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Chow motives ..........717]

Wouldn't it be nice it we could
"do” motives without the burden
of the technically complicated in-
tersection theory of algebraic cycles

and instead use the usual opera-
tions intersection /union/complement
on sets’



subsets of R?

Fo-valued functions on R?

Zhegalkin (1927):

Boolean formalism for subsets
=

usual multiplication and addition
of Fo-valued functions



Zebra with frequency v € R?\ {0} = C*

Z° . R — T,

Z°(x) = |2x.0] mod 2

— dot product on R? ; || = floor of 7

R\

bands L v, width 2|1n|




Use only zebras with frequencies
positive integer multiples of the
basic frequencies

01:\/385, 02264, 03:\/§i,
04:52, 05:\/§€, bg =1,
with & = ™/ 0.

03

D] U9 by U5
D¢

77% denotes the zebra 7505



Definition:
A Zhegalkin zebra motive is an
element of the ring generated by
the zebras Z/F with 73 =1,...,6,
k € Z~
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Fy =271+ 74 + 79
Aut®Fy = Zog © 1705
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vertices

(oriented) edges } quiver I

black /white polygons

. y
edges } bipartite graph I'

black /white polygons

edges } Superpotentlal
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doubly periodic with lattice A
= graphs Ij, FA\/ on torus R?/A

= finitely many
vertices, edges, polygons

=

e adjacency matrices for Ij, FA\/
are finite

e superpotential =
pair of permutations of the
finite set of edges
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superpotential:

edge set {1,...,12}
o0 = (1,3,2,12)(4,5,10,9)(11,6,7, 8)

o1 = (1,5,6,2,9,8)(4,3,7)(11, 10, 12)
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o9 = (1,3,2,12)(4,5,10,9)(11,6,7,8)

o1 = (1,5,6,2,9,8)(4,3,7)(11, 10, 12)

source/target maps for Ij:

el 11234 56/7/8910/1112
sio 21 3/14(23/6/4]5]6
t11162/114/2/353 645

16



DO
—_

the adjacency matrix of I

A (Xs)

[0 X3 0 X5 0 0 )
00 X- 0 0 X,

X, 0 0 0 Xg O

0 X6 0 0 0 Xy

X, 0 0 X4 0 0
\ 0 0 X9 0 X195 0 )
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o9 = (1,3,2,12)(4,5,10,9)(11,6,7,8)

o1 = (1,5,6,2,9,8)(4,3,7)(11, 10, 12)

adjacency matrices of FA\/:

U+Us Us+Ug Ug+ Ug
Q[.O(U*> — US U4 U7
U1o U1 U1

(vl+ul vl uf,)
et = |l of o] o
\ul+ul uloul )
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an integer weight function for
the superpotential (€y, og, 01)
1S a map

v & A —7 ZZO
such that the sum over
each cycle of o and
each cycle of oy

is equal to an integer deg v
(the degree of v)

dimer covering=

dimer configuration=
perfect matching=

weight function of degree 1
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perfect matchings €3 terms of det A°°(Uy)

Ui+ Uy Us + Uy Ug + Ug
det Us Uy U~
U12 Ut Uni

—U1U7Uy o + UsUrUq2 + UsUgUyg
+U1U4U1 — UoU7Uy + UsUgUng
—UsUsUy1 + UrUgUyo — UyUgUs9
—UsUgU12 — UsUgU11 + UaUgUy4

oy = (1,3,2,12)(4,5,10,9)(11,6,7,8)

o1 = (1,5,6,2,9,8)(4,3,7)(11, 10, 12)
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integer weight functions form
a graded semi-group W)

dual semi-group WX = Hom(W,y, Z>)

essential conditions on superpotential:
e perfect matchings exist

e semi-group Wy is generated by
perfect matchings

e YV spans linear space of rank
2 + g{vertices}
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weight function v with all v(e) > 0

selects points in the polygons by

taking the convex combination of

the midpoints of the polygon’s edges
: : 1

e with weights @V(G)

v(e) = 1if e edge of 6-gon
v(e) =2 if e edge of 3-gon
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by (slightly) deforming and
rescaling one can make from the
given tiling a tiling in which the
edge vectors lie in Z?

vec(e) = (ni(e), na(e))

Then
for weight function v3 with
all v5(e) sufficiently large

the functions vy and 9,

vi(e) = vs(e) +nale)
vae) = vs(e) +no(e)

are also weight functions
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quadrangle around edge e
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substitution

(e), vale), v3(e)

1% 1% 1%
XeHyll ?JQQ 933

in adjacency matrix 27(X)
of quiver I} gives matrix

Ay s ys?)

over polynomial ring Z[y1, y2, y3]
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The Jacobi algebra of the super-
potential (o, o1) is the algebra

Jac(og,01) = Path(Ff\)/<Do(€) e € &))

where (D°(e) |e € Ey) = 2-sided
ideal generated by the elements
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vy, V2, V3

the matrix 20(y 'y ys")
oives a homomorphism

Jac(ao, 01) — Mat(Z[yla Y2, y?)])

from the Jacobi algebra Jac(oq), o1)
into a matrix algebra over
the polynomial ring Z|y1, y2, y3]
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Equivalence relation on Wy

do @ {vertices} - Z st. Ve € &y :

v(e) —v/(e) = alt(e)) — als(e))

v~ V§ for 7 = 1,2, 3 then

**/ V1, V2 U3 —1 g(xx Vi Vé Vé
Ny Yo ys”) = D A7 (y; Yy ys°) D

for some diagonal matrix D

i.e. representations of Jac(oq, o)
are isomorphic.
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Wy /~ is a semi-group

It spans a linear space of rank 3

The toric scheme
Spec (Z[(WA/N) VD

18 a 3-dim singularity

Under suitable conditions
Jac(og, 01) is a non-commutative

crepant resolution of this singu-
larity

29



The set of ~-equivalence classes of
the pertect matchings is a finite set

A={ar,...,an}

of points in a plane

Can be used for A-hypergeometrics
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Fourier transform of A:

N .
Z 627rz<t,aj>
J=1

Contour plot of the absolute value
of Fourier transform of A:
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