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Fourier Transforms
Wavelets
Theory and Applications
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T>0
T-periodic functions

f:R—C is T-periodic if f(t+T)=f(t) VteR

Example. For each k € Z,
t ~ cos(2mth) and t~ sin(2rtk) are T-periodic.

Fourier: these are essentially all T-periodic functions:
each T-periodic function is in some sense a
linear combinations of these sines and cosines

T is the length of the period.

Note that exp(2m't%) = cos(2wt%) + isin(th%)
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e Periodic Functions

e Function spaces

e Fourier Series

e Convergence

e Error Estimates

e Differential equations

e Discrete ¢2 spaces

Functions on [a,a + T] can be identified
with T-periodic functions:

If g is defined on [a,a + T], then
fW)=gt+kT) (teR) keZst t+kT € la,a+T)

defines a T-periodic function and f =g on [a,a + T].
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If f is T-periodic, then

T T+T
/0 £(6) dt=/T F()dt  (rE€R)

For T-periodic, integrable functions f on R define

1= [ 17l de

The space of all complex-valued T-periodic functions for
which || f|l1 < oo is denoted by L(R).

17l = 7 [ 7P

The space of all complex-valued T-periodic functions for
which || f|l2 < oo is denoted by LZ(R).

Note. We identify functions that coincide a.e..

Fourier series

For f € LA(R), put

1 /T _oritk
W =2 [ f@e = dt (ke )
v (f) is the kth Fourier coefficient. For n € N,

SuHBO = 3 et (teR)

k=—n
Sn(f) is the nth partial Fourier series.
The formal infinite sum is the Fourier series of f:

k
f ~ Z'Vk eQMtT.

Note. This is not statement on convergence!

Use exp(2mitk) = cos(2ntk)+isin(2ntk) for a formulation in sines and
cosines.
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11l < Ifll2 < NI flloo = ess-sup{|f(z)| | = € R}

Cr(R) = {f € C(R) | f is T-periodic} C L#(R) C Lh(R)

L%(R) is an inner product space w.r.t.

()= [ FOg@ar (g€ L)

For each k € Z, put ¢(t) = exp(2mitk)  (teR).

Theorem. The ¢, form an orthonormal system in L%(R):

(¢, ¢5) =0 ifk#j and liggllo=1 (@,ke€Z)

Fourier series
For f € L2(R),

1 /T _omitk
W) =5 [ F@e 2T dt = (£,0)
v (f) is the kth Fourier coefficient. For n € N,

Sa(HB = 3 e = 3 (f, é) bn
k——

n |k|I<n

Note that  Sn(f) € C(®)(R).
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L2-Convergence

Theorem. [|Sn(f) — fllo— 0 (n — o00) if f € L%(R)-

Therefore, for f € L2(R), in the L2-sense, we have that

F= 3 w(f)e2mit

k=—00

What about ||Sn(f) — flloo OF |Sn(f)(t) — f(t)] for n — oo?

3f € Cr(R) and a t € R for which (S,(f)(t)) diverges:

additional smoothness is required for stronger convergence.

9
Uniform Convergence
Theorem. ||Sp(f) — flloo = 0 (n — o0) if f € Cp(R)
and f is of bounded variation.
Theorem. [[o4(f) = flloc = 0 (n— o0) iff f € Cp(R)|
1 ’I’L—l
Here, on(f) == > Sa(f) Césaro sum
n =0
Example. f(t) = cos(2nts). Then,
Su(f) = S 2T 4 2Ty = f (> 1),
whereas  on(f) =21 f (n € N).
11

Uniform Convergence

Theorem. ||Sp(f) — flloo = 0 (n — o) if f € Cp(R)
and f is of bounded variation.

A function f on R is of bounded variation (BV) if it is a
finite linear combination of non-decreasing functions.

Example. f(¢) = |t| on [-1,4+1].
Example. If f(t) = f(0) + [§g(s)ds with g € LL(R),

f is absolutely continuous (AC), then f is of BV: .
Proof. f(t) = f(0) + [y g(s)ds = f(0O) + f+(t) — f-(t)  with

ot t
f+(@) = / max(g(s),0)ds and f_(t) = / max(—g(s),0) ds
0 0

Point-wise Convergence

Theorem. Sp(f)(t) — f(t) (n—o0) if f € Cp(R)
and f is of BV on [t —§,t + §] for some § > 0.

Theorem.

Su(F)(®) = 5[ +) + f(t2)] (n— o0) if f € LE(R)
and f is of BV on [t — §,t + §] for some § > 0.

Here, f@+H)= lim f(t+e)
e>0,e—0
t—) = [|im t—
Ja=y=_lim 7<)
and we assume that the (essential) limits exist.

Note that, for f € L:h(R), f(t) is not well-defined.



Theorem. [Su(f) — fll2 =0 (n— o0) if f € LE(R).

Theorem. ||Sn(f) — flloo = 0 (n — o0) if f € Cpr(R)
and f is of bounded variation.

Theorem.

Sn(H)(®) = 3LfEH) + fE)] (n— o0) if f € LE(R)
and f is of BV on [t —§,t 4+ §] for some § > 0.

Differential equations
Turn differential equations into algebraic equations.
With f e Cr(R), a,b,c € C, find a T-periodic u s.t.

au”—i—bu'—|—cu=f

Solution. v, (f) = ay(u") +by(v') + cyp(w)
= [a(ZF)2 + b 27 + ] 4 (w)

What about boundary conditions?

Applications. Electric circuits.

Error estimates

Theorem. If f € Cp(R) and f’ € LL(R) then

() = stz w(f) (k€ Z,k#0)

Theorem. f € LL(R).
e (O < Nfll < M flloo
Y (f) = 0 if |k| — oco. (Riemann—Lebesgue)

()] < ﬁ(%)e ||f(€)||1 if fe CF}E)(R)

Theorem. f ¢ CC(FZ)(R)

19a(F) = Fllso < =2 (L) 1FO]3

o0

Parseval. 1713= > |wHI? (f € LF#(R))

k=—00

Consider 2(Z) = {(v)rez | W € C: [(vdl2 = £ il < o0}
with inner product  <(v4), (up)>= > Vi k-

Riesz—Fischer. The Fourier transform f ~ (v.(f)).c7
identifies the inner product spaces L2 (R) and ¢2(Z).

In particular, (f, ) =<(()), (m(9))>  (f,9 € L3(R)).

Proof. () € £2(Z) then (3 kj<n 1k $x)n Cauchy sequence in L2(R).
If + ¢alz = [Ifl5 + 2Re(¢(f,9)) + llgll5 for all f,g € L7(R), ¢ € C.

[ + <ol = 1wl + 2Re(¢<(), (u)>) + Ll for all ... ..
Now, apply Parseval and take ( =1 and { = .



LA(R) 70 2(Z), |v(Hls < IIfIl1, not surjective
L2(R) () 2Z), |v(Hla=Ifll, inversion exists.

Here, ¢(Z) = {(y) [ l(m)l <00} and 4(f) = ().
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