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Computing Fourier Transforms

The discrete Fourier coefficients ydk of f for N=100.
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e Computing Fourier Coefficients



Fourier coefficients

Let f: R — C be T-periodic and sufficiently smooth.

T , |
Y (f) = %/o f(t) e~ 2mitT dt, f&) = () 2ith)

ke
Suppose f is sampled at t, with t, = nAt and At =

2~

e 1/At is the sample frequency,
e fn = f(tp) are the sampled function values.

We approximate v, with a Riemann integral using the sam-
pled fucntion values.






Fourier coefficients

Let f: R — C be T-periodic and sufficiently smooth.

1 /T S n
'Yk(f) = ?/ f(t) e 2mitp dt, f(t) — Z ’Yk(f) 6277th
0]
ke,
Suppose f is sampled at t, with t, = nAt and At =
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Fourier coefficients

Let f: R — C be T-periodic and sufficiently smooth.

T . |
'Yk(f) — %/O f(t) 6—27th% dt, f(t) = Z ’Yk(f) 627‘(’%%

ke,

Suppose f is sampled at t, with t, = nAt and At = %
R A V-1 ok 1 N-1 ok
’VkE— Z f(tn)e 27TZtnT — Z fne 27T’I,N

T — N “—
n=0 n=0

Note. The harmonic oscillations

Lk L k+N
£ s 627rth and s e27r7,t _;

coincide at the sample points ¢,.

T he second oscillation is an alias of the first.

This phenomenon of aliasing has many consequences i
discretised Fourier series.
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Fourier coefficients

Let f: R — C be T-periodic and sufficiently smooth.

1 _oritk K
'Yk(f) = ?/ f(t) e 2mit dt, f(t) — Z ’Yk(f) 6277th
0
ke
Suppose f is sampled at t, with t, = nAt and At =

1
N-
VAN o &k 1 NZY
’Vk — 2 : f(tn)e 27TZtnT — E : fne 27T’I,N
T n=0 Nn=0

Yk = Vk+jN (k,j €Z).



Fourier coefficients

Let f: R — C be T-periodic and sufficiently smooth.

1 _oritk K
'Yk(f) = ?/ f(t) e 2mit dt, f(t) — Z ’Yk(f) 6277th
0
ke
Suppose f is sampled at t, with t, = nAt and At =

T
N-
N A+ N—-1 ek 1 N—-1 ok
F, = — Z f(tn)e 2mitn 7 Z fre 21
T “= N —
n=0 n=0
Yk = Vk+jN (k,j €Z).
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fo= Y mpe®™N,  where =3 g in(f):
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Fourier coefficients

Let f: R — C be T-periodic and sufficiently smooth.

1 _oritk K
'Yk(f) = ?/ f(t) e 2mit dt, f(t) — Z ’Yk(f) 6277th
0
ke
Suppose f is sampled at t, with t, = nAt and At =

T
N-
N A+ N—-1 ek 1 N-1 ok
F, = — Z f(tn)e 2mitn 7 Z fre 21
T “= N —
n=0 n=0
Yk = Vk+jN (k,j €Z).

nk
fo= Y mpe®™N,  where =3 g in(f):
kel jeL

Theorem. 7, = pup = v (f) + D v ().
770
Proof. Apply next theorem.



M, and udk along the vertical axis.

The discrete Fourier coefficients ydk of f for N=100.
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M, along the vertical axis.

The error £ = ydk—yk in the discrete Fourier coefficients.
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e Discrete Fourier Transform



Discrete Fourier Transform

Theorem. Let (fo, f1,...,fn_1) be a sequence of complex
numbers. Define the sequence (30,...,Yn_1) by
o _10E L o
’ykE—ane N (k=0,...,N—1).
N —
n=0
N—-1 .
Then fn = Yy, €2 TN (n=0,...,N—1).



Discrete Fourier Transform

Theorem. Let (fo, f1,...,fn_1) be a sequence of complex
numbers. Define the sequence (30,...,Yn_1) by
o _10E L o
’ykE—ane N (k=0,...,N—1).
N —
n=0
N—-1 .
Then fn = 5y, e2TVN (n=0,...,N—1).
k=0

Note. Except for the minus-sign in the exponential and
the scaling % in the definition of the ~;, the formulae are
the same. Some text books scale both formulae with \/Lﬁ

The sequence (4;) is the Discrete Fourier Transform of
the sequence (fn). The theorem gives the inverse DFT.



Discrete Fourier Transform

N-1
1
Theorem. 75, = — Z fne_sz = fn= Z Vi 627”
k=0
Proof. Let /(N) be the space of sequences f= (fo,..., fnN_1)
of N complex numbers with inner product

1 N-1
n=0
For each k= 0,...,N — 1, consider

-kn
dr(n) = e2™'N (n=0,...,N—1).

The collection of ¢, forms an orthonormal basis of £(NV).



Discrete Fourier Transform

N-1
1
Theorem. 75, = — Z fne_sz = fn= Z Vi 627”
k=0
Proof. Let /(N) be the space of sequences f= (fo,..., fnN_1)
of N complex numbers with inner product

1 N-1
n=0
For each k= 0,...,N — 1, consider

-kn
dr(n) = e2™'N (n=0,...,N—1).

The collection of ¢, forms an orthonormal basis of £(N):

1 N-1 1 N-1
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< Qky O, >= N ngzo e = Ezo ¢ with  (=e .



Discrete Fourier Transform

=~ 1 = Dk N_1~ Drikn
Theorem. 7, =— Y fue N = fp= ) Jpe'N.
N “— _
n=0 k=0
Proof. Let /(N) be the space of sequences f= (fo,..., fnN_1)
of N complex numbers with inner product

1
n=0
For each k= 0,...,N — 1, consider

-kn
dr(n) = e2™'N (n=0,...,N—1).

The collection of ¢, forms an orthonormal basis of £(N):

ck—

1 N-—-1 1 N-—-1
— QWiW - = n ; — 2m
< Py O >= N ngzo e = n§:o ¢ with (=e

2|3

If k=m, then ( =1 and <¢p, pp>= 1.



Discrete Fourier Transform

~ 1 = — ik N_1~ Drikn
Theorem. 7, =— Y fue N = fp= ) Jpe'N.

N n=0 k=0

Proof. Let /(N) be the space of sequences f= (fo,..., fnN_1)
of N complex numbers with inner product

1
n=0
For each k= 0,...,N — 1, consider

-kn
dr(n) = e2™'N (n=0,...,N—1).

The collection of ¢, forms an orthonormal basis of £(N):

3

“|

1 N-—-1 1 N-—-1
— 2mimn n : — 2mi=
<q§k,¢m>—ﬁnzz:oe —N;::OC with (=e .

Note —N <k —m < N. Hence, if k—m # 0, then { # 1.



Discrete Fourier Transform

=~ 1 = Dk N_1~ Drikn
Theorem. 7, =— Y fue N = fp= ) Jpe'N.
N “— _
n=0 k=0
Proof. Let /(N) be the space of sequences f= (fo,..., fnN_1)
of N complex numbers with inner product

1
n=0
For each k= 0,...,N — 1, consider

-kn
dr(n) = e2™'N (n=0,...,N—1).

The collection of ¢, forms an orthonormal basis of £(N):

ck—

1 N-—-1 1 N-—-1
— QWiW - = n ; — 2m
< Py O >= N ngzo e = n§:o ¢ with (=e

2|3

“=l=o.

If k%= m, then ¢ # 1, ¢V =0, and < ¢, pm >= %g_l =



Discrete Fourier Transform

=~ 1 = Dk N_1~ Drikn
Theorem. 7, =— Y fue N = fp= ) Jpe'N.
N “— _
n=0 k=0
Proof. Let /(N) be the space of sequencesf= (fo,..., fnN_1)
of N complex numbers with inner product

1
n=0
For each k= 0,...,N — 1, consider

-kn
dr(n) = e2™'N (n=0,...,N—1).

The collection of ¢, forms an orthonormal basis of £(N):

ck—

1 N-—-1 1 N-—-1
— QWiW - = n ; — 2m
< Py O >= N ngzo e = n§:o ¢ with (=e

2|3

This proves orthonormality of the ¢, i.p., linear independence.

A dimension argument (dim(4(N)) = N) shows that the ¢, form a
basis.



Discrete Fourier Transform

N-1
1
Theorem. 75, = — Z fne_sz = fn= Z Vi 627”
k=0

Proof. Let /(N) be the space of sequencesf= (fo,..., fnN_1)
of N complex numbers with inner product

N-1

1
n=0
For each k= 0,...,N — 1, consider

-kn
dr(n) = e2™'N (n=0,...,N—1).
The collection of ¢, forms an orthonormal basis of £(NV).

N-1
In particular, f= ) <f o> o
k=0

The def. of the inner product reveals that v, =<f, ¢ >.



Discrete Fourier Transform
nk
Theorem. 75, = — Z fn e TN = fn = Z Vi 2TV

Exercise. For y=(3p,...,9ny_1) € £(N), put

N-1

N N - nk
FEAn=FNEn=fn= Y Ape®™N (k € 7).
k=0

With f=(fp,...,fn_1), prove that
e = v FOn_k (k=0,...,N—1).
Note that the DFT Fj) produces N-periodic sequences.

Conclusion. The inverse DFT can easily be obtained
from the DFT and visa versa.



e Discrete Cosine Transform



Discrete Cosine Transform

The DFT requires complex arithmetic.

Moreover, as we know form Fourier series, the series con-
verge slowly if the periodic function is discontinuous.

Any function f on a bounded interval, say, [0,7T] can be
extended to a T-periodic function. The obvious extension

f@) =5 —4T) (teR,jeZ),

may lead to a discontinuous function on R (if f(0) #= f(T))
with slowly decreasing Fourier coefficients ~.(f).
With the even extension first

F@)=r(=t), f@) =ft—-25T) (teR,jeZ)

we have an even 27T-periodic function that is continuous
whenever f is. In particular, v, of this function are real.



Discrete Cosine Transform

Similarly, if f € £(N), then complex arithmetic is avoided
and at the same time faster decreasing discrete Fourier
coefficients v, are obtained by extending f first to an even
function before extending to a periodic function.

For ease of notation, we put ~; instead of ;.



Discrete Cosine Transform

Example. Suppose f= (fg,...,fn) € 4(N +1).

Extend f to an function that is even (around n = N):

(f07f17"'7fN—17fNafN—17"'7f27 fl)

— (907917"'7gN—17.gNagN-|—17'"792N—2792N—1)

g
Note that the extension to a 2N-periodic function is even
also around n = 0.

The extended sequenceis (...,9,9,9,...), to which we also
shall refer to as g.



Discrete Cosine Transform

Example. Suppose f= (fg,...,fn) € 4(N +1).

Extend f to an function that is even (around n = N):

(f07f17"'7fN—17fNafN—17"'7f27 fl)

— (907917"'7gN—lagNagN-|—17'"792N—2792N—1)

The DFT of g is

g

1 2N—1 2 - kn
= e  “"'2N
Tk SN ngo dn

1 L 1 N\ k
= ﬁ[fo-l-(—l) In] +N > fncos(27y)

n=1



Discrete Cosine Transform

Example. Suppose f= (fg,...,fn) € 4(N +1).

Extend f to an function that is even (around n = N):

(f07f17"'7fN—17fNafN—17"'7f27 fl)

— (907917"'7gN—17.gNagN-|—17'"792N—2792N—1)

The DFT of g is

g

N 1

Yk [fo-l-(— )k fN]-I- Z fn cos(2mE)

Note that, as g, (v) is even around £k =0 and k= N.

In particular, v, has to be computed for £ = 0,..., N only.



Discrete Cosine Transform

Example. Suppose f= (fg,...,fn) € 4(N +1).
Extend f to an function that is even (around n = N):

(f07f17"'afN—l»fNafN—la"'7f27 fl)

— (907917"'7gN—17.gNagN+17'"792N—2792N—1)

The DFT of g is

g

N 1

Yk [fo-l-(— )k fN]-I- Z fn cos(2mE)

Note that, as g, (v) is even around £k =0 and k= N.
Therefore, the inverse DFT, forn=20,...,N, is

N-1

gn = fn=[yv0+ (=1)"yn] + 2 Z Yk COS(QW )
k=1



Discrete Cosine Transform

There are a number of ways to extend a finite sequence to
a sequence of length 2N that is even.

Example. Suppose f= (fg,...,fn_1) € £(N).
Then the extension

gE(fafT) with fTE(fN—l)fN—Q)"')flafO)

leads to an 2N-periodic function g that is even around
nz—% and n:N—%.
This leads to the so-called DCT-II transform:

DCT-II. With b, = cos (n(n+ 3 &),

N-1

N—1
W«:% Y fnbnk fa=v+2D Ykdnk
n=0 k=1



Discrete Cosine Transform

There are a number of ways to extend a finite sequence to
a sequence of length 2N that is even. The first extension
that we considered (even around O and N) is called DCT-
I, the second (even around —3, N — 3) is DCT-IL The
DCT-II seems to be the most popular one in practice and
is often simple called the DCT.

Odd extensions lead to sines rather than cosines. However,
Sinus are cosines up to some phase shift and with some sim-
ple manipulation, odd extensions also lead to transforms
involving cosines only, to the so called DCT-III and DCT-
IV. DCT-1V is the standard DCT in Matlab:

DCT-IV. With bn.i, = COS (%(n + Lk + %)),

Nl N—1
Ve =7 D fnbnk fn=2> Ypbnk
n=0 k=0



Discrete Cosine Transform

There are a number of ways to extend a finite sequence to
a sequence of length 2N that is even. The first extension
that we considered (even around O and N) is called DCT-
I, the second (even around —3, N — 3) is DCT-IL The
DCT-II seems to be the most popular one in practice and
is often simple called the DCT.

In the above DCTs, we extended to an even sequence ¢
of length 2/N. Extension to an even sequence g of length
2N — 1 leads to DCTs of type V, VI, VII and VIII. These
DCT seem to be rarely used in practice.



Applications of DCT

e Image compression.
Goal. Compression.
2-dimensional (and 3-d) DCT-II is used with N low.

JPEG, MJPEG, MPEG use DCT-II on 8 x 8 blocks

e Audio compression.

Goal. Compression and spectral information: the tech-
niques in audio compression exploit psygological facts on
how we hear combinations of harmonic oscillations, that
IS, compression depends on the distribution of frequencies.

A related transform, Modified DCT, is used in
AAC, Vorbis, MP3.

e Partial Differential Equations. DCTs are used for
solving PDEs, where the variants of DCT correspond to
(slightly) different boundary conditions.



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values. Then it is not feasible to compute
the FT. As an alternative a part (fgp,..., fy_1) is consid-

ered. However DFT implicitly extends periodically. This
will (probably) introduce ‘jumps’ in the function, implying
slowly decreasing DFT coefficients.



Modifed DCT

Let (..., f1,fo,---»fn—1,fNn,...) bealong sequence of (sam-
pled) function values. Then it is not feasible to compute
the FT. As an alternative a part (fgp,..., fy_1) is consid-

ered. However DFT implicitly extends periodically. This
will (probably) introduce ‘jumps’ in the function, implying
slowly decreasing DFT coefficients.

e [ he DFT coefficients may form bad approximations of
the Fourier coefficients of interest,
e [ he compressibility properties may seriously deteriorate.

The even extension first, as is incorporated in DCT, weak-
ens this effect. But, since the even extension, still intro-
duces ‘jumps’ in the ‘derivative’, the effect is still noticable.
The odd extension (as in DCT-IV) may need special at-
tention.



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-

pled) function values.
‘Discontinuities’ at the ends are ‘softened’ by multiplying

with a smooth function that is zero at the ends. For in-
stance, with

7

S = (So, .. '732]\7—1) with S5 = Siﬂ2 (W(] + %)) )

apply the DCT to

(sofo,s1fi,--.,son—1fon-1),  (sofon,-..,S2n—1, fan—1), - - ..



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values.

‘Discontinuities’ at the ends are ‘softened’ by multiplying
with a smooth function that is zero at the ends. For in-

stance, with

7

S = (807-"732]\7—1) with S ESiﬂ2 (W(J_l_%)) )
apply the DCT to

(sofo,s1fi,--.,son—1fon-1),  (sofon,-..,S2n—1, fan—1), - - ..

To avoid loss of information, apply the DCT also to the
middle parts, to

(sofn,s1fN+1,---,82n-1f3n-1), (sofsn,.--,S2N—-1, fsN-1), - - --



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values.

‘Discontinuities’ at the ends are ‘softened’ by multiplying
with a smooth function that is zero at the ends. For in-
stance, with

S = (807-"732]\7—1) with S ESiﬂ2 (%(]4—%)) )
apply the DCT to

sofo,s81f1,...,82n-1fan-1 , sofon, .-y SoN—1, fan—1 , ...

To avoid loss of information, apply the DCT also to the
middle parts, to

SofN,S1fN+1,--.,82N-1fan—1 , S0f3N, .-, S2N—1, fsnN—-1 , ..

Note that the two sequences (when the parts are grouped
in a long sequences ) add to the original sequence:
sin? ¢ 4+ cos2 ¢ = 1.



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values.

‘Discontinuities’ at the ends are ‘softened’ by multiplying
with a smooth function that is zero at the ends. For in-
stance, with

S = (807--'732]\7—1) with S ESiﬂ2 (%(]4—%)) )
apply the DCT to

sofo,s81f1,...,82n-1fan-1 , sofon, .-y SoN—1, fan—1 , ...

To avoid loss of information, apply the DCT also to the
middle parts, to

SofN,S1fN+1,--.,82N-1fan—1 , S0f3N, .-, S2N—1, fsnN—-1 , ..

Note that the two sequences (when the parts are grouped
in a long sequences ) add to the original sequence: MDCT
is desighed to deal with this overlapping type of grouping.



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values. Assume M = N/2 is an integer.
With bk = COS (%(k +L(n+ M+ %)) , we have

2N-1 N—1
=% fatbur (*k=0,...,N—=1), fo=> mone (n=0,...,2N 1)
n=0 k=0

Using sequences of length N, we summerize this as

(Fy, F2) ~ Ty, M1~ (F1,Go).
Theorem. (I,G5) = (F1 — F{, b+ FJ).
Proof. MDCT is a form of DCT-IV.



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values. Assume M = N/2 is an integer.
With bk = COS (%(k +L(n+ M+ %)) , we have

2N-1 N—1
=% fatbur (*k=0,...,N—=1), fo=> mone (n=0,...,2N 1)
n=0 k=0

Using sequences of length N, we summerize this as
(Fy, F2) ~ Ty, M1~ (F1,Go).
Theorem. (I,G5) = (F1 — F{, b+ FJ).
Modified DCT applies this to long sequences as
(F1,F>,F3,Fa...,F.) ~~  (IF'1,To,3,...,T_1)
~w (F1,Go+ F5,G3+ F3,Ga+ Fy,...,Gp_1+ Fi_1,Gp)



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values. Assume M = N/2 is an integer.
With bk = COS (%(k +L(n+ M+ %)) , we have

2N-1 N—1
=% fatbur (*k=0,...,N—=1), fo=> mone (n=0,...,2N 1)
n=0 k=0

Using sequences of length N, we summerize this as
(Fy, F2) ~ Ty, M1~ (F1,Go).
Theorem. (I,G5) = (F1 — F{, b+ FJ).
Modified DCT applies this to long sequences as
(F1,F>, F3,Fa...,F) ~~ (1,2, M3,...,T_1)
~ (F1,Go+ F5,G3+ F3,Ga+ Fy,...,Gp_1 + Fi_1,Gp)



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values. Assume M = N/2 is an integer.
With bk = COS (%(k +L(n+ M+ %)) , we have

2N-1 N—1
=% fatbur (*k=0,...,N—=1), fo=> mone (n=0,...,2N 1)
n=0 k=0

Using sequences of length N, we summerize this as
(Fy, F2) ~ Ty, M1~ (F1,Go).
Theorem. (I,G5) = (F1 — F{, b+ FJ).
Modified DCT applies this to long sequences as
(F1,F>, F3,Fp...,F) ~~  (IF1,To,M3,...,T_1)
~ (F1,Go+ F5,Ga+ F3,Ga+ Fy,...,Gp_1 + Fi_1,Gp)



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values. Assume M = N/2 is an integer.
With bk = COS <%(k +L(n+ M+ %)) , we have

2N-1 N—1
=% fatbur (*k=0,...,N—=1), fo=> mone (n=0,...,2N 1)
n=0 k=0

Using sequences of length N, we summerize this as
(Fy, F2) ~ Ty, M1~ (F1,Go).
Theorem. (I,G5) = (F1 — F{, b+ FJ).
Modified DCT applies this to long sequences as
(F1,F>, F3,Fa...,F.) ~~  (IF'1,To,M3,...,T_1)
~ (F1,Go+ F5,G3+ F3,Ga+ Fy,...,Gp_1 + Fi_1,Gp)

Note that we have exact reconstruction except for the first
and last block (usual choice: F; =0, F, = 0).



Modifed DCT

Let (..., f1,fo,- -5 fn—1,fN,-..) bealong sequence of (sam-
pled) function values. Assume M = N/2 is an integer.
With bk = COS <%(k +L(n+ M+ %)) , we have
2N-1 _ N-—-1
n=0 k=0

Including windows, with C = ST, S = (S,(0),
(F1, F5) ~ (SFy,CFy) ~ 1 ~ (Fy,Go) ~ (SF1,CG»).

Theorem.
(SF1,CGo) = (S?Fy — SCF{,C?F> + SCFS).

With S2 4+ C2 = 1, application to long sequences leads to
exact reconstruction.



e Fast Fourier Transform



Fast Fourier Transform

Suppose the sequence v = (vg,...,Yn_1) € £(N) is avail-
able. The naive way of computing the DFT

N-1
-kn
F(Y)n = fn= Z’ykezmw (n=0,...,N—1).
k=0
requires more than 2N? floating point operations (addi-
tions, multiplications): for each of the N ns, 2N flop.

In practice N is huge.
N of the order of 10° ~ 108 is not exceptional.

Gauss , Runge and
Cooley & Tukey in the most cited mathematical
paper ever, proposed a computational scheme, FFT, that

reduces the computational costs to 2N log>(N) flop.
For, e.g., n = 229 ~ 10°, this makes a difference with 2N?

of 1 sec versus 3:30 hours.



Fast Fourier Transform

Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—1 on
fn = Z’ykeQMW (n=0,...,N—1).
k=0
We split the sum into one with even indices and one with
odd indices.



Fast Fourier Transform

Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).
k=0

-kn n
( Z Yor 7T’LM> 4 ( Z Yok 627TZM> 627T_.

2k<N
or

frn = fen + fon e2™N  with fen = Z ok o 27T

and fon defined similarly:

_ ik
fen = > vopg1e M.



Fast Fourier Transform

Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).
k=0

n . kn
Jn = fen + fon e?™ N with Jen = Z Yor e> ™M

2k<N
Note that fe,n — fe,n_l_M. Slml|al’|y, fojn — fo,n—I—M'
Moreover, exp(m”MM) = —exp(migr). Therefore,

fo = fem+ fone™ (n=0,...,M—1),
fntm = fe,n—fO,nfim% (n=20,...,M—1).



Fast Fourier Transform

Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).
k=0

n . kn
Jn = fen + fon e?™ N with Jen = Z Yor e> ™M

2k<N
Note that fe,n — fe’n_l_M. Slml|al’|y, fojn — fo,n—I—M'
Moreover, exp(m”MM) = —exp(migr). Therefore,

fo = fem+ fone™ (n=0,...,M—1),
fntm = fe,n—fO,nfim% (n=20,...,M—1).

To compute f, for all n =20,...,N — 1, we need to com-
pute two Fourier transforms fen and fon for sequences of
coefficients of half of the length and for only half of the
number of ns (n=0,...,M — 1).



Fast Fourier Transform

Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).

k=0
. . i En . kn
2k<N 2k+1<N

we haVe fn — fe)n‘l‘fo)neﬂz% (n — O,...,M_ 1),

Jntm = fe,n—fO,nGM% (n=20,...,M—1).



Fast Fourier Transform
Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).

k=0

. . i En . kn

With fen= > 7ore®™ M,  fon= > yopp1e? M,
2k< N k1< N

we haVe fn — fe)n‘l‘fo)neﬂz% (n — O,...,M_ 1),

Jntm = fe,n—fO,nemﬁ (n=20,...,M—1).

Let xp be the number of flop required to compute the
DFT of length M = 2¢. Then, the above implies that

Ry — 2/4,g_1 —|— 1.5 N.

We need N additions (subtractions), M multiplications;
For now, we neglected the costs for computing e™'M1.



Fast Fourier Transform
Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).

k=0

. . i En . kn

With fen= > 7ore®™ M,  fon= > yopp1e? M,
2k< N k1< N

we haVe fn — fe)n‘l‘fo)neﬂz% (n — O,...,M_ 1),

Jntm = fe,n—fO,nemﬁ (n=20,...,M—1).

Let xp be the number of flop required to compute the
DFT of length M = 2¢. Then, the above implies that

Ry — 2/4,g_1 —|— 1.5 N.
We need N additions (subtractions), M multiplications;
For now, we neglected the costs for computing e™'M1.

We can repeat the partitioning trick to fen and fon.



Fast Fourier Transform

Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).

k=0

. . i En . kn

With fen= > qope®™M,  fon= > ~oppye’ ™M,
k<N 2kd+1<N

we haVe fn — fe)n‘l‘fo)neﬂz% (n: O,...,M_ 1),
Jntm = fe,n—fO,nGM% (n=20,...,M—1).

Let xp be the number of flop required to compute the
DFT of length M = 2¢. Then, the above implies that

kp= 2Ky 14+ 1.5N =2(2ky_»~+ 1.5M) + 1.5 N.



Fast Fourier Transform
Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).

k=0

. . i En . >rikn

With fen= > yop€ ™M, fon= Y  Yoptr1€ M,
2k< N 2k 1<N

we haVe fn — fe)n‘l‘fo)neﬂz% (n — O,...,M_ 1),

Jntm = fe,n—fO,nemﬁ (n=20,...,M—1).

Let xp be the number of flop required to compute the
DFT of length M = 2¢. Then, the above implies that

Ry — 2/63£_1 —|— 1.5N = 4/65_2 —|— 21.5N.
Repeating, the partitioning trick to fen and fon, €tc., and
using the fact that kg = 0, shows that

kg =2Kky_1+ 15N =1.5/N.



Fast Fourier Transform
Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).

k=0
. . i En . kn
2k<N 2k+1<N

we haVe fn — fe)n‘l‘fo)neﬂi% (n — O,...,M_ 1),

Jntm = Jemn — fon ™' M (n=20,...,M—1).
Repeating this partitioning trick recursively down to level
¢ = 0 is Fast Fourier Transform.

Theorem. FFT requires (1.5¢/+4+ 0.5)N flop.



Fast Fourier Transform
Suppose N = 2¢ for some ¢ € N. Put M = 2¢-1 = %N.

N-—-1 kn
fa= Y ye*™N (n=0,...,N—1).

k=0

. . i En . kn

With fen= > qope®™M,  fon= > ~oppye’ ™M,
k<N 2kd+1<N

we haVe fn — fe)n‘l‘fo)neﬂi% (n — O,...,M_ 1),

Jntm = Jemn — fon e"M (n=0,...,M—1).
Repeating this partitioning trick recursively down to level

¢ =0 is Fast Fourier Transform.

Theorem. FFT requires (1.5¢/+4+ 0.5)N flop.

Proof. The 0.5 N comes from the computation of1 em%,
which can be computed as ¢" = ¢~ 1¢ with ¢ = ™.
Note that, emin2 7 — gmi(2/n)27¢



DFT & FFT as matrix multiplication

Let f= (f07---7fN—1)T and Y = (707"'77N—1>T be such

N -1
-kn
that  frn= > ~pe?™N (n=0,...,N—1).
k=20

We will represent the DFT and FFT with respect to col-
umn vectors here: .7 is the transpose for vectors.

Note that, for consistency of notation, we selected the first
index of the vectors to be O rather than 1.

Our matrices will also be indexed from O on: the left top
matrix element will be the (0, 0)-entry.



DFT & FFT as matrix multiplication

Let f= (f07---7fN—1)T and Y = (707"'77N—1>T be such

N -1
-kn
that  frn= > ~pe?™N (n=0,...,N—1).
k=20

-kn
Let F be the N x N matrix with (n, k)-entry e>™N. Then

f=F~

This represents the DFT (Discrete Fourier transform) as
a MV (matrix-vector multipliciation).

e Note that 3 F*F =1: except for the scaling N,

the DFT matrix F is unitary. Here F* = F".

e [ he inverse %F* of F represents the inverse DFT.

e The DFT matrix F is full: non of its entries is zero.
T his makes the MV expensive.



DFT & FFT as matrix multiplication

Let f= (f07---7fN—1)T and Y = (707"'77N—1>T be such

N -1
-kn
that  frn= > ~pe?™N (n=0,...,N—1).
k=20

-kn
Let F be the N x N matrix with (n, k)-entry e>™N. Then
f=F~

FFT. Now suppose N = 2¢. Put M = 2¢-1
Let F, =F be the DFT for level ¢, i.e., for N = 2¢.
The first step in FFT can be written as

S
Lid Ip 1 —Dy_q1||fo
Here, ¥ = (fo,..., fir—1)", ' = (Ffary -5 fv—1)7,

I,_1 is the M x M identity matrix,
D,_q is the M x M diagonal matrix with (n,n)-entry e™Ir

Note that the even diagonal entries of D,_q form D,_», ...



DFT & FFT as matrix multiplication

Let f= (f07---7fN—1)T and Y = (707"'77N—1>T be such

N -1
-kn
that  frn= > ~pe?™N (n=0,...,N—1).
k=20

-kn
Let F be the N x N matrix with (n, k)-entry e>™N. Then
f=F~

FFT. Now suppose N = 2¢. Put M = 2¢-1
Let F, =F be the DFT for level ¢, i.e., for N = 2¢.
The first step in FFT can be written as

f— (-1 tDg1 | |Te| _|Tp-1 +Dp 1| Fen O Ve
Ip 1 —Dya||[To Ip 1 —Dy 0 Fy 1]

where v = (70,72, -- )%, Yo = (41,73, .- )’



DFT & FFT as matrix multiplication

Let f= (f07---7fN—1)T and Y = (707' . '77N—1)T be such
N -1
-kn
that  frn= > ~pe?™N (n=0,...,N—1).
k=20
-kn
Let F be the N x N matrix with (n, k)-entry e>™N. Then

f=F~
FFT. Now suppose N = 2¢. Put M = 2¢-1
Let F, =F be the DFT for level ¢, i.e., for N = 2¢.
The first step in FFT can be written as

I, 7 +Dyp 1| |Fe-1 O ]
f= P
llﬁ—l —D£—1][ 0 Fy V(P)

where P is the permutation that puts the even indexed ~;
fiI’St: fOllOWiﬂg Matlab ’V(P) — (’}/P(O), “ e ,’YP(N_]_))T
P(k)=2k (k< M), P(lk)=2(k—M)+1 (k> M).



DFT & FFT as matrix multiplication

Let f= (f07---7fN—1)T and Y = (707' .. 7,7N—1>T be such
N -1
-kn
that  frn= > ~pe?™N (n=0,...,N—1).
k=20
-kn
Let F be the N x N matrix with (n, k)-entry e>™N. Then

f=F~

FFT. Now suppose N = 2¢. Put M = 2¢-1
Let F, =F be the DFT for level ¢, i.e., for N = 2¢.
The first step in FFT can be written as

I, 7 +Dyp 1| |Fe-1 O ]
f= P
llﬁ—l —D£—1][ 0 Fy V(P)

This decomposes F as a product of a very sparse unitary
matrix (only 2 non-zeros per row), two DFTs of half size
and a permutation. Repeating this decomposition gives
FFT: F is a product of only ¢ very sparse unitary matrices
and a permutation.



FFT for sequences of any length?

Suppose N = q¢¢ for some ¢geN,q> 2.

Then we can design a FFT algorithm similar to the one
for ¢ = 2. For instance, if ¢ = 3, and (vg,...,Yny_1) iS a
sequence of length N, then we can group the coefficients
in three classes (v3g), (73k4+1) and (vy3gx+2) instead of the
two as for ¢ = 2 (the one with even indices and one with
odd indices) and we can decompose the f,, accordingly.

q is the radix of the FFT.

The computational costs are in the order of Nlogsz N:
Comp. Costs ~ CqNlogz N for some Cq4 > 0.

Property. FFT with radix 4 allows the most efficient
implementation (i.e., 4 = argmin, Cq N log, N).



FFT for sequences of any length?

If, say, N = 2% 3% then we can form a FFT by
e applying the FFT with radix 2 £1-times
e followed by /o-times the FFT with radix 3.

More generally,



FFT for sequences of any length?

We can factorise any N € N, that is, we can decompose
any N into a product of prime factors and we can design a
FFT for sequences of length IV that is a mixture of FFTs
of radix p; with p; the primes that occur in the factors.

However, computationally, this approach is not attractive:
e wWe have to factorise N

e coding of such a FFT with a mixture of FFTs with
different radixes is messy

e if the primes are large (with the extremal situation where
N itself is prime), then the FFT is not faster.



FFT for sequences of any length?

If, for instance, we have to compute Fourier coefficients
of a T-periodic function f: R — C, then we can select the
sample frequency 1/At as we like (with the only restriction
that it is sufficiently large), for instance,

At=T/N with N =2¢

Conclusion.
Some application allow to select N to be a power of 2.



FFT for sequences of any length?

Some application allow sequences (vg,...,vp—1) Of length
M to be extended to sequences of length 2¢ (with ¢ such
that 261 < M < 29 by appending with zeros.

Example. The convolution product axg of the sequence
a= (vo,...,apy—_1) and 8= (Bo,...,Bn_1) is defined by

(ax B =D o Br_ (k=0,...,2M —2),
j

where we sum over all j € Z for which «; and §;_; exists,
that is, j such that j,k—j€{0,...,M — 1}.

Application.

If p is the polynomial p(z) = ag + a1z + ... + ay—12™~1 and

q(z) = Bo+ Brx+ ...+ By—12™~1, then (ax B); are the coefficients of
the product polynomial pq.



FFT for sequences of any length?

Some application allow sequences (vg,...,vp—1) Of length
M to be extended to sequences of length L (with ¢ such
that 2¢-1 < M < 2% by appending with zeros.

Example. The convolution product axg of the sequence
o = (’yo, ce ,OéM_l) and g = (ﬁo, ce ,ﬁM_l) is defined by
(ax B =D o Pr_ (k=0,...,2M —2).
J
Note that the value of ax8 does not change if we extend «

and @ by appending with zeros. Therefore, we may assume
that the length of o and 3 is M = 2¢.



FFT for sequences of any length?

Some application allow sequences (vq,...,vy—1) Of length
M to be extended to sequences of length L (with £ such
that 261 < M < 29) by appending with zeros.

Example. The convolution product axg of the sequence
o = (’yo, ce ,OzM_l) and (@ = (ﬁo, e ,ﬁM_l) is defined by

(Oz*ﬂ)kEZajﬂk_j (k:O,...,QM—Q).
J

Assume that the length of a and 8 is M = 2¢.



FFT for sequences of any length?

Some application allow sequences (vq,...,vy—1) Of length
M to be extended to sequences of length L (with £ such
that 261 < M < 29) by appending with zeros.

Example. The convolution product axg of the sequence
o = (’yo, ce ,OzM_l) and (@ = (ﬁo, e ,ﬁM_l) is defined by

(Oz*ﬁ)kEZajﬂk_j (k:O,...,QM—Q).
J

Assume that the length of a and 3 is M = 2¢. Append o
and B with zeros to sequences of length N = 2¢+1  Next,
extend o and 3 periodically (period N) and define xy:

N-1
(a*Nﬁ)kE Zoz]ﬁk_] (k=O,,N—1)
7=0
Note that the definitions of ax 3 are consistent (lead to
the same values for k < N).



Discrete Convolution Products

Definition. For o, € /(N), let

N-1

(axnB)p= ), ajBp_; (k=0,...,N—1),
j=0

where Bi_; = Bn4k—; if k—3 <0 (periodic extension).

Theorem. Fy(axyB) = Fn(a) - Fn(B), where
the --product is coordinate wise (the Hadamard product).

Suppose 21 <« N < 2f. put L=22¢
Form 3= (3,0,8) to a sequence of length L.
Form a = («,0,0) to a sequence of length L.

Property. (a*y3), = (a*;3), for k=0,...,N —1.
Corollary. (axyB) = (F; [Fr(@) - FL(®Dr, (k< N).

axr, 3 can be computed with three DFT of radix 2 plus L
mult.. Costs: < 24N (¢ 4+ 2) flop rather than 0.5 N2,



FFT for sequences of any length?

Some application allow sequences (vq,...,vy—1) Of length
M to be extended to sequences of length L (with £ such
that 261 < M < 29 by appending with zeros.

Example. The convolution product axg of the sequence
o = ("}/0, ce ,OéM_l) and (@ = (60, ce 75M—1) is defined by

(a*ﬁ)kzzajﬁk—j (k:O,...,QM—Q).
J

Conclusion. In these applications the FFT is nothing more
than an efficient computational tool. The quantities to be
computed are in same domain as the inputs (time-domain
rather than in frequency domain).



Appending with zeros

Consider v = (yg,...,var—1) € £(M) with 261 <« M < N = 2¢.
Append ~ with zeros to a sequence 7"‘ of length N:

+E(’707”'77M—1707"'70)°

Observe that  Fy;(v) = Fa(y1), because

M-1 '
Z v 62771 Z o 627T7,M7é Z o 62777,
k=0

k=0

kn

Heuristics. Appending with zeros introduces ‘discontinu-
ities’, thus quickly decreasing Fourier coefficients maybe
changed into slowly decreasing ones.



Appending with zeros

Consider v = (yg,...,var—1) € £(M) with 261 <« M < N = 2¢.
Append ~ with zeros to a sequence 7"‘ of length N:

+E(’707”'77M—1707"'70)°

Observe that  Fy;(v) = Fa(y1), because

M-1 '
Z v 62771 Z o 627T7,M7é Z o 62777,
k=0

k=0

kn

Conclusion. If the quantities of interest are in the ‘dual’
domain (frequency rather than time, or time rather than
frequency), then appending zeros is not allowed.



FFT for sequences of any length?

Consider v = (yg,...,var—1) € £(M) with 261 <« M < N = 2¢.
Put

B, =e ™M (k=0,...,M —1).

-kn — _
Note that  e°™M =3, 3, 1. Bn. Hence,

M—1 . M-1 B
FruMn= > ype™M = ( > (vBr) ﬁnk) Bn.

k=0 k=0
Apparently,

Fur(y) = ((vB) *p1 B)B.

Here the convolution product is defined for M-periodic se-
quences.



FFT for sequences of any length?

Consider v = (yg,...,var—1) € £(M) with 261 <« M < N = 2¢.

2
Property. With 8, =e ""M, we have that

Fu(y) =pB with p=(y8) x5

As we saw before, the convolution product can be com-
puted with three DFT of radix 2 (and length L = 2N), plus
L multiplications. The multiplications v3 and pf3 require
an additional 2M multiplications.



e Computing Fourier Integrals



Computing Fourier integrals

f sampled at t, =tg+nAt. 1/At sample frequency.
For ease of notation, take tg = 0 (otherwise shift by ¢g).

- to+T . N-1 .
f(w) ~ / 0 f(t) e—27mtw dt ~ At Z fn e—27mnAtw
to n=0

Here, T = NAt and f, = f(tn).
Of interest for w :% (k=0,...,N—1).

f(w) to be computed by DFT.

Two ‘discretizations’'! How accurate is this?



Q

If f e L1(R) then,
for each € > 0, there is a tg and a T" > 0 such that

@)

/_to f()|dt <& and /t F(2)|dt < &

o+T

However,

this observation is often only of theoretical interest.

In practice T can be large and huge values of N may be
required, or spectral information is requested before all
relevant function values f are available.



windowing

to+7T

f(w) ~ /t f(t) e—2m’tw dt

0

Actually, we are computing the Fourier transform of

Wiy, where W(t)=1if1<t<T, and
W (t) = 0 elsewhere

and Wto(t) = W(t—tg).

W is a time-window.
Of interest: the difference between f(w) and (fWi)(w).

d(t,w) = U/@(w) is called a spectogram of f.



Effects of windowing



Computing Fourier integrals

f sampled at t, =tg+nAt. 1/At sample frequency.
For ease of notation, take tg = 0 (otherwise shift by ¢g).

N to+T . N—-1 .
f(w) ~ / 0 f(t) e—27mtw dt ~ At Z fn 6—27TznAtw
to n=0

Two ‘discretizations’! How accurate is this?



Q
Q

Analysis. Other order: first discretize, then window.




Discretization

w .
F(w) = At Z fne—QﬂznAtw

n——oo

Relation f(w) and F(w)? Does this depend on w?
By ={w € R ||f(w)| # 0} is the frequency band of f.
f is of bounded bandwidth if By C [-£2, €]
for some €2 > 0: smallest €2 is the bandwidth.

Suppose f is of bandwidth < (2.



Take At = 55, change —t < w, T+ 2Q, n—k ...

Flw)=A . —2min Atw _ 2 2MinsT
w) = At Z frne &S fn= QF(w)e 29" dw

n——oo

f of bandwidth < =

Qo Drit
Qf(w)e Y dw

f=[" fweitvaw= [

Q. nw
In particular,  fn = f(tn) = / )% .



Take At = 55, change —t < w, T+ 2Q, n—k ...

Flw)=A . —2min Atw _ 2 2MinsT
w) = At Z frne &S fn= QF(w)e 29" dw

n——oo

f of bandwidth < =

Q —~ - T W
/_Q[f(w) — F(w)]e*™ 22 dw = 0 Vn € Z.



Take At = 55, change —t < w, T+ 2Q, n—k ...

Flw)=A . —2min Atw _ 2 2MinsT
w) = At Z frne &S fn= QF(w)e 29" dw

n——oo

f of bandwidth < =

fly=2at Y fpe2minAte Vw € [-Q, +9].

n——oo

At = 5& is the Nyquist rate.



T heorem.
f of bandwidth < Q & sample frequency 1/At >2Q =

fw)=Aat S fpe2mnAlY vy, e [-Q, 49

n——oo

The discretization is exact if the bandwidth < €2 and the sample fre-
quency > 29 (At < 1/(22)). Fourier transform of this result leads
to

The Shannon—Whittakker T heorem.
f of bandwidth < Q2 & sample frequency 1/At >2Q =

=3 pusine (210) weem

nN——oo
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Discussion. The Shannon—Whittakker theorem tells us
that f can be reconstructed from its sample values, if f is
of bounded bandwidth and the sample frequency is at least
twice the maximal frequency of f. However, reconstruction
requires values f, from the (far) future as well as from the
(far) past.

Application. Resampling (sampling at another sampling
rate) is possible.

If the new sample rate is g times the old sample rate At,
then, in practice, resampling is achieved by

1) upsampling by p

2) filtering to get rid of frequencies > Q2

3) downsampling by gq.
(Details later)



Conclusions

e Discretization is fine provided f is of bounded bandwidth
and the sample frequency is high enough.

e Perturbations by windowing can not be avoided. Effects
include smearing and leakage. Effects can be diminished
by a larger time-window. One effect can be diminished at
the cost of others (by other time-windows).



