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Linear Problems

A is a given n X n matrix

Typically
e n is large (10° — 109)
e A has additional properties
that have to be identified and exploited.
Properties as
o real
sparse (nearly sparse)
banded structure
Hermitian (near Hermitean)
Normal, positive definite, ...
Tensor product

O O O O O O



Linear Problems
A is a given n X n matrix

Linear equations.
For a given n-vector b solve AX =D for X.

Terminology and notation. The spectrum of A,
N(A) ={) e C| Av = \v for some n-vector v # 0},
IS the set of all eigenvalues of A.

If Av=)v, v =0, then v is an eigenvector associated to .

ACA) = {A1, A2, An) = {N(A)}

Eigenvalues are counted according to multiplicity.



Linear Problems
A is a given n X n matrix

Linear equations.
For a given n-vector b solve AX =D for X.

Eigenvalue problem. Solve Av = \v

for A = Ag = A, and associated v =vg = v, , where,

Ao € A(A), the “wanted” eigenvalue, has a property as
o \g = argmax{|\| | A € A(A)} or argmin{|A| | A € A(A)}
e \o = argmax{Re(\) | A e A(A)}

e For some target value 7 € C,
Ag = argmin{|A — 7| | A € A(A)}

e For some target n-vector w,
Vg = argmin{Z(v,w) | Av = A\v for some A}



Solving Linear problems

Ideas/techniques for solving linear equations can often be
translated to ideas/techniques for solving eigenvalue pro-
blems, and visa versa.

This observation may be explained by the following

Proposition. X solves

AX =D

. . 1 ..~ | 0 O

if and only if v = x] with A = b A solves
Av = 0Ov.

Proposition. A(A) = A(A) U {0}.



Program Lecture 5

Power Method & Richardson
Filtering

Shift-and-Invert & Preconditioning
Polynomial Iteration

Selecting Parameters

1) single parameter a) static
b) dynamic

2) Multiple parameters a) static (Chebyshev)
b) dynamic (GCR)



e Power Method & Richardson



Av = \v  Shifted power: u, = (A —odDu,

Scale ugy1 = ug/|lugll2
Theorem.
The u;, converge to (a multiple of) Vj, if

|)\j0—0'| > |)\j—0'| all 3 # jo:

Vi, is the dominant eigenvector of A — oI,
and \;; — o is the dominant eigenvalue.

o _ [Aj—ol
Eventual error reduction is p= maxj#jo\)\jo——a\



Av = \v  Shifted power: u, = (A —odu,

Scale Uy = ug/[[ugl2

Use the Rayleigh quotient to compute the eigenvalue
u;Auy,

uruy,
to compute the approximate eigenvalue

A7 = p(uy) =

Exercise. If u # 0, then
u*Au
u*u
Given the approximate u = ug, the Rayleigh quotient gives
the smallest residual.

|AU —

ull2 < [[Au—pully Vi eC.



Av = \v  Shifted power: u, = (A —odDu,

Scale U1 = ug/||ugl2

Alternative scalings: ugy4i = ug/ejuy,
fix the first coordinate to 1

Use the Rayleigh quotient or the quotient

__ €jAu;
eiuy

to compute the approximate eigenvalue

NOJNG



Av = \v  Shifted power: u, = (I—aA)uy

Scale uk—l—l = ﬁk/eﬁﬁk

Different scaling (of A — ¢l or/and of u;) does not affect
the convergence of the power method.



Av = \v  Shifted power: u, = (I — aA)ug

Scale uk—l—l = ﬁk/e’{ﬁk

Ax =D Richardson: Xp+1 = X + a(b — AXy)
Note that
o o *
1 = (I-aA) 1 , wWhere A = 00
xk—l—l XL —b A

Observation.
Richardson for ‘AX = b’ with relaxation parameter «

—  the Shifted power method for ‘Av = \v for A = 0'.



Av = \v  Shifted power: u, = (I — aA)ug

Scale uk—l—l = ﬁk/eﬁﬁk

Ax =D Richardson: Xp+1 = X + a(b — AXy)
X =X+ a(b — AX)

ept1 = (I—aA)ey

Here, €, = X — X;..

Converges iff
|11 —aX| <1 forall A e A(A)



Av = \v  Shifted power: u, = (I — aA)ug

Scale uk—l—l = ﬁk/eﬁﬁk

Ax =D Richardson: Xp+1 = X + a(b — AXy)
X =X+ a(b — AX)

re+1 = (I—aA)ry

Here, r, = Ae, = A(X — X)) = b — AX;..

Converges iff
|11 —aX| <1 for all A e A(A)



Av = \v  Shifted power: u, = (I — aA)ug

Scale uk—l—l = ﬁk/eﬁﬁk

Improvements are based on the fact that

fFAIV; = fF(A)V;.
Examples. f(A) = (I - aA)

Same eigenvectors, better eigenvalue distribution!

Find f such that |f(>\j0)| is relatively large, i.e., p small,
o]

3730 [f (X))l

(p < 1 for convergence): p is the asymptotic error reduc-

tion (i.e., for k — oo) for the power method with f(A).

where p = max



the transformation of the spectrum by f(A)=1-aA

® )\
® f\)

}'




the spectrum of A

I

AA)

IA,(B)/A, (B)|=0.538597



the spectrum of B=A-0 |

T T T

| l |

AA-o 1)

-2 0 2
A, (B)/A, (B)|=0.446595




Program Lecture 5

Power Method & Richardson
Filtering

Shift-and-Invert & Preconditioning
Polynomial Iteration

Selecting Parameters

1) single parameter a) static
b) dynamic

2) Multiple parameters a) static (Chebyshev)
b) dynamic (GCR)



Av = \v  Shifted power: u, = (I — aA)ug

Scale uk—l—l = ﬁk/eﬁﬁk

Improvements are based on the fact that
fFAIV; = fF(A)V;.
Examples. f(A) = (I - aA)
FIA) =T4+A+ .. . +yA=0-—01A)...(I1—- A)

Diminish unwanted components



1.2

0.8
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0.4
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-0.2

the transformation of the spectrum by the shifted and scaled 14th Chebyshev polynomial

Chebyshe
Richardson

and by the 14th Richardson polynomial



Av = \v  Shifted power: u, = (I — aA)ug

Scale uk—l—l = ﬁk/eﬁﬁk

Improvements are based on the fact that
fFAIV; = fF(A)V;.
Examples. f(A) = (I - aA)
FIA) =T4+A+ .. . +yA=0-—01A)...(I1—- A)
f(A)=(A-oD!

Amplify wanted components



the spectrum of A

I

AA)

IA,(B)/A, (B)|=0.538597
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0.5

-0.5

the spectrum of B=(A-o )+

T T I T I I I

® 1/AA-cl)

- . |
l l L 1 L : I
-3 -2 -1 0 1 2 3

A, (B)/A, (B)|=0.48208



the transformation of the spectrum by f()\):(}\—o)_1

® )\
® f\)




Av = \v  Shifted power: u, = (I—aA)uy

Scale uk—l—l = ﬁk/eﬁﬁk

Improvements are based on the fact that
FOAV,; = fF(X)V;.
Examples. f(A) = (I—- aA)

FIA) =T4+A+ .. . +yA=0-—01A)...(I1—- A)
f(A) = (A—-oI)?



Av = \v  Shifted power: u, = (I — aA)ug

Scale uk—l—l = ﬁk/eﬁﬁk

Improvements are based on the fact that
fFAIV; = fF(A)V;.
Examples. f(A) = (I—- aA)
FIA) =T4+A+ .. . +yA=0-—01A)...(I1—- A)
f(A) =(A—-oD)1

Combination. Cayley transform:

fF(A)=(A-D1a+A)
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the spectrum of B=A




the spectrum of B=(A-a 1) 1(A+a I)

6 | | I ? I I()\+0)/()\—0 )I‘
4+ _
2+ ]
0 L ‘ ...................... ‘ ........ . . .........................................
ok ]
4k ]
6L _ ]
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A, (B)/A, (B)|=0.15657



Av = \v  Shifted power: u, = (I—aA)uy

Scale uk—l—l = ﬁk/eﬁﬁk

Improvements are based on the fact that
fFAIV; = fF(A)V;.
Examples. f(A) = (I—- aA)
FIA) =T4+A+ .. . +yA=0-—01A)...(I1—- A)
f(A) = (A—-oD)*
Combination.

f(A) = (A —o) 11 -aA)



Av = \v  Shifted power: u, = (I — aA)ug

Scale uk—l—l = ﬁk/e’{ﬁk

Improvements. Apply power method with
f(A)=0—a1A)...(I—ayA) or f(A) = (A —oD)I(I—-aA)

Equivalent interpretations.
1. Diminish unwanted components. Filtering.
2. Amplify wanted components

3. Improve distribution eigenvalues. Preconditioning.



e Shift-and-Invert & Preconditioning



Preconditioning

Purpose. To improve the distribution of the eigenvalues
in order to speed up convergence.

For eigenvalue computation:
make the wanted eigenvector (strongly) dominant.
Shift & Invert can be a feasible strategy

For linear systems: cluster the eigenvalues round 1.
Precondition with a matrix M for which
e A(M~1A) clusters ‘better’ round 1 than A(A)

e the system Mu = r can efficiently be solved for u.

For eigenvalue computation:
A and M~ 1A generally do not have the same eigenvectors.



Program Lecture 5

Power Method & Richardson
Filtering

Shift-and-Invert & Preconditioning
Polynomial Iteration

Selecting Parameters

1) single parameter a) static
b) dynamic

2) Multiple parameters a) static (Chebyshev)
b) dynamic (GCR)



Av = \v  Shifted power: u, = (I - aA)ug

Scale uk—l—l = ﬁk/eﬁﬁk

Improvements. Apply power method with
f(A)=0—a1A)...(I—ayA) or f(A) = (A —oD)I(I—-aA)



Av = \v  Shifted power: u, = (I — aA)ug

Scale uk—l—l = ﬁk/e’{ﬁk

Improvements. Apply power method with

f(A)=0—a1A)...(I—ayA) or f(A) = (A —oD)I(I—-aA)
Ax =D Richardson: Xp4+1 = X + a(b — AXy)

Polynomial version: Select «y per step.

Purpose: Diminish all components ‘equally’ well.



Richardson (with relax. par.)

Select Xg, a, tol, kmax
Compute rg = b — AXp
for k=0,1,2,...,kmax do
If ||r|| < tol, break, end if
U, =ryg
C,. = Auy
Xg+41 = Xg T+ aUy
Fe4+1 = M — aC
end do

u, search direction (for the approximate)

Note. Update r;, of the form Au; with u; update Xx;.



Richardson (with relax. par.)

Select X, «, tol, kmax
Compute r = b — AX

for k=0,1,2,...,kmax do
If ||r|| < tol, break, end if
u=rvr
c = Au
X «+— X+ au
F — r—acC

end do

This is a ‘memory friendly' version.

— . new value replaces old one.



Polynomial iteration

Select X, aq,...,0p, tol, kmax
Compute r = b — AX
for k=0,1,2,...,kmax do
If ||r|]| < tol, break, end if
u=r
c = Au
J=kmodl, a= a1
X «— X+ au
F — r—oacC

end do




Polynomial iteration

With a4,...,ap as in the polynomial iteration algorithm, let

f(A)=0—a1A)...(I—ayA).
Then

Proposition.  r;; = f(A)/rg for all j.

For k= j¢ large

[Fetello = pllrkll2 with  p=max{|f(A\)| | X € A(A)}



General remarks for linear systems.

e The preconditioned system.
For ease of discussion assume no preconditioning:

e Consistent updates.

We update r and X consistently:

update r by vectors —c of the form ¢ = Au with u explicitly
avaliable and update x by u

e T he shifted system.
Assume Xg = 0.



e Selecting Parameters

1) single parameter a) static
b) dynamic



How to select the % and o7

Static.
Select parameter(s) before starting the iteration.
Base selection on pre-knowledge of the spectrum.

Dynamic.
Let the computational process determine the parameter(s).
Computation based on information that becomes available

during the iteration.



Static. Single parameter

Examples. Avg = A\gVg, Ag € A(A) wanted eigenvalue.

o If [A\g— p| > |X— | for all other A € A(A):
f(A) = A — ul
Shifted power method.

e If \g closest to some target value 7 is wanted:
f(A) = (A —-0oD)~1 with o = 7.
Inverse iteration or Wielandt iteration.



Static. Single parameter

Examples. AX = b.

o Ifall A, eigenvalues Ain [A_, 4] = [p—p,u+p] C (0, 00):

f(A) =1I-— Oopt A Wlth Olopt = 1//11,
1
e Al _ At

T herefore, for Richardson with a = agpt,

. 2 .
IPREL S exp (=5) VR k large



Dynamic. Single parameter

Examples. Avg = A\gVg, Ag € A(A) wanted eigenvalue.

e f(A)=(A—oD L with 0 =0, =p(u,) = ”L’gﬁlu’“.
Lk

Rayleigh Quotient Iteration

The Rayleigh quotient p(ug) is the ‘best’ available approxi-
mate eigenvalue at step k.

If RQI converges, it converges quadratically eventually.
For Hermitian A, the asymptotic convergence is even cubic.

01

1 0 . Vg = e1.

“If converges’: Example. A = [



RQI:

Fast convergence (if convergence).
Can detect eigenvalues in the interior of the spectrum.
No controle on what eigenvalue is going to be detected.

| + +

The linear systems to be solved require
a new LU-decompostion in each step.

Wielandt Iteration:

Linear convergence.

Can detect eigenvalues in the interior of the spectrum.
Finds eigenvalue close to the shift.

The same LU-decomposition can used in each step.

+++ |

Note. The fact that linear systems have to be solved may
make the methods not feasible for huge n.



Dynamic. Single parameter

Examples. AX = Db.
Select f(A) =1— a; A with o to minimize:
e Minimal Residual: |[ry4 1|2 = |[ry — ag Ckll2 minimal

e If A is positive definite
Steepest descent: |[X — Xi41|[4 minimal

Convergence if Re(\;) > 0 for all eigenvalues A; of A.



Local Minimal Residuals

Select X, «, tol, kmax
Compute r = b — AX

for k=0,1,2,...,kmax do
If ||r|| < tol, break, end if
u=r
c = Au
o=C*'C, p=C*r, a=p/o
X «+— X+ au
F — r—«acC

end do




Steepest Descent

Select X, «, tol, kmax
Compute r = b — AX
for k=0,1,2,...,kmax do
If ||r|| < tol, break, end if
u=r
Cc = Au
o=u*c, p=Uu'r, a=p/o
X «+— X+ au
F <— r— «acC
end do




2) Multiple parameters a) static (Chebyshev)
b) dynamic (GCR)



Static. Multiple parameter

Examples. AX =Db.
Suppose we have a set £ C C that contains all \;.

Select f(A)=—-—a1A)-...-(I—ayA), i.e., a;, such that

v=max{|f(Ol=|(1-a10)-...- (1 —aQ)| | (€&}

IS as small as possible. If v < 1 then one application of
f (i.e., one sweep of ¢ steps) gives an error (and residual)
reduction by at least a factor v: for kK = 3¢, large

[X — Xpqrll2 S V||IX = Xg|2, [retell2 S vllrell2

Note. max{|f(A)| | A e NA)} < v



Static. Multiple parameter

Examples. AX =Db.
Suppose we have a set £ C C that contains all \;.

Select f(A)=—-—a1A)-...-(I—ayA), i.e., a;, such that

v=max{|f(Ol=|(1-a10)-...- (1 —aQ)| | (€&}

IS as small as possible.

Notation.
Py is the set of all polynomials of degree at most /.

PO = {pecPy|p(0) =1}

Observation. p € Py,
p(0)=1 & pQ)=0—-a10) ... (1 —yl).



Static. Multiple parameter

Examples. AX =Db.
Suppose we have a set £ C C that contains all \;.

Select f(A)=—-—a1A)-...-(I—ayA), i.e., a;, such that

v=max{|f(Ol=|(1-a10)-...- (1 —aQ)| | (€&}

IS as small as possible.

Notation.
Py is the set of all polynomials of degree at most /.

PO = {pecPy|p(0) =1}

Observation. p € Py,
p(0)=1 & p(¢) =1-¢q(¢) for some g € Pp_;.



Static. Multiple parameter

Examples. AX =Db.
Suppose we have a set £ C C that contains all \;.

Select f(A)=—-—a1A)-...-(I—ayA), i.e., a;, such that

v=max{|f(Ol=|(1-a10)-...- (1 —aQ)| | (€&}

IS as small as possible.

Observation. Consider a vector r for which
r=p(A)b for some peP
r is a residual & p(0) =1, i.e., p(¢) =1 - Cq({):

r=b— AX with X=¢q(A)b.

Polynomials in PE are called residual polynomials.



Static. Multiple parameter

Examples. AX =Db.
Suppose we have a set £ C C that contains all \;.

Select f(A)=—-—a1A)-...-(I—ayA), i.e., a;, such that

v=max{|f(Ol=|(1-a10)-...- (1 —aQ)| | (€&}

IS as small as possible.

This is a problem from approximation theory:

Find a polynomial in Pg that is as small as possible on £.

Solutions for £ = [A_, 4] C (0,00) (Chebyshev pols)

Approximate solutions for ellipses (Cheb.), polygons (Faber pols).



Static. Multiple parameter

Examples. Av = \v.
Suppose we have a set £ C C that contains all \;,
except for the wanted eigenvalue \g € A(A).

Select f(A) = —a1A)-...- (I — ayA) such that with
v = TeaSXKl —a1() ... (1 — ayl)|

v/|f(Ag)| is as small as possible.



Chebyshev polynomials

C+¢hH (ceo).

N | -

Ty(z) = %(gﬁ + ¢ 5, where z=

Exercise. For all x € C we have

{ To(z) =1, Ti(z) =z,
Tk—|—1($> = 2$Tk(£€) — Tk_l(flj) for k=1,2,....

T (z) = 2k—1zk + lower degree terms.
Ty is the kth Chebyshev polynomial
Ty(cos(¢)) = cos(ke) (¢ € R))Regel

S

L0 i =1t

0> 0).
1—9 1 — ( )

Note that z =

S



The 4th Chebyshev polynomial
1.5

m— fStr




The 8th Chebyshev polynomial
15 "

e B 11§




1.5}

The 12th Chebyshev polynomial

m— fStr

oA




Chebyshev polynomials

C+¢hH (ceo).

N | -

1
Ty(z) = E(gﬁ + ¢ 5, where z=
Exercise. For all x € C we have

{ To(z) =1, Ti(z) =z,
Tk—|—1(513> = 2$Tk(£€) — Tk—l(f’?) for k=1,2,....

Properties. At the interval [—-1,+41],

e the kth Chebyshev polynomial takes its extremal values
at £k + 1 points,

e these extremal values have alternating signs with values
equal to +1 and —1.



Chebyshev polynomials

C+¢hH (ceo).

N | -

1
Ty(z) = E(gﬁ + ¢ 5, where z=
Exercise. For all x € C we have

{ To(z) =1, Ti(z) =z,
Tk—|—1(513> = 2$Tk(£€) — Tk—l(f’?) for k=1,2,....

Assume [>‘—7>‘—|-] — [/’L - p,,LL—I—p] C (0700)
Theorem. With z=(u—\)/p

x runs between —1 and +1 iff A runs between A4 and A_.

x depends linearly on A\

A A_ 141
+ A 1+ /C, where(Zzi—ﬂL
A — A 1-1/C -

At A= 0, x equals



Chebyshev polynomial of degree 6




0.87

0.6

0.4

0.2

Shifted and scaled Chebyshev polynomial p of degree 6

2 3 4 5 6 7 8

p:TG((u—)\)/p)/TG(u/p) with g = ()\_+)\+)/2



Chebyshev polynomials

C+¢hH (ceo).

N | -

Ty(z) = %(gﬁ + ¢ 5, where z=

Exercise. For all x € C we have

{ To(z) =1, Ti(z) =z,
Tk—|—1(513> = 2$Tk(£€) — Tk—l(f’?) for k=1,2,....

Assume [>‘—7>‘—|-] — [/’L_ p,,LL—I—p] C (0700)

Ty(x)
Ty(p/p)

Theorem. With z=(u—X)/p and pchen(N) =

we have that pches € P9 and for any g € P?,

max [pcheb(A)| < max|g(N)],

where the maxima are taken over all A € [A_, A].



Shifted and scaled Chebyshev polynomial p of degree 6

1 2 3 4 5 6 7 8

p:TG((u—)\)/p)/TG(u/p) with g = ()\_+)\+)/2



Chebyshev polynomials

C+¢hH (ceo).

N | -

Ty(z) = %(gﬁ + ¢ 5, where z=

Exercise. For all x € C we have

{ To(z) =1, Ti(z) =z,
Tk—|—1(513> = 2$Tk(£€) — Tk—l(f’?) for k=1,2,....

Assume [>‘—7>‘—|-] — [/’L_ p,,LL—I—p] C (0700)

Ty(x)
Ty(p/p)

Theorem. With z=(u—X)/p and pchen(N) =

we have that pches € P§ and

1 20
e = g = 2P ")
Aqp

where the max. is taken over all A € [A_,A4] and C = -



0.5

-0.5

the transformation of the spectrum by the shifted and scaled 6th Chebyshev polynomial

Chebyshev
Richardson

®

®
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®

!

| | | | |
0 2 4 6 8 10

and by the 6th Richardson polynomial
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the transformation of the spectrum by the shifted and scaled 10th Chebyshev polynomial

+
1

Chebyshev
Richardson

ANVANY

WA
|V

2 4 6
and by the 10th Richardson polynomial

8
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1.2

0.8
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the transformation of the spectrum by the shifted and scaled 14th Chebyshev polynomial

Chebyshe
Richardson

and by the 14th Richardson polynomial



Chebyshev versus Richardson

Error reduction for spectrum in [A_, A4] C (0, 0).

e Degree ¢ Chebychev.

Cheb(£)| < 20 Cheb(¢)
r sS2exp|——]|||r k large
IOl 5 2000 (- 22 ) 1K)

e Richardson with optimal «.

. 2/ .
Rich Rich
IFRE 2 S exp (=5 ) IFElz K large
Remark. We actually have
Cheb(0))  « 1 Cheb(¥)
r S r k large.
H k¢ H2 COSh(2€/\/E) H k H2

Since cosh(z) > 1 if x > 1, this estimate is better than the above one
in case exp(2¢/v/C) < 2. They are ~ the same if exp(2¢//C) > 2.



Chebyshev versus Richardson

Error reduction for spectrum in [A_, A4] C (0, 0).

A4
Put C=+".

e Degree ¢ Chebychev.

Cheb(£)| < 20 Cheb(¢)
r 2exp [ ———= | |Ir k large
IOl 5 2000 (- 22 ) 1K)

e Richardson with optimal «.

- 20
IFRE S exp (=5 ) Ml & large

Note. Chebyshev iteration is designed for spectra in in-
tervals, but works well also for (narrow) ellipses around an
interval.



Chebyshev

The zeros of the shifted Chebyshev polynomial determine
the parameters in the iteration.

For fixed ¢ and increasing j, take k£ = j/.
The polynomial
Tjo(E52)
pk()‘) = ,u
Tj0(35)

IS better than the polynomial

Ty(152)
k() = f}g(g)

J

Can we repeatedly increase the degree without restarting?
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12th Chebyshev
3 times (4th Chebyshev)

10



Chebyshev

With u = Aﬁ;‘_ and p= >‘+;>“ we have that

k : -
rp = o~ with  rg = Tk(%(ul —A)ro, v =Ti(h)

Tk_|_1(CC) = QZCTk(CU) — Tk_]_(a?) implies that

_ S 2us 2= =
Me+1 = 257 — k-1 and  Fpyg = 0 — SAR — .

Hence,
_ 2uvg 27k Vk—1
r = =2k pr — Ar, —
k1= ot T 7 oy SR T 9 TR
_ 2ug 27k Vk—1
Xk+1 = Drpyq Nk T et1 kT gy k-1




Chebyshev

With p = /\+42_>‘_ and p= >‘+;>“ we have that
Nk; . ~ —
rp = o~ with  rg = Tk(%(ul —A)ro, v =Ti(h)

Tk_|_1(CC) = QCCTk(CU) — Tk_]_(a?) implies that

_ S 2us 2= =
Vet1 =25 — k-1 and  Fryq =T — SAF — 1.

Hence,
. 2ug 27k Vk—1
r = =Lk, — Ar; — r
A1 = pyer1r B pypar Tk T gy R1
. 2uv 29k k-1
Xk+1 = VYk+1 Xi T PVk+1 Yk Ve+1 Xk—1

Note that the update of the residual also uses an additional
‘older’ residual.



Chebyshev

Select Xg, tol, kmax, u, p
Compute rgp = b — AXg
Set vg =, F{ =1rg— %Aro, X1 = Xg + %ro
for k= 1,...,kmax do
If ||r|| < tol, break, end if
v = 2u— p? V1

_ 2 _ 2 _
ap =73 Be=1 W=

Fe41 = op b — B Arg — v M1

2

Vi—_1VE’

Xp41 = o X+ B ¥ — Vi Xp—1
end for

With u,p € R, p > 0 such that

A(A) C [ —p,pn+ p] C (0, 00).



Chebyshev

Select Xg, tol, kmax, u, p
Compute rg = b — AXq
Set v = u, r:ro—%Aro, x:xo—l—%ro

for k= 1,...,kmax do
Break if ||r||> < tol

v=p2 v, v=2u—7

Xo =aX—+ [Brg—vXp, X=X, X=X

end for

With pu,p € R, p > 0 such that

A(A) C [ —p, o+ p] C (0,00).



Degree ¢ Chebyshev versus Chebyshev

Error reduction for spectrum in [A_, A4] C (0, 0).
Put C=3%

e Degree ¢ Chebychev.

: 274
||r§£heb(£)||2 < Cg2lexp (—%) Iroll2 k large

e Chebyshev

25/
||r§€heb||2 < Cp2exp (—%) Iroll2 k large

Here, Cp some constant



Degree ¢ Chebyshev versus Chebyshev

Error reduction for spectrum in [A_, A4] C (0, 0).

_ A4
Put C=+".

e Degree ¢ Chebychev.

: 254
”rCheb(e)H < Cg2lexp ( \%) Irol|2 k large

e Chebyshev

2454
HrCheb” < Cp2exp (—%) Irol|2 k large

Remark. The PM argument that for large k
Ch h
I Pl2 5 2exp (—26/vC) "2

is not applicable for Chebyshev, since we do not iterate with a fixed
polynomial.



AX =D

Summary.
e r; is of the form py(A)rg with py € Pp.

e Since p,(0) = 1 we have that pp(x) = 1 — zqi_1(x) for
some polynomial q;._1 of degree £k — 1 and

r, =ro— Agr_1(A)ro, Xp, = qr—1 (A)ro.

e Consistent update of r; and X,

i.e., no need to gather explicit information on q;_1.



AX =D

Summary.
Let K.(A,rp) be the Krylov subspace of order k
generated by A and rq:
Ki(A,rg) = span(rg, Arg, ..., A" 1rp)
= {q(A)rg| g€ Pr_1}. |

Then

r € ro + AKL(A,rg) C Kr11(A, o),

X, € Kip(A,rg).

Dynamic. Multiple parameter

Find the residual in the Krylov subspace Kj41(A,rg) with
‘smallest’ norm. Use also 'older’ residuals in the update
process.



2) Multiple parameters a) static (Chebyshev)
b) dynamic (GCR)



Generalized Conjugate Residuals

Recall (local minimal residuals)

CL = Al’k, I’k_|_1 =rr — oLCL with Q. st rk—l—l 1 C.

Idea. I’k_|_1 =r; — (Ckak -+ ap_1Cr_1 + ...+ O‘OCO)

with «; st |[rp41]2 smallest (& rpyq L C;all j <k).



Generalized Conjugate Residuals

Recall (local minimal residuals)

CL = Al’k, I’k_|_1 =rr — oLCL with Q. st rk—l—l 1 C.

Idea. I’k_|_1 =r; — (akck -+ ap_1Cr_1 + ...+ OzoCO)

with «; st |[rp41]2 smallest (& rpyq L C;all j <k).

e Solve Ck—l—l&k—l—l = [Co, Ci,..., Ck](ao, Ceey Oék)—r =TI
in least square sense
e 'Orthogonalise’ cp,...,cC; first.
Exercise. Suppose Cg,...,C,_1 orthogonal
r. L Co,...,Cr_1
. :>I’k_|_1J_C0,...,Ck
rk_|_1 = — opCg 1 Ci



Local Minimal Residuals

Select X, «, tol, kmax
Compute r = b — AX

for k=0,1,2,...,kmax do
If ||r|| < tol, break, end if
u=r
c = Au
o=C*'C, p=C*r, a=p/o
X «+— X+ au
F — r—«acC

end do




Generalized Conjugate Residuals

Select Xg, kmax, tOl
Compute rg = b — AX(
for k':o,l,...,kmax do
break if ||ri|o < tol
U. =1r., Ck:AUk
for y=0,...,k—1 do
ﬁj:C;Ck/O'j
U, — uk—ﬁjuj
Cr <« Ck—ﬁjCj
end for
O'kZC;ZCk, Ozk:CZI’k/O'k
Xp+1 = Xg + Uy

Fk+1 = Vg — agCy
end for




Generalized Conjugate Residuals

Select Xg, kmax, tOl
Compute rg = b — AX(
for k=0,1,...,kmax do
break if ||ri|o < tol
U. =rz, C, = Au,
for y=0,...,k—1 do
5j=C}'ka/aj

Cr «— Cp — ﬁ]CJ
end for

O = C;';Ck, ap = chk/ak

Fg+1 = Vg — aCy
end for




Generalized Conjugate Residuals

Select Xg, kmax, tOl

Compute rg = b — AX(

for k:O,l,...,kmax do
break if ||ri|o < tol
U, =1r., C,L = Auk

O = C;';Ck, ap = chk/ak
Xk41 = Xg + apUy

Fk+1 = Vg — aCy
end for




Generalized Conjugate Residuals

for y=0,...,k—1 do
Bj = CiCx/o;

Cr «— Cp — ﬁ]C]
end for



Generalized Conjugate Residuals

Select X, kmax, tol
Compute r = b — AX

for k=0,1,...,kmax do
break if ||r||o < tol
u.=r, Cp= Au,
for y=0,...,k—1 do
5=c}‘fck/aj
U, — Uk—ﬁUj
Ci < Cp — [BC;
end for
o), = C;Ci, a =C;r/oy
X «— X+ aUg
r — r—acCg

end for




Generalized Conjugate Residuals

EXxercise. Before the orthogonalisation loop we have
C, = Au, by definition.

Prove that after the orthogonalisation loop we still have

Cp = Auk.
Exercise. span(ro,r1,...,rg) = Krt+1(A,rg),
span(cgp,C1,...,C_1) = AKL(A,rg),

r, € span(rg) ® AKL(A,rg) = Kryr1(A,rg).



Generalized Conjugate Residuals

GCR is an optimal Krylov subspace solver:

Theorem. Assume Xg =0: rg=Db.
The GCR approximate solution X;. at step k is the vector
in (A, rg) with smallest residual norm:

[rell2 = |Iro — AXgll2 < |lro — AX|l2 (X € Ki(A,rp)).

In particular,  [[rgR{j2 < |02,

Hence, if A(A) C [A_, 4] C (0,00), then, with C = 3%,

2k
1o < o2 exp (2 ol

Here, Cp some constant



Chebyshev versus GCR

Chebyshev.

+ No inner products

+ Short recurrences (three term recurrences)

— Not the smallest residuals with appr. sol. from K (A, rg).
— Sensitive to the estimate of the hull of the spectrum.

—  Only effective if spectrum in

a narrow ellipse in a half plane as CT.

GCR.

+ Smallest residual with appr. sol. from (A, rg).

+ Flexible (any information can be used for uy)

-+ Stable

— Growing recurrences with increasing
step number k: increasing computational costs,
iIncreasing storage demands.



Flexible GCR

In the preceding transparancies, GCR has been constructed
as an optimal Krylov subspace solver.

However, GCR can be turned into a supspace solver!:
If

Uy, =T
IS replaced by

Solve approximately AU, = r; for ug

then we search for an approximate solution in the search

subspace span(ug,...,u;_1) and GCR finds the one with
smallest residual.

Exercise. Exact solve of Auy, = ry leads to X4 1 = X.



GCR

Select X, kmax, tol
Compute r = b — AX

for k‘zo,l,...,kmax do
break if ||r||o < tol
U, =r
ck:Auk
for y=0,...,k—1 do
ﬁ:C;Ck/O'j
U, — Uk—6Uj
C, < Ci — fBC;
end for
o), = C;Ci, a =Cir/oy
X «— X+ aUg
r — r—acCg

end for




Flexible GCR

Select X, kmax, tol
Compute r = b — AX

for k:O,l,...,kmax do
break if ||r||o < tol
Approximately solve AU, =T for Uy

CkZAUk
for y=0,...,k—1 do
B = cick/o;
U, — Uk—ﬁUj
Cp < C,— fBC;j
end for
o = CiC,, a =C;r/oy
X «— X+ aUg
r — r—acCg

end for




Flexible GCR

Solve approximately Aui =r; for ug

Examples.

e U, =r;: standard GCR searches Kr(A,rg)

e Solve Mu, =r; for ug: preconditioned GCR
searches the Krylov subspace M—1K.(AM™1 rp).

e Use ¢ steps of GCR to solve AU = : nested GCR

solution in KCpr.(A, Q)
e Use GCR to solve AU, =T, to rel. res. acc. 0.1

e At step £k =0,1,...,¢ use information on the solution
(as ug representing singularities, etc.)

e Atstepk=0,...,£usea ‘u;’ from GCR run for Ax = b.



GCR and Krylov subspace solvers

GCR is a subspace solver

Pros
e Flexible (any information can be exploited)

Cons
e Higher computational costs per step

Krylov subspace solvers

Pros
e Krylov subspace structure can be exploited to save com-
putational costs per step

e Polynomial approximation theory provides insight in con-
vergence behaviour

Cons
e Sensitive to rounding errors

e Not flexible (only fixed preconditioners are allowed).



Exploiting the Krylov subspace structure
to save computational costs.

Exercise. For GCR prove that:
span(rg,...,r._1) = Kr(A,rg),
span(Cq,...,Cr_1) = AKL(A,rp),
r. L span(co,...,Cr_1),

r, L Ar; vVj=0,1,...,k—1: Conjugate residuals.

A= A Conjugate Residuals

Now, suppose A* = A.
Ar, L Ki(A,rg) D AK,_1(A,rp).
Let Br_1 be such that ¢, = Arp — (8,_1Cr._1 L Cr_1.

= (N:kJ_SDaﬂ(Co,...,Ck_l) = Ci =Ek



A= A Conjugate Residuals

Select Xg, kmax, tol
Compute rg = b — AX(
for k=0,1,...,kmax do
break if [[ry||o < tol
U. =r., C.= Aug
Br—1 =Cj,_1Ck/0k_1
Up <— Up — Br_1Ug_1
Cp «— Cp — Pr—1Ck—1
o) = C;Ck, o = Cil/o}
Xp4+1 = X + Uy
Fie41 = Ve — apCy
end for




A= A Conjugate Residuals

Br—1 = Cj_1Cr/0k_1
U, < Ug — Bp_1Ug_1
Cr < Cr — Br—1Ck—1



A" =

3 DOTs:

Br—1

C; ,Ar;

Ok—1

A

Conjugate Residuals

O = CZCk, Pr = c};rk, ap =

Q|b
x> =



A= A Conjugate Residuals

3 DOTs:

cr _Ar

— k-1 k _ _ .
Save 1 DOT:
*

G = Ci_1Ary  [ry—r_1]*Ar,  TAry,  pp
k=1 — & T * — % -

Ci_1Ckr—1 [rp—rg_1]*cr_1 e 1Ck—1 Pk—1

Here we used that Qp_1Cp_1 =¥ —Fp_q
g 1 Cr_1, I 1 Ark_l
Cp, = Arg — Bp-1Ck—1
Cr L Cp—1

Exercise. o, = CAr,, pp=r.Ar,cR.



A= A Conjugate Residuals

Select X, kmax, tol
Compute r = b — AX
Set u=0, c=0, p=1

for k=0,1,...,kmax do
break if ||r||o < tol
up=r, ci =AU
o=—p, p=r‘cy, B=p/o
u<«~ u;—p30u
C«+— Ci—p03cC
oc=C*C, a=p/o
X «— X+ au
F < r—acC

end for




A= A Conjugate Residuals

Select X, kmax, tol
Compute r = b — AX
Set u:O, C:O, p:]_

for k=0,1,...,kmax do
break if ||r||o < tol
C1 = Ar
o=—p, p=r‘cy, B=p/o
u«—r—gsgu
C«+— Ci—p03cC
oc=C*C, a=p/o
X «— X+ au
r — r—ac

end for




A=A >0 Conjugate Gradient

Suppose A is positive definite, i.e., A= A > 0.

Property. (x,¥) =y*A-1lx s an inner product:
the A—1 inner product.

Replace standard inner product by the A1 inner product.

r‘cy ~ r*A~lc; = rir = ||r||3 Norm r comes for free!

c*C ~ C*A~lc = c*u No A ! needed!

rp, L Arj ~rp LA—l Ar; < r; L r;: orthogonal residuals.



A=A >0 Conjugate Gradient

Suppose A is positive definite, i.e., A= A > 0.

Property. (x,¥) =y*A-1lx s an inner product:
the A~ ! inner product.

Replace standard inner product by the A1 inner product.

r‘cy ~ r*A~lc; = rir = ||r||3 Norm r comes for free!

c*c ~ c*A~1lc = c*u No A1l needed!
rp, L Arj ~rp LA—l Ar; < r; L r;: orthogonal residuals.

Additional saving of
1 DOT (norm r for free) and 1 AXPY ~~ CG



A=A >0

Select X, kmax, tol
Compute r = b — AX
Set u:O, C:O, p:]_

for k=0,1,...,kmax do
break if ||r||o < tol
C1 = Ar
oc=—p, p=rr, B=p/o
u«—r—gsgu
C«+— Ci—p03cC
oc=Cc*Uu, a=p/o
X «— X4+ au
r~— r—ac

end for




A=A >0

Select X, kmax, tol
Compute r = b — AX
Set u:O, C:O, p:]_

for k:O,l,...,k‘max do
break if ||r||o < tol

oc=—p, p=rr, B=p/o
u«—r—gsgu

c = Au

oc=Cc*Uu, a=p/o

X «— X4+ au

r — r—a«acC

end for




A=A >0 Conjugate Gradient

Select X, kmax, tol
Compute r = b — AX
Set u=0, p=1

for k=0,1,...,kmax do
break if ||r||p < tol
o=—p, p=rr, B=p/o
u—r—gsgu
Cc = Au
oc=Cc*Uu, a=p/o
X «— X+ au
F —r—«acC

end for




