
Mirror Symmetry, Hypergeometric Systems
and the transcendental part of K3 surfaces
associated with 3D Fano Polytopes

Jan Stienstra
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a 3D Fano Polytope is a convex polytope P in R3 such that

• all faces of P are triangles

• P ∩ Z3 consists of the vertices of P and one point in its interior

Up to affine transformations of Z3 there are 18 3D Fano Polytopes.

♯
{
vertices

}
= N , ♯

{
edges

}
= 3N − 6 , ♯

{
faces

}
= 2N − 4

N = 4, 5, 6, 7, 8
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case N V =
[
v1, . . . , vN

]
(vertices) F (faces)

1 4

 1 0 0 −1
0 1 0 −1
0 0 1 −1

  1 1 1 2
2 3 2 3
3 4 4 4


2 5

 1 0 0 0 −1
0 1 0 −1 0
0 0 1 −1 0

  1 1 1 2 3 2
2 3 2 3 4 4
3 4 4 5 5 5


3 5

 1 0 0 −1 −1
0 1 0 −1 0
0 0 1 −1 0

  1 1 1 2 3 2
2 3 2 3 4 4
3 4 4 5 5 5


4 5

 1 −1 −1 0 −1
0 1 0 −1 0
0 0 1 −1 0

  1 1 1 2 3 2
2 3 2 3 4 4
3 4 4 5 5 5


5 5

 1 0 0 0 −1
0 1 0 −1 −1
0 0 1 −1 −1

  1 1 1 2 3 2
2 3 2 3 4 4
3 4 4 5 5 5


6 6

 1 0 0 0 0 −1
0 1 0 −1 0 0
0 0 1 0 −1 0

  1 1 1 1 2 3 4 2
2 3 4 2 3 4 5 5
3 4 5 5 6 6 6 6


7 6

 1 0 0 0 0 −1
0 1 0 −1 0 0
0 0 1 −1 −1 −1

  1 1 1 1 2 3 4 2
2 3 4 2 3 4 5 5
3 4 5 5 6 6 6 6


8 6

 1 0 0 0 0 −1
0 1 0 −1 0 0
0 0 1 1 −1 −1

  1 1 1 1 2 3 4 2
2 3 4 2 3 4 5 5
3 4 5 5 6 6 6 6


9 6

 1 0 0 0 0 −1
0 1 0 −1 0 0
0 0 1 −1 −1 0

  1 1 1 1 2 3 4 2
2 3 4 2 3 4 5 5
3 4 5 5 6 6 6 6


10 6

 1 0 0 0 0 −1
0 1 0 −1 0 −1
0 0 1 −1 −1 −1

  1 1 1 1 2 3 4 2
2 3 4 2 3 4 5 5
3 4 5 5 6 6 6 6


11 6

 1 0 0 0 0 −1
0 1 0 0 1 −1
0 0 1 −1 −1 −1

  1 1 1 1 1 2 2 4
2 2 3 4 4 3 5 5
3 5 6 5 6 6 6 6


12 6

 1 0 0 0 0 −1
0 1 0 0 1 −1
0 0 1 −1 −1 0

  1 1 1 1 1 2 2 4
2 2 3 4 4 3 5 5
3 5 6 5 6 6 6 6


13 7

 1 0 0 0 0 0 −1
0 1 0 −1 −1 0 0
0 0 1 0 −1 −1 0

  1 1 1 1 1 2 3 4 5 2
2 3 4 5 2 3 4 5 6 6
3 4 5 6 6 7 7 7 7 7


14 7

 1 0 0 0 0 0 −1
0 1 0 −1 −1 0 −1
0 0 1 0 −1 −1 0

  1 1 1 1 1 2 3 4 5 2
2 3 4 5 2 3 4 5 6 6
3 4 5 6 6 7 7 7 7 7


15 7

 1 0 0 0 0 0 −1
0 1 0 −1 −1 0 1
0 0 1 0 −1 −1 0

  1 1 1 1 1 2 3 4 5 2
2 3 4 5 2 3 4 5 6 6
3 4 5 6 6 7 7 7 7 7


16 7

 1 0 0 0 0 0 −1
0 1 0 −1 −1 0 −1
0 0 1 0 −1 −1 −1

  1 1 1 1 1 2 3 4 5 2
2 3 4 5 2 3 4 5 6 6
3 4 5 6 6 7 7 7 7 7


17 8

 1 0 0 0 0 0 0 −1
0 1 0 −1 −1 0 1 0
0 0 1 1 0 −1 −1 0

  1 1 1 1 1 1 2 3 4 5 6 2
2 3 4 5 6 2 3 4 5 6 7 7
3 4 5 6 7 7 8 8 8 8 8 8


18 8

 1 0 0 0 0 0 0 −1
0 1 0 −1 −1 0 1 1
0 0 1 1 0 −1 −1 −1

  1 1 1 1 1 1 2 3 4 5 6 2
2 3 4 5 6 2 3 4 5 6 7 7
3 4 5 6 7 7 8 8 8 8 8 8


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case polytope Fano threefold

1

 1 0 0 −1
0 1 0 −1
0 0 1 −1

 P3

2

 1 0 0 0 −1
0 1 0 −1 0
0 0 1 −1 0

 P1 × P2

6

 1 0 0 0 0 −1
0 1 0 −1 0 0
0 0 1 0 −1 0

 P1 × P1 × P1

9

 1 0 0 0 0 −1
0 1 0 −1 0 0
0 0 1 −1 −1 0

 P1 × dP1

13

 1 0 0 0 0 0 −1
0 1 0 −1 −1 0 0
0 0 1 0 −1 −1 0

 P1 × dP2

17

 1 0 0 0 0 0 0 −1
0 1 0 −1 −1 0 1 0
0 0 1 1 0 −1 −1 0

 P1 × dP3
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Fano threefold Fano(V) ≃−→ CN
F /L⊗ C∗

CN
F =

⋃
[h,i,j]∈F CN

[h,i,j]

CN
[h,i,j] =

{
(z1, . . . , zN) ∈ CN

∣∣ zm ̸= 0 if m ̸= h, i, j
}

L =
{
(ℓ1, . . . , ℓN) ∈ ZN

∣∣ ℓ1v1 + . . .+ ℓNvN = 0
}
, rankL = N − 3

L⊗ C∗ ↪→ C∗N

C∗N acts on CN and CN
F by componentwise multiplication

C3 ≃−→ CN
[h,i,j]/L⊗ C∗ (y1, y2, y3) 7→ (z1, . . . , zN)

with zh = y1, zi = y2, zj = y3 and zm = 1 for m ̸= h, i, j
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The coordinates (z1, . . . , zN) on CN function as
homogeneous coordinates on Fano(V).

• For a vertex vi of the Fano polytope conv(V)
zi = 0 defines a divisor Di on Fano(V).

• For an edge conv(vi, vj) of conv(V)
zi = zj = 0 defines the intersection Di ∩ Dj

• For a face conv(vh, vi, vj) of conv(V)
zh = zi = zj = 0 defines the intersection Dh ∩ Di ∩ Dj
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The Chow ring CH∗(Fano(V)) =
⊕3

m=0 CH
m
(
Fano(V)

)
and cohomology ring H∗(Fano(V),Z) =

⊕3
m=0H

2m
(
Fano(V),Z

)
are isomorphic as graded rings with

R∗(V) = Z
[
D1, . . . ,DN

]
/
(
I + J

)
• ideal I generated by products Da · Db and Dc · Dd · De with
{a, b} and {c, d, e} not contained in any [h, i, j] ∈ F

• ideal J generated by the three linear forms in the system

v1D1 + . . .+ vNDN

rankR0(V) = rankR3(V) = 1, rankR1(V) = rankR2(V) = N − 3,

rankR∗(V) = 2N − 4
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Let D1, . . . ,DN ∈ R1(V) denote the residue classes D1, . . . ,DN mod I + J .
Then

• 1 ∈ R0(V) ⇔ equivalence class of Fano(V) in CH0
(
Fano(V)

)
.

• Di ∈ R1(V) ⇔
equivalence class of the divisor Di in CH1

(
Fano(V)

)
= Pic

(
Fano(V)

)
• Di · Dj ∈ R2(V) for an edge conv(vi, vj) of conv(V) ⇔

equivalence class of the curve Di ∩ Dj in CH2
(
Fano(V)

)
• Dh · Di · Dj ∈ R3(V) for a face conv(vh, vi, vj) of conv(V) ⇔

equivalence class of the point Dh ∩ Di ∩ Dj in CH3
(
Fano(V)

)
• All points Dh ∩ Di ∩ Dj for [h, i, j] ∈ F are rationally equivalent,

i.e. Dh · Di · Dj = D1 · D2 · D3 in CH3
(
Fano(V)

)
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bilinear form
〈
,
〉
on Pic

(
Fano(V)

)
= R1(V):

for c, c′ ∈ R1(V)
c · c′ · D0 =

〈
c, c′
〉
· D1 · D2 · D3.

where D0 = D1 + . . .+ DN is the anti-canonical class.

case
(〈
Di,Dj

〉)
1≤i,j≤N

1

P3


4 4 4 4
4 4 4 4
4 4 4 4
4 4 4 4



3


4 4 4 4 0
4 2 2 2 2
4 2 2 2 2
4 2 2 2 2
0 2 2 2 −2



5


0 3 3 3 0
3 4 4 1 3
3 4 4 1 3
3 1 1 −2 3
0 3 3 3 0



case
(〈
Di,Dj

〉)
1≤i,j≤N

2

P1 × P2


0 3 3 3 0
3 2 2 2 3
3 2 2 2 3
3 2 2 2 3
0 3 3 3 0



4


10 5 5 5 0
5 2 2 2 1
5 2 2 2 1
5 2 2 2 1
0 1 1 1 −2



6

P1 × P1 × P1


0 2 2 2 2 0
2 0 2 0 2 2
2 2 0 2 0 2
2 0 2 0 2 2
2 2 0 2 0 2
0 2 2 2 2 0


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case
(〈
Di,Dj

〉)
1≤i,j≤N

7


0 2 3 2 1 0
2 0 3 0 1 2
3 3 6 3 0 3
2 0 3 0 1 2
1 1 0 1 −2 1
0 2 3 2 1 0



9


0 2 3 2 1 0
2 0 2 0 2 2
3 2 2 2 0 3
2 0 2 0 2 2
1 2 0 2 −2 1
0 2 3 2 1 0



11


2 1 4 1 1 2
1 −2 4 0 3 1
4 4 4 0 0 4
1 0 0 −2 1 1
1 3 0 1 −2 1
2 1 4 1 1 2



case
(〈
Di,Dj

〉)
1≤i,j≤N

8


0 2 1 2 3 0
2 0 3 0 1 2
1 3 −2 3 0 1
2 0 3 0 1 2
3 1 0 1 −2 3
0 2 1 2 3 0



10


0 2 3 2 1 0
2 2 4 0 2 2
3 4 4 1 0 3
2 0 1 −2 1 2
1 2 0 1 −2 1
0 2 3 2 1 0



12


2 1 3 2 1 2
1 −2 3 0 3 1
3 3 0 0 0 3
2 0 0 −2 2 2
1 3 0 2 −2 1
2 1 3 2 1 2



13



0 2 2 1 1 1 0
2 0 2 0 0 2 2
2 2 0 2 0 0 2
1 0 2 −2 2 0 1
1 0 0 2 −2 2 1
1 2 0 0 2 −2 1
0 2 2 1 1 1 0



15



0 2 2 1 1 1 0
2 −2 1 0 0 1 2
2 1 0 3 0 0 2
1 0 3 −2 3 0 1
1 0 0 3 −2 2 1
1 1 0 0 2 −2 1
0 2 2 1 1 1 0



17



0 1 1 1 1 1 1 0
1 −2 2 0 0 0 2 1
1 2 −2 2 0 0 0 1
1 0 2 −2 2 0 0 1
1 0 0 2 −2 2 0 1
1 0 0 0 2 −2 2 1
1 2 0 0 0 2 −2 1
0 1 1 1 1 1 1 0



14



0 2 2 1 1 1 0
2 2 3 0 0 3 2
2 3 0 1 0 0 2
1 0 1 −2 1 0 1
1 0 0 1 −2 2 1
1 3 0 0 2 −2 1
0 2 2 1 1 1 0



16



0 2 2 1 1 1 0
2 2 4 0 0 2 2
2 4 2 2 0 0 2
1 0 2 −2 1 0 1
1 0 0 1 −2 1 1
1 2 0 0 1 −2 1
0 2 2 1 1 1 0



18



0 1 1 1 1 1 1 0
1 −2 2 0 0 0 1 1
1 2 −2 3 0 0 0 1
1 0 3 −2 3 0 0 1
1 0 0 3 −2 2 0 1
1 0 0 0 2 −2 1 1
1 1 0 0 0 1 −2 1
0 1 1 1 1 1 1 0


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Global sections of the anti-canonical bundle on Fano(V) are
homogeneous polynomials

♣ =
∑

µ∈conv(V)∨∩Z3

cµ z
1+µ·v1
1 · . . . · z1+µ·vN

N

in C[z1, . . . , zN ] where

conv(V)∨ ∩ Z3 =
{
µ ∈ Z3

∣∣ µ · vj ≥ −1 for j = 1, . . . , N
}
.

The zero set of ♣ is an anti-canonical K3 surface in Fano(V).

anti-canonical K3 in P3 ⇔ surface of degree 4

anti-canonical K3 in P1 × P2 ⇔ surface of degree (2, 3)

anti-canonical K3 in P1 × P1 × P1 ⇔ surface of degree (2, 2, 2)
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Define R∗
(V) = R0

(V)⊕R1
(V)⊕R2

(V)

as the graded ring with homogeneous components

R0
(V) = Z1,

R1
(V) is additively generated by δ1, . . . , δN subject to

the linear relations v1δ1 + . . .+ vNδN = 0,

R2
(V) = Zδ∞

The multiplication is given by: for i, j = 1, . . . , N :

1 · 1 = 1 , 1 · δj = δj , 1 · δ∞ = δ∞ ,

δ∞ · δj = δ∞ · δ∞ = 0,

δi · δj =
〈
δi, δj

〉
δ∞

The number
〈
δi, δj

〉
is equal to the number

〈
Di,Dj

〉

12



The homomorphism of graded rings

f : R∗(V) −→ R∗
(V) , f(Dj) = δj for j = 0, . . . , N

induces isomorphisms R0(V) ≃ R0
(V) , R1(V) ≃ R1

(V).

In degree 2 the image of f in R2
(V) = Zδ∞ is

f
(
R2(V)

)
=


4Zδ∞ in Case 1
2Zδ∞ in Cases 3 and 6
Zδ∞ in all other cases

and

ker(f) ∩R2(V) =

{∑
i,j

nijDi · Dj

∣∣∣∣∣ ∑
i,j

nij

〈
Di,Dj

〉
= 0

}

In degree 3: R3(V) ⊂ ker(f)

ker(f) = Ann(D0) =
{
c ∈ R∗(V)

∣∣ c · D0 = 0
}
,

the annihilator ideal of D0 = D1 + . . .+ DN .
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The Beauville-Voisin ring of a K3 surface Y

Recall the Chow ring and the cohomology ring of Y

CH∗(Y) = CH0
(
Y
)
⊕ CH1

(
Y
)
⊕ CH2

(
Y
)

H∗(Y ,Z) = H0(Y ,Z)⊕ H2(Y ,Z)⊕ H4(Y ,Z)

The cycle class map CH∗(Y) −→ H∗(Y ,Z)

is a homomorphism of graded rings such that:

CH0
(
Y
)

= H0(Y ,Z) = Z

Pic(Y) = CH1
(
Y
)

↪→ H2(Y ,Z)

CH2
(
Y
)

↠ H4(Y ,Z) = Z

According to a theorem of Beauville and Voisin the cycle class map restricts to a
ring isomorphism between on the one hand a subring of CH∗(Y) – known as the
Beauville-Voisin ring of Y – and on the other hand the subring

H0(Y ,Z)⊕ Pic(Y)⊕ H4(Y ,Z)

of H∗(Y ,Z)
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For a general anti-canonical K3 surface Y in Fano(V)
Pic(Y) = Pic(Fano(V))
and the Beauville-Voisin ring of Y is isomorphic with the ring R∗

(V)

∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼

For any K3 surface Y
• the cokernel of the inclusion Pic(Y) = CH1

(
Y
)
↪→ H2(Y ,Z) is

isomorphic with the transcendental lattice Tr(Y) of Y

• the kernel of the surjection CH2
(
Y
)
↠ H4(Y ,Z) = Z is

the so-called Albanese kernel of Y

The Albanese kernel is a fairly mysterious “infinite dimensional” object

theorem(Beauville-Voisin):

All points on Y which lie on some rational curve have the same class in CH2
(
Y
)
.

∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼
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case PV,u⋆(x1, x2, x3)

1 u1x1 + u2x2 + u3x3 + u4x
−1
1 x−1

2 x−1
3

2 u1x1 + u2x2 + u3x3 + u4x
−1
2 x−1

3 + u5x
−1
1

3 u1x1 + u2x2 + u3x3 + u4x
−1
1 x−1

2 x−1
3 + u5x

−1
1

4 u1x1 + u2x
−1
1 x2 + u3x

−1
1 x3 + u4x

−1
2 x−1

3 + u5x
−1
1

5 u1x1 + u2x2 + u3x3 + u4x
−1
2 x−1

3 + u5x
−1
1 x−1

2 x−1
3

6 u1x1 + u2x2 + u3x3 + u4x
−1
2 + u5x

−1
3 + u6x

−1
1

7 u1x1 + u2x2 + u3x3 + u4x
−1
2 x−1

3 + u5x
−1
3 + u6x

−1
1 x−1

3

8 u1x1 + u2x2 + u3x3 + u4x
−1
2 x3 + u5x

−1
3 + u6x

−1
1 x−1

3

9 u1x1 + u2x2 + u3x3 + u4x
−1
2 x−1

3 + u5x
−1
3 + u6x

−1
1

10 u1x1 + u2x2 + u3x3 + u4x
−1
2 x−1

3 + u5x
−1
3 + u6x

−1
1 x−1

2 x−1
3

11 u1x1 + u2x2 + u3x3 + u4x
−1
3 + u5x2x

−1
3 + u6x

−1
1 x−1

2 x−1
3

12 u1x1 + u2x2 + u3x3 + u4x
−1
3 + u5x2x

−1
3 + u6x

−1
1 x−1

2

13 u1x1 + u2x2 + u3x3 + u4x
−1
2 + u5x

−1
2 x−1

3 + u6x
−1
3 + u7x

−1
1

14 u1x1 + u2x2 + u3x3 + u4x
−1
2 + u5x

−1
2 x−1

3 + u6x
−1
3 + u7x

−1
1 x−1

2

15 u1x1 + u2x2 + u3x3 + u4x
−1
2 + u5x

−1
2 x−1

3 + u6x
−1
3 + u7x

−1
1 x2

16 u1x1 + u2x2 + u3x3 + u4x
−1
2 + u5x

−1
2 x−1

3 + u6x
−1
3 + u7x

−1
1 x−1

2 x−1
3

17 u1x1 + u2x2 + u3x3 + u4x
−1
2 x3 + u5x

−1
2 + u6x

−1
3 + u7x2x

−1
3 + u8x

−1
1

18 u1x1 + u2x2 + u3x3 + u4x
−1
2 x3 + u5x

−1
2 + u6x

−1
3 + u7x2x

−1
3 + u8x

−1
1 x2x

−1
3
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The Newton polytope of the Laurent polynomial

PV,u(x1, x2, x3) = u0 + PV,u⋆(x1, x2, x3)

with u = (u0, u1, . . . uN) ∈ C× C∗3 is equal to the Fano polytope conv(V).

The polynomial PV,u(x1, x2, x3) can be homogenized to

P̃V,u(X1, Y1, X2, Y2, X3, Y3) = X1 · Y1 ·X2 · Y2 ·X3 · Y3 · PV,u

(
X1

Y1
,
X2

Y2
,
X3

Y3

)

Let XV,u denote the K3 surface of degree (2, 2, 2) in P1 × P1 × P1 defined by

P̃V,u(X1, Y1, X2, Y2, X3, Y3) = 0

Case 6:
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Matsumura-Nagano (arXiv:2208.01465):
For all V and general coefficients u = (u0, u1, . . . , uN)
there is an isomorphism of lattices

Tr(XV,u) ≃ Pic
(
Fano(V)

)
⊕ U

where U is the hyperbolic lattice of rank 2 and
Tr(XV,u) is the transcendental lattice of XV,u:

Tr(XV,u) = Pic(XV,u)
⊥

There is an isomorphism of lattices

Pic
(
Fano(V)

)
⊕ U ≃ R∗

(V)

where the additive group underlying R∗
(V) is equipped with

the bilinear form
〈
,
〉
defined by (ξ · η)deg 2 =

〈
ξ, η
〉
δ∞

18



This means that the two families

K3 surfaces Y in Fano(V) defined by sections of the anti-canonical bundle

K3 surfaces XV,u of degree (2, 2, 2) in P1 × P1 × P1 defined by polynomials
with Newton polytope equal to conv(V)

form a

• Mirror Pair in the sense of Batyrev

• Mirror Pair of lattice polarized K3 surfaces
in the sense of Dolgachev

• The map
PV,u⋆ : C∗3 → C

which is defined by the polynomial PV,u⋆(x1, x2, x3) is called

(possibly under restrictive conditions on the coefficients u1, . . . , uN)

a Landau-Ginzburg Mirror of the Fano threefold Fano(V)

19



The variation of Hodge structure on H2(XV,u,C) describes the position of the
cohomology class [ωV,u] of the differential 2-form

ωV,u =
u0

dPV,u(x1, x2, x3)

dx1
x1

dx2
x2

dx3
x3

w.r.t. the lattice H2(XV,u,Z) in H2(XV,u,C).

Since [ωV,u] ⊥ Pic(XV,u) we actually have [ωV,u] ∈ Tr(XV,u)⊗ C

For general u = (u0, u1, . . . , uN):

Tr(XV,u)⊗ C ≃ R∗
(V)⊗ C.

theorem:

The expression

Φ♭(u0, . . . , uN) =
∑
ℓ∈L

(−1)ℓ0
−ℓ0∏
k=1

(δ0 + k) ·
N∏
j=1

Γ(1 + δj)

Γ(ℓj + 1 + δj)
u
ℓj+δj
j · uℓ0−δ0

0

gives the position of [ωV,u] in R∗
(V)⊗ C

as a function of the variables u0, u1, . . . , uN

20



Φ♭(u0, . . . , uN) =
∑
ℓ∈L

(−1)ℓ0
−ℓ0∏
k=1

(δ0 + k) ·
N∏
j=1

Γ(1 + δj)

Γ(ℓj + 1 + δj)
u
ℓj+δj
j · uℓ0−δ0

0

legend:

• for ℓ ∈ L: ℓ = (ℓ1, . . . , ℓN) , ℓ0 = −(ℓ1 + . . .+ ℓN)

• δ1, . . . , δN , δ∞ ∈ R∗
(V) , δ0 = δ1 + . . .+ δN

• u
ℓj+δj
j = u

ℓj
j

(
1 + δj log(uj) +

1
2

〈
δj, δj

〉
δ∞ (log(uj))

2
)

• Gamma-function: Γ(s) =
∫∞
0 ts−1e−tdt

Pochammer symbol:

(s)0 = 1, (s)n = s · (s+ 1) · . . . · (s+ n− 1) if n > 0

Γ(1 + s)

Γ(n+ 1 + s)
=


1

(1 + s)n
if n ∈ Z≥0,

(−1)n(−s)−n if n ∈ Z≤0.

RHS also makes sense if s is a nilpotent element in a Q algebra.

• If one works with complex variables u0, . . . , uN the logarithms
lead to multi-valuedness and monodromy.

Alternatively, one may restrict to positive real values of u0, . . . , uN

• Φ♭(u0, . . . , uN) equals u
−δ0
0

∏N
j=1 u

δj
j times a power series

with non-zero terms only for ℓ in some pointed convex cone in L.
This series converges for |u0| sufficiently much larger than |u1|, . . . , |uN |
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Φ♭(u0, . . . , uN) =
∑
ℓ∈L

(−1)ℓ0
−ℓ0∏
k=1

(δ0 + k) ·
N∏
j=1

Γ(1 + δj)

Γ(ℓj + 1 + δj)
u
ℓj+δj
j · uℓ0−δ0

0

invariance properties:

Define for t0 ∈ C∗, t = (t1, t2, t3) ∈ C∗3 and u = (u0, u1, . . . , uN) ∈ CN

t0 · u = (t0u0, t0u1, . . . , t0uN), t ⋆ u = (u0, t
v1u1, . . . , t

vNuN) ♦

where vj = (v1j, v2j, v3j)
† and tvj = t

v1j
1 t

v2j
2 t

v3j
3 .

Then

i. Φ♭(t0 · u) = Φ♭(u)

ii. Φ♭(t ⋆ u) = Φ♭(u)

iii. PV,t0·u(x1, x2, x3) = t0PV,u(x1, x2, x3)

iv. PV,t⋆u(x1, x2, x3) = PV,u(t1x1, t2x2, t3x3)

Equation iii implies that the K3 surfaces XV,t0·u and XV,u are the same.
Equation iv implies that the K3 surfaces XV,t⋆u and XV,u are isomorphic.

Thus, with the action as in ♦,

C⊗ C∗N−1
/C∗ ⊗ C∗3

is a (naive?) moduli space for the family of K3 surfaces
{
XV,u

}

22



Case 1: V =
[
v1, v2, v3, v4

]
=

[
1 0 0 −1
0 1 0 −1
0 0 1 −1

]
, Fano(V) = P3,

PV,u(x1, x2, x3) = u0 + u1x1 + u2x2 + u3x3 + u4x
−1
1 x−1

2 x−1
3 .

ℓ1v1 + . . .+ ℓNvN = 0 ⇒ ℓ1 = ℓ2 = ℓ3 = ℓ4 , ℓ0 = −4ℓ1

v1δ1 + . . .+ vNδN = 0 ⇒ δ1 = δ2 = δ3 = δ4 , δ0 = 4δ1

R∗
(V) = Z1⊕ Zδ1 ⊕ Zδ∞

with multiplication: 1 is the multiplicative unit element

δ21 = 4δ∞, δ1 · δ∞ = δ∞ · δ∞ = 0

Φ♭(u0, u1, u2, u3, u4) =
∑

ℓ1∈Z≥0

(1 + 4δ1)4ℓ1(
(1 + δ1)ℓ1

)4 (u−4
0 u1u2u3u4)

ℓ1+δ1

Its degree 0 component is

Φ♭(u0, u1, u2, u3, u4)
deg 0 =

∑
ℓ1≥0

(4ℓ1)!(
ℓ1!
)4 (u−4

0 u1u2u3u4)
ℓ1

=
1

(2πi)3

∮
|x1|=|x2|=|x3|=1

u0
PV,u(x1, x2, x3)

dx1
x1

dx2
x2

dx3
x3

The matrix of the bilinear form w.r.t. the basis 1, δ1, δ∞ is

 0 0 1
0 4 0
1 0 0


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Case 1 continued:
Upon homogenization and scaling coordinates the K3 surface XV,u in P3

is defined by

X2Y Z +XY 2Z +XY Z2 +W 4 + λWXY Z = 0

with λ = u0(u1u2u3u4)
−1/4. We see:

Φ♭(u0, u1, u2, u3, u4) = λ−4δ1
∑

ℓ1∈Z≥0

(14 + δ1)ℓ1(
1
2 + δ1)ℓ1(

3
4 + δ1)ℓ1(

(1 + δ1)ℓ1
)3 (

44

λ4

)ℓ1

Φ♭(u0, u1, u2, u3, u4)
deg 0 = 3F2

(
1
4

1
2

3
4

1 1
;
44

λ4

)

where 3F2 is a generalized Gauss hypergeometric function.
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Case 6: V =
[
v1, v2, v3, v4, v5, v6

]
=

 1 0 0 0 0 −1
0 1 0 −1 0 0
0 0 1 0 −1 0


Fano(V) = P1 × P1 × P1

PV,u(x1, x2, x3) = u0 + u1x1 + u2x2 + u3x3 + u4x
−1
2 + u5x

−1
3 + u6x

−1
1

ℓ1v1 + . . .+ ℓNvN = 0 ⇒ ℓ1 = ℓ6, ℓ2 = ℓ4, ℓ3 = ℓ5, ℓ0 = −2ℓ1 − 2ℓ2 − 2ℓ3
v1δ1 + . . .+ vNδN = 0 ⇒ δ1 = δ6, δ2 = δ4, δ3 = δ5, δ0 = 2δ1 + 2δ2 + 2δ3

R∗
(V) = Z1⊕ Zδ1 ⊕ Zδ2 ⊕ Zδ3 ⊕ Zδ∞

with multiplication: 1 is the multiplicative unit element,

δ21 = δ22 = δ23 = δ2∞ = δ1δ∞ = δ2δ∞ = δ3δ∞ = 0, δ1δ2 = δ1δ3 = δ2δ3 = 2δ∞.

The bilinear form w.r.t. the basis 1, δ1, δ2, δ3, δ∞ is


0 0 0 0 1
0 0 2 2 0
0 2 0 2 0
0 2 2 0 0
1 0 0 0 0


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Case 6 continued:

Φ♭(u0, u1, u2, u3, u4, u5, u6) =∑
ℓ1,ℓ2,ℓ3≥0

(1 + 2δ1 + 2δ2 + 2δ3)2ℓ1+2ℓ2+2ℓ3(
(1 + δ1)ℓ1(1 + δ2)ℓ2(1 + δ3)ℓ3

)2 (u−2
0 u1u6)

ℓ1+δ1(u−2
0 u2u4)

ℓ2+δ2(u−2
0 u3u5)

ℓ3+δ3

= λ−2δ1
1 λ−2δ2

2 λ−2δ3
3 ×∑

ℓ1,ℓ2,ℓ3≥0

(1 + δ1 + δ2 + δ3)ℓ1+ℓ2+ℓ3(
1
2 + δ1 + δ2 + δ3)ℓ1+ℓ2+ℓ3(

(1 + δ1)ℓ1(1 + δ2)ℓ2(1 + δ3)ℓ3
)2 (

4

λ2
1

)ℓ1 ( 4

λ2
2

)ℓ2 ( 4

λ2
3

)ℓ3

where λ1 = u0(u1u6)
−1/2, λ2 = u0(u2u4)

−1/2, λ3 = u0(u3u5)
−1/2.

Its degree 0 component is

Φ♭(u0, u1, u2, u3, u4, u5, u6)
deg 0 =

=
∑

ℓ1,ℓ2,ℓ3≥0

(2ℓ1 + 2ℓ2 + 2ℓ3)!(
ℓ1! ℓ2! ℓ3!

)2 (u−2
0 u1u6)

ℓ1(u−2
0 u2u4)

ℓ2(u−2
0 u3u5)

ℓ3

=
∑

ℓ1,ℓ2,ℓ3≥0

(1)ℓ1+ℓ2+ℓ3(
1
2)ℓ1+ℓ2+ℓ3(

ℓ1! ℓ2! ℓ3!
)2 (

4

λ2
1

)ℓ1 ( 4

λ2
2

)ℓ2 ( 4

λ2
3

)ℓ3

= FC

(
1, 12 ; 1, 1, 1

∣∣∣∣ 4λ2
1

,
4

λ2
2

,
4

λ2
3

)

=
1

(2πi)3

∮
|x1|=|x2|=|x3|=1

u0
PV,u(x1, x2, x3)

dx1
x1

dx2
x2

dx3
x3

where FC is a Lauricella hypergeometric function of type C.
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Case 6 continued:

In ±1987 Chris Peters and I investigated the family of K3 surfaces

x1 + x−1
1 + x2 + x−1

2 + x3 + x−1
3 = s

This is Case 6 with u1 = u2 = u3 = u4 = u5 = u6 = 1 and u0 = −s.

We found that for general s the transcendental lattice is

 0 0 1
0 12 0
1 0 0

.

Φ♭(u0, 1, 1, 1, 1, 1, 1) =

∑
m≥0

( ∑
ℓ1+ℓ2+ℓ3=m

(1 + 2δ)2m(
(1 + δ1)ℓ1(1 + δ2)ℓ2(1 + δ3)ℓ3

)2
)

u
−2(m+δ)
0

where δ = δ1 + δ2 + δ3.

The coefficients are invariant under permutations of δ1, δ2, δ3
and, hence, linear combinations of 1, δ1 + δ2 + δ3 and δ1δ2 + δ1δ3 + δ2δ3.

Therefore Φ♭(u0, 1, 1, 1, 1, 1, 1) takes values in
(
Z1⊕ Zδ ⊕ Zδ∞

)
⊗ C.

The bilinear form on Z1⊕ Zδ ⊕ Zδ∞ is

 0 0 1
0 12 0
1 0 0

.
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GKZ hypergeometric systems

The GKZ system of differential equations associated with V and
additional parameters β0 ∈ C and β = [β1, β2, β3]

† ∈ C3 is the system of
differential equations for functions Φ(u0, . . . , uN) of N + 1 complex variables:

• For every (ℓ1, . . . , ℓN) ∈ L there is one differential equation:∏
ℓi<0

(
∂

∂ui

)−ℓi

Φ =
∏
ℓi>0

(
∂

∂ui

)ℓi

Φ (⋆)

where in the products 0 ≤ i ≤ N and ℓ0 = −(ℓ1 + . . .+ ℓN)

• The system of four linear differential equations:

N∑
j=0

uj
∂

∂uj
Φ = β0Φ ,

N∑
j=1

vj uj
∂

∂uj
Φ = β Φ (⋆⋆)

The system we need for our purpose has β0 = β1 = β2 = β3 = 0.

Differential equations (⋆⋆) are then equivalent with the invariance property

Φ(t0 · u) = Φ(u) , Φ(t ⋆ u) = Φ(u) , (⋆ ⋆ ⋆)

where for t0 ∈ C∗, t = (t1, t2, t3) ∈ C∗3 and u = (u0, u1, . . . , uN) ∈ CN

t0 · u = (t0u0, t0u1, . . . , t0uN), t ⋆ u = (u0, t
v1u1, . . . , t

vNuN) ♦
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theorem a
Consider the expression

Φ(u0, . . . , uN) =
∑
ℓ∈L

Γ(1− D0)

Γ(ℓ0 + 1− D0)
uℓ0−D0
0 ·

N∏
j=1

Γ(1 + Dj)

Γ(ℓj + 1 + Dj)
u
ℓj+Dj

j

with ℓ = (ℓ1, . . . , ℓN) ∈ L, ℓ0 = −(ℓ1 + . . .+ ℓN),

D1, . . . ,DN ∈ Pic
(
Fano(V)

)
and D0 = D1 + . . .+ DN .

i. It defines a (multivalued) function on a non-empty domain in CN+1 with
values in CH∗(Fano(V))⊗ C.

ii. It satisfies the GKZ system (⋆)− (⋆ ⋆ ⋆) associated with V , β0 = 0, β = 0.

iii. Define for Ξ ∈ CH∗(Fano(V)) the function
〈
⟨Ξ , Φ(u0, . . . , uN)⟩

〉
by(

Ξ · Φ(u0, . . . , uN)
)deg 3

=
〈
⟨Ξ , Φ(u0, . . . , uN)⟩

〉
D1 · D2 · D3

Then the assignment
Ξ 7→

〈
⟨Ξ , Φ(u0, . . . , uN)⟩

〉
establishes an isomorphism

CH∗(Fano(V))⊗ C ≃−→
{
solutions of GKZ system (⋆)− (⋆ ⋆ ⋆)

}
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theorem b
The defining expression for the function Φ(u0, . . . , uN) can be rewritten as

Φ(u0, . . . , uN) = uD1
1 · . . . · uDN

N − D0Φ
♢(u0, . . . , uN)

with

Φ♢(u0, . . . , uN) =
(
log(u0)− 1

2 log
2(u0)δ0 +

1
6 log

3(u0)δ
2
0

)
· uδ11 · . . . · uδNN

−
∑

ℓ∈L,ℓ̸=0

(−1)ℓ0
−ℓ0−1∏
k=1

(δ0 + k) ·
N∏
j=1

Γ(1 + δj)

Γ(ℓj + 1 + δj)
u
ℓj+δj
j · uℓ0−δ0

0

Here δ0, δ1, . . . , δN ∈ R∗(V)/Ann(D0) ⊂ R∗
(V).

Φ♢(u0, . . . , uN) is a function of u0, . . . , uN with values in R∗
(V)⊗ C.

corollary a:

∂

∂u0
Φ(u0, . . . , uN) = −D0 ·

∂

∂u0
Φ♢(u0, . . . , uN)

u0
∂

∂u0
Φ♢(u0, . . . , uN) = Φ♭(u0, . . . , uN)

Recall

Φ♭(u0, . . . , uN) =
∑
ℓ∈L

(−1)ℓ0
−ℓ0∏
k=1

(δ0 + k) ·
N∏
j=1

Γ(1 + δj)

Γ(ℓj + 1 + δj)
u
ℓj+δj
j · uℓ0−δ0

0
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corollary b:

i.
〈
⟨D1 · D2 · D3 , Φ(u0, . . . , uN)⟩

〉
= Φ(u0, . . . , uN)

deg 0 = 1 (constant)

ii. For an edge conv(vi, vj) of conv(V)〈
⟨Di · Dj , Φ(u0, . . . , uN)⟩

〉
= log(uaiu

b
jukum)−

〈
δi, δj

〉
Φ♢(u0, . . . , uN)

deg 0

where conv(vi, vj, vk) and conv(vi, vj, vm) are the two faces of conv(V)
adjacent to edge conv(vi, vj) and a, b ∈ Z>0 are determined by
the unique linear relation avi + bvj + vk + vm = 0.

iii. The constant function 1 and the functions log
(
ua11 · . . . · uaNN

)
with

(a1, . . . , aN) ∈ L such that a1 + . . .+ aN = 0 generate an (N − 3)-dimensional
C-subspace of the solution space of the GKZ system (⋆)− (⋆ ⋆ ⋆).

iv. The isomorphism

CH∗(Fano(V))⊗ C ≃−→
{
solutions of GKZ system (⋆)− (⋆ ⋆ ⋆)

}
defined by the assignment Ξ 7→

〈
⟨Ξ , Φ(u0, . . . , uN)⟩

〉
restricts to an isomorphism

Ann(D0)⊗ C ≃−→ ker

(
∂

∂u0

)
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theorem c

i. The relative cohomology group

H4
(
C∗4 rel Z

(
x0 − PV,u(x1, x2, x3)

))
is a module over the ring of differential operators

D = C[u0, . . . , uN , ∂
∂u0

, . . . , ∂
∂uN

]. It is generated as a D-module by the

cohomology class
[
dx0dx1dx2dx3

x0x1x2x3

]
of the differential form

dx0dx1dx2dx3
x0x1x2x3

.

ii. There is an isomorphism of D-modules

H4
(
C∗4 rel Z

(
x0 − PV,u(x1, x2, x3)

)) ≃−→ CH∗(Fano(V))⊗O[
dx0dx1dx2dx3

x0x1x2x3

]
7→ Φ(u0, . . . , uN)

where O is an appropriate ring of functions in the variables u0, . . . , uN .

iii. The isomorphism in ii restricts to an isomorphism

ker

(
∂

∂u0

)
≃−→ Ann(D0)⊗O
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Mahler measure

Φ♢(u0, . . . , uN) =
(
log(u0)− 1

2 log
2(u0)δ0 +

1
6 log

3(u0)δ
2
0

)
· uδ11 · . . . · uδNN

−
∑

ℓ∈L,ℓ̸=0

(−1)ℓ0
−ℓ0−1∏
k=1

(δ0 + k) ·
N∏
j=1

Γ(1 + δj)

Γ(ℓj + 1 + δj)
u
ℓj+δj
j · uℓ0−δ0

0

Whence

Φ♢(u0, . . . , uN)
deg 0 = log(u0)−

∑
ℓ∈L+

(−1)ℓ0(−ℓ0 − 1)!uℓ00

N∏
j=1

u
ℓj
j

ℓj!

where L+ = L ∩
(
ZN
≥0 \ {0}

)
, ℓ0 = −(ℓ1 + . . .+ ℓN).

The series converges if |u0| > |u1|+ . . .+ |uN | and is then equal to the integral

(2πi)−3

∮
|x1|=|x2|=|x3|=1

log
(
PV,u(x1, x2, x3)

)dx1
x1

dx2
x2

dx3
x3

.

If u0, . . . , uN are real numbers, then the integral is equal to∫ 1

0

∫ 1

0

∫ 1

0

log
(∣∣PV,u(e

2πiξ1, e2πiξ2, e2πiξ3)
∣∣) dξ1dξ2dξ3.

The latter integral is called the logarithmic Mahler measure of the Laurent
polynomial PV,u(x1, x2, x3).
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C∗4 γ
∫ dx0dx1dx2dx3

x0x1x2x3

⊃ ↓ ∂ ↑ d

{
PV,u(x1, x2, x3) = x0 ̸= 0

}
∂γ

∮
log(x0)

dx1dx2dx3
x1x2x3

= = =

C∗3 \
{
PV,u(x1, x2, x3) = 0

}
∂γ

∮
log
(
PV,u(x1, x2, x3)

)dx1dx2dx3
x1x2x3

⊂ ↓ u0
∂

∂u0

C∗3 ∂γ
∮ u0

PV,u(x1, x2, x3)

dx1dx2dx3
x1x2x3

⊃ ↓ residue

{
PV,u(x1, x2, x3) = 0

}
residue ∂γ

∮ u0
dPV,u(x1, x2, x3)

dx1
x1

dx2
x2

dx3
x3
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