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HYBRID BI-CONJUGATE GRADIENT
METHODS FOR CFD PROBLEMS

Gerard L.G. Sleijpen*

Abstract: In recent years Krylov subspac it-
eration methods have become very popular for
the solution of discretized PDE-systems. Among
these methods are CGG, GMRES, Bi-CG, and CGS.
More recently we see hybrid methods that can
be regarded as combinations of standard Krylov
subspace methods such as Bi-CG and GMRES.
One of the first hybrid schemes of this type is
Bi-CGSTAB (a combination of Bi-CG and GM-
RES(1)), other examples are Hybhrid GMRES
(polynomial preconditioned GMRES), the nested
GMRESR method (GMRES preconditioned by it-
self or other schemes), and BiCGstab(f). These
methods have been successful in solving relevant
sparse nonsymmetric linear systems, but there is
still a need for further improvements. In this pa-
per we will concentrate on hybrid Bi-CG methods
and we will highlight some of the recent advance-
ments 1n the search for effective iterative solvers,
specially in view of CFD applications.

Key words: Tterative solvers, Bi-CG, QMR, Bi-
CGSTAB, CGS, GMRES, BiCGstab(/)

1 INTRODUCTION

Discretization of partial differential systems, by
finite difference, or finite element methods, usu-
ally leads to very large sparse linear systems.
In advection-diffusion problems these systems are
unsymmetric. Especially in 3-dimensional prob-
lems it is quite unattractive to solve such systems
with direct methods, because of the huge CPU-
times and the large demands on memory space.
As an alternative one can resort to iterative solu-
tion methods. The problem, however, is that it
requires skill and expertise to select and tune the
proper iterative method.

The most popular methods at the moment are the
so-called Krylov subspace methods, which include
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methods like GMRES [1], CG [2], Bi-CG [3], CGS
[4], QMR [5], and Bi-CGSTAB [6]. We will discuss
these methods briefly, and then our attention will
be focussed on variants of Bi-Conjugate Gradients
(Bi-CG) methods in combination with low degree
GMRES methods.

of short recursions, but it does not minimize the

Bi-C(G 1s attractive because

residual in a reasonable norm, while GMRES min-
imizes the residual over the search space, at the
cost, of long (expensive) recursions. A good exam-
ple of a hybrid Bi-CG method is the Bi-CGSTAB
method [6]. This latter method can he viewed as a
combination of Bi-CG and repeated GMRES(1).

There are two different conditions under which
Bi-CG can break down, one of which can be re-
moved by a look-ahead strategy, the other one can
be removed by solving the reduced system in a
different way, as in QMR [6, 7]. A weak point in
Bi-CGSTAB is that it introduces one more break-
down possibility on top of these, namely when
the GMRES(1) part, part, of the algorithm stag-
nates. This may happen, for instance in advection
dominated PDE problems. The obvious way to
overcome this problem is to combine Bi-CG with
GMRES(2): BiCGstab(2) [8] (for a different im-
plementation, see [9]). Tn this way a very com-
petitive Bi-CGSTARB variant is obtained, which is
easy to implement. This is a particular instance
of the broader family of BiCGstab(¢) methods [8].
There are several choices for the implementation
of these methods [10], and the differences in these
implementations become practically important for
larger values of £, say £ > 4. The additional (near)
breakdown situation in Bi-CGSTAB methods has
been studied in depth by Sleijpen et al [11], and
a simple strategy is proposed to avoid such sit-
uations. In many relevant cases this has the ef-
fect of improving the convergence properties of the
method.

Finally, we will pay some attention to the prob-
lem of accurately updating the residual vectors. Tt
appears in many practical problems that the up-



dated residual vector may be very different from
the residual that one computes for the obtained
approximation for the solution. The obvious way
to control this, namely by computing the actual
residual in each iteration step, is very expensive
since it requires one more matrix vector operation
(which is usually the CPU-dominant part of an it-
eration). We will suggest simple strategies for the
accurate updating of the approximations for the
solution as well as for the updating of the corre-
sponding residual.

The tuning of iterative methods is usually
known under the name of preconditioning. We
will touch this aspect only briefly, and refer to lit-
erature for more information.

2 KRYLOV SUBSPACE METHODS

A very basic idea, that leads to many effective it-
erative solvers, is to to split the matrix of a given
linear system in the sum of two matrices, one of
which a matrix that would have led to a system
that can easily be solved. The most simple split-
ting we can think of is A = T— (7T — A). Given the
linear system Ax = b, this splitting leads to the
well-known Richardson iteration:

ig1 = b+ (I — Ay = x; + 1.
Multiplication by —A and adding b gives
b— Az =b— Ax; — Ar;
or

i1 = (T — A)E = (T — A)H—”“() = Pi+1(/4)7°07

or, in terms of the error

Alw = wigr) = Piga(A)A(w — o)

= 2 — 241 = Py (A)(x — xq).

Tn these expressions P;41 is a (special) polynomial
of degree i 4+ 1. Note that P;11(0) = 1.

Results obtained for the standard splitting can
be easily generalized to other splittings, since the
more general splitting A = M —N = M — (M — A)
can be rewritten as the standard splitting B = T —
(T— B) for the preconditioned matrix B = M~ ' A.
The theory of matrix splittings, and the analysis
of the convergence of the corresponding iterative
methods; is treated in depth in [12]. We will not
discuss this aspect here, since it 1s not relevant at
this stage. Instead of studying the basic iterative
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methods we will show how other more powerful
iteration methods can be constructed as acceler-
ated versions of the basic iteration methods. Tn
the context of these accelerated methods, the ma-
trix splittings become important in another way,
since the matrix M of the splitting is often used to
precondition the given system. That is, the itera-
tive method is applied to, e.g., M~ 1Az = M~1h.
We will come back to this later.

From now on we will assume that zg = 0. This
too does not mean a loss of generality, for the situ-
ation xzp # 0 can through a simple linear transfor-
mation z = # — xq be transformed to the system

Az=b— Azg =1
for which obviously z; = 0.

For the simple Richardson iteration it follows
that

Tigr =ro+ri+ro+ -4 :Z(T* A)'iro
=0

€ span(rg, Arg, .. ., Airo) =Kit1(A;ry).

The subspace K;11(A;rg) is called the Krylov sub-
space generated by A and ry of dimension i 4 1.
Apparently, the Richardson iteration delivers ele-
ments of increasing Krylov subspaces. Including
local 1teration parameters in the iteration would
lead to other elements of the same Krylov sub-
spaces. Let us write such an element still as ;4.
Since 2,41 € K;11(A; ), we have that

Tiv1 = Qiy1(A)ra,

with (J;41 an arbitrary polynomial of degree 14 1.
Tt follows that
Pig1r = b— Axipr = (T — AQig1(A))rg

_ ﬁi+1(/4)7°07 (2]8)

and, just as in the standard Richardson iteration,
Piy1(0) = 1.

The Richardson iteration can be characterized by
the polynomial P;yq(A) = (I — A)+!.

The modern Krylov subspace methods all gen-
erate (implicitly) more optimal polynomials (e.g.,
orthogonal polynomials). These polynomials, al-
though never explicitly formed, help us to under-
stand the behavior of especially the hybrid Bi-CG
methods.
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2.1 Nonsymmetric Problems:

There are essentially three different ways to solve
unsymmetric linear systems with Krylov subspace
methods, while maintaining some kind of orthog-
onality between the residuals:

1. Solve the normal equations AT Az = ATb with
conjugate gradients. We will not discuss this ap-
proach, since it often leads to unacceptably slow
convergence in CFD situations. The reason for
this 1s that the convergence of Conjugate Gradi-
ents depends on the condition number: the num-
ber of iterations to obtain a prescribed accuracy
is roughly proportional to the square root of the
condition number. Note, however, that the condi-
tion number of A7 A4 is the square of the condition
number of A, and this helps to explain the slow
convergence. In some other applications it is a
very attractive method though. For a discussion
and for stable algorithms see Paige and Saunders
[13].

2. Create explicitly an orthogonal basis for the
Krylov subspace. This can be done by orthogonal-
izing the residual vectors, which leads to FOM [14]
(or GENCG, ORTHORES, etc.). The more popu-
lar approach is to construct approximations in the
Krylov subspace for which the norm of the residual
is minimal, which leads to GMRES [1] (or GCR,
GENCR, ORTHOMIN, ORTHODIR, etc.), which
comes down to finding an orthogonal basis for a
suitable Krylov subspace. The construction of a
complete orthogonal basis is increasingly expen-
sive in terms of computational costs and storage.
We will discuss this approach further in Sect. 3.

3. Construct a basis for the Krylov subspace by a
3-term bi-orthogonality relation for &;(A; ro) and
Ki(AT;7y), which is attractive since it leads to
only moderate overhead in terms of computation
and memory. This approach leads to the Bi-CG
methods, to be discussed in Section 4. Tt turns
out that these methods allow for further improve-
ment, which can make them very competitive.
However, this further improvement has to be done
with great care. The main part of this paper (Sec-
tions 5 8) will be devoted to this subject.

3 GMRES AND FOM

For the determination of suitable approximations
in the Krylov subspace it 1s attractive to have an
orthogonal basis for that subspace. Tf A is sym-
metric then this can be done with an inexpensive
3-term recurrence relation (it suffices to make a

new basis vector orthogonal to the last two basis
vectors), but in the unsymmetric case a new basis
vector has to be made explicitly orthonormal with
respect to all the previous vectors:

1

v = —7
C el

7
hi+]77j7)7j+] = A?)i — E hj’ﬂ)j.

Jj=1
The h; ; follow from the orthogonality conditions,
and h;yq ; is determined so that ||v;1]| = 1 (here,
as elsewhere, || - || is the Euclidean norm).
Note that this orthogonalization becomes increas-
ingly expensive per iteration step, since the com-
putation of each h;; requires an inner product.
The orthogonal basis can be exploited in two dif-
ferent ways. The orthogonality relation can be
rewritten in matrix notation as

AV = ViH;; + higy ivigie]

20

(3.1a)

with V; = [v1 |vs] ... |v;] (the matrix of which the
J-th column is v;), and H;; an @ by i upper Hes-
senberg matrix.
It we want to have the element x; from the current
Krylov subspace, spanned by v, ..., v;, for which
the residual b— Ax; is orthogonal to that subspace
then we should have that
Vil (b — Ax;) = 0. (3.1h)

Note that x; can be written as x; = Vy, for a
vector y of length 7. Tf we insert this expression
for #; in (3.1b), then together with (3.1a) we get

V(b —ViH, ;y) = 0. (3.1¢)
Since V;"V; is the unit matrix of dimension 4, it
follows that y is the solution of

H7,7U = ‘/in7

and this is a small system that can be solved rela-
tively easily (if not, singular). The methods FOM
[14], ORTHORES [15], and GENCG [16], are im-
plementations of this approach.

Another and more robust approach is to rewrite
the orthogonality relations as

AV = Vigr Higa s, (3.1d)

in which H;y;is an ¢+ 1 by ¢ upper Hessenberg
matrix. Now we try to find the »; in the Krylov



subspace spanned by v1,. . ., v;, for which ||b— Az;||
is minimal.

This problem 1s equivalent with finding the vector
z, of length 7, for which

||V7:11b — Hitq1,z]| is minimal.

This is a standard linear least squares problem
that can be solved efficiently, specially if one ex-
ploits the upper Hessenberg structure of H;yq ;.
This approach is the basis for GMRES [1]; other,
less robust, implementations are known under
names like ORTHODIR [17], GCR [18], ORTHO-
MIN [19], etc.

In order to avoid excessive storage requirements
and computational costs for the orthogonaliza-
tion, GMRES 1is usually restarted after each m
iteration steps.
GMRES(m).

There 18 an interesting and simple relation be-

This algorithm is referred to as

tween the two different Krylov subspace projec-
tion approaches (3.1a), the “FOM” approach, and
(3.1d), the “GMRES” approach. The projected
system matrix H;44 ; is transformed by a Givens
rotations to an upper triangular matrix (with last
row equal to zero). So, in fact, the major differ-
ence between FOM and GMRES is that in FOM
the last (i 4+ 1)-th row is simply discarded, while
in GMRES this row is rotated to a zero vector.
Let us characterize the Givens rotation, acting on
rows 7 and 7 4+ 1, in order to zero the element in
position (i+1,1), by the sine s; and the cosine ¢;.
Let us further denote the residuals for FOM with
an superscript F and those for GMRES with su-
perscript (G. Then the above observations lead to

the following results for FOM and GMRES [1, 20].

1. The reduction for successive GMRES residu-
als 18 given by

||7°7:G

||7°7E1

(3.1e)

(see Saad and Schultz [1]: p. 862, Proposition
1)
2. 1f ¢; # 0 then the FOM and the GMRES

residuals are related by

[0 = Teal (1" (3.11)

(see Brown [20]: theorem 5.1)

From these relations we see that when GMRES
has a local significant reduction in the norm of the
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residual (i.e., s; is small), then FOM gives ahout
the same result as GMRES (since ¢ = 1 — s7).
On the other hand when FOM has a breakdown
(¢; = 0), then the GMRES does not lead to an im-
provement in the same iteration step. This obser-
vation will help us to improve convergence prop-
erties in hybrid Bi-CG methods that will be de-
scribed later.

4 Bi-CG AND QMR

This class of methods arises from the attempt to
construct a suitable set of basis vectors for the
Krylov subspace by a three-term recurrence rela-
tion:
i Tipr = Arj = Birg =y (4]a)

If A is symmetric then the coefficients in this re-
currence relation can be determined so that the
basis vectors are orthogonal. Tn the nonsymmet-
ric case this is in general not the case (for a proof
of this see Faber and Manteuffel [21]).
However, it can easily be shown that for nonsym-
metric A (4.1a) can be used to generate a hasis rq,

oy mioq for Ki(A;rg), such that r; — K;(A7;7),
where 7y is an arbitrary vector.
Tf we let the basis vectors #; for K;(A”';7g) satisfy
the same recurrence relation as the vectors r;, i.e.,
with identical recurrence coefficients, then we see
that

(ri,7;) =0 for i#j

(by a simple symmetry argument).
Hence, the sets {r;} and {r;} satisfy a bi-ortho-
gonality relation.

If we consider the r; as being the j-th column
of the matrix

Ri=lrol...[rie1]

then the recurrence relation says that A applied
to a column of R; results in the combination of
three successive columns, or

Yi
AR; = R; 67

X+

=+ o 0|0||7°7
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or

AR; = R;Ty; + cirie] (4.1b)

in which 7; ; is an 4 by 7 tridiagonal matrix and e;
is the ith unit vector in R'.

Now we use the matrix RB; = [7o |71 | ... |Fi_1]
for the projection of the system

R (Ax; —b) =0,

or

ETARﬂh — ET}) =0

(the so-called Galerkin conditions).
Using (4.1b) we find that y; satisfies

RTRTMM = (v, 70)eq-

Since E7TR7 18 a diagonal matrix with diagonal
elements (r;,7;), we find, if all these diagonal ele-
ments are nonzero, that

Tiiyi=e1 = x;=Ry. (4.1¢)
This method is known as the Bi-Lanczos method
[22].

Obviously that we have problems when a diago-
nal element of E7TR7 becomes (near) zero, this is
referred to in literature as a serious (near) break-
down. The way to get around this difficulty is the
so-called look-ahead strategy, which comes down
to taking a number of successive basis vectors for
the Krylov subspace together and to make them
block-wise bi-orthogonal. This has been worked
out in detail by many authors [, 23, 24, 25, 26, 27].
Another way to avoid breakdown is to restart as
soon as a diagonal element gets small. Of course,
this strategy looks surprisingly simple, but one
should realize that at a restart the Krylov sub-
space, that has been built up so far, is thrown
away, which destroys possibilities for faster (i.e.,
superlinear) convergence. Furthermore, there is
still a chance that also after restart a (near) break-
down situation arises.

The .U decomposition of the tridiagonal system
(4.1¢) can be updated from iteration to iteration
and this leads to a recursive update of the solution
vector. This avoids to save all intermediate r and
r vectors. This variant of Bi-Lanczos is usually
called Bi-Conjugate Gradients, or shortly Bi-CG
Of course one can in general not be certain that an
.U decomposition (without pivoting) of the tridi-
agonal matrix T; ; exists, and this may lead also

to breakdown of the Bi-CG algorithm. Note that
this breakdown can be avoided in the Bi-Lanczos
formulation of this iterative solution scheme. For
an approach to avoid this second type of break-
down, see Bank and Chan [7], or Chan and Szeto
[28]. Tt is also avoided in the QMR approach, that
we will discuss later.
For symmetric matrices the Bi-Lanczos method
generates the same solution as the TLanczos
method, provided that 7y = rg, and under the
same condition Bi-CG delivers the same iterates
as CG for positive definite matrices. However, the
bi-orthogonal variants do so at the cost of two ma-
trix vector operations per iteration step, namely
one with A for the construction of the ‘regular’
Krylov subspace, and one with A7 for the con-
struction of the shadow subspace that 1s necessary
for the bi-orthogonality conditions.

The QMR method [5] relates to Bi-CG in a sim-
ilar way as GMRES relates to FOM. We can also

rewrite the recurrence relations in
AR, = R Tiga 4,

with

Tiv1:= i1

Similar as for GMRES we would like to construct
the x;, with

i1
x; € span(rg, Arg, ..., A" 'rg), x; = Rz

for which
1Azs — bl = | ARsz — |
= [[Rit1 Tipr,iz — b

= |[Rig1 (Tig1 52 — ||roll e1) ]

is minimal. However, in this case that would be
quite an amount of work since the columns of
R; 41 are not necessarily orthogonal. Freund and
Nachtigal [5] suggest to solve the minimum norm
least squares problem

(4.1d)

min [ Tepr iz — |lrol [ ed]



Here also, storage of all intermediate r and 7 can
be avoided. This leads to the simplest form of
the QMR method. A more general form arises if
the least squares problem (4.1d) is replaced by a
weighted least squares problem. No strategies are
vet known for optimal weights, however.

In full glory the QMR method is carried out on
top of a look-ahead variant of the bi-orthogonal
Lanczos method, which makes the method more
robust [5]. Experiments suggest, that QMR has a
much smoother convergence behavior than Bi-CG,
but 1t 1s not essentially faster than Bi-CG.

5 CGS

The residuals r; = b — Ax; and 7; in the Bi-
Conjugate Gradient method can be written for-
mally as r; = P;j(A)rg and 7; = Pj(A7)7y, where
P; is a polynomial of degree j, and because of the
bi-orthogonality relation we have that

(rj,7) = (Pi(A)ro, Pi(AT)7o)

= (Pi(A)P(A)ro, 7o) = 0,

for i < j.
The iteration parameters for Bi-CG are computed
from inner products like the above. Sonneveld [4]
observed that we can also construct the vectors
7= P]?(A)ro, using only the latter form of the
inner product for recovering the Bi-CG parame-
ters (which implicitly define the polynomial F;).
By doing so, it can be avoided that the vectors 7
have to be formed, nor is there any multiplication
with the matrix A7
The resulting CGS [4] method works in general
very well for many unsymmetric linear problems.
Tt converges often much faster than Bi-CG (ahout
twice as fast in some cases) and does not have
the disadvantage of having to store an increasing
number of vectors like in GMRES. These three
methods have been compared in many studies
[29, 30, 31, 32].
A problem with CGS is that it usually shows a
very irregular convergence behavior. This behav-
ior can even lead to cancellation and a spoiled so-
lution [6]. We will address this issue in Section 6.

The preconditioned CGS algorithm for solving
the linear system Ax = b, with preconditioning M
reads as in Algorithm 1; see also, Dongarra et al
[33] or Barrett et al [34].

The matrix M in this scheme represents the pre-
conditioning matrix and the way of preconditio-
ning. The above scheme in fact carries out the
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xq is an initial guess; ryp = b — Axg;
rq is an arbitrary vector, such that

(r0,70) # 0,

e.g., rg=7rp;

p=1 u=p=0;
fori=10,1,2,...
P = —p;
p=(ri,7a); B=p/p;
s=r; — PBp;

u=s— [(p— Pu);
Solve p from Mp = u;
v =(v,70); o =p/v;
p=5— ou;

Solve p from Mp—=1p+s;
Tipr = & + ap;

v=Ap; rig1 =71 — av;

»= Ap;

if ;41 is accurate enough then quit;
endfor

Alg.1: The CGS algorithm.

CGS procedure for the explicitly postconditioned
linear system

AM 'y =0,

but the vectors y; and the residual have been back
transformed to the vectors x; and r; corresponding
to the original system Az = b.

For a transpose-free form of QMR,, namely TF-
QMR, which comes down to a quasi-minimum
residual approach for CGS, see Freund [35].

6 HOW SERIOUS IS IRREGULAR. CON-
VERGENCE?

By very irregular convergence we refer to the situ-
ation where successive residual vectors in the iter-
ative process differ in orders of magnitudein norm,
and some of these residuals may be even much big-
ger in norm than the initial residual. Tn rounded
arithmetic, where the actual computational work
is done, this is a point of concern even if eventually
the (updated) residual satisfies a given tolerance.
We will try sketch the reason for this (for more
details we refer to Sleijpen et al [11, 10, 36]).
Evaluation errors are introduced in any of the
computational steps. These errors may affect

(i) the speed of convergence and
(i) the numerical accuracy.

We will first discuss these effects and then, in a
later section, we will propose iteration methods
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that suffer less from these effects and which will
have better convergence properties.

6.1 Speed of Convergence:
Bi-CG and, also, hybrid methods as CGS that rely

on Bi-C@G, are based on bi-orthogonality: as ex-
plained in Section 4, the Bi-CG residuals r; are
orthogonal to 7;, for i < j, in exact arithmetic. Tn
rounded arithmetic, global hi-orthogonality (that
is, r; — 7, also for ¢ much smaller than j) can
only be maintained at relatively high costs by se-
lective re-orthogonalization. Surprisingly, as ex-
periments indicate, errors do not seem to affect
the convergence too much as long as the residuals
are locally almost bi-orthogonal: we may expect
good convergence if r; and 7;_; are almost or-
thogonal [11, 24, 37, 38]. However, if successive
residuals differ considerably in magnitude, even
local bi-orthogonality can be lost: although, the
recurrence relation for the computation of r; will
be perturbed by an error that is relatively small
with respect to r;_1 if ||r;_1]| > ||r;]], the error
perturbs 7; and will be relatively large with re-
spect to this residual. Consequently, »; will not
be (almost) orthogonal to 7;_;. Of course, such
a perturbation may be harmless if r; is close to
the required tolerance, but in other cases, it dete-
riorates the convergence, and 1t may even lead to
stagnation.

6.2 Numerical Accuracy:

In exact arithmetic the updated r; would be equal
to b— Ax;, but in rounded arithmetic it is unavoid-
able that differences between r; and b— Ax; arise.
We will say that an algorithm is accurate for a
certain problem if the updated residual r; and the
true residual b — Azx; are of comparable size for
the j’s of interest.

The best. we can hope for is that for each j the
error in the residual is only the result of applying
A to the update w;iy for x; in finite precision
arithmetic:

i = 1) — Awjp — Aawj g
(6.2a)

if x4 =x;+w;4, foreach j

where Ay is an » x n matrix for which |A,| <
na € |A|: n4 is the maximum number of non-zero
matrix entries per row of A, € is the relative ma-
chine precision, the inequality < and the absolute
value | - | are to be taken element-wise. Tn the Bi-
-CG type methods that we consider, we compute
explicitly the update Aw; for the residual r; from

the update w; for the approximation z; by matrix
multiplication: for this part, (6.2a) describes well
the local deviations caused by evaluation errors.
Tn the “ideal” case (i.e. situation (6.2a) when-
ever we update the approximation) we have that

ri — (b— Ax;) = ZZ:AAU)]'
7= (6.2b)
=3 Aalfior =)
Jj=1
where the perturbation matrix A4 may depend

on j and f; is the approximation error in the jth
approximation: f; = — x;. Hence,

[lrll = 11 — Az

204 € 1A D151
F=0

2TES I

J<i
where T =njy |||A||| ||A71||.

The first upper-bound (6.2¢) and, except for the
factor T', the second upper-bound (6.2d) appear to

IN

(6.2¢)

IN

(6.2d)

be rather sharp. In practise, a value for T' of or-
der 1 seems to be more appropriate (for a possible
explanation of this, see [36]). We see that approx-
imations with large approximation errors may ul-
timately lead to an inaccurate result. Such large
local approximation errors are typical for CGS (cf.
[6]). Tf there are a number of approximations with
comparable large approximation errors, then their
multiplicity times the norm of this error may re-
place the sum, otherwise 1t will be only the largest
approximation error that makes up virtually the
bound for the deviation.

Example. Figure 1 illustrates nicely the loss of ac-
curacy as described above; for other examples, cf.
[6]. The convergence history of the updated resid-
uals (the ‘circles’: 0o) and the true residuals (the
solid curve: ) of CGS is given for the matrix
SHERMAN4 from the Harwell-Boeing set of test
matrices. Here, as in other figures, the norm of
the residuals, on log,,-scale, is plotted (along the
vertical axis) against the number of matrix-vector
multiplications (along the horizontal axis). The
dotted curve (- ---) represents the estimated inac-

curacy: ngiﬁ [|7i]| (here with T=1; f. (6.2d)).

We will discuss two approaches that lead to a
smoother convergence.
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Approaches to obtain the smoothing effect by
adding a few lines to existing codes leave the
speed of convergence essentially unchanged. One
of these approaches leads to optimal accurate ap-
proximations [36] and will be discussed in Sec-
tion 8. For other ones, we refer to the literature
(8., [39))

In the next section, we concentrate on tech-
niques that really change the convergence: they
smooth down and speed up the convergence, and
lead to more accurate approximations, all at the
same time.

7 Bi-CGSTAB AND BiCGstab(¥¢)
Bi-CGSTAB [6] and other related methods are

based on the following observation. Instead of
squaring the Bi-CG polynomial, as in CGS, we
can construct other iteration methods, by which
x; are generated so that r; — ﬁi(A)Pi(A)ro with
other i*? degree polynomials P; that have value 1
at 0. Tn this way, we hope to find methods with
better convergence properties.

7.1 Bi-CGSTARB:

An obvious possibility is to take for 57 a polyno-
mial of the form
Qi) = (1 —wit)(1 —wat)--- (1 —w;t), (7.1a)

and to select suitable constants w;. This expres-
ston leads to an almost trivial recurrence relation

for the @Q;.
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In Bi-CGSTAB w; in the 7** iteration step is cho-
sen as to minimize r;, with respect to w;, for resid-
uals that can be written as r; = Q;(A)P;(A)ro.

The preconditioned Bi-CGSTAB algorithm for
solving the linear system Ax = b, with precon-
ditioning M reads as in Algorithm 2. Compared

xq is an initial guess; ryp = b — Axg;
rq is an arbitrary vector, such that
(ro,70) #0,
p=a=w=1, v=p=0;
fori=10,1,2,...

e.g., rg=7rp;

p=(ri,70); B=ap/p;
p=r; — B(p —wov),

Solve p from Mp=p; v = Ap;
v =(v,70); @ =p/7;

5=1r; —av;

Solve 5 from Ms=3s; = AS;

w = (5,1)/(t,1);

Tip = o + op + w5

Tl — s — wi;

if ;41 is accurate enough then quit;
endfor

Alg.2: The Bi-CGSTARB algorithm.

with CGS two extra inner products need to be
calculated.

In the Bi-CGSTARB algorithm, Algorithm 2, two
iteration coefficients & and 3 are computed in each
sweep. We will discuss the effects of rounding
errors on these values, in Section 7.3; see also
[10, 11].

Bi-CGSTARB can be regarded as the product of
Bi-CG and a repeated steepest descent method
(GCR(1)). Of course, other product methods can
be formulated as well. Gutknecht [9] has proposed
BiCGStab2, which is constructed as the product of
Ri-CG and GCR(2) (i.e. two steps of the General-
ized Conjugate Residual method; cf. Section 7.2).
Tt 1s also possibly to combine QMR with a steep-
est descent method, which leads to methods like

QMRCGSTARB [40].
7.2 BiCGstab({):

A weak point in Bi-CGSTAB 1is that we have
breakdown if an w; is equal to zero. One may also
expect negative effects when w; is small. In fact,
Bi-CGSTAB can be viewed as the combined effect
of Bi-CG and GCR(1), or GMRES(1), steps. As
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soon as the GCR(1) part of the algorithm (nearly)
stagnates, then the Bi-CG part in the next itera-
tion step cannot (or only poorly) be constructed.
Another aspect of Bi-CGSTAB is that the factor
@; has only real roots by construction. However,
it 1s well-known that optimal reduction polyno-
mials for matrices with complex eigenvalues may
have complex roots as well. Tf for instance, the
matrix A is real skew-symmetric, then GCR(1)
stagnates forever, whereas a method like GCR(2)
(or GMRES(2)), in which we minimize over two
combined successive search directions, may lead
to convergence, and this 1s mainly due to the fact
that then complex eigenvalue components in the
error can be effectively reduced as well. For skew-
symmetric matrices BiCGStab2 [9] will also hreak
down, since the GOR(2) steps are constructed af-
terwards from two GCR(1) steps, one of which
already failed to further expand the subspace.

Sleijpen and Fokkema [8] suggested how to com-
bine Bi-CG with GMRES(¢), for £ > 1. Tn this
approach the polynomial @ is constructed right
away as a product of £ degree factors, without ever
constructing lower degree factors. As a result the
new method BiCGstab(f) leads only to meaning-
ful residuals at each ¢-th step, and the other steps
do not necessarily lead to useful approximations.
The main 1dea is that ¢ successive Bi-CG steps
are carried out, where for the sake of an A7 -free
construction the already available part of () is ex-
panded by simple powers of A. This means that
after the Bi-CG part of the algorithm vectors from
the Krylov subspace s, As, A%s, ..., A’s, with
s = Qi—i(A)P;(A)ry are available, and then it is
relatively easy to minimize the residual over that
particular Krylov subspace. There are variants
of this approach in which more stable bases for
the Krylov subspaces are generated [10], but for
low values of £ a standard basis satisfies, together
with a minimum norm solution obtained through
solving the associated normal equations (which re-
quires the solution of an ¢ by ¢ system). Tn most
cases BiCGstab(2) already will give nice results for
problems where Bi-CGSTAB or BiCGStab2 may
fail. Note, however, that, in exact arithmetic, if
no breakdown situation occurs, BiCGStab2 would
produce exactly the same results as BiCGstab(2)
at the even-numbered steps. For £ = 1 we obtain

BiCGstab(1), which is the same as Bi-CGSTAB.

BiCGstab(2) can be represented by Algo-
rithm 3.

For more general BiCGstab(£) schemes, as well

xq is an initial guess; ro = b — Axg;
rg is an arbitrary vector, such that
(ro, 7o) # 0,
p=a=w =wy=1;
fori=10,2,4,6, ...
p=—wap;
even Bi-CG step:
p=(ri,Pa); B=ap/p’s p' = p;
p=r1; — B(p — wiv — waw);

eg., rp ="y
w=v=p=70;

v = Ap;

v =(v,r0); o =p/v;
r=r; —av,

s = Ar;
r=x; + ap;

odd Bi-CG step:
p=1(s70); B=oap/p;p =p;

v =5— [

w = Av;

v =(w,r0); o =p/v;
p=r—pp;

r=r— o
5= 85— ow;
t = As;
GMRES(2)-pari:
wy =(r,5); u=_(s,9); v=_s1);
7= (1,1); wy = (r,1);
=7V we = (o — vwn /p)/ 7
wi = (w1 — vwa)/p;
Tigo =T+ ap+wir + wss;
Tigo =T —wis — wal;
if 2;40 accurate enough then quit;

endfor

Alg.3: The BiCGstah(2) algorithm.

as discussions on their implementations, see [8,
10].

Our next numerical example illustrates quite
nicely the difference in convergence behavior of
some of the methods that we have discussed.

Example. We consider an advection dominated
2nd order PDE, with Dirichlet boundary condi-
tions, on the unit cube (this equation was taken
from [41]):

— Ugy — Uyy — Uy, + 10000, = f. (7.2a)

The function f is defined by the solution
u(a,y, z) = zyz(1 — 2)(1 — y)(1 — 2).
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Fig.2: Convergence plot.

This equation was discretized using 22 x 22 x 22
volumes, resulting in a seven-diagonal linear sys-
tem of order 10648. Tn order to make differences
between iterative methods more visible, we have
here and in our other examples not use any form
of preconditioning.

In Figure 2 we see a plot of the convergence
history. Bi-CGSTAB almost stagnates, as might
be anticipated from the fact that this linear sys-
tem has eigenvalues with relatively large imagi-
nary parts. Surprisingly, Bi-CGSTAB does even
worse than Bi-CG. For this type of matrices this
behavior of Bi-CGSTAB is not uncommon and,
as we will see in the next subsection, this can be
explained by the poor recovery of the Bi-CG it-
eration coefficients o and G. BiCGstab(2) con-
verges quite nicely and almost twice as fast as Bi-
CG. GMRES(25) is about as fast as Bi-CG. Since
the GMRES steps are much more expensive, Bi-
CGstab(2) is the most efficient method here.

7.3 Maintaining Convergence:

The BiCGstab methods are designed for smooth
convergence, with the purpose to avoid loss of lo-
cal bi-orthogonality in the underlying Bi-CG pro-
cess. This is important, since then, as has been
observed in Section 6.1, the convergence of the
Bi-CG part is exploited as much as possible. How-
ever, local bi-orthogonality may also be disturbed
by, for instance, inaccuracies in the Bi-CG coeffi-
cients o and 3. They are the quotients of scalars
p = (r;, 7o) and v = (Ap, 7) (cf. Algorithm 2 and
3) and they will be inaccurate if p or 7 is relatively
small (see (7.3b)). The question is, when does this
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occur and how can it be avoidedl” Here, we will
concentrate on p only, but similar arguments ap-
ply to v as well.

As in the introduction of this section, r; is the
residual r; = ﬁ(A)R(A) o where P; is an appro-

priate polynomial of degree i with P;(0) = 1. Now,
p is given by

p=pi = (Pi(A)YPi(A)rg, 7). (7.3a)

The scalar p; can be small if the underly-
ing Bi-Lanczos process nearly breaks down (i.e.
(ﬁi(A)Pi(A)ro, 70) & 0 relatively, for any polyno-
mial P; of degree 7). Also an ‘unlucky’ choice of
ﬁi may lead to a small p; (which occurs in Bi-
CGSTAB if the GOR(1) part stagnates). Here,
we will concentrate on typical Bi-CGSTAR situa-
tions. Therefore, we assume that the Bi-Lanczos
process itself (and the T.U decomposition) does not.
(nearly) break down.

The relative rounding error ¢; in p; can rela-

tively and sharply be bounded by

(|7°7:|7|A7“0|) < ng||7°7t|| HjOH.
|(ri, 70)] |(ri, 7o)l

For a small relative error we want to have the ex-

il <né (7.3b)

pression at the right-hand side as small as possible.
Since the Bi-CG residual P;(A)rg, here to be de-
noted by s;, is orthogonal to K;(A7;7y) it follows
that
(7“7j7 7/;()) = 97(/47977 7/;())
if '

PoAY = 0; A"+ 0 A 4
Therefore, since ||7o|/|(As;, 70)| does not depend
on P, minimizing the right-hand side of (7.3b) is
equivalent to minimizing

175 (A)sill
Bz (73
with respect to all polynomials P; of exact degree
i with é(()) = 1. This minimization problem is
solved by the FOM polynomial P here associ-
ated with the mitial residual s;: Pf is the 7?
degree polynomial for which /" = PF(A)s; (cf.

Section 3). This polynomial is characterized by
(cf. (3.1h))

P»F(A)si — K;(A;s;) and Pip(()) =1.

2

For optimally accurate coefficients, we should
select FOM polynomials for our polynomials P;.
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However, since the hybrid Bi-CG methods are de-
signed to avoid all the work for the construction
of an orthogonal basis, the selection of complete
FOM polynomials is out of the question.

For efficiency reasons, we have used products
of first degree polynomials in Bi-CGSTAB and
products of degree £ polynomials in BiCGstah(#).
Of course, our arguments can also be applied to
such low degree factors. Therefore, suppose that
s = Qi_s(A)YP;(A)ry (as BiCGstab(£)) has been
computed and that the vectors s, As, ..., A’s
are available. The suggestion for BiCGstab(¢) to
minimize the residual over this particular Krylov
subspace 1s equivalent to selecting a polynomial
factor ¢; (Q; = ¢;Qi—s) of exact degree £ with
q;(0) = 1 such that

lla:(A)sll

is minimal, while in this situation, for optimal ac-

(7.3d)

curate coefficients, we rather would like to mini-

mize
lai(A)s] (7.3¢)
where, with 6; such that ¢;(A) = 6; A* + .,
S(A):
lotpsl = L

The GMRES polynomial ¢, of degree ¢ solves
(7.3d), the FOM polynomial ¢," solves (7.3e). For
small residuals, the FOM polynomial is not opti-
mal:

[l (A)sll = leil lla.” (A)sl]

with ¢; as in (3.1f).
efficients, the GMRES polynomial is not optimal

[11]:

Similarly, for accurate co-

lo." (A)s] = leil o (A)s]

with the same scalar ¢;. For degree 1 factors, as
in Bi-CGSTAR, (assuming no preconditioning)

(s, As)

= e de) (7.3g)
T8/l T AsT

Ci

and ¢; is the cosine of the angle between s and As
(in, Algorithm 2, ¢ represents As).

Clearly, for extremely small |¢;|, say |c;| < \/E
(in the £ = 1 case, this means that s and As are
almost orthogonal), taking GMRES polynomials
for the degree ¢ factors will lead to inaccurate co-
efficients p;, o and 3, while FOM polynomials on
the other hand will lead to large residuals. Tn both
situations, the speed of convergence will seriously

11

be deteriorated. The same phenomena can be ob-
served when in a consecutive number of sweeps |¢;]
is small, but not necessarily extremely small (say,
it takes k sweeps before |c; _pe; piq - 0] < \/E)
In other words, the inaccuracies seem to accumu-
late. This seems to occur quite often in prac-
tise.  F.g., for linear equation stemming from
PDEs with large advection terms, Bi-CGSTAB of-
ten stagnates, although all ¢; may be larger than,
say .1, and none of the w; can considered to be
relatively small (w; = ¢ ||s||/[|As]])-

Both Bi-CGSTAB and BiCGstab(#) are built
on top of the same Bi-CG process. At roughly
the same computational costs, one sweep of Bi-
CGstab(#) covers the same Bi-CG track as £
sweeps of Bi-CGSTAB. In one sweep of Bi-
CGstab(¢), GMRES(?) is applied once, in £ sweeps
of BICGSTAB, GMRES(1) is applied £ times. For
two reasons it pays off to use GMRES(f) instead
of IxGMRES(1):

1. Due the super-linear convergence, one sweep
of GMRES({) may be expected to give a better
residual reduction than ¢ times GMRES(1).

2. Tn £ steps of GMRES(1), £ small ¢;’s may con-
tribute to inaccuracies in the coefficients o and S,
where GMRES(?) contributes ato this only once.

BiCGstab(¢) profits from GMRES() by a better
residual reduction in the GMRES part and by the
faster convergence of a better recovered Bi-CG due
to the more stable computations. However, we do
not recommend to take £ large; £ = 2 or £ = 4
will usually lead already to almost optimal speed
of convergence. The computational costs increase
slightly by increasing £ (i.e. 20+ 10 vector updates
and £+ 7 inner products per 4 matrix multiplica-
tions), and more vectors have to be stored (2045
vectors). Moreover, the method is less accurate for
larger £ due to the fact that intermediate residu-
als (as 7 and r —wy s in Algorithm 3) can be large,
with similar negative effects as in Section 6.2.

For Bi-CGSTARB there is a simple strategy that
relaxes the danger of error amplification in con-

secutive sweeps with small |¢;|: replace in the Bi-

CGSTARB algorithm 2 the line
w = (5,011

by the piece of code in Algorithm 4. Tn this way
we limit the size of |¢|. The constant .7 is rather
arbitrarily and may be replaced by any other fixed
non-small constant less than 1. Since GMRES(1)

reduces well only if |¢;| & 1 (see (3.1e)), this strat-
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egy still profits from a possible good reduction by
GMRES(1).
cheap and easy to implement can be applied to

RiCGstab(#); see [11] for details.

A similar strategy that is equally

c=(s,0)/(lIsl 11);
w = sign(c) max ([e], 0.7) ||| /[1#]];

Alg.4: Limiting the size of |¢|.

We give a few numerical examples that demon-
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Fig.6: Convergence stab. BiCGstab(2).

strate the cumulative effects of small |¢|’s and that
illustrate the effects of limiting its sizes.

Examples. The figures for the examples display, all
on log,,-scale, the values for each iteration step of
the residual-norms ||r||, by solid curves ( );

the sealed p, 5 = |(r, 7o)l /(Ilr]l [17all) (ef. (7.3)),

by dashed-dotted curves (-
the scaled v: 5 = |(Ap,7o)l/(|[Apl[ [|7oll), by
dotted curves (- );

(...).

Before describing the examples, we will discuss

|e], resp. max(|e|,0.7), by bullets

part of the results.

In the figures 3 14, we see that the scaled p and
the scaled v behave similarly (the dashed-dotted
and dotted curves coincide more or less). Further,
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none of the |e| is extremely small even not in cases
where the p and 4 are. The decrease of p for values
of p not in the range of the machine precision (>
107'?) seems to be proportional to the product
of previous |c|’s. Tn all the examples, the method
stagnates if p’s or 4’s become extremely small,
say less than 107'2. Tn these cases, almost all
significance of the Bi-CG coefficients o and g will
be lost. Limiting the size of |¢| (Algorithm 4) slows
down the decrease of p and 4. In the caption of
the figures, we used the adjective ‘stabilized’ to
indicate that we used the limiting strategy. Often
‘stabilizing’ 1s enough to overcome the stagnation
phase, and to lead to a converging process.

Fzample 1 (Figures 3 6). BiCGstab(2) converges.
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Although stabilizing Bi-CGSTAB leads to more
accurate Bi-CG coefficients in the initial phase of
the process, this is apparently not enough to re-
store full convergence.

Frample 2 (Figures 7 10). Tncreasing £ to £ = 2
leads to a slowly converging BiCGstab(2) process
(many more than 300 matrix vector multiplica-
tions are needed; not shown in the graph). Our
simple stabilizing strategy works well here.
Frample 3 (Figures 11 14). The combined im-
provements, stabilizing and increasing ¢ to £ = 2,
are necessary for convergence.

For the first example, we have taken the PDE
of (7.2a). The righ-hand side f is defined by the

solution
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u(a,y, z) = exp(zyz)sin(za) sin(wy) sin(7rz).
The discretization is with 10 x 10 x 10 finite vol-
umes (no preconditioner has heen used).

In the second and third example [35, 42], we
have discretized

— Uyy + a(wty +yuy) +bu=f

—Ugpr

on the unit-square with Dirichlet boundary condi-
tions, with 63 x 63 finite volumes, taking a = 100
and b = —200, respectively 66 x 66, a = 1000
and b = 10 (no preconditioner has heen used).
The function f is such that the discrete solution
is constant 1 (on the grid).
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7.4 Generalized CGS:

We have now discussed in some detail the fam-
ily of BiCGstab(¢) methods, but one should not
deduce from this that these methods are to be
preferred over CGS in all circumstances. We have
had very good experiences with CGS in the con-
text of solving nonlinear problems with Newton’s
method. Tt turns out that we can exploit some of
the presented ideas also to improve on CGS itself.

In the Newton method one has to solve a Ja-
cobian system for the correction. This can be
done by any method of choice, e.g., CGS or Bi-
CGstab(¢). Often fewer Newton steps are required
to solve a non-linear problem accurately when us-

ing CGS. Although the BiCGstab methods tend
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to solve each of the linear systems (defined by the
Jacobi matrices) faster, the computational gain in
these inner loops does not always compensate for
the loss in the outer loop because of more Newton
steps.

This phenomenon can be understood as follows.
For eigenvalues A that are extremal in the con-
vex hull of the set of all eigenvalues of A (the
Jacobian matrix), the values P;(}) of the Bi-CG
polynomials P; tend to converge more rapidly to-
wards zero than for eigenvalues A in the interior.
Since OGS squares the Bi-CG polynomials, CGS
may be expected to reduce extremely well the
components of the initial residual rq in the direc-
tion of the eigenvectors associated with extremal
eigenvalues A: with reduction factor P;(M\)?. Of
course, the value P;(X) can also be large, specifi-
cally for interior eigenvalues and in an nitial stage
of the process. CGS amplifies the associated com-
ponents, (which also explains the typical irregu-
lar convergence behavior of CGS). The BiCGstah
polynomial @; does not have this tendency of fa-
Therefore, the
BiCGstab methods tend to reduce all eigenvector

voring the extremal eigenvalues.

components equally well: on average, the “inte-
rior components” of a BiCGstab residual r; are
smaller than the corresponding components of a
CGS residual 7;, while, with respect to the ex-
terior components the situation is the other way
around. However, the non-linearity of a non-linear
problem seems often to be represented rather well
by the space spanned by the “extremal eigenvec-
tors”. With respect to this space, and hence with
respect. to the complete space, Newtons scheme
with CGS behaves like an exact Newton scheme.

We would like to preserve this property when
constructing iterative schemes for Newton itera-
tions. Fokkema et al [43] suggest polynomials P;
that lead to efficient algorithms (small modifica-
tions of the CGS algorithm) with a convergence
that is slightly smoother, faster, and more accu-
rate, than for CGS, but that still has the property
of reducing extremal components quadratically.
As a linear solver for isolated linear problems these
“generalized CGS” schemes do not seem to have
much advantage over BiCGstab(£), but as a linear
solver in a Newton scheme for non-linear prob-
lems, they often do rather well.

8 RELIABLE UPDATING

In all the Bi-CG related methods we see that the
approximation for x and the residual vector r are

updated by different vectors, and that the value
for 2 does not influence the further iteration pro-
cess, whereas the value for r does. In exact arith-
metic the updated r 1s equal to the true residual
b— Ax, but in rounded arithmetic it is unavoidable
that differences between r and b — Ax arise. This
means that we may be misled for our stopping cri-
teria, which are usually based upon knowledge of
the updated r (and that we may have iterated too
far in vain).

In this section we will discuss some techniques
that have been proposed recently for the improve-
ment of the updating steps. Tt turns out that this
can be settled by relatively easy means.

Although the techniques in the previous section
led to smoother and faster convergence and more
accurate approximations the approximation may
still not as accurate as possible. Here, we strive
for optimal accuracy, 1.e the updated r; should be
very close to the values of b — Ax;, while leaving
the convergence of the updated r intact.

First, we observe that even if x,, is the exact
solution then the residual, computed 1n rounded
arithmetic as b — Ax,,, may not be expected to be
zero: using the notation of Section 6.2,

E(lbll+ma [[1AI] 1)
2T E|Jo]. (8.12)
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Therefore, the best we can strive for is an approx-
imation x,, for which the true residual and the
updated one differ in order of magnitude by the
initial residual times the relative machine preci-
sion (O(€||rol]); recall that we assumed 2 = 0,
and hence ro = b).

Now it becomes also obvious why it is a bad
idea to replace the updated residual in each step
by the true one. Except from the fact that this
would cost an additional matrix vector multiph-
cation in each step, it also introduces errors in the
recursions for the residuals. Although these errors
may be expected to be small relatively to rq, they
will be large relatively to r; if [|r;]] < [|ro]]. This
perturbs the local bi-orthogonality of the under-
lying Bi-CG process and it may significantly slow
down the speed of convergence. This observation
suggests to replace the updated residual by the
true one only if the updated residual has the same
order of magnitude as the initial residual. How-
ever, meanwhile x; and r; may have drifted apart,
and replacing r; by b — Ax; brings in the “error of
x;” in the recursion (bounded as in (6.2d)), and
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again the speed of convergence may be affected.
Although it 1s a good idea to use true residuals at
strategic places, the approximation z; should first
be ‘tied” more closely to the updated residual r;.
We can achieve this by updating »; cumulatively:
if 2, = 2o + w4+ ...+ w; (cf. (6.2a)) then we
actually compute z; in groups as

I I
Ty =X+ X+ X+

(8.1h)

where, for some decreasing sequence of indices
(1) = 1, x(2), ..., 2} represents the sum of a

J
group;
[ . . .
T = Weipy + WaHpr o Wiy, etc..
Simultaneously, we compute r; as

rpo=rg— Azl — Azl — ... (8.1¢)
In this way we can control the size of the updates
for z; and r;, and we avoid large errors (cf. (6.2d)):
for a proper choice of the 7(j), the z} will be small
even if some of the w; are large.

In the modification of the algorithms that we
will propose in Algorithm 5, we kept in mind that
we only may allow errors which
(a) are small with respect to the initial residual rq
(otherwise accuracy will be disturbed) and
(b) are small with respect to the present updated
residual r; (otherwise local bi-orthogonality may
be jeopardized).

In Section 2, we have explained that it is no
restriction to take zg = 0, arguing that this situ-
ation can be forced simply by a shift: shift x by
xq, and b by Axg. This shift can be made explicit
in the hybrid Bi-CG algorithms by making three
changes:

(i) adding as a last line to the initialization phase
r=ux9 2 =0 b =ry
(i1) adding as a last line in the algorithms (just
after ‘end’)
r=ux-+ .17';

(iii) replacing all x; (and 2) by 2’ (skipping the
index 7).

Even in rounded arithmetic, this modification will
not change the value of any of the vectors and
scalars in the computational scheme, except for
the z’s. Since z + z’ is the approximation that we
are interested in, one also may want to change the
termination criterion. We propose to replace the
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line

if x is accurate enough then quit;
by

if [|7ix1|] is small enough then quit;
To allow for a more accurate way of updating
of the residual and the approximation, we sug-
gest to add another few lines just before ‘end’ in
the algorithm, as is shown in Algorithm 5. We

T = To; b = ro;

' =0;
fori=10,1,2,.

Replace all z; and x by x'.

if ;41 is small enough then quit;
set ‘compute_res’ and ‘update_app’;
if ‘compute_res’is true
rig1 = b — Ax';
if ‘update_app’is true
r=x+z 2 =0, =r;
endif
endif
endfor
r=x+2x';

Alg.h: For accurate approximations.

suggest to replace the updated residual by the
true one on strategically chosen steps (we have to
explain when the value of the boolean functions
‘compute_res’ is true). However, we also suggest
to shift. the problem once in a while (when the
boolean function ‘update_app’is true) in order to
let, the right-hand decrease (cf. (8.1a)). Here we
use the fact that, in exact arithmetic, also these
intermediate shifts do not change the iteration pa-
rameters and vectors (except for the vectors ).
Observe that the updated residual r;; is replaced
by the true residual b’ — Az’ of the shifted problem
if ‘compute_res’is true.

For this we propose the following strategy.
Update z and ¥ only if the residual is significantly
smaller than the initial residual, while an inter-
mediate residual was larger (cf. (8.1h), (8.1¢) and
reminder (a)):

‘update_app’ = true
i lraall < 1001/100 & [l < g

else ‘update_app’ — false,

(8.1d)
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where g = max||r;|] and the maximum is taken
over all residuals since the previous update of =
and b (since the previous ‘update_app’is true).
The bound in (8.1a) suggests that the norm ||
of the initial residual should be used as criterion
for shifting the problem (‘update_app’ is true if
[|l7i01 ]| < ||Bl] & ||7]] > 1]b]])- However, if the pro-
cess converges irregularly this would lead to many
shifts. The relaxed version in (8.1d) turns out to
work equally well at less costs.

Compute a true residual whenever ‘compute_res’

is true and if a previous residual is larger than
the initial residual and significantly larger than
the present updated residual:

‘compute_res’ = true
il < M/100 & [JB] < M

or ‘update_app’is true

(8.1e)

else ‘compute_res’ — false,

where M = max||r;|| and the maximum is taken
over all residuals since the last computation of the
true residual.

Replacing the updated residual by the true one
If the

residual decreases too much since the previous

perturbs the recursion for the residuals.

replacement, the perturbation may become large
relatively to the present residual (reminder (b)).
Therefore, ‘compute_res’ may be true more often
than ‘update_app’.

We suggest to add the above strategy to an
existing code. That means that an additional
matrix-vector multiplication has to be performed
whenever a true residual has to be computed. The
conditions (8.1d) and (8.1e) are chosen as to min-
imize the number of these additional computa-
tions. One also may try to skip a matrix-vector
multiplication in one of the preceding lines of the
algorithm, which requires some additional care
for BiCGstab(£), but which easily can be accom-
plished for CGS (cf. Algorithm 1).

If CGS 1s modified as suggested, then the new
lines do not require additional matrix vector mul-
tiplications, and there is no need to restrict the
number of computations of true local residuals.
For this CGS variant, Neumaier [44] suggested
places where the 2 and ' can be updated for ac-
curate approximations: update x and ' whenever
the residual decreases with respect to the previous

17
‘best residual’,
‘update_app’ = true
il < I (3.11)

else ‘compute_res’ — false.

The modifications according to Neumaier’s ap-
proach are given in Algorithm 6. Observe that

x=xq; ' =0; b =ro; g/ =||b];
fori=0,1,2,..

Replace all z; and x by x'.

Skip the CGS update for r

together with the MV involved

wm this update. Compute instead
rigr = b — Ax's po=||rigall;
if u is small enough then quit;

if p <y
r=xz+zx'; 2 =0
W =rig, o=
endif
endfor

r=x+2x';

Alg.6: Neumaier’s strategy for CGS.

the norm of the ¥ (the residuals with respect
to the z) strictly decrease: the Neumaier trick
also smoothes convergence (without improving its
speed!).

Below, we discuss the effects of our strategies
in practise. We illustrate our observations by a

simple numerical example.

Example. Figure 15 shows the convergence his-
tory of the true residuals as produced by stan-
dard CGS, and by the modified versions of CGS
as suggested above, applied to the SHERMAN4
matrix of the Harwell-Boeing collection (as in the
example of Section 6.2). The dotted curve (---)
represents the results for standard CGS. We also
applied modified CGS as in Algorithm b, using
the update criterions (8.1d) and (8.1e). The solid
curve () represents the results for this sim-
ple sirategy, while the dashed-dotted curve (---
-) represents the results for Neumaier’s strategy
in Algorithm 6. On log,,-scale, the norm of the
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T

True CGS Residuals:
------ standard CGS
modifications
—— additional MV

==+ Neumaier
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number of matrix-vector multiplications

Fig.15: Reliable updates.

true residuals |[b — Ax;||, ||[b — A(x + 2')||, respec-
tively, 1s plotted against the number of matrix-
vector multiplications. Neumaier’s strategy as
well our’s lead to approximations that are accu-
rate (cf. (8.1a)): comparing ||ro|| with the norm of
the smallest true residual, we see that a reduction
is obtained by a factor & 107 (£ = 2.2107'9).
Standard CGS does not produce true residuals
smaller than ~ 1077||rg||, which is approximately
€ -max||r|| & 2.210715 - 107||ro||; cf. (6.2d). Ob-
serve that, though the convergence histories do
not coincide for residuals less than a~ 10", the
speed of convergence is not affected: the modi-
fied versions exhibit a rate of convergence that is
very similar to the one of the updated residuals in
standard CGS as shown in Figure 1.

Experiments for other examples and with
other iterative schemes, as Bi-CGSTAB and
RBiCGstab(#), led to similar conclusions.  Al-
though, two observations should be made.

Quite often the improvements are much more
spectacular than for this SHERMAN4 example:
CGS may produce intermediate residuals as large
as ||ro||/€ and none of the digits in the finial ap-

proximation of standard CGS will be correct.
There are some differences between CGS and
the BiCGstab methods: (i) as observed above,
Neumaier’s strategy only works well for CGS,
while the simple strategy of Algorithm 5 can al-
ways be applied. (i1) Especially for the BiCGstah
methods, the simple strategy of Algorithm 5 with
update criterions (8.1d) and (8.1e) does not lead
to much additional work. The additional compu-
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tation of a true residual takes place after the pro-
cess encounters residuals that are (much) larger
than the initial residual. Since BiCGstah(#) tends
to show much smoother convergence behavior
than CGS, for small £, the additional work in these
methods is usually much less than for CGS. Tn the
SHERMAN4 example, our strategy for CGS re-
quires 7 additional matrix-vector multiplications
(‘compute_res’is true 7 times) and one special up-
date of the approximation (‘update_app’ is true
only once). For BiCGstab(f), £ < 6, only 1 ad-
ditional matrix-vector multiplication was needed.
Neumaier’s strategy for CGS does not require
additional matrix-vector multiplications (hut 364
additional updates for the approximation were

needed).

9 A NOTE ON PRECONDITIONING

We have argued that the described composite
methods can be viewed as basic methods precon-
ditioned with other methods. This should not be
confused with the more familiar preconditioning
that one uses in order to improve spectral proper-
ties of the given operator A, in the hope to reduce
the number of iteration steps.

Tt should be noted that we have not made any
special assumption for the operator A in our al-
gorithms. This implies that if we have a suitable
preconditioner M available for the given system
Ax = b, then we have the choice between apply-
ing any of the described algorithms to one of

M71A.’If = M71b7 (913
AM™'y = b with 2= My, (9.1b
ITAUT = LT

with M = LU, 2=U "y (9.1¢)

The operations with A in the algorithms should
then read as operations with M~"A, AM~' or
L=T"AU™", respectively. Of course, the vector b in
the algorithms should read as M6, b, or L7 'b,
respectively.

Tt 1s well-known that for these operations it is
almost never advantageous to invert the opera-
tors M, I, and U, explicitly.
ment like, for instance, w = M~ Av is almost

Instead, a state-

always handled more economically by solving w
from Mw = Aw, since in general precondition-
ers are constructed to make this solution process
inexpensive. A suitable class of such precondi-
tioners are the well-known incomplete LU factor-

izations [45]. For remarks with respect to vector
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computing and parallel computing, see Dongarra
et al [33].
Recently it has been shown [46] that a reorder-

ng

can

strategy in combination with limited fill-in
greatly improve the iteration reducing effect

of incomplete LU factorizations for many relevant

problems.

For an overview on preconditioning techniques
that are relevant for CFD-problems, see Chan and

Van der Vorst, (1994).
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