be in the front as well in the back): the scanner has to
circle around the object (see Fig. 32). Note that the result of a scan at ¢ and at ¢ + 7
will be the same.

A three dimensional image can be obtained by piling the images of two dimensional
slices.

9.3 To reconstruct f from the py(§) values, we first represent the Fourier transform
with respect to a rotated basis.
Note that, for a fixed ¢, each pair (x,y) can be written as

x = &cos(¢p) —nsin(¢), y = Esin(¢) + ncos(p) (142)
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for an appropriate pair (£,7) (see Fig. 29): (142) rotates the axis over an angle ¢. In
two dimensions, (83) reads as

Flwr,wy) = // f,y) e 2rilerten) 4z dy.

We substitute the expressions (142) for 2 and y in this integral. To simplify the resulting
expression for rxwy + ywe in the exponential function, we also rotate the axis in the
(w1, we)-plane over the angle ¢:

W1 = P1Ch — P254, W2 = P1S4 + pacy, Where ¢y = cos(¢) and sy = sin(¢).

Then, xwi +yws = £p1 +1np2. To see this, recall that the inner product between vectors
does not change by representing these vectors with respect to another orthonormal
basis. Hence,

o~

f(p1cy — pase, p15g + pacg) =
JI F(Ecy —nsg, Esg + neg) e 2mEPTT2) ¢ dn).

In particular, for po =0,

Flprco, prse) = // f(&cs — s, Esg +1mey) € 2T dE dny.

Swapping the order of integration leads to

~

f(plc¢7p13¢) = ff f(§C¢ — 154,554 + ncg) e—2mi€p1 dn de
f U f(§% - 778¢,§8¢ + 77%) d77] e—2mikp1 de.

Now, note that the expression between square brackets is precisely py(§). Hence,

~

Flpcspss) = / pol(€) =27 de. (143)

Here, we dropped the index 1 of p to simplify notation. This last integral is the one
dimensional Fourier transform of the function py at frequency p: ]/”\(p Co, P Sp) = Do)

Although, we derived expression (143) for a fixed ¢, the expression is correct for any
¢: ¢ was fixed, but arbitrary. This observation turns (143) into a remarkable result,
since any point (wy,ws) in R? can be written in polar coordinates as (pcg, psy) for
appropriate p and ¢. In other words, the one dimensional Fourier transforms in (143)
yields fin any (wy,ws) of R2.

Now, in principle, we can apply the two dimensional inverse Fourier transform to
find f. Although this approach is theoretically correct, in practice it is inaccurate. In
practice, ps(£) will only be available for a discrete set of points ¢ = ¢, = kA¢ and
& =& = LAE. Since, to compute f, we will apply FFT to (143), fvvill be computed
at a grid that is rectangular in polar coordinates, that is, at (pcg,psg) for (p,¢) =
(pe, o) = (LAp, kA¢) (see Fig. 33). To compute f from f, using inverse FFT based on
(84), we rather would like to have the function values of fat a grid that is rectangular
in Cartesian coordinates, that is, at (wi,ws) for (wi,w2) = (wi4,w2;) = ((Aw, jAwW).
Computing fat the points of this ‘rectangular Cartesian’ grid with some interpolation
formula from the ‘rectangular polar’ grid introduces errors and these errors will be
amplified by the subsequent inverse Fourier transform. Note that the distribution of



114 9 COMPUTERIZED TOMOGRAPHY (CT)

o © © o} Q

FIGURE 33. The solid dots mark a grid that is rectangular in polar coordinates, while the circles mark
a grid that is rectangular in Cartesian coordinates. Note that the density of the grid points in the grid that
is rectangular in polar coordinates is non uniform in Cartesian coordinates. The density is high close to the
origin and low towards infinity.

the grid points of the rectangular polar grid is very nonuniform with respect to Cartesian
coordinates (see Fig. 33).

Therefore, as a more accurate alternative, we will express the inverse Fourier trans-
form

fz,y) = // Flwy,ws) mHE+Y92) quyy dw, (144)

(see (84)) in polar coordinates: (wi,w2) = (pcg,pss). We will let p range from —oo to
oo and ¢ in [0, 7), whereas the standard choice is p € [0,00), ¢ € [0,27). The absolute
value of the determinant of the Jacobian matrix of the transform to polar coordinates
is |p|. Again, in order to simplify zw; + ywe, we will use polar coordinates for (z,y) as
well: (z,y) = (rcg,rsy). Then

TWi+Ywr =TCypcy +789pPSp = rp(cqg% —‘1‘8798(;5) =Tpcy_g.

Hence, (144) reads as

f(TCa,TSa)Z/O/ Flpeg, psg) X" P<0=¢ |p| dp de.

Put £ = rcy_y. Note that this definition is consistent with the use of & above (see
Fig. 30). Then,

f(T'CﬂaTSﬂ):/O [/ Il F(peg, psg) €24 dp} d

If we denote the expression in square brackets by p, then we have that

T 0o N A
f(reg,rsy) :/ Pg(&) do,  where pg(§) z/ 16| F(p co, pse) €27 dp.
0

— 00

The following theorem summerizes our results.
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Graph of f and of the Fourier transform ft of F.*g Graph of f and of the Fourier transform ft of F.*g
T T T T 2 T T T T T T T T T T T

:
— Re(f) R
12F FE((;)I) H RE%
—m L M H
) 15 :::'g

08f
sk 05

0.4 . 1 0

02f . ] -0.5F

—02b
-1.51
04l

06k

L L L L L L L 25 L L L L L L L L L L L
-3 -2 -1 0 1 2 3 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

FIGURE 34. The pictures show the projection py (the solid line) and the filtered projection p, (the
dotted line) of a function f for some angle ¢. In the left picture, ¢ € (0,7/4) and f is constant (non zero) on
some square [—a, a]® and 0 elsewhere. In the right picture, f is equal to 1 on the disc {(z, ) : z*+3* < 0.5}
and 0 elsewhere. Note that in this second situation the projection pg is the same for each ¢. The filtered
projection Py in the right picture is constant on the interval of £'s with ¢€2 < 1/2. The Gibb’s phenomenon
in Py at the end of the interval is the due to the fact that for the computation a discretized version of the
Fourier transform has been used.

9.4 Theorem For fc L*(R?), ¢€R and ¢ € [0,7), let

ps(§) = /OO f(@(n),y(n)) dn, (145)
where x(n) = & cos(p) — nsin(@), y(n) = Esin(o) + ncos(p) (n € R). Then, with
polo) = [ pa(@e 0 ds and 5@ = [ Iolpalo) ™ dp. (a0

we have that
f(rcos(¥),rsin(v)) = /Owﬁ(b(r cos(¥ — ¢)) do (re[0,00),9 €[0,2m))  (147)

0

Note that, due to the additional factor |p|, py is not exactly the inverse Fourier
transform of py. Nevertheless, both py and this ‘modified’ projection py are one dimen-
sional Fourier transforms and FFT and inverse FFT, respectively, can be employed for
efficient computation. Note that the map py ~ pg can be viewed as a filter operation:
Py is the inverse Fourier transform of py, H, where H(p) = |p|.

If py is the projection of f, then it might be reasonable to call

f(rcos(¥),rsin(v)) = /Oﬂp(b(r cos(¥ — ¢)) do¢ (r €[0,00),9 € [0,2m))

the back projection (why?) and (147) is a filtered back projection (FBP). The back
projection is a blurred version of f, whereas the filtered back projection is exactly
equal to f.

Suppose that, for a given angle ¢, the projection values pg(&,) are available for
& = (AL, Then, note that the FFTs will yield values of the ‘modified” projection py
at the same points &.
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Exercises

Exercise 9.1. Computerized Tomography project.

Select an image array (z;,y;), that is, for a set x; = o + iAz and y; = yo + jAy, we want to
compute the image values f; ; = f(x;,y;) at (z;,y;) (for a more precise definition, see (148)):
the values for f; ; that we obtain by computation form the ‘reconstructed’ or ‘output’ image.
We suppose that the projected values py(§) are available (can be measured) for a set of
angles ¢ = ¢ = kA¢ and, for each ¢ in this set, for a set of points £ = &, = LAE.
Alg. 1 uses this input information to reconstruct the image.

A. Initialize the output image to 0 (f; ; = 0 for all i, j).
B. For each angle ¢ in the collection {¢y} do:
1. ‘Measure’ the projections ps(§) at the points { = &;.
2. Use FF'T to compute Dy(p) (see (146)).
3. Use inverse FFT to compute py(€) at the points & = & (see (146)).

4. Use the results for this one projection to update the output image (see
(147)), that is, for each (x,y) in the set (x;,y;) do:

a. Determine £ from (142).

b. Approximate the modified projection at £ by interpolation of the
Pg(&r) (linear interpolation is usually sufficient).

c. Add this contribution to the ¢ integral (147) to the image.
5. Display the image obtained thus far (optional).

ALGORITHM 1. An outline of an image reconstruction algorithm based on the theory in §9. For a
motivation to use linear interpolation in step 4.b, see the Paragraph “Computing the projections” below.

In practice, of course, the projections in step 1 would be obtained from the CT scanning
device. For our purposes, we compute them from an “input” image.?® The reconstructed image
is the output image.

Use the outline in Alg. 1 to write a computer program to reconstruct images.?¢ You may
assume that the images are contained in a circle of unit radius.?”

Write a report that is readable for someone who is familiar with Fourier Theory but who
does not have a copy of the lecture notes. In your report you may address the following issues:
— Investigate the effect of changing the resolution (i.e., the size of Az and Ay. You may take
Axz = Ay. Consider, for instance Az = 2/100,2/200,...). Do you need the same step sizes Ax
and Ay for the reconstruction as for the projections? How do you relate the step size Az and
Ay for reconstruction to the step size A& and Ag¢?

— Discuss the advantages of this approach with one dimensional inverse Fourier transforms
followed by an integral over ¢ as compared to an approach based on one two dimensional
inverse Fourier transform.

— What do you expect from replacing linear interpolation in step 4b by cubic interpolation?
(i.e., approximate the value pg(§) by the value P(§) of the cubic polynomial P for which
P(&-1) = po(&e-1), P(&) = Py(&e), P(Ser1) = Po(Eev1), P(Eer2) = Pp(&ev2), where £ is such
that & € (&, &+1). How do you define P near the boundary?).

— FFT ‘assumes’ that the input function is periodic. This periodicity can be achieved by
first restricting the image function f to a rectangle (multiplication by a 2-d tophat function?),

35The code for computing the projections will be provided for.

36You can use existing codes for FFT and inverse FFT.

3"The MATLAB file Images.m can be used for producing images. The file gives several ways of
producing image files that can be used in testing the image reconstruction code.
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followed by a periodic extension (after an even extension?). What is the effect of the restriction
and the extension on the reconstructed image? The function H(p) = |p| that defines the ‘filter
operation’ (multiplcation of pg by |p|) is not bounded nor in L?(R). Is this a problem?

For more details, we refer to [6, Ch.3].

Discretization. In practice, the values of pg(€), for £ € R, ¢ € [0,7), or for £ = & = (AE
and ¢ = ¢ = kA¢, are available from measurements. For the design and the analyse of an
effective numerical solution process it is usefull to have a discrete model of the problem and to
have discrete versions of the operations that are involved.3®

Averaging versus sampling. A picture of which each pixel is either black or white gives the
impression of being composed of patches of different shades of gray when viewed from a distance.
When in an approximation that uses larger pixels the color is determined by sampling, the shades
of gray disappear and black and white blocks become visible. This is undesirable. Averiging
leads to shades of gray. Therefore, discretization by averaging seems to be a more appropriate
approach here: specifically in Image Processing, discretization by averaging leads to pictures
that are more appealing to the eye, then when discretized by sampling.

If the real-valued function f that is defined on the square [—a,a] x [—a,a] represents a
picture,®® then f can be approximated as follows by a piece-wise constant function. Select
a step size Az in the z-direction and a step size Ay in the y direction (Az = 2a/N, and
Ay = 2a/Ny). Then, (z;,y;) = ((i — 3)Az,(j — 3)Ay) — (a,a) is the center of the pixel area
Iy =[x — %Am,xi + %Aw) X ly; — 548y,y5 + %Ay) (i=1,...,Nz,j=1,...,N,), and we
compute the image value f; ; for this pixel by averaging,

J— 1 .
o= maay [, S dav: (148)

f is approximated by the function fy that has the value f;; on I;; (i = 1,...,Ng,j =
1,...,Ny).

This approach suggests the following discretization for the projection py(€). Select a step
size A{ = 2/(N¢ —1). Then, for & = —1+ (£ — 1)A¢, define

1 So+3AL

Pio = g o oae po(€)ds (£=1,...,Ne). (149)

In the exposition below we will assume that f is equal to the discretized version: f = fy.

Computing the projections. Note that pys is the sum of all projected pixels. To be more
precise, if x; ; is the function with value 1 on I; ; and zero elsewhere, then

pol€) = Y115 [ xstat vl o (150)

Here, we sum over all ¢ =1,..., N, and all j =1,..., N,, and z(n) and y(n) are as defined in
§9.1. Except for the color value f; ;, the function

Wg’j) (&) = / Xij (x(n),y(n)) dn

is the projected pixel. For a graph of this function, see Fig. 35. Note that the integral of my

38The discretization as explained here, is also used in the MATLAB code for this assigment, the code
that computes the ‘measured’ projection values pg(§).

39We assume the picture to be defined on a square contained in the unit disk {(=, ) | lz|? +|y|* < 1},
that is, a = %\/5 Obviously, this is not a restriction, since each picture can be scaled to this situation.
Working on the unit disk slightly simplifies the coding when using polar coordinates.

For a full color picture, we need three color functions f., f4, and fy, where, for instance, f, defines
the red intensities, f, the green intensities, and f;, the blue intensities. However, in CT the colors are
artificial anyway. We, therefore, assume the image to be defined by one color function f only. The
function value f(z,y) represent the intensity of the color at (z,y).
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Z|+1 &=

FIGURE 35. The picture represents a pixel (with center (z;,y;)) and its projection 7, on a £-axis. The
projection is on the line with angle ¢ with the z axis (¢ is here —w/3 = 27/3). Rather than rotating the
projection line over an angle ¢, the pixel area has been rotated over an angle —¢ in this picture.

over ¢ is precisely equal to Az Ay (why?). The contribution of the (¢, j)th pixel to p¢ 4 is equal
to

fij Aig [ 7€) de.,  where Z¢ = [& — A&, & + 3AE).
=¢

A matriz representation. For coding purposes, it is convenient to number the pixels as well
as the gridpoints in the (&, ¢)-plane. We suggest lexicographical numberings: the mth pixel
is the pixel with center (z;,y;) with ¢ and j such that m = i + (j — 1)N,; similarly, the nth
point of the (&, ¢)-grid is (&, ¢x) with n = £ + (k — 1)Ne. Then the picture f corresponds to
a vector x with coordinate x,, equal to the image value f; ;, where m = ¢ + (j — 1)N,. The
projected values py 4, are represented by the vector b with nth coordinate b, equal to ps ¢, ,
where n = £ + (k — 1)N¢. Note that now the reconstruction problem can be formulated as a
matrix-vector equation:

Ax=b, where A, = ig/_ 7P (€) de, (151)
=)

and m, i, j and n, ¢, k related as before.

The nth point in the (£, ¢)-grid corresponds to the strip of beams that, at angle ¢y, hit the
lth &-interval =p: b, is the projected result from this nth strip of beams. The multiplication
A, .x of the nth row A,, . of the matrix A with x representes the effect of the beams in this
nth strip. The matrix entry A, ,,, is equal to the scaled surface of the interesection of the mth
pixel and the nth strip of beams. Since most of the strips of beams mis most of the pixels, each
row of A, and therefore A itself, is sparse.

Further simplifications. If Wéi’j ) is zero outside the &-interval =y, then the contribution of the

(¢, 7)th pixel to pg ¢ is precisely equal to f; ; AZ—?Z’. Of course, it depends on the diameter of

the pixel (on Az and Ay) and on A, but, unfortunately, in general, 7T<(;’] ) will not be non-zero
on one interval only.*® To speed up computations, we will not compute what part of wéw ) is
non-zero on each of the intervals Z;, but, we will simply follow the following strategy.

If ¢ is the &-coordinate of the center (x;,y,) of the (i,7)th pixel (i.e., x; = {c—17's,
y; = &'s +n'c where ¢ = cos(¢) and s = sin(¢)), and ¢ is such that & € [£p, £r41), then we add

A0Tf Az + Ay < A€ then most of the 7y will be non-zero on only one interval. However, certainly in
the reconstruction phase, the pixels will be selected such that their diameters are comparable to AE.

Then, 7r((;’j ) will generally be non-zero on two intervals.
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AzAy £-&
AL Eep1—Ee
we follow a ‘linear interpolation’ type of strategy.

Az Ay Eop1—E .
A Epp1—&e 10 prg:

the fraction f; ; to pet1, and the remaining fraction f; ;

Alternative algebraic approaches. As explained in (151), the problem of reconstructing the
fi,; values from the values of py(€) at ¢ = ¢r and & = & can be formulated as a matrix-vector
equation. This formulation suggests to use numerical linear algebra methods for obtaining a
solution.

Unfortunately, it is unlikely that A is square, A may not even have full column rank.
Moreover, due to errors in the measurements and errors from the discretization b will not
be equal to Ax. Therefore, we can not simply apply a straight-forward method as Gauss
elimination. The solution of the matrix-vector equation may not exist, if it exists it may not be
unique and if it is exists uniquely, it may not be the one that we are interested in. Therefore,
we first have to decide on the ‘solution’ that we want to compute. If we decide to follow the
algebraic approach, we actually decide to discart the structure in the problem (the structure
that allows for a solution using Fourier transforms) and the ‘solution’ that we will try to compute
has to be characterized by algebraic properties.

Finding the solution with smallest error is impossible since the exact solution is unknown.
As an alternative, we can try to compute a solution X with smallest residual norm. The residual
r is defined by b — AX. The residual can be computed and if there is an x for which Ax = b
then the residual is A times the error x — X.

Note that

x:minarg{”b—Ang‘i} & b-Ax 1L Ax Vx < A"Ax=A"b:

the minimal residual solution or least square solution is equal to the solution of the normal
equations. The matrix ATA is square. However, if x is a minimal residual solution and if
Az = 0 then x+z is also minimal residual. To have uniqueness, one often computes the minimal
residual solution x with smallest norm. This solution is characterized by the property x L z if
Az = 0, or equivalently, x = ATy for some y (why?). The minimum residual minimum norm
solution exists and is unique. Iterative methods for computing a minimum residual solution
(as Conjugate Gradients for the Normal Equations (CGNE)) produce the minimum residual
minimum norm solution. Unfortunately, due to errors in b, the min.res. min.norm solution is
often a noisy version of the true image, and regularization has to be included to damp the noise.

The Fourier approach requires a homogenuous distribution of beams, but is fast and avoids
the problems mentioned above. The algebraic approach is applicable also in cases the beams are
not nicely distributed as in SPECT (Single Positron Emission CT) and in Acoustic Tomography
and Seismic Tomography.

Exercise 9.2. Let f : R*> — R be 1 on {(ac,y)‘:z:Q +y? < 1} and 0 elsewhere. The right
picture in Fig. 34 show the graph of some of the functions in this exercise.

(a) Prove that py(§) = 24/1 — &2 if [§] < 1 and ¢(§) = 0 if || > 0.

(b) Let f(rcos(d),rsin(9)) = [ pg(rcos(d—¢)) d¢ be the (unfiltered) back projection. Show
that f(rcos(d),rsin(9)) = f(r,0). Show that f is strict positive and decreasing on [0, 00) and
f(r,0) ~ 2L for r — 0.

(c) Suppose that py is analytic in (—1,1). Show that there is a v > 0 such that py(§) = for
all €, |¢] < 1. Compute ~.

Exercise 9.3. Let f:R* = R be 1 on [~1,1]? and 0 elsewhere.
Let g7 : R — R be defined by gr(§) =T — |€| if |{] < T and gr(€) = 0 elsewhere. The left
picture in Fig. 34 show the graph of some of the functions in this exercise.

(a) Prove that, for each ¢ € (0, iw), Py is a linear combination of gr(s) and gr_e) with
T(6) = cos(9) + sin(6).
(b) Show that go = ITy * IT;. Compute g>. Show that p ~ g2(p)|p| is in L?(R).

(c) Put ho(t) = Re ( OQ S‘“Zwﬂ e2mitw dw) (t € R). Compute hg,(t).
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It can be show that, for all 7 > 0, [~ &:Qt) dt — 0 for w — oo. Use this result to show
that,
. , =, 1 (r?-1
hoo(7) = lim hg(r) = lim ho(t) dt = =1n (1 € R).

Q—o0 Q—o0 - 4 72

Compute the inverse Fourier transform of p ~~ ga2(p)|p|.
(d) For ¢ € (0,%m), compute py.
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integral

Fourier, 33
integration by parts, 8
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Kaiser window, 95
kernel
Dirichlet, 25, 72
Fejér, 73
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phase velocity, 49 stopband, 94
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point-wise convergence, 4, 8 support
poles of a filter, 98 bounded, 35
poles of the filter, 102 symmetric window, 61
polynomial synthesis window, 61
Chebyshev, 23
polyphase filter bank, 106 theorem
power spectrum, 34 matched filter, 107
Princen—Bradley condition, 61 Riesz—Fischer, 19
projection Shannon—Whittaker, 89
filtered back, 114 Weierstrass’, 27
pulse, 65 Wiener—Khintchini, 66
chirped, 65 time domain, 34
sine, 67 time domain aliasing, 60
Pythagoras’ theorem, 6 time domain aliasing cancellation, 60
top-hat function, 31
quantization, 105 total variance, 12
transfer function, 90
radix of the FFT, 56 transform
Radon transform, 110 z—, 102
regularisation, 86 discrete cosine, 51
Residual, 118 modified, 59
response function discrete Fourier, 50
frequency, 90 fast Fourier, 54

impulse, 90 Fourier, 15, 33
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Radon, 110
transfrom

z-chirp, 58
transition band, 94
transverse wave, 45
triangle inequality, 4
Tukey, 56

uniform convergence, 4
uniformly continuous, 12
upsample, 109

wave
acoustic, 48
electromagnetic, 45, 48
longitudinal, 45
sound, 45
transverse, 45
wave equation, 20, 25, 39, 47
wave length, 47
wave number, 45, 47
wave packet, 100
envelope, 100
wave vector, 44, 47
wavelength, 45, 48
wavenumber, 48
wavepacket, 36, 48
Weierstrass’ theorem, 27
Welch window, 94
Wiener—Khintchini theorem, 66
window, 94
analysis, 61
Bartlett, 94
Blackman, 95
Hamming, 95
Hann, 95
Kaiser, 95
sine, 61
symmetric, 61
synthesis, 61
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window function, 60
window-method, 94
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I.A Introduction Ex.1

Computer session I: Convergence of Fourier series

I.A Introduction

In this exercise, f : Z — R is bounded and integrable on the bounded interval Z = [a, b].
We assume f to be periodically extended to R with period T'= b — a:

ft) = f(t+kT) (keZ,t eR).

For k € Z, v (f) is the kth Fourier coefficient of f, and S, (f) is the nth partial
Fourier series (n € Ny) as defined in §2.2. We are interested in the approximation
quality of Sy, (f) (cf. §2.4).

We will also consider the best sup-norm approximation P, (f) of f of the form

n
= Y T (teR),

k=—n

with ug € C. P,(f) is a so-called trigonometric polynomial of degree n.
We put

Fo(f) = I1F = Sa(Hllee and - En(f) = [If = Pa(f)llc (n € No).

For some N € N, we will also consider the discrete Fourier coefficients i (f),' for
|k| < N, and the nth partial discrete Fourier series S, (f), for n € N;n < N. These
quantities are given by (cf. §5)

n

= % Z [ty e2m% and §n(f)(tm) = Z Ye(f) 2mitm % (1)

k=—n

Notation. For pu,v : Z — R we write

k
if lim & exists and is non-zero:

w~v

then (ug) and (vg) have the same asymptotic behaviour for |k| — oo.

In this exercise, we study the relation between the ‘speed’ by which the sequence
(7k(f)) of Fourier coefficients approaches 0 if |k| — oo and the smoothness of f. For
instance, we will try to find out when

| (f)| ~ k* for some a < 0,
Ik (f)| ~ A¥ for some A € [0,1), or

()] ~ -
For this purpose, we try to find a function p : CxZ — R such that lim, o u(7%(f), k)
exists and is non-zero: if, for instance, |y;(f)| ~ k=2, then the choice u(vy,k) = k?y,
implies that u(vi(f),k) ~ 1, with u(vy,k) = log(v)/k we have that p(yx(f), k) ~ 1
if vx(f) ~ AF. We employ scaling functions p to make the asymptotic behaviour of
(& (f)) better visible in graphical displays.

!Actually the Matlab code that we use does not compute the Fourier coefficients vx(f) but a
discrete variant: it computes the discrete Fourier coefficients for N = 2! > 8n + 100, where n is the
largest value of |k| that is of interest to us. These values can be computed with the so-called Fast
Fourier Transform (FFT) technique. The technique is fast if IV is a power of 2. The program uses the
defining formulas if N is not a power of 2.
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I.B Exercises

The Matlab program FSstart.m can be used for all exercises in this session. This program has
to be edited to change parameters. To run FSstart.m, type FSstart in Matlab’s execution
screen. Instructions that are program-dependent are in footnotes in order to keep the main
text of the exercises independent of a specific program. Since Matlab does not accept Greek
letters as input, we spelled out the names of the Greek letters: for instance, we used mu for p
and gamma for v. You may have to hit the ‘space’ bar once in a while to get the next picture;
the pause statement has been included in the Matlab programs between pictures. Further
references in this text to the program FSstart.m will be in footnotes.

Make notes: insights and results will be used in subsequential exercises.

Computer-exercise I.1.  Take for f the function f(t) = [t| for t € 7T = [-2,+2].
Plot the Fourier coefficients.? The Fourier coefficients appear to be real and symmetric
(k ~ v(f) is even). Could this be anticipated? Find a function p such that py =
w(ve(f), k) is more or less constant for large k.> The speed with which the Fourier
coefficients of the function f(¢t) = |t — 1| on [—2,+2] converge to 0 is slower (the
absolute value of the Fourier coefficients are larger for large |k|).* Why is the asymptotic
behaviour for |k| — oo of the Fourier coefficients of |¢| and of |t — 1] on [—2,42] so
different? (A heuristic argument suffices here; a detailed explanation will be derived
in the exercises below.) The Fourier coefficients of f = [t — 1| on [—1,3] appear to
be purely imaginary, but their asymptotic behaviour is the same as for f = |t| on
[—2,+42].5 Can you explain this?

Computer-exercise 1.2. In this exercise, Z = [-2,+2]. The functions are defined
fort € 7.

Take for f the function f(¢) = |t|. Design a function p such that pr = p(ve(f), k) is
more or less constant for large k, k odd. Design also a function p such that u(Fy(f), k)
is more or less constant for larger k.6

Investigate the asymptotic behaviour of (v;(f)) and of (Fy(f)) for the function f
defined by f(t) = |sin(3nt)].” Does the asymptotic behaviour depend on the number
of singularities in one period?

Find the asymptotic behaviour of (vx(f)) and of (Fg(f)) for the function f(t) =

|sin(37t)|.8 What do you expect for the speed by which (v (f)) an (Fx(f)) converge
towards 0 in case f(t) = | sin(%mf)]a for some a > 07 Check your conjectures for several
a > 0. Why are a € Ny, a even, exceptional values?

2Check whether the values in the executable lines of this program are correct: f=’abs (t)’, I=[-2,2],
and, for the moment, take ok=0, delta=0, mu=’1*gamma’, and k=-50:50. ‘Run’ the program. First, the
graph of f will be displayed. Then, if you hit the space bar, the graph of the Fourier coefficients will be
plotted in the next figure window. To be more precise, you will see the graph of k ~~ pr = u(ve(f), k),
with p(vy,k) =, for k € Z, |k| < 50: the line mu=’1*gamma’ sets the choice for u and the line k=-50:50
defines the collection of ks for which px will be shown.

3Try a p of the form u(y,k) = vk for i = 1,2,...: mu=’gamma.*(k.A1)’, mu=’gamma.*(k.A2)’,

4Take f="abs (t-1)’. Try another i.

°1=[-1,3].

SNow take ok=1;. As with ok=0, the graph f and of k ~ u(yx(f), k) will be displayed. Another hit
of the space bar will show the graph k ~ p(Fi(f), k) in the same figure as k ~ u(yx(f), k). Adjust mu
to capture the correct asymptotic behaviour.

"f="abs(sin(pi*t/4))’.

8Take f=’abs(sin(pi*t/4)).A0.57;.



1.B Exercises Ex.3

Consider the functions f = |sin(cos(37t))| and f = sin(cos(3mt)) as well: if f’
has a singularity, then the asymptotic behaviour of the sequences (v (f)) and (F(f))
seems to depend only on the type of the singularity and not on the specific values of
f away from the singular point (can you explain this? We will return to this issue in
Computer-exercise 1.6 below).

Can you predict the asymptotic behaviour of (yx(f)) and (Fx(f)) for f(t) = ]t]%
and for f(t) = ]t]%?

Computer-exercise I.3.  Consider the convergence behaviour of (v (f)) and (Fx(f))
for f(t) = exp(cos(t)) (t € [-m, 7). The function f is smooth and fast convergence
could have been anticipated. Why? However, the fast convergence for the (vx(f))
seems to get lost for k£ > 13. Can you explain the behaviour of (yx(f)) and of (Fr(f))
for k > 137

From the graphs of k ~ u(vk(f), k) and k ~ pu(Fx(f), k) it appears that, for k < 12,
F(f)] < 217 (F)] and |Fu(£)] ~ 2 Pyysa(£)]. Can you explain this?

Computer-exercise 1.4. For compression purposes, one may consider to approxi-
mate f by P,(f) rather than by S,(f). In this exercise, we investigate whether this is
an attractive idea.

Consider f = exp(cos(t)) for t € [—m,n]. Compare the approximation quality of
Sn(f) and Py, (f) for n = 10.1° Is it worthwhile to use P,(f) instead of S, (f)?

Investigate the same questions for f(t) = |t| (¢ € [-2,2]). How much can we gain
with P,(f) for, say, n = 10?7 What about f(t) = |t — 1| on [-2,2]? What is your
conclusion?

Computer-exercise I.5. We investigate the effect of random perturbations on f
in this exercise: we compute the partial Fourier series of f* = f + ¢, where, for some
0 > 0, the “white” noise ¢ : Z — R takes values that are uniformly randomly distributed
between —J and §.

First take f(t) =0 (t€Z =[-1,+1]) and 6 = 1.1}

Consider the Fourier coefficients v (f*) and F¢(f) = ||f — Sk(f*)|lco-'? (These
Fourier coefficients have not been formally defined. Why not? However, we use discrete
Fourier coefficients in our program 7 (f*) for M = 2! > 8N +200; see (1).). The 3 (f*)
seem to be randomly distributed between [—~, ] for some v > 0 (with v ~ ﬁr’)

It can be show that F}}(f) < Apd with A the so-called Lebesgue’s constant: A, ~
0.1+ % log(2|k| 4+ 1). Can you see this upper bound in the graph of k ~» Fy(f)? The
upper bound for F}(f) by a function proportional to log(2|k| + 1) appears to be an
over estimate for smaller values of k (k < v/M?): a linear growth seems to be more
realistic here. Can you derive such a linear estimate?

Now, take f(t) = exp(cos(nt)) (¢t € [—1,+1]) and § = 0.01.

Consider the Fourier coefficients v, (f*) and F(f).!? Initially k ~~ F}*(f) decreases, but
for larger k it slowly increases. For what value of k£ do you get the best approximation of
f7 Since the sequence (yx(f)) converges rapidly to 0, the approximation error decreases

9ok=1, f="exp(cos(t))’, I=[-pi,pil, and k=-30:30. Take mu=’logl0(abs(gamma))’ or another
suitable function.

19Take ok=3 to get a graph of P,(f) and f — P, (f). The value of n will be equal to the maximum
absolute value of the values appearing in the sequence k.

£=70.%t’ and delta=1.0.

12Take ok=1, mu=’gamma’, and k=0:100.

13Take mu=’logl0(abs(gamma))’, etc..
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rapidly if k increases. The effects of the noise increase with increasing k. Therefore, the
total error F}*(f) takes a minimal value for some k = kg. From the figure, it appears
that, by working with some Sk, (f*), the effect of the noise can be reduced by, at least,

a factor ~ & Such a reduction of the noise can be proved for smooth functions f.

VM
(This property is exploited in practice: if, from a smooth function f, only N function
values are known from measurements, then the effect of the errors in the measurements
can be diminished by working only with an nth partial Fourier series —or, to be more
precise, an nth discrete partial Fourier series— with, typically, n < v/N : the complete
(discrete) Fourier series is not used.)

For a function f : Z — R en t € Z we use the notation f(t+) if the right-limit
limesoe—0 f(t +€) of f at t exists. Then, f(t+) is the value of this limit. Similarly,
with f(t—) we refer to the left limit.

Computer-exercise 1.6. In this exercise, we investigate how accurately the Fourier
series converge in the neighborhood of discontinuities of f. (The insights that we gain
here are also helpful to explain the convergence behaviour of Fourier series close to
discontinuities of f/, f”: differentiation brings the discontinuities in lower derivatives.)
Take for f on Z = [—2,2] the top-hat function II; defined by
1 wvoor [t <1
0 voor |t|>1.
The sequence (7x(f)) converges to 0 (why?). Check graphically that |yog41(f)| ~ #—H
and F,,(f) ~ 1 (why is Fi(f) > % for all k?).14
Pay careful attention to meaning of the various notions of convergence and conclude
from the graphs that 19
(i) (Sk(f)) converges point-wise to 3[f(-+)+ f(-—)] (note that this function
coincides with f itself in each ¢ € [-2,2], [t| # 1),

I (¢t) =

(ii)  foreache > 0, (Sk(f)) converges uniformly to f on {t € [-2, 2] | l|lt|—1| >
e},

(iii) the sequence (G,), with G, = {(¢, Sn(f)(t)) ‘t € T} the graph of S,(f),
does not converge to the subset G of [—2,2] x R in the left picture in
Fig. 36, but it does converge to the subset G in the right picture (here
(t,y) € R? is a limit point of (G,) if each disk with center (¢,y) in
[—2,2] x R intersects the graph of G, for all sufficiently large n. Why is
this type of convergence not in conflict with the one in (i)7).

Comment to (iii). The graphs G,, exhibit more wiggles with increasing n. For each
n, the tops and the bottoms of these wiggles appear to have exactly the same heights;
the wiggles are only compressed in the t-direction towards the points of discontinuity
if n increases. There is no change in the vertical direction. This effect is known as the
Gibb’s phenomenon.

Do the same for f = gIl;, where g is a smooth 4-periodic function with g(1) # 0.16
Note that in the neighbourhood of the discontinuity (¢ = 1) only the scaling of the

Take ok=0;, delta=0;, f= (abs(t)<1)’, and I=[-2,2].

15Take ok=2; and subsequentially for k k=0:10;, k=0:20;, k=0:40;, k=0:80;. Pay special attention
to the height of the first top of Sk(f) in the neighbourhood of the discontinuity of f.

For instance, f=’exp(-cos (4*pi*t)) . (abs(t<1)’.
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FIGURE 36. Limit functions?

phenomenon changes (with a factor g(1)). Can you explain this? (Hint: f = h 4 kI3
for some x € R and a function h that is smoother than f. Note that, now, differentiation
leads to an explanation of the phenomenon as observed in the last part of Computer-
exercise 1.2)

Computer-exercise 1.7.  Let 4 (f) be the kth discrete Fourier coefficient of f (|k| <
N). For each k € Z, |k| < N, we have that

W =B+ D W),
§€L,j#0

assuming f is sufficiently smooth: if the Fourier coefficients of f rapidly converge to 0,
then the Y (f) form a good approximation to vx(f) (for |k| < N).

Check this claim experimentally and observe that the approximation is also good if
k is not much smaller than %N A7 Check the quality of the approximation also in case
the Fourier coefficients decrease slowly.!®

Compare the efficiency of FFT and the naive approach to evaluate the discrete
Fourier transform.'® How is the time needed to computed the Fourier coefficients
related to the number of coefficients in case of FFT and in case of the naive approach?

Computer-exercise 1.8.
For a > 0, the function f € C(Z) is defined by
[t|*cos & for te€[—1,41],t #0
ft) =

It]
0 als t=0.

The Fourier series converges uniformly if @ > 1. Why? There is no theorem on uniform
convergence that can be applied in case a € (0,1). Check graphically whether the
Fourier series converges for, for instance, a = 1 and a = 0.2.2° The sequence (74 (f))
of Fourier coefficients should converge for each choice of a € (0,1). Why? Can you
observe this in the graphs?

Consider the case where the Fourier series does not seem to converge uniformly.
Display the graph of f—Si(f) for several values of k and observe that the Fourier series

'"Take ok=4, for f, say, f=?1./(25%cos(pi*t) .A2+1)’, mu=’1logl0(abs(gamma))’, and k=-100:100.
If you run the program, the graphs of k ~» u(k,vx(f)) and, after hitting the space bar, the graphs of
k ~ p(k,yx(f)) and of k ~ p(k, vx(f) —Fx(f)) will be displayed. The discrete Fourier coefficients are
computed for N = n, where n is the maximum absolute value in the sequence k.

18Take, for instance, £=’ (1-t.*t) .*cos(10%pi*t) .A2’, etc..

19The program does not compute the exact Fourier coefficients, but for i (f), it takes discrete Fourier
coefficients for N = 2¢ > 8n + 100. These coefficients are evaluated with FFT. The timings are shown
in the Matlab window. Take for k=-1000:1000, k=-2000:2000, ....

20take ok=1, k=0:100, mu=’1og10 (abs(gamma))’ and, for instance, £= (abs(t)+10A(-12)).A0.2.*
cos(pi./(abs(t)+10A (-12))’ (to avoid “overflow” by division by 0, we suggest to add 107'? to
abs(t)).
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converges at t, for each ¢ (lim, oo Sn(f)(t) = f(¢t)) and even uniformly on [—1, —¢] U
[£,1],2! (cf., Computer-exercise 1.6). In what sense does the ‘uniform convergence’ fail?

I.C Best approximations

I.1 Trigonometric polynomials. A function p on R is a trigonometric polynomial
of degree < n with period T, if, for some scalars oy, we have that

n

n
p(t) = Z Qg 2T — Z o CF where ¢ = ¢, = 2™ (t € R).

k=—n k=—n

I

Let 7' be the space of all T-periodic trigonometric polynomials of degree < n.
Note that S,,(f) € 7 for each f € LL(R).

1.2 The best trigonometric approximation. Consider a real-valued T-periodic
function f € C(R). We call p the best approxzimation of f in 7' with respect to the
sup-norm if p € 7" and || f —plloo < || f — ¢l for all ¢ € 7. Without proof we mention
that the best approximation exists and is unique. This best approximation is denoted
by P.(f). We put E,(f) = ||f — Pu(f)|loo: En(f) is the sup-norm distance from f to
1.

If f is real-valued, then the best approximation in 7' is real-valued as well.

In order to achieve better compression, one may consider to approximate a T- peri-
odic function f by its best approximation P,(f) in 7;*: instead of storing a collection
of sampled function values f(nAt), one can store the largest coefficients ay, of P,(f).
Standardly, a partial Fourier series of f is used. This polynomial can relatively easily
by computed using FFT. Sup-norm best approximations are hard to compute. But,
one may hope that ||f — P(f)|lcc < [|f — Sm(f)||co for some n that is (much) smaller
than m.

One can show the following. We leave the proof as an exercise to the reader (see
Exercise 1.3).

1.3 Theorem

1f = Pu(Hllco <N = Sn(Hllce <1 = Palf)lloo (1 +TAn),

where A, s Lebesque’s constant:

1 .

2 1)t 4

)\nE/ M dt ~ 0.1 + —log(2[n| +1). O
0 sin 7t s

For n — o0, Lebesgue’s constant tends to co. However, the convergence is very
slow and, for moderate values of n, Lebesgue constant is rather small. Nevertheless,
the theorem is rather pessimistic in case of rapid convergence of the Fourier series.
Then the following theorem can be useful.

21Take ok=2 and subsequentially, for instance, k=0:10, k=0:20, k=0:40, k=0:80.



I.C Best approximations Ex.7

I.4 The Theorem of de la Vallée—Poussin.
Let f be a real-valued function in L%F(R). Consider some real-valued p € T7'.
If there is an increasing sequence tq, ..., tony1 such that ton11 —to <T and

Gr = (—D*[f(te) = p(t)] >0 for k=0,...,2n+1,

then
min G < Bu(f) < I ~ plle

Proof. The last equality is trivially true by definition of E,,(f).
Now, assume that E,(f) < G for all k =0,...,2n+ 1.
Then, for all £k =0,...,2n 4+ 1, we have that

(=15 (Pa(f) = p)(tk) = (=1 (f = p)(tx) — (=1)*(Pu(f) = f)(tk) > Gi — En(f) > 0.

Put ¢ = P,(f) — p. q is real-valued and in 7. If we put to,42 = to + T, then, by
T-periodicity of ¢, we have that (—1)*q(t;) > 0 for all k = 0,...,2n+2. Since q is real-
valued and continuous, ¢ has at least one zero between each pair of consecutive t;’s. In
other words, there are 2n + 2 different zeros so, ..., S2p+1 of ¢ in (to,to+7T). ¢ is of the
form Q(¢) with Q(¢) = Y_7__,, Bk¢* (¢ € C) and (; = exp(27it/T). Hence, Q as well
as the polynomial ("@ of degree at most 2n has 2n + 2 zeros at the (5,. A corollary
of the main theorem of the algebra states that non-trivial polynomials of degree N can
have at most N zeros in the complex plain. Consequently, () and, therefore, ¢ must be
zero. Apparently P,(f) = p. But this violates the assumption that E,(f) < G}, for all
k. We can conclude that E,(f) > Gy for some k. 0

Note that the number of points t; that are required by the above theorem is one
more than the number of terms involved in the trigonometric polynomial p.

In our applications, S, (f) will be the approximating trigonometric polynomial p.
If the v (f) converge quickly towards 0 if |k| — oo, then we will have that

(n+1)t (n + 1)

F = $ulf) % 2Reaa () =2 ia (1) eosten (L2 4 0))

where ¢ is such that v,.1(f) = [Yur1(f)|€2™®. Since cos(km) = (—1)F, we see that
fte) — Sn(F)(te) = (=DF|v(f))| at t, = 3k — gb)nLH for K =0,...,2n + 1. Since
we will also have that ||f — Sn(f)|lec = 2|V¥n+1(f)], it follows that in this situation of
quickly decreasing |yx(f)| the best approximation P, (f) will not provide a much better
approximation than S, (f) (see Exercise 1.4).

As a corollary we have that p € 77" is the best approximation of f if there is a
increasing sequence to, ... , tony1 in [tg, to+T) such that (—=1)*[f(tx) —p(te)] = || f —plloo
forall kK =0,...,2n+1; we say that f — p has the alternation property at 2n—+ 2 points.
The converse is also correct if f is continuous. For a proof we refer to the literature.

1.5 Alternation theorem. Let f be a real-valued continuous function in L:(R),
and let p € T7'. Then, p is the best sup-norm approximation of f in I if and only if
there is an increasing sequence to, ..., tap+1 in [to,to +T) such that

(—DF[fte) —pte)] = IIf —=pllo for allk=0,....2n+1. O
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Exercises

Exercise I.1. Consider a T-periodic function f. Suppose that p is the best approximation of
fin T/

(a) If ¢ € 7%, then (g +7) € T

(b) If f is real-valued then p is real valued. Prove this.

(Hint: If o € R and b € C, then |a — Real(b)| < |a — b].)

Exercise 1.2.
(a) Show that

SulF)(s) = 37 u(f) e2mick / F) ST ettt gy,

|k|<n \k\<n
Apparently, with Dy (t) = 3_ <, exp(2mitk), we have that S, (f)(s) = fOT f@)Dy(55E) dt. Dy,
is the so-called Dirichlet kernel. Note that D, is real-valued, even and 1-periodic.
(b) Prove that

1 (7 t z
150 (Fllee < 1flloc TAw  where A, = ?/ Da()| dt:2/ Do (8)] dt.
0 0

A is Lebesgue’s constant.
(c) Show that, with ¢ = exp(2wt), we have that

(-1 C%—gf% sin(7t)

_ Z k= ¢ ch L -1 Cn+% —Q_"_% B sin(ﬂ'(2n+1)t).
|k|<n

(d) Show that, [Dy(t)] < w(n+3) if t € [0
sin(rt) > 2t for [t| < 1). Now, show that

72n1+1]7 and |D,(t)] < % if t € [0,3]. (Hint:

An <+ log(n + %)

The sharper upper bound in Theorem 1.3 requires more careful estimates. However, note that
this simple derivation already shows the logarithmical dependence on n.

Exercise 1.3.  Consider a f € LL(R).

(a) Prove that ||f — Po(f)llec < If = Sn(f)lloo-

(b) Prove that S, (p) = p for all p € 7.

(c) Prove that |[f = Sn(f)llec < [If = Pllcc + 1Sn(f — p)llo for all p € T7".
(

d) Prove that || f —Sn(f)llco < IIf = Pau(f)|loo(1+TA,), where A, is as defined in Exercise 1.2.

Exercise I.4. Let f be real-valued and in L%.(R). Suppose there is some 9 € [0, 1) such that

2(1 = 9) [y r (NI < Y (D] < 200+ 9) g ()]
|k|>n
(a) Prove that 2(1—9) [vnt1(f)| < If = Sn(f)llec < 2(1 + 9) [yns1(f)]-

(b) Show that there is an increasing sequence t, . . ., tan 41 in [to, to+7") such that (—1)F[f(tx) —
Sn(H) )] =201 — D|yns1(f)] for all k=0,...,2n+ 1.

(¢) Prove that Bu(f) < I|f — Sulf)le < =L E(F).

Exercise 1.5. Use de la Vallée-Poussin’s theorem to prove that a p € 7 is the best sup-
norm approximation of a real-valued function f € LL(R) if the ‘error’ function f — p has the
alternation property at at least 2n + 2 points (that is, prove the ‘if’ part of the alternation
theorem).
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Computer session II: Digital Spectral Analysis

I.A Introduction

For a given signal f, the power spectrum or power spectral density (PSD) gives a plot
of the portion of a signal’s power (energy per unit time) falling within given frequency
intervals
w; ~ 1f(w)[? dw, (1)
wi—1<|w|<w;
where w; = iAw (i € Z). Matlab represents the energy on dB scale! and the enerergy
is given (or, more accurately, estimated) per frequency unit, for instance, per Hertz
(dB/Hz). The PSD is a way of measuring the strength of the different frequencies that
form the signal. Often, as we will see below, it is not computationally feasible to get
access to the spectrum ]/”\of f. However, in many applications, already an estimate of
the PSD gives the information that is needed.
The most common way of generating a power spectrum is by using a discrete Fourier
transform (DFT), but there are other techniques as well. DFT assumes that the signal
is sampled and concentrates on a part of the signal in time domain.

If f is of bounded bandwidth and sampled at sample frequency 1/At, 1/At > 2Q,

~

where  is the maximum frequency of f (i.e., |f(w)| = 0 if |w| > Q), then

o0
flw)y=2at " faemnAte (ju] <Q). (2)
n=-—oo
Here, f, = f(t,), where t,, = to + nAt for some ty. Here, for notational convenience,
we assume that tg = 0. Why is this result correct? Is the restriction |w| < Q needed?
Unfortunately, in practise, only a finite sequence of f-values can be used. We are in-
terested in this exercise in the effect of ‘finitizing’. Consider the sequence (fo, ..., fr—1);

~

L is some positive integer. We will approximate f(w) by

L—-1
Fw) = ALY fue2ndie (o] <), 3)
n=0
We select the frequency intervals of size Aw = LLAt around w; = 1Aw to form the PSD
and we approximate the PSD by

Wy~ Aw \F(wz)]2 (4)

Why is this a good approach assuming F'(w) approximates f(w) well, more specifically,
why this Aw?

For computational convenience, we select an N > L that is a power of 2 (why?), N = 2¢
(¢ € N is minimal such that 2¢ > L), and we compute F(w) as

N-1
Fw)=AtY gpe 8 (o] <Q), (5)

n=0

where ¢, = f, forn =0,...,L — 1 and ¢, = 0 elsewhere. Check that the equality in
(5) is correct. Instead of (4),

i

Yi = NAL

le., 101og,, | f(w)]? = 201og,, | f(w)

- Aw |[F(@) (6)
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is plotted. Why? Note that the Aw in (6) is the same as the one in (4).

Consider the “time/uindow” W given by W,, =1ifn=0,...,L—1and W, =0
elsewhere. Then F' = (fW) = [ Here, f is the infinite sequence (..., fo, f1,...) of
sampled f-values.

I.B Exercises

Make notes: insights and results will be used in subsequential exercises.

Computer-exercise 1.1.
Consider the function f given by

f(t) = sin(27150t) 4 2 sin(27140¢) (t e R).

This is not a signal. Why not? Nevertheless, we can compute the Fourier transform f
How does ]/”\look like?

The matlab command periodegram(fn, [],’twosided’,N,fs), produces the PSD
in the way as described above. Here, fn is the sequence (fo,...,fr), N is N, and
fs is the sample frequency 1/At. How do you expect that the PSD of the above
function will look like? Does the matlab command produces the expected result? First
take L = N = 210 and 1/At = L.2 What is the difference between ’twosided’ and
’onesided’? can we safely use ’onesided’ here? Can you explain the shape of the
PSD at —300dB/Hz? The spikes have a certain width. Why is that? Is the height at
w = 140 and 150 as expected?

What is the effect of taking an L that is somewhat smaller than N, say, L = 1000.
Are the effects less with a slightly larger L, say L = 1023.2 Explain why we have such a
nice picture with L = 10247 Is this because N = L? (Suggestion: change the frequency
140 into 140.5. What is the effect of shifting the original signal in time?)

What is the effect of increasing N (N = 210, N = 211 N = 212/ )7 Explain
your observations. Why is the PSD for smaller N ‘part’ of the graph for larger N7

What is the effect of increasing 77° Explain your observations.

2Use Exla.m.
3Use Ex1b.m.
4Use Exlc.m.
5Use Ex1d.m.



