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Pyul(xi,x2,23) = ug + Py,ur (21,22, 23)
1| wg + wizy + uszs + usxs + ugxy oy eyt
0 121 222 373 4T Xg T3
2 || up + wimy + usws + usws + uszy twat +uszy !
0 141 242 343 4Lo 3 541
3 || ug+ uix1 + usxs + usrs +u aflx*lx*l—i—u o
0 171 2X2 323 4Ty Ty T3 5T1
4 || up+ uiry +u 7l +u x7 +u x71x71+u o
0 171 2Ly X2 3Ly I3 4:Lg g 541
5 || ug + uixri + usxo + usrs +u z_lx_l—l-u oy tey e !
0 11 222 343 4Lg L3 5bp Lo 43
-1 -1 -1
6 || wo+ urrr + ugTe + usxs + uax, + usx3  + Ugxq
T 1| ug+ uixy + usxo + usrs +u w71m71+u x71+u a7 tat
0 141 242 343 4L9 3 543 6L 3
8 || ug + wizy + uoms + uzxs + uawy txst +uses L+ ugry
0 141 242 343 4Lo 3 543 61 3
9 || ug+ urx1 + usxs + usrs + u a:flx*l—i—u J;fl—i—u 7!
0 171 2X2 323 4o T3 5L3 6L
10 || wp + w121 + usxo + usxs + u :L'flel—i—u x71+u [
0 141 242 343 4L9 3 543 6L 2 3
11 || up + uiz1 + uss + usrs + waxs b + uszoxs b + ugry tay tag !
0 141 242 343 443 54243 641 2 3
12 || uo 4+ urzy + uoms + usws + ugwrs b + uszoxrs b + ugr tay !
0 171 2X2 323 423 512T3 6L, Lo
13 || wp + w121 + usxo + usxs + u x71+u x71x71+u x71+u a7t
0 141 242 343 4Ly 5Lg L3y 6L3 741
14 || uo 4+ urzy + usms + usws + ugwy b + uszy ezt + ugrs b 4 upry tagt
0 141 242 343 4Lo 5Lg L3 643 741 2
15 || wo 4+ wizy + uoms + usws + ugxy b + uszy ezt +ugryt + urzitx
0 141 242 343 449 549 3 643 741 2
16 || wp + w121 + usxo + uzxrs + u x71+u x71x71+u x71+u oy tey et
0 141 242 343 4Lo 549 3 63 741 2 3
17 || wp + w121 + usxo + ugxs + U4x_1x3 + u5x_1 + Ugl‘_l + U7x21‘_1 + Ugl‘_l
2 2 3 3 1
18 || wg + -1 -1 -1 -1 -1 -1
0 UIX1 + U2X2 + UIT3 + ULy T3 + UsTy  + ULz + UTT2X3  + UKL, T2X3

ArXiv:2208.01465v1 T. Matsumura, A. Nagano:
Elliptic fibrations on toric K3 hypersurfaces and mirror symmetry derived from Fano polytopes




The Laurent polynomials Py ,(x1, x2, x3) are characterized by
their Newton polytope is a 3D Fano Polytope;

i.e. a convex polytope P in R? such that

e all faces of P are triangles

e PN 73 consists of the vertices of P and one point in its interior

Exponents of Py (21,22, 23): 0, vi,...,vy (N =4,5,6,7,8)
Set of vertices V = [vl, o ,VN}
Interior point 0

]j{vertices} =N, ﬁ{edges} =3N -6, jj{faces} =2N —4

Up to affine transformations in Z?3 there are 18 3D Fano Polytopes.
These correspond to the 18 deformation classes of
smooth toric Fano Threefolds
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All Laurent polynomials in the list can in an obvious way be
put in homogeneous form which completes their zero locus to

e a surface of degree 4 in P3
e a surface of degree (2,3) in P! x P?
e a surface of degree (2,2,2) in P! x P! x P!
Smooth surfaces with these degrees are K3 surfaces
Less obviously the zero locus of the Laurent polynomial can

also be completed to a so-called double sextic K3 surface
i.e. a double cover of P? branched along a curve of degree 6



General facts about K3 surface X:
H2(X,(C) - H2(X,Z) ®(Ca HQ(‘X?Z) = U@g@(—Es)@z

Hodge Filtration:

0C Fi||2_|Odge C Filﬁodge C Fi||q|odge = H*(X,C),
. . . 1
I:III2-|odge - HO(X’ Q?\’/(C)’ I:Illl-lodge - I:II2Hodge?
11 10
I:IIHodge/I:i||2_|odge = Hl(Xa Q%{/(@)) FIIHodge/FillHodge - HZ(‘X’ OX)
1
Hodge diamond: 1 20 1
1



Chow ring and the cohomology ring of K3 surface X

CH*(X) = CH(Xx) @ CH'(X) e CH*(X),  CH'(X) = Pic(X)
H'(X,Z) = HY(X,Z) @ H* (X, Z) ® HY(X, Z)

Cycle class map CH*(X) — H*(X,Z) is ring homomorphism,
CH(X) = H(X,Z), CH'(X) — H*(X,Z), CH*(X) - HY(X,Z)

Theorem of Beauville and Voisin:

Points on X which lie on some (possibly singular) rational curve
all have the same class in CHQ(X).

Corollary:

The cycle class map restricts to a ring isomorphism between
e the subring H)(X,Z) @ Pic(X) @ HY( X, Z) of H*(X,Z)
e a subring BV(&X') (Beauville-Voisin ring) of CH*(X)



H*(X,Z) = BV(X) @ Tr(X),  CH'(X) =BV(X)® CH (X)),

where
e Tr(X) = Pic(X)* is the transcendental lattice

. CHQ(X)degO is the Albanese kernel; i.e. the group
of degree 0 zero cycles on X modulo rational equivalence

“Manifestations” of the transcendental part of X
e transcendental lattice Tr(X') + Hodge structure on Tr(X) ® C

e Albanese kernel CH? (/1’ ) deg 0

e Brauer group Hezt (2( : (’)})
e complement of the union of all rational curves in X



Hodge Structure is about period integrals.

BASIC EXAMPLE

( 1 )3 Uuo dxi dxy dxs

Yo Pv,u(x1,x2,x3) r1 T2 T3
with Yo = {(Z‘l,l'g,xg,) c C?)’ ‘.%'1’ = ‘xQ‘ = ‘x?)‘ =1 }
luo| > |w| + ... + Juny|

~ o lies in C*3 \ Z(Py.)

-1
~ ‘uo PV,U*(xlaa:?) xS)‘ <1 on vyp.
~ convergent series expansions with 7' = ual;
(L) / U dzy dry drs
1= ol =[zs|=1 U0 + Py (21, 2, 33) 21 @2 23

m dxy dxg d
D N

m>0 Iy Tz X3
. m

= E (=T)™ - constant term w.r.t. xy, s, x3 in (PVN*(I'l,CCQ,QZg))

m=>0

m! ¢ ¢

- mm 1 N
= g (=1n)mTm - g N s Uy

mz() lyy..., In >0 1 N



Now first look at
1 Up d$1

o
™ =1 Pyu(1, 02, 23) 21

for fixed values of x5 and x3 such that |xo| = |x3| = 1.

The integrand has only poles at the roots &, and &,

of the quadratic polynomial z1Py (21, T2, T3).

ugl > Jur] + ... + |un| and |2o| = [z5| = 1 imply [0 + || > 1 4 |£al[S]
and, hence, say, |£,] <1 < |&

The residue theorem now gives

1 Ug dazl . ’LLO/Ul

2mi

|z1]=1 PV,U(xla L2, l’g) L1 §a — Sb.

i - b V,u
" 21| =|aa|=|23]|=1 Pv,u($1,513275133) Iy T2 X3 m o

m dry dxy dxs

with

dPy (21,29, 23) ©1 T2 T3

oy = {($1,$2,$3) € CS } ’Py,u(l'l,l'g,xg) =0, ‘1’1‘ < |$2‘ = |x3\ = 1}

10



In all cases (with the exception of cases 3 and 4)

V2, N U3 N
xlpyu(xl,xg,xg)—ulxl uo—l— g u]xQ x3 x1+uN:z:2 Tg”

and, hence,

(% (%
Eo — & = (uo + E uj:c;’xg — dugunay N o,
Uy

With T' = u, ! as before, the period integral now becomes

/ dSIZQ dSIJ3

1+v2 1+v3,~ 2 24-va, N 2+U3N
\/ x2x3+TZ T2y J) — duguna, x5 T2
For fixed T, uq,...,uy the expression under the square root is a polynomial

in x9 and x3 of degree 6.

So, it may be useful to complete the surface Z(Py,) in C* x C* x C*
defined by Py (21, z2,23) = 0 to a double sextic K3 surface;
i.e. double cover of P? branched along a curve of degree 6 .

The condition |ug| > |ui| 4 ... + |uy| implies that the topological 2-cycle
|zo| = |z3] = 1 does not intersect the branch locus and has two connected
components. The the domain of integration o for the period integral is
one of these components.

11



d.CUQ dfbg

/ 1+v2, 1+U3,' 2 2+vo n 2+us N
\/ x2x3+TZJ 5 Wiy g )T — duqunasy Nay VT

= > (=1)"CpT™

m>0
where
. m
C,, = constant term w.r.t. 1,29, 23 in (7)]}711*(371,1'2,.%3))
_ S ml e
o 0.y U N
£, . N >0 D

€1+4..+ZN_=m
livi+...+4€nvn =0

Integrating w.r.t. T gives for 7 € C such that |[7]™1 > |ug| + ... + |uy]:

dZUQ dl’g dT’

/ / \/ szg—f—Tz 1+’02J E];+U3’j)2
,7_TTL
- S D LT pp—
> (1) T

m>1

24v 2+v
— duguyay Nay NT?
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The series .
-
S — __1\ym—1 P
(1) = 3" 10
m>1
is the logarithm for a 1-dimensional formal group law &(r, )
over the ring Z[uy, ..., uy]. This means

B(r,m) = £71 (2(7‘1) + 2(7’2)) € Zluy, ..., uy][[m, ]

After specializing uq, ..., uy to values in some field K
& (71, 72) becomes the formal Brauer group of the K3 surface over K
defined by

Py (21, 9, 23) = 0.

Jan Stienstra, Formal Group Laws arising from Algebraic Varieties,
Amer.J. Math. 109 (1987) 907-925
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Fano threefold Fano(V) — Cg/L ® C*

F denotes the set of faces of conv(V)
C¥ = Unaijier Chhig

Chii =11 2n) €CV | 2y £0ifm # hyij }

L={(lr,....0n) € Z" | lyvi + ...+ {yvy =0}, rankL = N — 3
LeC* — C

C*N acts on CV and CX by componentwise multiplication

~ N
¢S Ch/Lec WLy = (21, 2)

with 2z, = y1, 2 = ¥2, 2; = y3 and 2, = 1 for m # h,4,j

14



The coordinates (z1, ..., zy) on CV are
homogeneous coordinates on Fano()).

e For a vertex v; of the Fano polytope conv(V)

z; =0 defines a divisor D; on Fano(V).

e For an edge conv(v;,v;) of conv(V)

zi = z; =0 defines the intersection D; N D;

e For a face COﬂV(Vh,Vi,Vj) of conv(V)

2n = 2z = z; = 0 defines the intersection Dy, N D; N D;

15



The Chow ring CH*(Fano(V)) = @.,_, CH™ (Fano(V))

m=0

and cohomology ring H*(Fano(V),Z) = @, _,H*"(Fano(V), Z)

m=0

are isomorphic as graded rings with

R*(V) = Z[P1.---. D] /(7 4 7)

e ideal 7 generated by products D, - Dy and D, - D; - D, with
{a,b} and {c,d, e} not contained in any [h, 1, j] € F
e ideal J generated by the three linear forms in the system

V1D1 +...—|—VNDN

rankR(V) = rankR?*(V) =1, rankR1(V) = rankR%*(V) = N — 3,

rankR*(V) = 2N — 4

16



Let Dy,...,Dy € RY(V) denote the residue classes Dy,...,Dy mod Z + 7.
Then

e 1eRYV) & equivalence class of Fano(V) in CH’ (Fano(V)).

° 52 e R! (V) =
equivalence class of the divisor D; in CH'(Fano(V)) = Pic(Fano()))

e D;-D; € R¥V) for an edge conv(v;,v;) of conv(V) &
equivalence class of the curve D; N D; in CHQ(Fano(V))

e D;-D;-Dj € R}V) for a face conv(vy, v;,v;) of conv(V) &
equivalence class of the point D, " D; N D; in CH3(Fano(V))

e All points D, ND; N D; for [k, 4, j|] € F are rationally equivalent,
i.e. Dy -D; - Dj =D, Dy Dy in CH*(Fano(V))

The intersection form (, ) on Pic(Fano(V)) = R!(V) is given by:

for ¢, ¢ € RY(V) B -
C'C/'DO = <C,CI>-D1'D2'D3.

where Dy = Dy + ... + Dy is the anti-canonical class.

17
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An anti-canonical K3 surface in Fano()) is the zero set
of a global section of the anti-canonical bundle on Fano(V).

examples
anti-canonical K3 in P? < surface of degree 4
anti-canonical K3 in P! x P? < surface of degree (2, 3)

anti-canonical K3 in P! x P! x P! < surface of degree (2,2, 2)

19



Every anti-canonical K3 surface ) carries a collection of curves
cut out by the divisors Dy, ..., Dy on Fano(V).

The classes 01, ...,y of these curves generate a sublattice in Pic())
with intersection form given by <(52-, 5j> = <DZ-, Dj>

For a general anti-canonical K3 surface ) this sublattice is all of Pic())

and the Beauville-Voisin ring BV()) is isomorphic with the graded ring
RV =RV)aR (V) aR (V)

with

=0

R(V)=71, R

2

(V) = L0,

ﬁl(V) =76 D ... 7Zény modulo the relations vid; + ...+ vydy = 0.

The multiplication is given by:
1-1=1, 1-90;=0;, 1000 =0c0, 000 =000 =0,
0; -0 = <(5Z-,(5j>5oo

fori,5=1,..., N.

20



The main result of Matsumura-Nagano (arXiv:2208.01465)
can be stated as follows:

Let Xy, be a K3 surface which contains the surface
Z(Py,) in C* x C* x C* as a dense open subset.

Then for general coefficients u = (ug, ug, ..., uy)
there is an isomorphism of lattices

Tr(Xy,) ~ BV(Y)

between the transcendental lattice of &y,
and the Beauville-Voisin ring BV()) of a general
anti-canonical K3 surface ) in Fano(V).

*

The bilinear form (, ) on BV(Y) =R (V) is defined by
(€ m) ™ = (&m) 0

21



The two families

anti-canonical K3 surfaces ) in Fano(V)

K3 surfaces Xy, of degree 4 in P* defined
by polynomials with Newton polytope conv(V)

form a

e Mirror Pair in the sense of Batyrev

e Mirror Pair of lattice polarized K3 surfaces
in the sense of Dolgachev

e The map Py - : C*3 — C defined by the polynomial Py (21, T2, 3)
is a Landau-Ginzburg Mirror of the Fano threefold Fano(V)

(possibly under restrictive conditions on the coefficients wuy, ..., uy)

22



The variation of Hodge structure on H(X), ,, C) describes the position of the
cohomology class [wy | of the differential 2-form

() d:Cl d.CEQ d.flfg

Wy u =
dPy (1,29, 23) 1 X2 X3

w.r.t. the lattice H*(Xy,,Z) in H*(Xy,, C).
Since  [wy,] L Pic(Xy,) we actually have lwyu] € Tr(Xy,) ®C
For general u = (ug, u1,...,uy):

THEOREM:

The expression

(Db(uoa---,UN):Z( ) H60+k H Fl—l—(g u£+§j'u€0_60

lell k=1 7=1 )

gives the position of [wy,] in R (V) ® C

as a function of the variables ug, u, ..., uy

23



4
[ F1+5 li+9; 0—00
®(ug, ... ,uy) = (=1 [J(6 +#)- Hre +1+6)u+ '

lell k=1 j=1

=

LEGEND:
ofor(el: 0= (l1,....0x), Llo=—(li+...+0Cy)
©b1,.... 0N 0 €R(V), So=06+...40y
. u?Mj (1 + 0; log(u;) + 5(0;,6;) 0 (log(u;))?)

e Pochammer symbol:

(s)o =1, (Shh=s-(s+1)-...-(s+n—-1) ifn>0
1 .
F(1+3) B m if TLGZZO,
T(n+1+s)

(—1)*(=s)_, if n € Zep.

RHS also makes sense if s is a nilpotent element in a QQ algebra.

e If one works with complex variables uy, ..., uy the logarithms
lead to multi-valuedness and monodromy.

Alternatively, one may restrict to positive real values of ug,...,uy
b —do
) (I>'(u0, ..., un) equals ug H] p u;’ times a power series |
with non-zero terms only for £ in some pointed convex cone in L.
This series converges for |ug| sufficiently much larger than |uy], ..., |uy]

24



—4

[(1+6; , _
(g, un) = 31 [J6o+ )T ity

lell k=1 j:1F£+1+5)

=

Hence:

<(5oo, @b(uo, . ,uN)> = @b(uo, oy )des!

—0)!
- Sl

N 2a.
lell 1 N
( 1)me m! b N
= E : E u u
0! Iyt N
m>0 o, .., Iy >0
{1 + . +ién=m
livi+...+€nvn =0
So, in a clear sense, the series expansion of CIDb(u(), ..., uy) is a deformation
of the series expansion for the integrals
11\3 U dl’l dIQ d$3
(z=)

v Pvu(w1, 20, 23) 11 29 T3
and

dxg d.ﬁlﬁg

/ I4vg; 14wvs ;)2 2+v 2+v '
\/.CC2$3+TZ o Wiy g )T — duqunasy Ny VT2
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0 —
0 —
1

Case 1: V= [vl,VQ,V3,v4] = [é

O = O
—

] ,  Fano(V) = P?,

1,.—-1

-1 -1 —
Pyu(z1, 9, 3) = up + w11 + UgTa + U3y + U] T Ty .

XY Z4+XY2Z+ XYZ24+ WAL AW XY Z =0
with A = UQ(U1UQU3U4)_1/4.

bvi+ ...+ iy =0 = b=l =l3=10,, ly=—4
V151+...+VN6N:O:>51:52:53:54, 0o = 401

R (V) = Z1 & 76, & Zdw

with multiplication: 1 is the multiplicative unit element

02 = 465, 8100 = 0 - 0oo =0

1+46
q)b(uo,u1,uQ,u3,u4): Z (14 461)4e,

)514—51
4
1 E€Z> ((1 + 51)51)

(U64U1U2U3U4

Its degree 0 component is

N

[
—
N—

(U64U1U2U3U4)£1
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Case 6: V= [Vl,Vg,Vg,V4,V5,V6} =

OO =
o = O
= o O
\

o = O
= o O
OO =

Fano(V) = P! x P! x P!
-1 -1 -1
Pyu(T1, T2, T3) = U + wT1 + UsTa + Usls + UgTy  + UsTs + UeT]

bivi+...+lywy =0 = 61266, 62264, 63:£5, by = =201 — 205 — 205
vViop+...+vyoy =0 = 51:567 52:54, (53:55, 0o = 201 + 209 + 203

R (V) = Z1 D L6 © Loy ® L3 D Lo

with multiplication: 1 is the multiplicative unit element,

02 = 03 = 05 = 02, = 01000 = 02000 = 0300 = 0, 0102 = 6103 = 0203 = 200.

The bilinear form w.r.t. the basis 1, d1, d9, 03, 05 i8S

= O O O O
SN N OO
OO NO
SO NN O
OO OO
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Case 6 continued:

b
D (ug, w1, ug, us, ug, Uz, Ug) =

l3+63

{1+06
Uy urug) Y
oo (14006, (1 4+ 82)6(1+ 83)e,)°

€2+52(

Uy *uaty) gy *uzis)

Its degree 0 component is

b deg0
D’ (ug, uy, ug, us, Ug, us, ug) " =

(U62U1UG)€1 (u(}zuzm)g? (U62U3U5)€3

s (201 + 20, + 203)!

2
l1,02,03>0 (gl' 05 63')

28



Case 6 continued:

Peters, C., J. Stienstra,
A pencil of K3 surfaces related to Apéry’s recurrence for ((3) and Fermi surfaces for potential zero,
in: Arithmetic of Complex Manifolds, Lecture Notes in Mathematics 1399, Springer Verlag (1989).

Chris Peters and I investigated the family of K3 surfaces

-1 -1 —1
r1+x +rx20+2y +23+2x3 =S

This is Case 6 with ©u; = u9 = u3 = w4y = us = ug¢ = 1 and ug = —s.

] |

O O =

00
We found that for general s the transcendental lattice is [ 0 12
10

P (ug,1,1,1,1,1,1) =

Z < Z (1 + 25)2m > ua2(m+6)

m>0 \l;+ly+lz3=m ((1 + 61)51(1 + 52)52(1 + 53)€3>2

where § = 01 + 09 + J3.
The coefficients are invariant under permutations of 91, ds, d3
and, hence, linear combinations of 1, d; + ds 4+ 03 and 0109 + 0193 + 0203.

Therefore ®(ug, 1,1,1,1,1,1) takes values in (Zl P 7 P Zéoo) ® C.

00 1
The bilinear form on Z1 @ Z6 ® Zd, is [ 0 12 0 ]
10 0
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