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1 Introduction.

The De Rham-Witt complex is a powerful instrument for studying the crys-
talline cohomology of a smooth projective variety over a perfect field of positive
characteristic. In [9] the De Rham-Witt complex is constructed for schemes on
which some prime number p is zero. Here in section 2 we construct on every
scheme X on which 2 is invertible the generalized De Rham- Witt complex Wy ;
this is a Zariski sheaf of anti-commutative differential graded algebras with the
additional structures and properties described in (2.1)—(2.6). Section 3 gives the
(obvious) definition of the relative generalized De Rham-Witt complex W' /s

for f: X — S a morphism of schemes over Z[31].

Now consider a proper smooth morphism f : X — S of smooth schemes over
some open part of Spec Z[%] For simplicity we assume that S is affine. Let s be
a closed point of S with residue field k(s) of characteristic p > 2. Let X, be the
fiber of f over s. Using the functoriality of the constructions and the projection
onto the p-typical part (see (2.4)) one obtains for all m > 0 a specialization map

H™ (X, Wy s) = H™ (X, W)

compatible with the Frobenius endomorphisms F', on its source and target.

Here WQy _is the classical De Rham-Witt complex on X. Since X is a smooth

proper scheme over the perfect field k(s) one knows from ([9] 11(1.4),(2.8)) that

H™ (X, WQY) is isomorphic to the crystalline cohomology Hepyo(Xs) of X.
On the other hand from (2.2) one gets a homomorphism

H™ (X, WQy,5) — H™ (X, Qy/s5)

for every m > 0. In order to turn this effectively into a result on the interaction
of Frobenius on the crystaline cohomology of the fibers X and the Gauss-Manin
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connection on the De Rham cohomology of X/S we must however replace our
complexes by the projective systems of complexes

{MX mod N}NEN ) {MX/S mod N}NGN s
{€/g mod N}nen , WOy mod N}nen ,

indexed by the multiplicative monoid of the positive integers. This respects the
relation with crystalline cohomology: see (5.9). The reason for looking at the
complexes modulo N is that now the Frobenius homomorphism Fj induces a
homomorphism

Fjy : H™(X,WOx) — H™(X, WQ} mod N)

for every m > 0 (see (4.5)). This simple observation is the key to theorem (4.6)
and its corollary (4.7) which states that matrices which come from the action
of the Frobenius operator Fiy on the generalized Witt vector cohomology group
H™(X,WOx) provide solutions to the differential equations taken modulo N
associated with the Gauss-Manin connection acting on H" ™™ (X, Q% o). In a
number of interesting examples these matrices can explicitly be calculated via
Cech cocycles for generalized Witt vector cohomology (see [18] (5.6)).

A result of this type was first observed by Igusa for the Legendre family
of elliptic curves y? = z(z — 1)(z — \) over S = Spec Z[A, (2A\(1 — X)) ~1] with
N = p an odd prime number. Manin [15] proved it for general smooth families
of curves in characteristic p > 0. Katz ([11] prop. (2.3.6.3)) generalized it to
higher dimensions, but still in characteristic p > 0. In [12] Katz reinterpreted
Igusa’s observation and greatly generalized it to congruence differential equa-
tions modulo arbitrary N for the coefficients of formal expansions of differential
forms.

In [13] Katz used the expansion coefficients of differential forms to describe
the top slope quotient crystal of HR (X/S) for certain families of varieties X/S.
In section 5 we prove a similar result for the wunit root sub-crystal. One can
imagine a kind of Hodge symmetry relating (5.6) and the main theorem of [13].

Our work on WQ', /s Was in part motivated by the remark in [13] p.246 that
the result of op. cit. might perhaps be considered as evidence for the existence
of a theory of De Rham-Witt with parameters. A second motivation comes from
the comparison isomorphism between crystalline cohomology in characteristic
p and De Rham cohomology in characteristic 0 (see [1] (7.26.3)). There the
De Rham side has no natural Frobenius and the crystalline side has no Hodge
filtration. W', /s is an object with Frobenius and good filtrations of its own,
which sees both H, o and Hfyg; see (5.9) for a more explicit example of how
this works out.

2 Construction of the generalized De Rham-Witt
complex.

In this section we give the construction of the generalized De Rham-Witt com-
plex WQ' on a scheme X on which 2 is invertible. This is a Zariski sheaf



of anti-commutative differential graded algebras with the additional structures
and properties described in (2.1)—(2.6).

2.1 Let WQ% be the homogeneous component of degree i of WQy. Then
W, = 0 for i < 0 and WQY% is the sheaf of generalized Witt vectors on X (cf.
[3, 8, 2]). We shall usually write WO x instead of WQ%.

2.2 Let Q' be the absolute De Rham complex on X i.e. the complex of differen-
tial forms relative to Z. Put Q% := Q¥ /(il-torsion in Q%) and Qy = P, V.
Then there is a homomorphism of sheaves of differential graded algebras

T WQy — Qs

in degree 0 this is the projection onto the first Witt vector coordinate WO x —
Ox.

2.3 For every integer m > 1 and every ¢ > 0 there are homomorphisms of
additive groups . 4
Eoy Vi - WO — WO

satisfying the following relations

Fme =m, Fan :Fm’ru VmVn :an;
Vind = mdVy,, dF,, = mF,d, F,,dV,, =d,
F,.(ab) = (Fna)(Fy,b), Vin(a(Fib)) = (Vina)b,

for all m,n and for all sections a, b of W, and
VoFo = F\Vi, it  (n,m)=1;

here d : WiQZX — WiQégH is the differential of the differential graded algebra
WQ. On the sheaf of generalized Witt vectors WO x the operators Fy, and
Vin coincide with the usual Frobenius and Verschiebung operators (cf.[3, 8, 2]).

Obviously F, does not commute with d. However one obtains an en-
domorphism F,, of the sheaf of differential graded algebras WQ'y by taking
F, =m'F, on Wiﬁlx

2.4 Let p be an odd prime number and let X be a scheme of characteristic p.
Then there is an idempotent endomorphism E,, of the differential graded algebra
WS which projects WQ onto its p-typical part: E,WQy = N{ker F,, |
m prime # p}. So E,WQ is a sheaf of anti-commutative differential graded
algebras. Its component in degree 0 is the sheaf WO x of p-typical Witt vectors
on X. Since E, commutes with F,, and V},, the operators F}, and V, act on
E, W and here in characteristic p they commute: V,F, = F,V, = p. There
is an isomorphism of sheaves of differential graded algebras

Wy ~ (E,WQy )N W

where the right hand side is the product of copies of £,V indexed by the
set of positive integers prime to p. Let WSy be the De Rham-Witt complex on



X constructed by Deligne and Tllusie [9]. There is a surjective homomorphism
of sheaves of differential graded algebras from Wy onto E,WQy compatible
with the operators F,, and V,, on both sides. If X is a smooth scheme over a
perfect field of characteristic p this is an isomorphism:

W ~ E,W0.

2.5 Let X be a scheme over Q. Then there is an idempotent endomorphism Fj
of the differential graded algebra Wy with image EoWQy = () ker F,,.
There are isomorphisms of sheaves of differential graded algebras

m>1

EoWQy ~ Qy,  WQy ~ ()N .

2.6 The constructions are functorial: let f : Y — X be a morphism of schemes
over Z[%] Then there is a homomorphism WQy, — f.VQ; of sheaves of
differential graded algebras on X compatible with the operators F;, and V,,, on
both sides. On (hyper-) cohomology groups this induces homomorphisms like

H™ (X, WQY) — H* (Y, W),  H"(X,WQy) - H"(Y, W0y ).

The construction of the generalized De Rham-Witt complex with its addi-
tional structures is essentially given in [19]. However in op. cit. it is specialized
to characteristic p situations too early for our present purpose. Therefore we
shall briefly recall the constructions in in such a way that the general statements
in (2.1) —(2.6) become completely justified.

2.7 Let A be a commutative ring with 1. In [19] K-theory is used to construct
an anti-commutative graded ring with 1

K.(End(A)) = @P K;(End(A))
i>0
equipped with homomorphisms for the additive structure
Fp, Vi : Ki(End(A)) — K;(End(4)), >0,
for every positive integer m, and with a derivation
d: K;(End(A)) - K;11(End(4)), i>0.

The relations listed in (2.3) hold also for F,, Vy, and d on K, (End(A)) except
for F,,,dV,, = d which here only holds for odd m, and for d> = 0 which here is
weakened to 2d* = 0 (see [19] theorem (1.8)).

2.8 In [20] the graded ring K,(End(A)) is equipped with a decreasing fil-
tration by homogeneous ideals {Fil,, K.(End(A))},>1 with Fil; K, (End(A)) =

K,(End(A)). Define

K.(End(A))° := lim[K, (End(A))/Fil, K, (End(A))]

—n



with the topology of a projective limit of discrete spaces. From the proof of the
proposition in [20] one gets

F(Filyy) C Fil,, Vi (Fily) C Filyn,  d(Fily,) C Fil,,

for all m, n > 1 and for some positive integer ¢ independent of n and A. Thus
F,, Vi and d extend to continuous operators on K, (End(A))“ satisfying the
same relations as in (2.7). Moreover, Ko(End(A))® is canonically isomorphic
with the ring of generalized Witt vectors over A ([20] p.220).

2.9 If 2 is invertible in A it is also invertible in Ko(End(A))°. Therefore all re-
lations in (2.3)(see also (2.7)) are valid for the operators acting on K,(End(A))*

2.10 From now on we assume that 2 is invertible in A.

Definition WS, := closure of the graded subring of K.(End(A))°
generated by Ko(End(A))® and dKy(End(A))“.

2.11 In particular, WQY is the ring of generalized Witt vectors over A. Its
additive group is isomorphic with the multiplicative group (1 + tA[[t]])*. Every
element of the latter group can be written uniquely in the form [T, +, (1—a,t")~!
with all a,, € A. The elements of ng can therefore be written uniquely as
Y n>1 Vaan , where a is the Witt vector which corresponds to the power series

(1—at)~1.
2.12 Proposition For alli> 0 and m > 1 one has
dWQy c WOLT, VWl c WQh, Fa V04 € WO

Proof The results for d and V,, follow immediately from the relations in (2.3).
The problem for F}, is easily reduced to showing F,,,dV,a € Wiﬁi‘ forallm,n > 1
and a € A; the Witt vector a is defined in (2.11). In view of the relations in (2.3)
we may even assume (m,n) = 1. Choose integers ¢ and r such that gn-+rm = 1.
Then

FrdVy,a = qV, Fda + rdF, Vya.

Formula (8.3.3) in [19] shows
Fmdg — gm—ldg

Thus we find

FrdVna = q(Vag™ "d(Vya) + rdFy, Vg € WO, (1)



2.13 The preceding construction depends functorially on A: if g: A — Bis a
homomorphism of Z[%]—adgebras7 then there is a continuous homomorphism of
graded topological rings

gt Wy — WQp

which commutes with the operators d, F,,, and V,,, (m > 1). It sends the Witt
vector a € WQY to g(a) € WQY,.

2.14 We get on every scheme X over Z[%} a pre-sheaf for the Zariski topology
(Zariski open U C X) = WQr ;0
We define
WQY = the sheaf associated with the above pre-sheaf.

and call this the generalized De Rham-Witt complex of X. We shall usually
write WO x instead of WQg{.

This completes the construction of WQ'y and of the operators d, F,,, and V,,
(m > 1) acting on it. It follows from (2.7) and (2.9) that WQ with d is a sheaf
of anti-commutative differential graded algebras and that the relations in (2.3)
hold. Moreover (2.8) proves (2.1); in particular, WQx is the sheaf of generalized
Witt vectors on X . The functoriality property in (2.6) is a consequence of (2.13).

We now turn to the construction of the homomorphism = in (2.2).

2.15 Let A be a commutative ring with 1 and 2 invertible in A. By [19](3.4)
(see also [20]) we have a bilinear pairing

(,) : Ki(End(A))" x Ko(Nil(Z[t] /(%)) = Kis1(A[f]/(£)).
From this we get in particular a homomorphism
(:t) : Ki(End(A))° = Kiya (A[]/ (%))

where ¢ is the element of Ko(Nil(Z[t]/(t2))) defined in [19](5.2). On the other
hand one has Gersten’s map (see [2] p.206 (3.2),(3.3))

dlog : Kiw1(A[t)/ (%)) = QU 2y
here we work with differential forms relative to Z. Let
P W = Uy
be the composite dlog(, t) restricted to WQY.
2.16 The group W, is topologically generated by the elements
(Vo @0)d(Vi, @) - - - d(Viy, a4)

with ng,...,n; € N,ag,...,a; € A (Cf(211))



Lemma In the above situation let o = (Vipya0)d(Vnya1) -+ - d(Vip,a:). If allng =
1 then _ - - =
pla) = (~1)itd(~tagday A~ A da).

Otherwise p(a) = 0.

Proof Let n = max(ng,...,n;). Assume first n > 2. Using (2.3) one easily
rewrites « in the form a = V,,8 + dV,,y with g € WiQf;,'y S WiQf:l. From
[19](3.2) one gets (a,t) = (B, Fut) + (—1)% (v, Fndt). Loc.cit. (1.6) and (5.2)
show F,t = t" = 0. Loc.cit. (8.3.3) yields F,dt = t"~'dt = 0 for n > 3. For
n = 2 we compute Fodt = 27 'dFyt = 0. This proves pla) =0if n > 2.

The formula for p(a) in case n = 1 follows from [19](7.6) and [2] p.206 (3.3);
more precisely the argument is as follows. By functoriality it suffices to prove
the formula for the case that ag, ..., a; are the indeterminates in the polynomial
ring P := Z[%][ao, ...,a;]. Set Q := Plag*,... ,ai_l]. Using the injectivity of
the natural homomorphism

i+1 i+1
Qo) — Loy

and functoriality we see that it suffices to prove the formula with ag,...,a; in
Q. Then [19](3.1) and the proof of [19](7.6) give

(a,t) = {1 —tapay ---a;,a1,...,a}.

The right hand side is a Steinberg symbol in K;1(Q[t]/(t?)). Applying [2] p.206
(3.3) to compute the dlog of this Steinberg symbol we find

pla) = (1)1 — tagay - - - a;) " td(—tag) Aday A --- A da;
This is equal to (—1)%!d(—tagda; A --- A da;) because t* = 0 and 3 € Q. O
2.17 Lemma Let A be as in (2.15). Define
¥ = A e, »(n) = (=1)"ild(~tn).

Then ' ' .

ker ¢ = (i! — torsion in Q%) := ker(i! : Q% — Q%).
Proof Consider the map Q}L‘[t]/(ﬁ) - Qe Qh[t]/(tQ)/A which is the direct sum
of the map induced by ¢ — 0 and the map taking differentials relative to A.
Its (i + 1)-fold exterior power over Alt]/(#?) is a map Qf:[tl]/(t?) — Q4 @ Q4 dt
which sends d(tn) to (—1)"ndt. The lemma is now clear. O

2.18 Define ﬁle := Q1 /(i!-torsion in Q). Then the map ¢ from (2.17) induces
an isomorphism 1 : Q% = image 1. From (2.16) one sees that the image of p is

—1
contained in the image of ¥. So we can compose p with ¢ . Define

™= Eilp S WY — fNZlA



2.19 From (2.16) one obtains explicit formulas for ;:
Ti(Vine@0)d(Vi, 01) - - - d(Vip,@4)) = 0 if some nj; # 1

mi(aoday - - - da;) = apday A - - - A das.

These formulas show that m; is surjective. They also show that the direct sum
7 of the maps 7; is a homomorphism of differential graded algebras 7 : W', —

Q.

2.20 Let X be a scheme over Z[1]. Then sheafification of the above construction
provides the homomorphism of sheaves of differential graded algebras on X

W — Qy
for (2.2).

2.21 Let P be a set of prime numbers and let X be a scheme such that every
prime number in P is invertible in Ox. Then every | € P is also invertible in
WO x. Moreover with notations as in (2.8) we have FjFil; C Fil; and VFil; C
Fil; for every [. Therefore the expression

EF =T[a-1"'ViF)
leP

defines an operator on WWy. One easily checks that it is an idempotent op-
erator, that it commutes with d, V,, and F, for all primes p ¢ P and that
EF(ab) = (ETa)(EPY) for all sections a,b of WQY. Furthermore it is clear
that for every I € P the image of E¥ is contained in ker F} and that E¥ is the
identity on ker Fj. Consequently

EPWQ, = ﬂ ker F.
lepP

Let P C N be the multiplicatively closed subset with 1 generated by P. Then
there is an isomorphism of sheaves of differential graded algebras

Wy ~ (EPWay)T;

on homogeneous sections of degree i the map — sends a to (miEPFma)meﬁ
and the map < sends (by),,.p to Zmeﬁm_i_lebm. All this is an easy
consequence of the relations in (2.3). We apply it in the situation of (2.5) (resp.
(2.4)) with P the set of all primes (resp. all primes # p ) and write Ey (resp. Ep)
for E¥. The results relating in (2.4) E,)WQ to the De Rham-Witt complex of
Deligne and Illusie are proved in [19] section 8. The isomorphism

EWQy ~ Uy



in (2.5) is proved as follows. Note that EyV,, = 0 for all m > 2. Combining this
with the definition of the ring structure on generalized Witt vectors one sees
that there is a ring homomorphism

A OX — EOWOX

which on sections is defined by A(a) = Epa (see (2.11) for a). Because of
the universal property of 2 this homomorphism from Ox into the degree 0
component of the differential graded algebra EoWQy extends uniquely to a
homomorphism of differential graded algebras

Aty — EQWQ.

This homomorphism is surjective because W', is topologically generated by
the sections described in (2.16) and because EyV,, = 0 for m > 2. A simple
computation shows that wA is the identity map on €, where 7 is the homo-
morphism 7 from (2.2) restricted to the image of Ey. This proves that m induces
an isomorphism EoWQ', ~ Q.

3 The relative generalized De Rham-Witt com-
plex.

3.1 Let f: X — S be a morphism of schemes over Z[1]. We define the relative
generalized De Rham-Witt complex WQ', /g on X to be the quotient of WQ'y

by the closure of the ideal generated by d(f~'WQs). It is clear that WYy g is
a sheaf of anti-commutative differential graded algebras with WQg( /s = WOx.

The homomorphism 7 : WQ, — fNZX induces a homomorphism
T WQ'X/S — Q'X/S,

where €2 /s 18 the usual relative De Rham complex of X/S and (Nlé(/s =
Q' 5/ (i!—torsion). Using the relations in (2.3) and formula (1) in (2.12) one eas-
ily checks that the operators F,,, and V,,, on WQ'’ map the ideal (d(f~'WOQOg))-
WA into itself and thus induce operators F, and V,, on WQ', /s The rela-
tions in (2.3) pass without change to WQ', /s Notice also the analogue of the
functoriality property (2.6): a commutative square

y L X
{ 1
T — S

leads naturally to a homomorphism WQ', /s ™ g WQ, T

3.2 Suppose S is the spectrum of a perfect field of characteristic p > 2. Then
F, is surjective on WOg. Because of d Fy =p" Fjd =V Fgr d in characteristic
p and V] Fil; C Fil,» (see (2.8)), the subsheaf d(f~'WOs) of WQY is zero. So

mk/s = WQ' if S'is the spectrum of a perfect field of characteristic p > 2.




4 Congruence differential equations.

4.1 Let S = Spec A be an affine scheme which is smooth over an open part
of Spec Z[%] Let f : X — S be a projective smooth morphism of relative
dimension 7. We assume that all Hodge cohomology groups H (X, Q% / g) are
free A-modules and H" (X, Q’)}/S) ~ A.

4.2 These hypotheses imply that the Hodge-De Rham spectral sequence EY :=

H/(X, QiX/S) = H"1 (X, QY 5) degenerates at Eq (note that A is flat over Z and

use [4] th.(5.1)). So in particular all De Rham cohomology groups H™ (X, 0y ¢)
are also free A-modules and H?"(X, Q. /5) = A. Moreover the homomorphism

B H™(X,Qy,s) — H"(X, 0x),

induced by the projection of the complex QY /g onto its degree 0 component
Ox, is surjective and the homomorphism

H™M (X, Q) = B T(X, Q ),

induced by the inclusion of Q% /g 88 degree r component into Q' /8" is injective
for every m > 0. One has a perfect pairing

() H™(X, Qy/5) x H (X, Qy/5) = H (X, Qy/5) ~ A
which induces the duality
H™™ ™ (X, Q% g) = H™(X,0x)".

4.3 Recall the Katz-Oda construction of the Gauss-Manin connection [14, 11].
The Koszul filtration {K* };>¢ on the absolute De Rham complex Q' is defined
by

K" :=image(f*QL @ Q5" — Q).

It satisfies

K% /K" ~ QY g, KV /K* > f*Q5 @ Q.

The boundary map in the long exact hypercohomology sequence associated with
the exact sequence of complexes 0 — K /K? — K”/K? — K%/K!'" — 0
yields the Gauss-Manin connection

V: Hm(Xa QX/S) - QE@ ® Hm(Xv QX/S)

form > 0.

These constructions work equally well if we take the complexes modulo
a positive integer N. They then provide the Gauss-Manin connection V on
H™(X, 2y, mod N) and show that the image of H™ (X, mod N) lies in
the kernel of V.

10



4.4 Let Diffs be the algebra of differential operators on A relative to Z and
let Diffg be the subalgebra of Diffs generated by the derivations of A (cf. [7]
(16.11)). The Gauss-Manin connection defines a Lie algebra homomorphism
V : DerA — Endz (H*(X, Q’X/S)) so that V(D) is the composite of V with
D ® 1. This Lie algebra homomorphism extends to an algebra homomorphism

V : Diffg — Endz (H*(X,Qy/g))-

4.5 Fix a positive integer N. Because of the relation dFy = NFyd one can
extend the homomorphism Fy : WOx — WO x mod N to a homomorphism of
complexes

Fy : WOx — WQ mod N

where WO x is viewed as a complex concentrated in degree 0. This leads to a
homomorphism

Fj, : H™(X,WOyx) — H™(X,WQy mod N)

for every m > 0. One has the following commutative diagram

*

H™(X,WOy) % H™(X,WQy mod N)

Fnl L7
H™ (X, WOx) H™ (X, 2 ¢) mod N
i 1B

H"(X,0x) — H"(X,0x)modN

where 7y is induced by WQy mod N — Qy mod N — Q'X/S mod N; notice
that there is no i!-torsion in Q% and Q% /s because X is smooth over a subring

of Q.

4.6 Theorem Let f: X — S be asin (4.1). Fiz an integer m > 0. Take a basis

{wi,...,wn} of H"(X, Ox). Let {&r,...,@p} be the dual basis of ™™™ (X, Q% ).

Take & € H™ (X, WOx) and define for every positive integer N By 1, ..., BN, €

A by
h

TFN§=)Y Bnjw;

Jj=1

Suppose Py, ..., P, € Diffy are such that
V(P +-+V(P)op =0 in HY""(X, Q. /), (2)

then
Py Byni+ -+ P, By, =0mod N.

for all N € N.

11



Proof From (4.5) one deduces for all j
<7'NF;<,£,(I)J‘> = BN,j mod N.

The map 7y factors via H™(X,Qy mod N). Therefore the image of 7 in
H™(X,Q /s mod N) is contained in the kernel of the Gauss-Manin connection.
So for every derivation D of A we have

V(D)(tnFNE) =0 in H™(X,Qy/g) mod N.

In view of the compatibility of (,) and V ([14] th.1) we find for all D € DerA
and all j
DBy, = (tnFy§, V(D)@;) mod N.

The theorem is now obvious. O

4.7 In [18](2.6) it is shown that the hypotheses in (4.1) imply that the map 7 :
H™(X,WOx) — H"(X, Ox) is surjective. So there are elements @y, ...,w €
H™ (X, WOx) such that m@; = w; for ¢ = 1,...,h. Define for N € N the
h x h-matrix By with entries in A by

TFN@=Bnw

where w resp. @ is the column vector with components wy, ..., wp resp. @1, ...,w,.
For a prime number p the matrix B, mod p is known as the Hasse- Witt matriz
of X ® F, in degree m (cf. [11] p.27).

Corollary The congruence differential equations in theorem (4.6) are valid for
the rows of the matrices By .

4.8 Ezample The Gauss-Manin connection makes H" (X, Q'X/S) a module
over the algebra Diffy ( a so-called D-module [17]). The full set of differential
equations (2) (or a generating subset thereof) gives a presentation for the sub-
Diffg-module generated by H" ™™ (X, Q% /S). In practice in explicit examples
one finds these differential equations as Picard-Fuchs equations for the periods
of regular differential forms.

For explicit examples based on families of curves of the form

y" =2 —1)"(z - A)°

with n, a,b,c € N, (n,a,b,¢) =1, a,b,c¢ < n and connected with hypergeometric
differential equations we refer to section 5 of [18]; there one also finds a full detail
example illustrating (4.7).

Further explicit examples of Picard-Fuchs equations can be found in
([6] p. 73-76) for the 1-parameter family of elliptic curves

XP+Y3 4+ 2% -30XYZ =0
and for the 1-parameter family of K3 surfaces

WA+ X2 4 VA4 24 —AANWXYZ =0

12



and in [16] for the 2-parameter family of K3 surfaces
w? = zy(1 —z)(1 - y)(1 = Az — py).

For these examples the matrices By (see (4.7)) can be calculated with the
method of ([18] (5.6)).

5 Reconstruction of the unit root crystal.

In this section we prove theorem (5.6). This theorem shows great similarities
with the main theorem of [13]. The two theorems seem related by a kind of
Hodge symmetry. The actual congruences in our theorem look however weaker
than the congruences in Katz’s theorem. I do not yet understand this phe-
nomenon.

5.1 We keep the situation and assumptions of (4.1). Fix an integer m > 0 and
a prime number p > 2. We assume condition HW (m) of [13]:

hypothesis: For every point Speck — S with k a perfect field of characteristic p
the Frobenius endomorphism Fj,, on H" (X ® k, Oxgy) is bijective.

Now fix a basis wy, ..., wp, of H™ (X, Ox). Take elements @1, ..., o, in H™ (X, WOx)
such that 7@; = w; for i = 1,..., h and define the matrices By as in (4.7). Then
by [18] (4.2) the above hypothesis is equivalent with

hypothesis: The Hasse-Witt matrix B, mod p is invertible over the ring A/pA.
5.2 Set

A, =A/p"A, S, = Spec Ay, X, =X®A,,
Ay =1limA,, Soo = Spec Ao, Xoo = X ® Ao
~n

Since the ring A is formally smooth over Z, it carries an endomorphism o
such that for all a € A

o(a) = aP mod pAs.
In general there are many endomorphisms with this property. Given one choice
for o there is a unique homomorphism of rings

A A = W(Ax)

into the ring W (A ) of p-typical Witt vectors over Aw, such that 7w F;' A\ = o™
for all n € N; in particular 7A = id [8](17.6.9).

In the sequel we will often write a” instead of o(a). For a matrix M = (m;;)
with entries in Ao, we set M?" = (mfj), A(M) = (A(mj)).
5.3 In [18] theorem (3.4) it is shown that under the hypotheses of (5.1) there
exist an invertible h x h-matrix H with entries in A, and elements @1, ...,Qy,

in H" (X oo, WOx__) such that
Byt = B, H mod p*tt forall n >0,

p
F,o=\MH)w,

13



where w is the column vector with components @y, ...,wy,.

5.4 We apply (4.5) with X,, instead of X and with N = p”. This provides
homomorphims

N Fy o HM(Xp,WOx,) — H™X,Qy ) ®a Ay
YN Fy o HM(X,, WOx,) — H™X,, WQy 5 modN)

where ¢y is induced by WQy mod N — WQ'Xn/Sn mod N. Writing w; also
for the image of @; in H™(X,,WOx, ) we get

TNF;\}LtJl,...,TNF]T[(Dh e Hm(X,Q.X/S)@)AAnv
YN FR o, YN Fyon, € Hm(Xn,Wiﬂ'Xn/SandN).

Using (4.5) and (5.3) we compute

n

Tynt1 Flhn @ mod p" = Tpn Fw Fy@ = 1y Fin NH) @ = H” 10 F;

in H™(X, Q'X/S) ® A,. From this computation one obtains

(HO"H"' . H" H)"'7,

(HO" " H"" - H” H)™ 7y Ffu @ mod p"

* Ny —
n+1 Fpn+1 W=

for all n > 1. So in H™(X, QY ) ® As = imH™ (X, Uy 5) ® A, there exist
~n
elements w, ..., wy such that

wmod p" = (H”  H® . H H) '7,n Fr @

p

in H™ (X, Qy /o) @ Ap.

Define
H™ (X, Wiy ) = lim H (X, WO mod p")
With a simple computation as above one sees that there exist elements A\(w1), ..., A(wp,)

in H™ (X, WQy ¢ )oc such that

Me) = M(HT T HO B H) ™ Fj (3)

in H™(X,, WQ.XTL/STL mod p").

5.5 H™ (X, WQYy ) is a module over the ring W(Ax). Via the homomor-
phism A : Ay, — W(Ay) it becomes also an A,.-module. We set:

u := the sub-A-module of H™ (X, Q'X/S) R4 A
generated by wy,...,wp,
AU) = the sub-As-module of H™ (X, WQ'y 5)oo

generated by A(w1),. .., A(wn)

14



5.6 Theorem
(a) The homomorphism m : H™ (X, WQ'y ¢)oc — H™ (X, Uy ) ®4 Aos restricts
to an isomorphism of Ay -modules

AU) ~ U with
w\w;) =w; fori=1,... h.
(b) The homomorphism B : H™(X, QY /) ®4 Ase — H™(X,0x) ®4 Aso (see
4.2)) restricts to an isomorphism of As-modules

U~H"(X,0x)®4 Ax with

Bw; =w; fori=1,... h.

Consequently
H™ (X, Qy/5) ©4 Aso = U & Filjoqe H™ (X, Qy /5) ©4 Anc.

(¢) The Frobenius endomorphism F, on H™ (X, WSy /¢)oo stabilizes A(U). The

matriz of Fy on NU) with respect to the basis Mw1),...,Nwy) satisfies the
congruences
matrix[sz] = )\[Bz}f’k Bjntr] mod p" !

for every n > 0.
(d) The Gauss-Manin connection on H™(X,Qy g) ®a Ao stabilizes U i.e.

VU CQs@U. If D is a derivation of A the matriz of V(D) on U with re-

spect to the basis wy, ..., wy, satisfies the congruences
matrix[V(D)] = =B, D(Byzn) mod p"
for every n > 0.

Proof The results in (a) and (b) are immediate consequences of the construc-
tions in (5.4) and (4.5) and of the formula

2

mFp &= (H°"  H - H°H)w
For (c) and (d) one should first observe

B BT H H=B," B ot

pntk mod p

This together with formula (3) proves the result in (c).
One checks by induction that for every x € A, there exist x; € Ay (i > 0) such

that for every n >0
" Z . xfnﬂ

n
=0



Consequently D(z°") = 0 mod p™. Using that Tpn Fpnw lies in the kernel of
Gauss-Manin one now computes

V(D) (@) = [D((By" Byn) (B, Bylm

[D(B..)] Byen @@ modp”

This proves (d). O

5.7 Remark From (c) one sees that F, is an automorphism of A\(U/). Via the
isomorphism in (a) it gives a Frobenius automorphism on /. Thus U becomes
a unit root crystal. Since the rank of U is h = rank H™ (X, Ox) which is the
maximal rank for a unit root sub-crystal of H™ (X, Q'X/S) ® Aco, U is the unit

root sub-crystal of H™ (X, Qy o) ® Ao (cf. [13] p.249).

5.8 The canonical filtration on a sheaf complex C" consists of the subcomplexes
t<;C" for i € Z defined by (t<;,C")? = C7 for j < i, = 0 for j > i, = ker(d :
CJ — C+1Y) for j = i. It induces on the hypercohomlogy H™(C") the increasing
filtration

Fil’

H™(C") := image(H™(t<;C") — H™(C")), i€ Z.

This gives in particular the conjugate filtrations on H™ (X, W'y mod N),
H™(X, WQ'X/S mod N), H™(X,, WQy_mod p"), H™(X, Q'X/S mod N)

(the terminology conjugate filtration is adopted from [11, 10]). The homomor-
phisms

H™(X, WOy mod N)  — H™(X,WQy s mod N)
H™ (X, WQy g mod N) — H™(X,Qy g mod N)
H™ (X, WOy s mod N) — H™(X, WQy mod N)

are compatible with the conjugate filtrations on their source and target.

5.9 Let s be a closed point of S with perfect residue field &(s) of characteristic
p. By ([9] p.577 (3.17.3)) the canonical homomorphism

WQ'XS mod p" — WnQ'XS

onto the De Rham-Witt complex of level n is a quasi-isomorphism. Thus we
get an isomorphism

H™(X,, WQy_ mod p") ~ H" (X, W, Q)
and a specialization homomorphism
H™ (X,,, WO, mod p) — H"(X,, W,y ). (4)
Moreover from ([9] II(1.4), (2.8)) one knows

H (X,) ~ H™(X,, W) ~ lim H™ (X, W, Q).
.) = lim .

crys
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Thus the homomorphisms in (4) give in the limit

H™ (X, WQ)/5)o0 — Hepys(Xs)- (5)

crys

The homomorphism A — k(s) corresponding with the point s € S and the
homomorphism A : Ay, — W(A) lead to the composite map A — Ay, —
W(Aw) — W(k(s)). From the basic comparison theorem of crystalline and
De Rham cohomology ([1] (7.26.3)) and from the hypotheses in (4.1) one gets
isomorphisms

Herys (X5)

crys

R

H™ (X @ W(k()), U o (k(s)) /W (k(s)))
~ H™(X, Q:X/S) ®4 W(k(s))
So HI (X) is a free W (k(s))-module.

crys

The conjugate filtration on the finite levels H™ (X, W, Q2 ) induces on the
limit H? .(X,) the conjugate filtration {Fil’, H™ (X,)}i>o (see [10]). One

crys con~crys

of the main results in [10] describes Fil’, H™ (X,) ® Q as precisely that

con crys

part of Hip((Xs) ® Q where Frobenius I, acts with slopes < i. In partic-

crys

ular Fil, H™ (X,) is the unit root part of H™ (X,) ([10] III(6.8)). Since

con~rcrys crys
Herys(Xs) is a free W(k(s))-module, FilgonHZ;Lys(Xs) is also a free W(k(s))-
module. By the theory of the conjugate spectral sequence [10] its rank is at most
h = dimy ;) H™ (X, Ox,).

The conjugate filtration on the finite levels induces the conjugate filtration
on the limit H™ (X, WQ, / g)oo- The specialization homomorphism (5) is com-
patible with the conjugate filtrations. It is clear from the construction in (5.4)
and (5.5) that A(U) is contained in FilgonHm(X,WiQ'X/S)oo. So by (b) it is
mapped into Fill,, Hir o (X).

We compose (5) with the projection Hgyy (Xs) — H™ (X5, Ox, ). One easily
checks that the composite map A(U) — H™ (X, Ox,) sends A(w;) to w;(s),=
the image of w; under the map H™(X,0x) — H™(X;, Ox,). Because the
W (k(s))-rank of Fil®, H™ (X,) is at most h and because {w;(s),...,wn(s)} is

con crys

a k(s)-basis of H" (X5, Ox,) we conclude:

5.10 Theorem Let s be a closed point of S with perfect residue field of char-
acteristic p. Then the specialization homomorphism (5) restricts to a surjection

AU) — Fil}, HZ (X,). O
5.11 Remark The conjugate filtration on H™ (X, Q'X/S)®AAn for n > 0 induces
the conjugate filtration on H™ (X, Q'X/S) ®a As. Clearly U is contained in
Fil’, H™(X, Q'X/S) ®4 Aso. One may hope that this inclusion is in fact an

con

equality (cf. [5] p.97).
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