MATHEMATICS Proceedings A 86 (3), September 26, 1983

On the formal completion of the Chow group CHA(X)
for a smooth projective surface in characteristic 0

by Jan Stienstra

Mathematisch Instituut, Rijksuniversiteit Leiden, Wassenaarse Weg 80,
2333 AL Leiden, the Netherlands

Communicated by Prof. J.P. Murre at the meeting of February 28, 1983

ABSTRACT

Bloch [1] defined the formal completion of the group of 0-cycles modulo rational equivalence
on a surface X and studied it in case X is defined over an algebraic number field. In this paper we
investigate in detail the situation for ground fields which are extensions of @ of finite transcendence
degree. We look in particular at the kernel of the formal analogue of the Abel-Jacobi mapping from
Chow group to Albanese variety. It turns out that the influence of the derivations of the ground
field & can be described completely in terms of the Gauss-Manin connection on HAgz(X/k).

INTRODUCTION

Let X be a smooth projective surface over a field & of characteristic 0 and
of finite transcendence degree over ). Given an imbedding of £ in C one can
form the complex surface X=X X g, 4 Spec C. The Abel-Jacobi map gives a
surjective homomorphism

(0.1) CH*Xg)y—Alb (X¢)

from the group of O-cycles of degree 0 on X modulo rational equivalence
onto the Albanese variety of X-. Mumford showed in [10] that, in contrast to
what happens for 0-cycles on curves, this map cannot be an isomorphism, if
the geometric genus p, of X is not zero. Bloch’s conjecture is that conversely,
the Abel-Jacobi map (0.1) is an isomorphism if p,=0 [1]. This has been
verified in some cases, but the general conjecture is still open. For surfaces with
D,>0 the kernel of (0.1) is a true mystery, without even a guess as to what its
structure may be.
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In the hope to get more insight into the structure of the group CH*(X) of
0-cycles modulo rational equivalence on X Bloch proposed to study its ‘‘formal
completion at the origin’’ [1]. The definition of this completion is motivated
by Bloch’s formula

CH*(X)=H*X, # x),

where for any scheme Y % y is the sheaf for the Zariski topology on Y
associated to the pre-sheaf whose group of sections over an open U is the group
K, (I'(U, &y)), which Milnor’s functor K, assigns to the ring 7(U, &y) [11]. Let
% be the category of artinian local &-algebras with residue field £. The objects
of ¢ will be denoted as (4, m) where A is the local ring and m its maximal ideal.
For (A, m) € 0obj & write X4 =X X g, ¢ Spec A. Now we are ready to define the
““formal completion at the origin of CH*(X)’’. It is the covariant functor

C/ﬁjz(: #—abelian groups
given by

CHY(A,m)=Ker [H(X,y, %5, 5) ——> H¥(X, 45, ).
In [1] Bloch studied this functor (denoting it as F 2 in case £ is algebraic over
@ (see also [2]). The purpose of the present paper is to show what one finds
without this assumption. ‘

We look first for an analogue of the Abel-Jacobi map (0.1). The tangent

space at the origin of the Albanese variety is H XX, Q }(/ﬂ). This means that the

formal completion at the origin of the Albanese variety, viewed as a covariant
functor

gﬁ)X : ¥—abelian groups,
is given by
Alby(A, w)= HA(X, Q) @y
We shall prove in § 2:
THEOREM 1. Let X and £ be as above. Then
(i) There is a surjective natural transformation
0.2) CH2-Alby.

(ii)) Every homomorphism from C{I\-IJZ( into a smooth commutative formal
group (which we view as a covariant functor from % to ‘abelian groups’) factors
via (0.2) through Alb X+

(i) The map (0.2) is an isomorphism if and only if p,=0. [

Parts (i) and (iii) are in the number field case also proved in [1]. It was
actually the discovery of (iii) which lead Bloch to his conjecture.

Next let us concentrate on ker (ﬁ-I}(—l'A/l\f)X). This is of course also a
covariant functor #— (abelian groups). On the last line of Bloch’s paper [1] one
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can read that in case £ is algebraic over @ this functor is naturally isomorphic
to the one which assigns to an object (4,m) of ¥ the group

HY(X, 0)®,Q4 1 /dA.

If £ is not algebraic over @, the description of ker (@i@ﬁbx) and the
hypotheses which one has to assume, are influenced by the derivations of & over
Q. The Gauss-Manin connection determines an action of Der(£/Q) on
H3%p(X/%) (see § 3 for a summary of the construction and main properties of
the Gauss-Manin connection). It turns out that the description of
ker (C/’FI}{—»m v) and the necessary hypotheses can be formulated in terms of
the Gauss-Manin connection. Generalities are given in § 3. As a special case we
mention here

THEOREM 2. Let X be a smooth projective surface over a field £ which has
finite transcendence degree over Y. Then the following statements are
equivalent:

(i) The map H'(X,Qk,)—>HX, 0x)®;2,q which is induced by the
Gauss-Manin connection {(and whicQ is equal to cup-product with the Kodaira-
Spencer mapping) is surjective. -

(ii) The functor ker (51}-1}(—* Alby) is naturally isomorphic to the one which
assigns to an object (4,m) of % the group

HY(X, 6)®,Q}44/dA. O

This theorem is proved in § 3 in the form of theorem 2bis. Giving the map
HY (X, Q% 4)~ HXX, 6)®,Q,, is equivalent to giving a &-linear map

(0.3)  Der (R/Q)~>Homy(H(X, Q%) H'(X, 2} 1))

(cf. (3.9)). In case X has genus 1, surjectivity of the former map is equivalent
to injectivity of the latter. Thus we get the following corollary.

COROLLARY. Let X and £ be as in theorem 2. Assume in addition that X has
genus p,=1. Then the following statements are equivalent

(i) The map Der (8/Q)—Hom,(H%X, Q% ,), H'(X, 2% ,)) which is induced
by the Gauss-Manin conr;c\ction, is injective,

(i) The functor ker (CH%—»flb x) is naturally isomorphic to the one which
assigns to (A4, m) the group 2} ,/dA. O

The map (0.3) which appears here, is well-known in deformation theory. It
has the following interpretation.

Choose a regular Q-algebra of finite type, R, and a smooth projective map
7 : X’—Spec R =8 whose generic fibre is X—Spec £ (i.e. the field of fractions
of Ris £ and X' =X"X ¢ Spec £). By base change relative to the inclusion QCC
we obtain from X'—S—Spec @ a smooth family of complex surfaces
Xé—n?SCﬂSpec C. An imbedding ¢ : £ C determines a point of Sc, which
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we also denote by o. The fibre of 7. over this point is precisely the surface
X=X Xgpec 4 Spec C which is obtained from X by base change relative to
o : k& C. The Hodge and De Rham cohomology of X¢/S¢ are sheaves of & -
modules on Sg. The ones relevant for our purpose are A (XE/Se),
Hhger HMirige- The stalks of these sheaves at the point o are, respectively,

(X1 /80))g = Har(X,/C)= HE (X /B) R, C
(Hiodge)o = H'X,, Q% 0) = HUX, Q%) ®,C

(Jlec’xlige)a = Hl(Xas ‘Q/IY,/C) =H1(*Xs Q}(/&)@RC

where in the tensor products C is considered as a k-algebra via g. The
isomorphisms are canonical isomorphisms (see Deligne’s paper [4] for a
discussion of the compatibilities between various cohomology theories). The
Gauss-Manin connection for Xg—S8c—Spec C induces an & -lincar map
between sheaves of &5 -modules

Q4 jc=Der (Sc/C)= Homg, (Kiriges Hladge)
In the stalks at the point ¢ this map is
0.4)  Ts ,~Home(HX,, 2% 1), H' (X, Q% /c)

where T, is the tangent space to S¢ at o. It follows from the construction
that

(0.4)=(0.3)®,;C
(0.3) is injective & (0.4) is injective.

The map (0.4) has the following interpretation (cf. [8] p. 168). As said,
X¢—Sc is a smooth family of smooth complex surfaces. We can pass to the
analytic context (without adding new notations). Choose a marking of the
family, i.e. an isomorphism from Rzn@*l onto a fixed lattice L. Associated
with such a marked family is a

period mapping : Sc—(period space).

The period space is a piece of some flag manifold and the period mapping
assigns to a point s of S¢ the Hodge filtration on H2x(X,/C)=L®;C. The
interpretation of (0.4) is:

0.5) ‘The map (0.4) is the differential of the period mapping’.

As the Hodge filtration has the property ' = F?*, the image of s in the period
space is completely determined by the position of the line H U(XS, Q}(S /)
in L®,C. This is position is classically expressed by the periods of a
holomorphic 2-form on X. That much to the statement (i) in the corollary,
As for (ii) in the corollary, one can remark that the simplicity of the result
allows a simple description of a natural transformation from the functor of
(infinitesimal) points on X to ker (éf[}ﬂﬁﬁo y). For this we fix a non-zero
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2-form w e HY(X, 2% ). Let (4, m) be an object of %. An A-valued point of X
is just a morphism f : Spec A—X. Let x be the #-rational point underlying f,
i.e. the composite Spec #—>Spec A—X. Let B= 0y, be the completion of the
local ring at x. Then f is actually just a surjective ring homomorphism
'+ B=A. The form w “‘is” an element of Q3. It is a closed form and is
therefore exact by the formal Poincaré lemma. This means that w lies actually
in the subspace Q},/dB of 23%,. To the A-valued point f of X we assign the
image of w under the map Q},/dB—R) ,/dA which is induced by f". This
gives the natural transformation we wanted.
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The technical arguments needed to prove theorems 1 and 2 use the
assumption dim X =2 only to assure that the functor H*(X, —) on the
category of sheaves of abelian groups on X is right-exact. They work equally
well for analyzing the functor on % which assigns to an object (A4, m) the group

m—0
ker [Hn(XA, %,XA) —)HH(X', ‘%/Z,X)]’

when X is a smooth projective variety of dimension n over £. This functor is
the ‘‘formal completion at the origin’® of H™(X, # x). Of course, interpre-
tations in terms of O-cycles and Albanese are not available, Yet, for a curve X
HY(X, %, x) seems to be of interest. For this reason the hypothesis for the
remaining sections of this paper is — X is a smooth projective n-dimensional
variety over a field # of characteristic 0 and finite transcendence degree over QQ.

§ 1. THE GENERAL DECOMPOSITION OF H"™(X, #; x)

Let (4,m) be an object of # The schemes X and X, have the same
underlying topological space. The map 4 x,— % x between sheaves on this
space splits. Let us denote its kernel as L%/z, x{A,m). Alternately, one can define
9’22, x(A,m) as the sheaf on X associated to the pre-sheaf

(open U)—ker [Ky (I, Ox) @A)~ Ky (U, Ox))].

This sheaf varies in a functorial way with (A4,m), i.e. we have a covariant
functor

A x ¢ #—(sheaves of abelian groups on X).
One has obviously for every (A4, m)

HYX, Ay, x(A,m))=ker [H"(X4, 45 x,)>H"(X, % x)].
So the functor which we should investigate is H"(X, %21 x), which assigns to
(A, m) the group H"(X, X5, x(A, m)).
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Being in characteristic 0 one can use logarithms to translate questions about
K, (multiplicative) to questions about !(additive). Concretely, one has
according to [1] or [9] an isomorphism

%,X(A’ m) = Q)I@A,X@m/ d(Ox @ ym),
where by definition
Qkeaxon=ker (2% 0= 2%g)-

These isomorphisms, for varying (4, m), constitute actually an isomorphism of
functors on #. We may forget about K-theory, Our problem has become
analyzing

H"(X, Qg 4, x@n/ AOx Dym)),
as a functor of (A4, m).
Define

Q) .=ker [2,0-0) ¢l
For every £-algebra S there is a surjective homomorphism
(1.1)  S®;R) .. DR/o®m— 23,4 56 /SR im),
which sends

a; ®(b;db,) to (2, ®b,)d(1®b,) and (a;da,)R® b, to (a, @ b)d(a,®1),

modulo d(S®,m). It is obvious that elements of the form a®db+da® b are
in the kernel of this map. Passing to sheaves and taking cohomology (H" is
right exact because dim X =n) we find a surjection from

H"(X, )@ 2} . OH"X, Q0)Qgm

(1.2) TAm

onto

H"(X, Qx4 xom’ A G Rm)),
where I(A4,m) is the group generated by the elements w®db+dw&®b with
we H'(X, Oy) and bem.

THEOREM 3. The homomorphism (1.2) is an isomorphism for every (4, m) in
. Thus one finds an isomorphism between H"(X, % x) and the functor which
assigns to an object (4,m) of # the group

H™X, 0) &2, DH"(X, 2)/0) @ ym
I(A, m) )

PROOF. We first reduce the question to the case of certain special algebras
(A, m).
Consider a surjective homomorphism (A, m)—*(A’,m") in %. Let us denote the
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map and groups in (1.2) schematically as L—M, and its analogue for (4’,m")
as L’—»M’. The homomorphism (A4, m)—(A’, m") induces surjections L—»L"and
M-—»M’, This yields a commutative diagram

L —™mM

LI » M/

One can easily check, starting with simple calculations at ring level and using
the right-exactness of the functor H”(X, —), that the induced map from
ker (L—»L’) into ker (M— M) is surjective. This implies by the snake lemma
that the induced map from ker (L—>M) into ker (L' M’) is also surjective.
Consequently, if L—M is injective, then L’—M’ is injective too. Since every
artinian local #-algebra with residue field £ is the homomorphic image of an
algebra of the form

A Eﬂ,[tl, ""tq]/(tl! .-.,tq)r

&

( ) m = (tls"'stq)

our problem is thus reduced to proving the injectivity of (1.2) for (4,m) as
in (%).

We need the following lemma:

LEMMA (1.3). Let (4,m) be as in (*). Let S be any £-algebra. Then (1.2)
induces an isomorphism
S®:2),, D250 R m
J(A, m)

where J(A, m) is the group generated by the elements e@db+ da® b with ae S
and bem.

= Qg‘@,LA,S@gm/d(S@km)

PROOF. Put

27 5©i25,, D5/ @ym
J(A, m)

’ K= Q.é@gA,S@&m/d(S@Rm)'

We want to give explicitly a map K— /A which is inverse to the map H—K
coming from (1.1). Note that K has a presentation by generators and relations.
The generators are expressions {f, g) with f,ge S® ;4 and for ge SQm. The
defining relations are (fig+h)=(fg)+{fihd; {figh)={fg.h)+{fhg);
(1,g>=0. Using the convention t*={1#]> ... t7« we may write elements of
S®A uniquely as Y a,t” with g, € 8.

To (X, a,t% ¥ , c,t”) we assign the element

Y a,c,@t%t"+ ¥ a,dc, ®t°*7 modulo J(4,m) in H.
oy oy

367



This assignment clearly respects the above relations. Hence it defines a
homomorphism K-—H. This homomorphism is right-inverse to the map
induced by (1.1), and it is surjective. Thus we see that it is an isomorphism. [J

We continue the proof of theorem 3. As a consequence of lemma (1.3) one
finds an exact sequence of sheaves of abelian groups on X:

1Rd+d®1
Ox® QM“—@—‘“—@“" O @2 . DRy ®im— Qg 4, x0n/ A Oy @ m)—0.

To this sequence we apply the right-exact functor H”(X, —) and obtain thus
the exact sequence

H"(X, 0x) @ om H'X, 0)®,2} . DH"(X, 2} /) @ ym—
= H"(X, Qkg 4, x@n/d(Ox R 4m))—0.

I®d+dR1

The remark that the group I(4,m) is precisely the image of H"(X, dy)® gm
under the map 1Xd+d®1, concludes the proof of theorem 3. [

REMARK (1.4) I like the following reformulation of theorem 3. Let # be the
non-commutative polynomial ring in one variable, £[d], modulo the two-sided
ideal generated by the monomials of degree 2. So # is a graded non-
commutative ring with unit concentrated in degrees 0 and 1, with #°=% and
R'=RdR. We view m@ Q2 }Lm as a graded left #-module with » in degree 0 and
2} .. in degree 1, upon which d acts as the usual derivation d : m—~Q }1,». and £
acts by multiplication on the left on m and Q},. We view H"(X, 0x)@®
@H™ X, Q%,¢) as a graded left #Zmodule in the same way.

Let (m@!)},,m)(— 1) be the graded left #-module with m in degree +1 and
.Q},,m in degree +2, and with d operating as — 1 times the usual d : m—Q jl,m-
So (—1) is the standard shift of complexes.

Every graded left #-module L’ can be considered as a right Z-module if one
defines:

t-a=a-f, td=(—1)df for all feL’, all i, all aek.
With these conventions we can view

H'(X, 0)®;24 , DH"X, Q) Qym
(A, m)

also as
{(H"(X, Ox) DH"X, 2%,0)® 2(m@® L), )(— 1)}I& >

where deg 2 refers to the homogeneous part of total degree 2. One may interpret
this formula as saying that the #module H*(X, ) D H"(X, 2 }(,@) is for the
functor H"(X, 4, x) what the Lie algebra is for a formal group or Lie group.
In characteristic p>0 there is a similar formula for H"(X, 4 x) in which the
crucial module is the part H"(X, #6x)® H"(X, #Q%) of the slope spectral
sequence for crystalline cohomology, viewed as a module over the Cartier-
Dieudonné-Raynaud algebra (see [12]).
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§ 2. THE PROOF OF THEOREM 1

One obtains theorem 1 by specifying #» =2 in the propositions (2.2), (2.4) and
(2.6) which are proved in this section.

Let ¢ be the formal group over £ whose tangent space (=Lie algebra) is
H"(X,Q%,) i.e. the covariant functor

%4 : %—(abelian groups)
defined by
Q.1 YA m)=H"X, 2% Rm.

PROPOSITION (2.2). There exists a natural surjective homomorphism

i HY(X, %,,X)_’ 4.

PROOF. According theorem 3 H"(X, % x) is naturally isomorphic to the
functor which assigns to an object (4, ) the group

H"(X, 00)®,24 . DH"(X, Q,0) @ ¢m
(A, m) |
There is a canonical surjection p : H'(X, Qk,q)~>H"(X, 2% ). Now consider
the surjective homomorphism
i HYX, 00 ®,2), ®H"X, Q% /q) R gm—> H'(X, 24 ) ® ym

which is the zero map on the first summand and p&® 1 on the second one. Hodge
theory shows that the differential d : H"(X, 6y)—=H™(X, 2} ,) vanishes. As an
immediate consequence one finds that j vanishes on I(4,m). Hence the
proposition follows. [

REMARK (2.3). Continuing the line of thought started in remark (1.4) one can
describe the map j : H"(X, Ji’z x)~* % as being induced by the obvious map of
#-modules '

(H"(X, 0x) @ H"(X, 2/0))~ H'(X, Qi)

Here H™(X, Q%) is considered as #-module concentrated in degree 1. Note
that

A, m) = H"(X, Q) @ym = {H"(X, Qi) ® 2 @D R} N~ D},
PROPOSITION (2.4). The map j in (2.2) is a natural isomorphism if and only

if the geometric genus p, of X is zero. (Recall that p,=dim; H(X, Q%)=
~ dim, H(X, 6y)).

PROOF. The kernel of the map ; in the proof of (2.2) contains obviously
H"(X, 0x)®,2), .. From this fact one deduces immediately that there is a
surjection from ker j (evaluated at (4, m)) onto H"(X, Ox) ®2% 4 /dA. Taking
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A=1k[e, 0]/(¢% 6% ed) one has an example in which Q) ,/dA is not zero.
Therefore, if j is an isomorphism, then H"(X, fx) must vanish.

For the converse implication we first recall the exact sequence of sheaves
on X

0 Oy @240 /0> 2xn—0.
The corresponding cohomology sequence shows that the map
P H'(X, Qx,0)~ H'(X, Q%)

is an isomorphism if H"(X, fy)=0. This implies that in case H*(X, fx)=0 the
map j in the proof of (2.2) is an isomorphism. The same conclusion follows
for;. U

REMARK (2.5) One can arrive at the conclusion of (2.4) without first proving
theorem 1 by using instead Bloch’s approach via the bi-tangent space (see [3]).

Let me recall some facts about formal groups over £. In this paper *‘formal
group”’ will always mean ‘‘smooth commutative formal group’’. These are
covariant functors

F: #—(abelian groups)

for which the underlying set-valued functor is naturally isomorphic to the
functor A’ (for some r) which is defined by A’(A4,m)=mX... Xm (r factors).
The number r is called the dimension of F. It is well-known that over a field
of characteristic 0 every r-dimensional formal group is naturally isomorphic to
the direct sum of » copies of the additive formal group, i.e.

F=@], as group valued functors,
where G, is the functor which assigns to (4, m) the additive group m.

PROPOSITION (2.6) Every natural homomorphism from H"(X, 3{2 x) into a
formal group over 4 factors through the formal group ¥ defined in (2.1).

PROOF. Since every formal group over £ is the direct sum of a number of
copies of the additive group G,, it suffices to prove that every natural
homomorphism H X, 9{2 x)— G, factors through &; or rather that it vanishes
on the kernel of j : H'(X, %4, x)— %.

Denote by Q! the covariant functor from ¢ into the category of #-vector
spaces which sends (A4, m) to Q2 }Lm. It is obvious from the construction of j in
proposition (2.2) that there is a natural surjection from the (group valued)
functor H(X, 0yx)®,21 onto ker j- It suffices therefore to show that there are
no non-trivial natural homomorphisms

¢ : H'(X, 09)®,21 ~G,.
So let us take such a homomorphism ¢@. For every (4,m)e ¢ the group

H"(X, Ox)®,22), . is generated by elements w®dt and w®xdy with
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we H'(X, 0y), t,x,yem. It suffices therefore to prove for all N=2 and
we H'(X, Ox)

o(w®dt)=0 in case A =4[]/(t")
o(w®xdy) =0 in case A =&[x, v1/(x,y)".

Consider the first case. By definition ¢(w®dr) is some polynomial f{¥) in
&[£1/(t™). Now look at g(w®d(2t)). On the one hand ¢ is a natural trans-
formation, whence @(w®d(2¢))=f(2¢), and on the other hand it is a
homomorphism, whence @(w®d(2¢))=2f(¢t). This limits the possibilities for
J(®) to f{t)y=ct for some cek.

A similar argument shows that in the second case the element g(w ®xdy) of
1% ¥1/(x, ¥V has to be of the form bxy for some constant b€ &. The relation
between b and c is found by looking at the computation

cxy = p(w @ d(xy)) = p(w X xdy) + p(w @ ydx) = 2bxy.

So ¢=2b.

Now consider the elements p(w®xd(¥z)), plw R xydz) and e(w@xzdy) of
&[x, y,21/(x, ¥, 2)". By functoriality all three are equal to bxyz. But on the other
hand

Pl ®xd(vz)) = p(w R xydz) + p(w @ xzdy).
Hence b =0. This completes the proof of proposition (2.6). [

§ 3. INVESTIGATION OF ker [j : H"(X, %, x)—~ %]

4 is the formal group defined in (2.1} and j is the homomorphism constructed
in (2.2). For (4,m)e % we let P(A4,m) be the subgroup of H*(X, 4yx)® ﬁQ}Lm
which is generated by the elements ¥, w,@d(c;t) with w;e H'(X, Oy), c;eh,
femand ¥, ;dw;=0 in H'(X, Q).

We define

H"(X, 0)®:24,m

3.1 (A, m)= P, m)

This defines a covariant functor
& : ¢—r(abelian groups).

It is obvious from the definitions that P(A,m) is a subgroup of the group
I(A, m), which occurs in theorem 3. Combining this fact with theorem 3 we get
a natural homomorphism

(3.2) i ~HYX, o x).
Taking a look at the construction of j in (2.2) one easily sees that the sequence
> H(X, Ay )= 90

is exact.

371



THEOREM 4. The homomorphism i: &~ H"(X, 5{1 x) is injective. In other
words, the functor ker (j : H"(X, 3(2, x)— %) is naturally isomorphic to the one
which assigns to (A, m) the group
H"(X, 0)R,82), .,
P(A, m) '

PROOF. The first step of the proof is to reduce the general problem to
showing the injectivity of the map i : &(4, m)— H™(X, 9{2 x(A, m)) for certain
special objects (A4, m).

Consider a surjective homomorphism (A4, m)—(A’,m") in €. It gives rise to a
commutative diagram with exact rows and columns:

0 0

v

T() > Tl - T2 > 0

4

0—s Ty— E(A, m) —> H'(X, 5, x(A,m) = 9(A, m) —0

l v R +

0——> Ty—> E(A', m")——> H'(X, Hy (A, mD)—> 54, m)—>0

L 4 w

0 0 0

The groups T,,...,T, are defined by the requirement that the rows and
columns be exact. The snake lemma shows that the map 73— T is surjective if
and only if the map T,— %(A4,m) is injective, i.e. if and only if the surjection
Ty—»ker (%(A,m)— %(A,m")) has an inverse. Let M=ker (A—»A’"). The
definition of #in (2.1) implies immediately that

ker (%(A4, m)= %(A',m))=H"(X, 2%, QM.
Let

Q4 m=ker (4,0~ Rl g)=ker (2} ,~0L ).

and let I(A, M) be the subgroup of I(A, ») which is generated by those elements
w®db+dw®b with be M and w e H*(X, ) (cf. (1.2)). Using the fact that
the natural maps P(4,m)—>P(A,m") and I(4,m)—>I(A’,m") are surjective, the
ubiquitous snake lemma, theorem 3 and the definition of & one can easily see
that there are surjective homomorphisms

[ H™X, 00)Q 24 m@H"(X, Qi 10) M
A, M)

gt

372



and
H(X, 0)R,2}5 T

Taking the quotient of the first expression by the second one gets a surjection
H™(X, 25) @M~ T,.

This map is obviously right-inverse to the map T,—~>H"(X, 2%,)® ;M. So
they are isomorphisms. The conclusion is that the map 73— 7, is surjective and
that therefore 7, will be zero if T; is so. Thus the problem has been reduced
to proving the injectivity of &(A4,m)— H"(X, 9{2 x(A, m)) only for

A=kt ..., 1]/, 00 tg)

m=(f},..., ).
It is obvious from theorem 3 that there is a surjection

H(X, Ay, x(A, m)) > H"(X, Ox) Q4[24 4/ dm)].
The composite of this map with i : (4, m)=>H"(X, 4, x{(A,m)) is the obvious
projection, the kernel of which is generated by the classes of the elements
w®dct?, with w e H'(X, Oy), cek, t*=1{" ... {7s. This kernel contains ker i.
CLAIM. If

Yo L 0; o ®dc; ot* mod P(A,m) is in ker i

then

¥, w; ,®dc; ,t* mod P(A,m) is in ker i for every a.

PROOF OF THIS CLAIM. By means of the substitutions ¢, f#; for {=1,2,...,r
we obtain from the one given element r elements:

1~

¥ I w;,8dc,t" mod P(A,m).

5=0 nay=5

By functoriality each of these r elements belongs to ker i. Let

1 1 1
2 27 27
D=det
1 r r? r

Then D is a non-zero integer. For each s one can write

D ¥ E Ct)i,a®dci,ata mod P(A, m)

o,a) =5 i

as a Z-linear combination of the above r elements. So each of these terms is in
ker i. Using the substitution #,—~ D¢, and functoriality one can now conclude
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that for each s

E E (U,',a®dci’ ata mod P(A, m)

o, =S

belongs to ker i.
Repeat this trick with each of these terms and with £, instead of ¢;. And so

on. This proves the claim.

Thus the problem of showing ker i=0 has been reduced to the question: If
Y, w;®dcit® mod P(A,m) belongs to ker i, is then necessarily ¥, ¢;dw,;=0 in
H'"(X, Qk/q)?

Consider the substitution

A=Rlty ey 1)/t s 1) = B=R[1)/(")

sending ¢; to ¢ for i=1,...,q. It transforms ¥, w;®dc;t” mod P(4,m) into
Y, w;®dc;t® mod P(B,tB) with s=a;+... +a, If the former element is in
ker i, then the latter element is in ker i too.

Take the description of H"(X, 1’2 x{B,tB)) which is given in theorem 3.
There is a homomorphism

H"(X, 0x)®:1825, 5@ H"(X, Q/0) ®4(1B)~ H"(X, Q,0) ®4(1B)

which on H"(X,Q4,q)®,(tB) is the identity map and which on
H™(X, 0x)®,Q} ;5 is defined by

o®(L a)d(L bit)- — ¥ bd@w)-ii+)) 'dabw)@1 .

This map obviously annihilates the group I(B,¢B). So it induces a homo-
morphism H"(X, #, x(B, tB))— H"(X, 2}0)® (¢B).

Let us compose it with the map i : £(B, tB)—~H"(X, A4 x(B,(B)). Evaluating
the composite map at the element ¥, w;®d(c;t*) mod P(B,tB) one finds
(- L,cdw)®¢°. Since the former element is in ker 4, this implies ¥, ¢;dw;=0.
This concludes the proof of theorem 4. [1

Thus the problem of understanding ker [j : H"(X, 9?2, x) %] is essentially
reduced to the question: Which relations of the form Y. c;dw;=0 do exist in
H"(X, Q%/0)?

The answer is most simple if the canonical map H(X, 2 }(/Q)*H "X, 2%,
is an isomorphism; for then d : H"(X, Oy)~H"(X,R%,g) is the zero map,
since d : H'(X, 0x)—>H"(X, 2%,) is always zero.

In that case the group P(A,m) is generated by the elements w®@dr with
weH"X, 0y), tem i.e.

P(A, m)=H"(X, Ox)Qhdm.
As a consequence we find (cf. (3.1))

E(A, m) =H"(X, Ox) (R} 4/dA)
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for all (4,m)e Z. Hence to prove theorem 2 we check that the condition
mentioned in this theorem, implies H"(X, Q }(/Q)::H "X, QL ). Consider the
exact sequence of sheaves on X:

(3.3) 0~ Gx®Qi~ x> 2xn—0.

and the following part of the associated long exact sequence of cohomology
groups

H" Y(X, Q% )~ H'"(X, ) QR0 H'(X, Q% /0) = H"(X, Qi) 0.

It shows that H"(X, Q}g@) is isomorphic to H™(X,QL,) if and only if the
coboundary map H" ™ '(X, Qi) H"(X, 6x)®,Q{/q is surjective.

The fact that this coboundary is equal to the map induced by the Gauss-
Manin connection on Hpg(X/k), as well as to cup-product with the Kodaira-
Spencer mapping, is proved in ([5] (1.3.2), (1.4.1.7)). (See also below for a
summary of the construction and main properties of the Gauss-Manin
connection.)

Thus we have proved most of the following theorem.

THEOREM 2BIS. Let X be a smooth projective n-dimensional variety over a
field £, which has finite transcendence degree over ©@. Then the following
statements are equivalent.

(i) The canonical map H™(X, Q)= H"(X, Q%) is a isomorphism.

(i) The map H" (X, Qi,)~>H"(X, Ox)®;Q},¢ which is induced by the
Gauss-Manin connection, is surjective.

(iiiy The functor ker [j: H"(X, 7 x)— %] is naturally isomorphic to the
one which assigns to an object (4,m) of # the group

H(X, 0x)®,(244/dA).

PROOF. The implications (i)« (ii)= (iii) have been shown above. We are left
with (iii)= (i). So, assume (iii) holds. Take A4 =4£[¢]/(¢?). Then Q L 4/dA =0.
Hence

it HY(X, o x(A, m))— (A, m)
is an isomorphism for this 4. On the other hand we have for this A
9(A, m)=H"(X,Q%,) by (2.1)
H"(X, % (A, m)=H"(X, Q%)
by Van der Kallen’s theorem [7]. So (iii) does imply (i). [
We conclude this paper with an analysis of the functor & in case the
conditions of the above theorem are not satisfied. Eventually we shall assume
that X has genus 1.

First we briefly recall the Katz-Oda construction of the Gauss-Manin
connection [6].
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The De Rham complex Q%,q, carries a natural filtration by subcomplexes,
which are defined as follows

K™ =image (%6 QR0 2k )-
Using (3.3) one can show that the associated graded complex is
gr =K" /K™ = Q5 @9 -

In particular gr’ =Qy, and gr' =Qyx, ®,Q}q. Take the long exact
sequence of hypercohomology groups which is associated with the short exact
sequence of complexes of sheaves on X

0—grl > K% /K% —gr® —0.

The Gauss-Manin connection on Hpjp(X/R) (= H"(X, Q%)) relative to @ is by
definition the coboundary map

(3.4  V : Hp(X/R)~HMR(X/D®:240

which appears in this sequence between H”" and H"*! (cf. [5] p. 14). Recall
that the Hodge filtration on H}g(X/k) is defined by

Fi=image (H"(X, Q)= H"(X, 2x4)).

Griffths’ transversality theorem states VF'CF'~'®,Q¢/q (cf. [5] p. 14). So V
induces a map

V : FY/F*>FY/F'®,20¢.

Standard facts in Hodge theory, in particular the degeneracy of the Hodge-De
Rham spectral sequence, imply

FY/F'= H'(X, 6,), F*/F?= H7(X, 6->0L )

(the right-hand group is the n-th hypercohomology of the two-term complex

(ﬁ—d—>Q 1+, concentrated in degrees 0 and 1). We summarize these facts in the
following commutative square

v

- Hpp(X/8) Hpp(X/8)® Qg

(3.5 J l

IH n()(’ ﬁ“i’gi’/ﬁ)l’HH(fY’ ﬁX)@ﬂ‘QI%/Q

Now consider the following commutative diagram in which the lines are short
exact sequences of complexes concentrated in degrees 0 and 1.

0— (00— xR 2)— (O 2% /) — (Ox— 2} ) —0

l | l

0—(0 — Qk,0) — (x—Q%/q)—(Ox—0) — 0
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The degree 1 part in the top line is precisely (3.3). Taking hypercohomology
groups we get the following commutative square which involves the
coboundaries between IH” and H"*!:

AV
H™(X, 0y— Q% ) H"(X, ) ®Q4 g

(3.6) 1 J

H(X, 0x) H"(X, Q%)

It is easy to see that the bottom line of (3.5) and the top line of (3.6) are indeed
the same. This gives the relation between the map d : H"(X, 0y)—> H"(X, Q}(/Q)
and the Gauss-Manin connection on H}gr(X/4). We extend (3.6) a bit:

H" (X, Q) — H(X, 0x— Qi n)— H"(X, O)— H"(X, 2x)

SR

H" (X, Q% 2)— H'(X, )R, Q40— H"(X, Q% /0)—H"(X, Q%)

The top line is the long exact sequence associated with the obvious filtration of
the complex (Ox—R%,). The bottom line is the long exact sequence
associated with (3.3). The left-hand square is commutative according to ([5]
(1.3.2), (1.4.1.7)). The middle square is just (3.6); so it is commutative. The
right-hand square is trivially commutative. The map d: H"(X, 0y)—
~H"(X,Q2%y) is zero. So the map d: H'(X, 6x)~ H"(X,Q%,) factors
through the subgroup

coker (H"™1(X, Q) H™(X, Ox)®,2},0) of H'(X, Q% .0).

Giving the Gauss-Manin connection in the form (3.4) is equivalent to giving a
#-linear homomorphism

(3.8) V¥ : Der (#/Q)->Homg(Hpp(X/R), Hyr(X/%).

Here ‘““Homg’’ means “‘space of Q-linear maps’’. Note that the map in (3.8)
is also denoted as V. It assigns to a derivation D the composite
v 1
Hpa(X/D)— Hpp(X /D)@ 20— 22> Hiy (X/8)
I 1
V(D)

Griffths’ transversality theorem becomes in this formulation V(D)F'CF'~!
for all DeDer (ﬁ/@_) apd i=1,...,r_1. Thus V(D) induces a #-linear homo-
morphism V(D) : F//F'*1=F'~1/F'. We get in particular &-linear maps

vV, : Der (#/Q)—~Hom, (H"~ (X, 2} ,), H'(X, 0x))

3.9)
V. : Der (#/Q)~Hom, (H(X, Q% ), H'(X, 2%:").
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This time the target space consists of &-linear homomorphisms. Serre duality
gives isomorphisms

H(X, Q%)Y =H"(X, 0) and H'(X, Q%3") =H""1(X, Q%).
And V, and V, are related by
(3.10) V(D)= - V(D) for all DeDer (k/Q)

(cf. [6] p. 204 formula (11)). In particular ker V,=ker V. From now on we
assume

(3.11) X has genus 1 i.e. dim; H'(X, 6y) =dim; HY(X, Q% ,)=1.

This condition allows us to view ¥, as the ‘dual’ of the map H"~ (X, Q! ;)
—H"(X, 0x)®2},q- This yields an isomorphism

coker (H"~ (X, Q%)= H"(X, 6x)®, Q) = H"(X, Ox)®lker V,)".

As we have seen the left-hand side is a subgroup of H"(X,Q2 )‘(,@) which
contains the image of the map d : H"(X, 0x)~H"(X, Q},q). We now see that
d factors as the composite of a map

(3.12) ¢: H'X, Ox)= H"(X, Ox)®y(ker V)"

and an injection. This injection is a &-linear map. The definition of the group
P(A,m) at the beginning of this section can now be reformulated as follows:
P(A,m) is the subgroup of H"(X, Oy)&),2 }l,m which is generated by the
elements ¥, w;@dc;t with w;e HY(X, Ox), c;ek, tem and Y, cdw;=0 in
H(X, 6)®(ker V1)V

In the introduction we discussed extensively the situation which arises when
V, is injective. So let us assume from now on that V, is not injective. Fix a
basis Dy, ..., D, of ker V, and let DY, ..., D) be the dual basis in (ker V;)". Let

4'={xeh/Dx=0 for all Deker V,}.

Then £’ is a subfield of £ and ker V,CDer (k/£). For reasons which will
become clear below, we have to assume

(3.13) assumption: ker V=Der (k/%).

Dualizing (3.13) we get (ker V)V =0} ,. We will consider D}, ..., D, also as
basis for Q7.

Let P(A, m) be the subgroup of H*(X, 0y)® x-Q/l;,m which is generated by the
elements w® tde with w e H*(X, 0x), tem and cek’. This group is contained
in P(A, m) because w®tdc=w®dct—cw®dt and

cdw—dcw=-w® ¥ Dy(c}Dy=0 for cek’.
g=1

It is obvious that

HY(X, 0)®,2) .,
P{A,m)

=H"(X, 0)®,2} .1
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where
Q) wo=ker (Qi— Q).
Let P(A, m)=P(A,m)/P’(A,m). Then we find, in view of (3.1)

H"(X, 0)® 23, i
P(As m) .
Now fix a non-zero element w e H"(X, fx). Then w ®DY, ..., o® D) is a basis

for H'(X, 0) @ (ker V)V,
Define sy, ...,5, by

(3.14)  &A,m)=

(3.15) dw= Y s,o@Dy.
g=1
Then
o(hw)= er (hs,+ D, (M) @D/ for every hek.
g=1

A relation ¥, ¢;0(h;w)=0 in H"(X, Oy) ®(ker V)Y is therefore equivalent to
(*) T (cihysy+cDy(h))=0 for g=1,...,r.

By definition, P(4,m) is the subgroup of H™(X, 0y)®,R2) . which is
generated by the elements Y, hw®@dct with hj,c;ek, tem, satisfying the
relation (*). For such a generator we calculate

Z h,-a)®dc,~f= E w@dhicit— E w®citdhf
= E w®dhicit_ E w®czth(hl)D21/
i hq
= Y w®[dhcit + hic;t 2’: Sth\I/ :
-2 g=1

The assumption (3.13) has been used on the second line of this computation to
allow the replacement of the form c;tdh; by ¥ ¢;tD,(h;)Dy; both forms are in
q

Q) ./u» or rather in the image of m®,Q/,.. The above calculation shows that
every generator of P(4,m) can be written as a sum of elements of the form

# w®ldt+t ¥ s,D;
g=1

with 7€ m variable and w,s,, Dy fixed as before.

Now look at # mod P(A4,m), which is an element of £(A4,m). The image of
this element in H"(X, 9{2, x) is clearly the same as the image of w®dt + dw &1,
as one can see by using (3.15) and the definition of the map d in (3.12). Since
w@dt+dw®tis an element of I(A, m), this means that this image is zero (cf.
theorem 3). This implies by theorem 4 and (3.14) that # is in P(A4, m). Thus we
have shown that P(4, m) is actually generated by the elements of the form #.

Before stating our final conclusion as theorem 5 we give another inter-
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pretation of the elements s, which were defined in (3.15). From (3.8) and (3.9)
one sees:

(3.16)° Deker V,=ker V,s V(D)F'CF'e V(D)F'CF".

The first of these equivalences implies that for Deker V, the following
diagram is commutative
YV on 1QD
BR(X/) 2 H(X /D) @2}~ 22 Hip (X /B)
I T
V(D)

H'(X, 0~ H'(X, 0) @ 2422 H'(X, 0)
In particular, if & e Hhp(X/#) lifts w, then
V(D,)é mod F'=s,w for g=1,...,r.

Let w¥ e HY(X,Q2%,)=F" be dual to & and to e under the standard pairing
on Hpgr(X7k) and Serre duality respectively. Recall that F'=F"* for the
standard pairing, and that therefore (", V(D,)@) depends only on the class
of V(D )@ mod F'. Thus we get

(wV’ V(Dq)ca) = (wv’sqw> =sq.
On the other hand
(wV, v(-l)q)dj> == (V(Dq)wvs @)y,

The second equivalence in (3.16) implies that V(D))" is a multiple of w". In
view of the preceding computation we have in fact

VD)w'=-s,w".
This gives a nicer interpretation of s, than the one in (3.15). Summarizing the
above analysis we find
THEOREM 5. Let & be a field of finite transcendence degree over Q). Let X be
a smooth projective variety over & of dimension n and genus 1. Let

Va : Der (4/Q)~Homy(H(X, Q% 2), H'(X, 2%%"))
be the map induced by the Gauss-Mahin connection

V : Der (k/Q)—Homg(Hpe(X/R), Hpr(X/R)).
Let #'={xek[Dx=0 for all Deker V,}. And assume

ker V,=Der (k/%').

Let D, ..., D, be a basis of ker ¥, and let D}, ..., DY be the dual basis in 2),..
Fix a non-zero n-form w" e H(X, 2% ).
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Then the functor ker (j : H"(X, 1/2, x)— %) is naturally isomorphic to the one
which assigns to an object (4, m) of ¢ the group

Q4 wi/{dt+1 L s;Dy|tEm}
g=1
where
Qi =Ker (Qly—~ )
and where sy, ...,5,€4 are defined by V(D )w" = —-s,w”. O
COROLLARY. Let £ and &’ be fields of finite transcendence degree over (),

with £'C£. Let X’ be a smooth projective variety over &’ of dimension » and
genus 1. Assume that the map

v, : Der (#/Q)—~Hom (HYX", Q% ), H (X', QL7L))
is injective. Let
X=X"Xgpec 4:Spec 4.

Then the functor ker (j : H"(X, Jf{g, x)— %) (for X) isomorphic to the one
which assigns to (4,m) € ¢ the group

Q) w/dm.

PROOF. The functoriality properties of the construction of the Gauss-Manin
connection yield a commutative diagram

n

Der (£/®) »Hom, (HO(X, Q%4), H'(X, Q%))

f

n

1®
#®¢ Der (K/Q) £® Homy (HX', Q%) H'(X', Q37)

It shows that Der (k/k")=ker V, (this is V, for X). So the hypotheses of the
theorem are satisfied. The functoriality properties of the construction of the
Gauss-Manin connection also show that the following square is commutative

HpR(X'/8) 5 Hp(X'/R)® 2L

| |

. v
Hpp(X/R) ~> Hpp(X/B® Qg
From this one can easily conclude that for w" e HY(X", 2% ,)C H}p(X/%) and

Deker V,, (V, for X) one has V(D)w" = 0. So the 5, which occur in theorem
5 are all zero. [J
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