Mirror Symmetry, Hypergeometric Systems
and the transcendental part of K3 surfaces
associated with 3D Fano Polytopes
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=
=

RS-
P

Kolloquium Geometrie und Arithmetik JGU Mainz 5 December 2024



a 3D Fano Polytope is a convex polytope P in R? such that
e all faces of P are triangles

e PN 73 consists of the vertices of P and one point in its interior

Up to affine transformations of Z? there are 18 3D Fano Polytopes.
]j{vertices} =N, ﬁ{edges} =3N -6, ﬁ{faces} =2N —4

N =4,5,6,7,8
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Fano threefold Fano(V) — Cg/L ® C*

Cg - U[h,i,j]e]—' sz,i,j]

CfX,m = {(z1,...,ZN) e CN ‘ zm#Oifm%h,z',j}

L={(tr,....0n) €Z" | lyvi+ ...+ {yvy =0},  rankL =N —3
LeC* — C~

C*N acts on CV and (Cg by componentwise multiplication

o~ N
Cg — C[hﬂvj]/ﬂd ® C* (?/17 y27 y3) = (Zl, coey ZN)

with 2z, = y1, 2 = ¥2, 2z; = y3 and 2, = 1 for m # h,4,j



The coordinates (z1, ..., zy) on CV function as
homogeneous coordinates on Fano()).

e For a vertex v; of the Fano polytope conv(V)

zi =0 defines a divisor D; on Fano(V).

e For an edge conv(v;,v,) of conv()V)

zi = zj = 0 defines the intersection D; N D;

e For a face conv(vy, v;, v;) of conv(V)

zp = 2z = z; = 0 defines the intersection Dj, N D; N D;



The Chow ring CH*(Fano(V)) = @.,_, CH™ (Fano(V))

m=0

and cohomology ring H*(Fano(V),Z) = @, _,H*"(Fano(V), Z)

m=0

are isomorphic as graded rings with

R*(V) = Z[P1.---. D] /(7 4 7)

e ideal 7 generated by products D, - Dy and D, - D; - D, with
{a,b} and {c,d, e} not contained in any |h,1i,j] € F
e ideal 7 generated by the three linear forms in the system

viD;i +...+vyDy

rankRY(V) = rankR*(V) = 1, rankR}(V) = rankR%*(V) = N — 3,

rankR*(V) = 2N —4



Let Dy,...,Dy € RY(V) denote the residue classes Dy,...,Dy mod Z + 7.
Then

e 1eRYV) & equivalence class of Fano(V) in CH’ (Fano(V)).

° 52 e R! (V) =
equivalence class of the divisor D; in CH'(Fano(V)) = Pic(Fano()))

e D;-D; € R¥V) for an edge conv(v;,v;) of conv(V) &
equivalence class of the curve D; N D; in CHQ(Fano(V))

e D;-D;-Dj € R}V) for a face conv(vy, v;,v;) of conv(V) &
equivalence class of the point D, " D; N D; in CH3(Fano(V))

e All points D, ND; N D; for [k, 4, j|] € F are rationally equivalent,
i.e. Dy -D; - Dj =D, Dy Dy in CH*(Fano(V))



bilinear form (, ) on Pic(Fano(V)) = R'(V):

- Dy - Ds.

c-c-Dy = {c,) Dy

for ¢, ¢ € RY(V)

.+ Dy is the anti-canonical class.

Where BO = D1 + ..
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(<Di7 DJ>)1<i,j<N

case

(<Di7 Dj>)1<i,j<N
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Global sections of the anti-canonical bundle on Fano()V) are
homogeneous polynomials

_ I+pve 1+pvy
& = g Cu 2 Cet 2y

peconv(V)VNZ?

in Clzy,. .., zy| where

conv(V)vﬂZ?):{,uEZ?’},La-ij—l for jzl,...,N}.

The zero set of & is an anti-canonical K3 surface in Fano(V).

anti-canonical K3 in P? < surface of degree 4
anti-canonical K3 in P! x P? < surface of degree (2, 3)

anti-canonical K3 in P! x P! x P! < surface of degree (2,2, 2)

—

sy
Y
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Define ﬁ*(V) = ﬁO(V) &) ﬁl(v) D ﬁ2(]})

as the graded ring with homogeneous components

R (V) = 71,

ﬁl(V) is additively generated by d1,...,dy subject to

the linear relations vi0; + ...+ vyoy =0,

The multiplication is given by: for i,5 =1,..., N:

1-1=1, 1-6,=0;, 1-6s =0s,
Ose - 0; = 0sg - 650 = 0,
5 - 6; = (0, 8;) 0

The number <5Z~, 5j> is equal to the number <52-,5j>

12



The homomorphism of graded rings
fiR*(V)—TR(V), f(D;)=6; forj=0,...,N

—0

induces isomorphisms ~ R°(V) ~ R :

V), RY(V)~=R (V).

In degree 2 the image of f in ﬁQ(V) = Zin is

470, 1in Case 1
f(R*(V)) = { 2Zds in Cases 3 and 6
Zds 1n all other cases

and

0]

Znij<5¢,ﬁj> = 0}
i,J
In degree 3: R3(V) C ker(f)

ker(f) = Ann(Dgy) = {c € R*(V) | c- Dy = 0},
the annihilator ideal of Dy = D; + ... + Dy.

13



The Beauville-Voisin ring of a K3 surface )

Recall the Chow ring and the cohomology ring of Y

CH* (V) = CH(Y) @ CH'(Y) & CH* ()
H*(ya Z) = Ho(y,Z) D HQ(y,Z) D H4(y,Z)

The cycle class map CH*(y) — H*(V,Z)
is a homomorphism of graded rings such that:
CH'(Y) = H'()V,Z)=2Z
Pic(Y) = CH'(Y) — H*(),Z)
CH*(Y) — H'()V,Z)=Z

According to a theorem of Beauville and Voisin the cycle class map restricts to a
ring isomorphism between on the one hand a subring of CH*(J/) — known as the
Beauville-Voisin ring of ) — and on the other hand the subring

H()V,Z) @ Pic(Y) @ H (Y, Z)
of H*(Y,Z)

14



For a general anti-canonical K3 surface ) in Fano())
Pic()) = Pic(Fano(V))
and the Beauville-Voisin ring of Y is isomorphic with the ring R (V)

a1 1a Ve Via Ve Via Ve Ve ViaViaVia ViaViaViaViaVia Ve Via Ve Via Ve ViaViaViaViaViaV)

For any K3 surface )

e the cokernel of the inclusion Pic()) = CHl(y) — H*(V,Z) is
isomorphic with the transcendental lattice Tr()) of Y

e the kernel of the surjection CH2()}) — HY),Z) =7 is
the so-called Albanese kernel of )

The Albanese kernel is a fairly mysterious “infinite dimensional” object

THEOREM (Beauville-Voisin):

All points on Y which lie on some rational curve have the same class in CHQ(J/).

a1a1a1a1aY1aVia Vie Vie Vie Vie Vi Ve Vi Vi ViaViaViaViaVieVie Vie Vie Vie Ve Vie VeV
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case | Py (1, 22, x3)
1 U Ty + sy + usrs + ugry xy test
171 22 33 4Ly L9 T3
~1,.—-1 ~1
2 U1T1 + UgX2 + U3T3 + UsTy Ty + UsT,
-1,.-1,.—1 -1
3 UIT] + UoTo + UST3 + Ug| Ty Ty + UsTy
U1 Uy T2 U3xy T3 UgLy  Tg UsTq
5) ULT] + UsTo + UsTs + Uaxy 1 F uszy tey tan
141 242 343 4L L3 541 2 43
-1 -1 -1
6 UIT] + UoTo + UST3 + Ugy + ULy + UL
7 -1,.—-1 -1 -1,.-1
UIT] + U2T2 + UZT3 + UgTly T3~ + UsT3~ + UGT| T3
-1 ~1 -1,.-1
8 | w11 + uewa + uzws + ugwy T3 + UsTy  + UT] T3
-1,.-1 -1 -1
9 UIT1 + UX2 + UST3 + ULy Ty + UsTy + UsTy
10 -1,.-1 ~1 -1,-1..—1
UIT] + U2T2 + UZT3 + Ugly Ty~ + UsTg  + ULy Ty Tg
11 -1 -1 -1 -1 -1
UIT] + U2T2 + UT3 + U4y~ + UsT2T3 + UT| Ty Ty
192 -1 -1 -1 -1
U1T1 + UoT2 + USTZ + U4T3 + UsT2T3  + ULy Ty
13 || wiwy + ups + usws + wawy ' + uszy 'wy ! + uery ' + urzy!
121 U2T9 U3Ts UgTo U5Ty Tg U5 U7y
14 || ugxy + ugZe + usTs 4+ ugy b+ usxy 'ra 4+ ugrs b+ urzy eyt
141 242 343 449 549 3 643 741 2
-1 -1,.-1 -1 -1
15 || w1y + uome + ugxs + uay  + UsT, Ty + UeTy + UTT| T2
16 || wizy + ugxe + usxs + uary L+ usxy twat + ugws b+ urxy toy teg
141 242 343 449 549 3 643 741 2 3
-1 -1 -1 -1 -1
17 | w1z + uema + uzws + uaTy T3 + UsTy  + UsTs  + UrToTs  + UL
-1 ~1 -1 -1 -1 -1
18 || w1y + uowe + uzx3 + usTy T3 + UsTy  + UeTy + UTTaTg + UL T2Xs

16




The Newton polytope of the Laurent polynomial
Pyu(r1, 12, 73) = ug + Py (21, T2, T3)

with u = (ug, u1, ... uy) € C x C*3 is equal to the Fano polytope conv(V).

The polynomial Py (1, 2, x3) can be homogenized to

- X Xo X
PV,U<X1,5G,X2,S@,X3,Y3)le-m-Xg-n-Xg-Yg-Pv,u<1 : 3)

AR

Let Xy, denote the K3 surface of degree (2,2,2) in P! x P! x P! defined by
ﬁV,U(X]J }/]_, XQ, }/27 X37 YE))) = 0

Case 6:

17



Matsumura-Nagano (arXiv:2208.01465):
For all V and general coefficients u = (ug, ug, ..., uy)

there is an isomorphism of lattices
Tr(Xy,,) ~ Pic(Fano(V)) & U

where U is the hyperbolic lattice of rank 2 and
Tr(Xy,) is the transcendental lattice of Xy

Tr(Xy,) = Pic(Xypu)*t

There is an isomorphism of lattices

Pic(Fano(V)) @ U ~ R'(V)
where the additive group underlying R (V) is equipped with
the bilinear form (, ) defined by (£ - n)%8? = (£,1) 6x

18



This means that the two families

K3 surfaces Y in Fano(V) defined by sections of the anti-canonical bundle

K3 surfaces Xy, of degree (2,2,2) in P x P! x P! defined by polynomials
with Newton polytope equal to conv()V)

form a

e Mirror Pair in the sense of Batyrev

e Mirror Pair of lattice polarized K3 surfaces
in the sense of Dolgachev

e The map
Pyu: C? = C
which is defined by the polynomial Py (21, z2, x3) is called

(possibly under restrictive conditions on the coefficients wuy, ..., uy)

a Landau-Ginzburg Mirror of the Fano threefold Fano(V)

19




The variation of Hodge structure on H(X), ,, C) describes the position of the
cohomology class [wy | of the differential 2-form

() d:Cl d.CEQ d.flfg

Wy u =
dPy (1,29, 23) 1 X2 X3

w.r.t. the lattice H*(Xy,,Z) in H*(Xy,, C).
Since  [wy,] L Pic(Xy,) we actually have lwyu] € Tr(Ay,) ®C

For general u = (ug, u1,...,uy):

Tr(Xy,) ®C ~ R'(V)®C.

THEOREM:

The expression

—{ N

[ F1+5 li+5; 0—00

O (ug, ..., uy) = E (—1)% H50+k HFZ +1+6)u AT
el k=1 j=1

gives the position of [wy,] in R (V) ® C

as a function of the variables ug, u1, ..., uy

20



—
[ F1+5 lj+9; 0—00
Pl ) = 0 TTG 8 T gy o o

lell k=1 7=1

=

LEGEND:
ofOfﬁEILfo:(gl,...,gN), 60:—(€1+...+£N)

© b1, . 0N 0 €R(V), So=06+...40y

o uf ™ = U (1435 log(uy) + 5(8;,0;) 0 (log(uy))?)

o Gamma-function: I'(s) = [ ¢* e 'dt

Pochammer symbol:

(s)o =1, (sS)h=s5-(s+1)-...-(s+n—-1) ifn>0
1 :

Pi+s) _ ) aza, it n € Zx,

In+1+s)

(=1D)™"(=s)_p if n € Z<.

RHS also makes sense if s is a nilpotent element in a Q algebra.

e If one works with complex variables uy, ..., uy the logarithms
lead to multi-valuedness and monodromy.

Alternatively, one may restrict to positive real values of ug, ..., uy
b —0o
o CID.(uO, ..., uy) equals ug HJ | u; times a power series |
with non-zero terms only for ¢ in some pointed convex cone in L.
This series converges for |ug| sufficiently much larger than |uy], ..., |uy]

21



¢
[ F1+5 li+9; 0—00

O (ug, - un) = > (=) T[ 6o+ k) - Hre +1+6)u+ ™
k=1 j=1

fell

=

INVARIANCE PROPERTIES:
Define for ty € C*, t = (t1,1s,13) € C* and u = (ug, uy, ..., uy) € CV
to-u= (toUo,toul,... t()uN) txu= (uo,t"lul,...,t"NuN) ¢

Jp— . . v; _ 4V15,V25 U35
where v; = (v1, va;,v3;)" and % = ¢V, .Y
Then

iii.  Pyyyu(zr,xe,x3) = toPyu(r, x2,23)

iv. Py, xo,23) = Pyu(tizy, taxs, tsrs)

Equation iii implies that the K3 surfaces Xy, and Xy, are the same.
Equation iv implies that the K3 surfaces Xy 4, and Xy, are isomorphic.

Thus, with the action as in ¢,
C® C*N_l/c* ® C*3

is a (naive?) moduli space for the family of K3 surfaces {X),}

22



0 —
0 —
1

Case 1: V= [vl,VQ,V3,v4] = [é

O = O
—

] ,  Fano(V) = P?,

1,.—-1

-1 -1 —
Pyu(z1, 9, 3) = up + w11 + UgTa + U3y + U] T Ty .

bvi+ ...+ iy =0 = b=l =1l3=10y, ly=—4L
V151—|—...+VN(SN:0:>51:52:(53:54, (50:451

*

R (V) = Z1® 7L & Zés

with multiplication: 1 is the multiplicative unit element

02 = 400y, 01 oo = 0o - 000 = 0

1440
q)b(uoau1,uQ,u3,u4): Z (1 + 401)ar,

)€1+61
4
01€Z>0 ((1 + 51)51)

4
(ug “uqugusuy

Its degree 0 component is

4/07)!
O (g, g, g, g, ug) B0 = Z%
(>0 (51!)

(ua4U1U2U3U4)él

1 % U da:l dxg dﬂfg
(27Ti)3 |z |=|22|=|z3]=1 ,PV,u(xly X2, 1'3) Ty T2 I3

O = O
o O =

0
The matrix of the bilinear form w.r.t. the basis 1,01, is | 0
1

23



Case 1 continued:

Upon homogenization and scaling coordinates the K3 surface &y, in P?
is defined by

XYZ+ XY’ Z+XYZP+ W4+ AWXYZ =0

~1/4

with A = ug(ujugusug) ™% We see:

(I)b(u()y Uy, U2, U3, u4) — )\_461 Z 3
[16220 ((1 + 51>€1)

44
) F)

where 3F5 is a generalized Gauss hypergeometric function.

G400 G 4000+ 00 (4_4 >€1
/\4

— o=
— sl

1
b deg0 1
o (u07u17u27u37u4> &Y = 3F2 ( 4

24



Case 6: V= [Vl,Vg,Vg,V4,V5,V6} =

OO =
o = O
= o O
\

o = O
= o O
OO =

Fano(V) = P! x P! x P!
-1 -1 -1
Pyu(T1, T2, T3) = U + wT1 + UsTa + Usls + UgTy  + UsTs + UeT]

bivi+...+lywy =0 = 61266, 62264, 63:£5, by = =201 — 205 — 205
vViop+...+vyoy =0 = 51:567 52:54, (53:55, 0o = 201 + 209 + 203

R (V) = Z1 D L6 © Loy ® L3 D Lo

with multiplication: 1 is the multiplicative unit element,

02 = 03 = 05 = 02, = 01000 = 02000 = 0300 = 0, 0102 = 6103 = 0203 = 200.

The bilinear form w.r.t. the basis 1, d1, d9, 03, 05 i8S

= O O O O
SN N OO
OO NO
SO NN O
OO OO

25



Case 6 continued:

b
D (ug, w1, ug, us, ug, Uz, Ug) =

l3+63

{1+06
Uy urug) Y
oo (14006, (1 4+ 82)6(1+ 83)e,)°

€2+52(

Uy *uaty) gy *uzis)

= A2 22\ 2

Z (14 61+ 02+ 03) 0,000, (5 + 01 + 02 + 03) 0, 4,44, (i)gl <i)£2 <i>£3
01,62,65>0 (14 81)e, (1 + 02), (1 + 03)¢,)° Al A3 A3

where \; = UO(UlUG)_l/Qg Ao = UO(U2U4)_1/27 A3 = UO(U3U5)_1/2'

Its degree 0 component is

b deg0
D’ (ug, ur, ug, us, ug, us, ug)“C° =

2
ninso (L))

— Z (1)€1+€2+€3(%)€1+£2+g3 (i)& (i>€2 (i>€3
N AT, A A3 A2

4 4 4
1.
:FC (1,5,1,1’1 ‘)\—%,A—%7>\—§>

(ug 2urug)™ (ug *ugus) ' (ug *ugus )

1 f U d.fCl dxg dxg
(273)3 J 211 =lwal=ls|=1 Pyou(T1, T2, 73) 71 T9 23

where F¢ is a Lauricella hypergeometric function of type C.

26



Case 6 continued:

In £1987 Chris Peters and I investigated the family of K3 surfaces

-1 -1 -1
r1+x +x2+2Ty +T3+2x3 =S

This is Case 6 with ©u; = u9 = u3 = w4y = us = ug¢ = 1 and ug = —s.

] |

We found that for general s the transcendental lattice is [

_ o O

0
12
0

O O =

P (ug,1,1,1,1,1,1) =

Z < Z (1 + 25)2m > ua2(m+5)

m>0 \l+lo+ls=m ((1 + 51)51(1 + 52)52(1 + 53)53)2

where § = 01 + 09 + J3.
The coefficients are invariant under permutations of d1, ds, d3
and, hence, linear combinations of 1, d; + ds 4+ 03 and 0109 + 0193 + 0203.

Therefore ®(ug, 1,1,1,1,1,1) takes values in (Zl P 7 P Z5oo) ® C.

00 1
The bilinear form on Z1 ® Zd O Zd, 1S [ 0 12 0 ]
10 0

27



GKZ hypergeometric systems

The GKZ system of differential equations associated with }V and
additional parameters 3y € C and § = [31, 52, B3]" € C3? is the system of

differential equations for functions ®(uy, ..., uy) of N 4+ 1 complex variables:
e For every (¢1,...,¢y) € L there is one differential equation:
o\ " 8 \"
d = P
£;<0 ;>0

where in the products 0 <i < N and ¢y = —({1 + ...+ {y)

e The system of four linear differential equations:

Y9 al 0
J

J=0

The system we need for our purpose has 5y = 31 = B2 = B3 = 0.

Differential equations (%) are then equivalent with the invariance property
O(tg-u) = D(u), O(txu) = P(u), (% * *)

where for tg € C*, t = (t1,t3,t3) € C** and u = (ug,uy,...,uy) € CV

to-u= (toUO,toul,...,touN), txu= (UO,tvlul,...,tvNuN) ¢
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THEOREM A
Consider the expression

—_— N —_—
(I)(UO UN) L Z F(l - DO) uéofﬁo . H F(l + D]) ugj"'ﬁj
AR - — 0 — A

el ['(fo +1 —Dy) j=1 ['(¢j+1+Dy) ’

Withgz(gl,...,fN)EL, 60:—(614—...—'-6]\7),

51, . .. ,BN € Plc(Fano(V)) and BO = 51 + ...+ Dy.

i. It defines a (multivalued) function on a non-empty domain in CV*! with
values in CH*(Fano())) ® C.

ii. It satisfies the GKZ system (x) — (x x x) associated with V, fy =0, 3 = 0.

iii. Define for = € CH*(Fano(V)) the function <<E, D (ug, .. . ,uN)>> by

(E . CI)(UO,.. . ’UN))deg?) = <<E, (I)(U(),...,UN)>>51 -52 .53

Then the assignment

(1]

= (=, ®(ug, . .., un))

establishes an isomorphism

CH*(Fano(V)) ® C — {solutions of GKZ system (x) — (xx x) }
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THEOREM B

The defining expression for the function ®(uy, ..., uy) can be rewritten as
O (ug, ..., uy) = ulDl L -URN —BOCI)O(U(),...,UN>
with
O (ug, ..., uy) = (log(ug) — —log (uo)do + ¢ log (u0)52) ult u}s\f,v
i ST+ ges e
_ze%e;o(_l)% H o EF 2 +1+6)u T

Here g, 01,...,0n € R*(V)/Ann(ﬁo) C ﬁ*(V)

O (uy, ..., uy) is a function of ug, ..., uy with values in R (V) ® C.

COROLLARY A:
0 0

— B (ug, . . . = —Dy — P (uy, ...
dug (an ,UN) 0- dug (Uo, N)
0 o b
UO—(I) (UO,...,UN) = ¢ (UO,...,UN)
8u0
Recall
Lo S T(1+4) 5
g 0 0
Cb(u()a 7uN):Z( ) H6+k Hrg _|_1_|_5) i 55
lell k=1 j=1
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COROLLARY B:

i. <(51 Dy - D3, ®(ug, ... Jun)) = P(ug, ..., uy)?? =1 (constant)

ii. For an edge conv(v;,v;) of conv(V)
<<BZ- -D;, ®(ug, ... ,uN)>> = log(u?u;’-ukum) — <6Z-, (5j> O (ug, ..., uy)s?

where conv(v;, vj,vi) and conv(v;, v;, v,,) are the two faces of conv(V)
adjacent to edge conv(v;,v;) and a,b € Z- are determined by
the unique linear relation  av; + bv; + v + v, = 0.

iii. The constant function 1 and the functions log(uf® - ... u§") with
(ay,...,ay) € L such that a; + ...+ ay = 0 generate an (N — 3)-dimensional
C-subspace of the solution space of the GKZ system (x) — (% x ).

iv. The isomorphism
CH*(Fano(V)) ® C — {solutions of GKZ system (x) — (xx )}

defined by the assignment = <(E, D (ug, .. . ,uN)>>
restricts to an isomorphism

_ N 9
Ann(Do) ®(C — ker (a—uo>
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THEOREM C

i. The relative cohomology group

H* (C* rel Z (20 — Py u(w1, 72, 23)))

is a module over the ring of differential operators
0

) a’U,N

D = Clug, - . ., un, 8%0, o ]. It is generated as a D-module by the

dl’odl‘ldaj’gdl'g,

cohomology class w] of the differential form
ToT1T2T3 ToT1T2T3

ii. There is an isomorphism of D-modules
H' (C** rel Z (29 — Pyy(21,22,73))) — CH*(Fano(V)) ® O
[dil?odil]ldxzdﬂ];g

Tol1X2T3

] = D(ug, ..., uy)

where O is an appropriate ring of functions in the variables ug, ..., uy.
iii. The isomorphism in ii restricts to an isomorphism

0 ~ —
ker (8_u0) — Ann(Dy) ® O
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Mahler measure

% (ug,...,uxy) = (log(ug) — &log?(ug)dy + Llog*(ug)dy) - ult -y
—lo—1 N
I'(1+0;) GAS; -5
_ Z (_1)30 H(5O+k)H J j? j 00 0
(EL1£0 k=1 i L'l +1+9))
Whence

N uéj

O (up, ..., un) =" =log(ug) — Y (=1)(=to — D'ugy [[ 75

fellt 7=1 J

where Lt =L N (Z%\ {0}), lo = —(t1 + ... + {n).

The series converges if |ug| > |ui| + ...+ |uy| and is then equal to the integral

dxy dzs dx
(27Ti)_3j{ log(PV’u(I1,$2,l’3)>—l—2—3.
|x1|=|22|=|2s|=1 Ty T2 T3
If ug, ..., uy are real numbers, then the integral is equal to

1 1 1
/ / / log (|Py,u(e*™, ¥, e*™9)|) déydé,dés.
0 Jo JO

The latter integral is called the logarithmic Mahler measure of the Laurent
polynomial Py ,(z1, x2, T3).
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{PVM(xl,an r3) = X0 F O}

(C*3 \ {Pvau(xla L2, $3) = 0}
C
(C*3
D)

{PV,u(l’l,xz,%) = 0}

residue 0~

dzrodridradrs

TpL1T2X3
Td

dridrodxs

log(%) L1T2X3

log(Pyu(z1, T2, 3))

dridrodxs

T1T9X3

0
{ an—uO

Up

dxidrodxs

PV,U(iUl, T2, 23'3) T1T2X3
J residue

Up

d:Ul dZCQ diljg

dPVN(xlv T2, «:US) 1 T2

X3
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