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Logical minimalism

+ In the 1920's and 1930's, Moses Schonfinkel
and Haskell Curry searched for languages
without variable binding, yet still capable of

describing all of mathematics.

« Combinatory logic is a simpler alternative to
the lambda calculus, yet capable of

expressing the same computations.
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+ How to define the translation from lambda calculus to combinatory logic in Agda...
« where the type of the translation guarantees that it is type preserving...

+ and correct! (In that it preserves the semantics of our lambda terms.)

Hence, this yields a correct by construction conversion to combinators.



Afirst order language with variables:
t = x| tt | S| K]]I

Instead of beta reduction or substitution, we have three simple reduction rules:

| 38 —> 48
Kry—x

Sxyz— (x2)(y2)

(Aside: used as a target language for compilers for functional languages.)



Afirst order language with variables:
t = x| tt | S| K]]I

Instead of beta reduction or substitution, we have three simple reduction rules:

| 38 —> 48
Kry—x

Sxyz— (x2)(y2)

(Aside: used as a target language for compilers for functional languages.)

No lambdas or variable binding - yet somehow equivalent?
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o,T =L | o—T
Syntax of types:
data U : Set where

1 U
> :U-U-U

Semantics of types:

[T :U-~ Set
[1] =A
lo>tl =[aol-0T1tl

Here we have taken the base type to some type A, but the choice does not really matter.



rz:o0€l
= — data Term : Ctx » U » Set where
IF'kFz:o

var o€l ->TermT @

Ihtioor Tht:0 app :Term T (o> t)» Term T o » Term T

- 8
Dhtityer lam : Term (o = T) t» Term T (0 ©)
I'tAzxt:o—rT Ctx = List U



With all these types and definitions, we complete a ‘tagless’ evaluator:

eval : Term T o » Env i » [ ol
eval (app t1 tz2) env = (eval ti1 env) (eval t; env)

eval (lam t) env A x » eval t (cons x env)

eval (var i) env lookup env i

Here our environments are a heterogeneous list of values, recording the value associated with

each variable in scope.
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eval : Term T o » Env i » [ ol
eval (app t1 tz2) env = (eval ti1 env) (eval t; env)

eval (lam t) env A x » eval t (cons x env)

eval (var i) env lookup env i

Here our environments are a heterogeneous list of values, recording the value associated with

each variable in scope.

It is amazing that this works at all!
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t = x | tt | S| K| I
What should the type of our combinatory terms be?

data CL : Set
var : String -+ CL
app : CL» CL » CL
SKI:CL

This representation is not wrong - but it doesn’t tell us anything about the types involved!

translate : Term I ¢ » CL

In particular, there is no guarantee that this function maps well typed terms to well typed
combinators.



To ensure types preservation, we define a datatype for well typed terms in combinatory logic:

data CL (I : Ctx) : U » Set where
var t 0 €l-CLTo
app : CLT (o> t)»CLTao-CLTT
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To ensure types preservation, we define a datatype for well typed terms in combinatory logic:

data CL (I : Ctx) : U » Set where
var t 0 €l-CLTo
app : CLT (o> t)»CLTao-CLTT
I :CLT (o2 o0)
K :CLT (6>tT>a0)
S (LT ((est=2>p)>(c=>1)>(0>0p)

Now it is clear that the translation preserves types:

translate : Teom T > CL T o



Most of the translation is now trivial:

translate : Teom o - CL T o

translate (app t: tz) = app (translate ti1) (translate t;)
var i

abs (translate t)

translate (var i)
translate (lam t)
where
abs : CL(g=T)Tt~>»CLT (o6>1)

The only real work is done by the bracket abstraction function, abs.






—- the 'same' type as the lam constructor

abs : CL(o=T)t-CLT (021

-- the most recently bound variable is replaced by I
abs (var top) = I

-- other variables/combinators are wrapped by K

abs (var (pop j)) = app K (var j)

abs S =app K S
abs K =app K K
abs I =app K I

—- application introduces S and recurses
abs (app tq1 t2) = app (app S (abs t4)) (abs t2)

All the types go through easily enough...



—- the 'same' type as the lam constructor

abs : CL(o=T)t-CLT (021

-- the most recently bound variable is replaced by I
abs (var top) = I

-- other variables/combinators are wrapped by K
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abs S =app K S
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—- application introduces S and recurses
abs (app tq1 t2) = app (app S (abs t4)) (abs t2)

All the types go through easily enough...

What about proving correctness? 12



We define an evaluator for combinatory terms:

evalCL : CLT a»Envl»[al

evalCL K env =AXYy X

evalCL I env =\ XX

evalCL (app f e) env = (evalCL f env) (evalCL e env)

Now we only need to prove the obvious correctness statement:

correctness : (t : Term I ¢) (env : Env ') » evalCL (translate t) env = eval t env



The proof itself is not very interesting - it requires one additional lemma:

abs-correct : (t : CL(o=T)t) (env:Envl) (v:Dal~
evalCL (abs t) env v = evalCL t (v = env)

This lemma makes precise that ‘bracket abstraction behaves like lambda abstraction’.

The proof follows from immediate induction.



The proof itself is not very interesting - it requires one additional lemma:

abs-correct : (t : CL(o=T)t) (env:Envl) (v:Dal~
evalCL (abs t) env v = evalCL t (v = env)

This lemma makes precise that ‘bracket abstraction behaves like lambda abstraction’.

The proof follows from immediate induction.

If the proof is so obvious - can we make our translation correct by construction?



Let's redefine our datatype for terms in combinatory logic.
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Correctness - take 2

Let's redefine our datatype for terms in combinatory logic.

Now they not only carry their type but also their (dynamic) semantics, i.e., the result of evaluation:

data CL : (I : Ctx) » (0 : U) » (Env T » [ o 1) » Set where
K cCLT (> (t=>0) (ANenv+ XXy~ X)

I :CLT (6%0) (Nenv > A x> x)

app :CLT (o>t) f>CLTaot->CLTT(ft)

Now we can specify the translation to combinatory logic that is correct by construction:
translate : (t : Term I ¢) » CL T ¢ (eval t)

How is this function defined?



The translation remains exactly the same - it is only the types that change!
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The translation remains exactly the same - it is only the types that change!

translate : (t : Term [ 0¢) » CL T ¢ (eval t)
app (translate t1) (translate t.)

translate (app t1 t2)
translate (var i) =var i
translate (lam t) abs (translate t)

Of course, we still need to (re)define the bracket abstraction function...

But once again, it is only the type that changes!



Adding new combinators helps reduce the number of evaluation steps:
t ==z | tt | S| K]|]I|B]C

Unlike S that distributes its arguments to both subterms, B and C pass the argument to one of the

two subterms:

Bxyz—x(yz)

Czyz— (z2)y



Adding new combinators helps reduce the number of evaluation steps:
t ==z | tt | S| K]|]I|B]C

Unlike S that distributes its arguments to both subterms, B and C pass the argument to one of the

two subterms:

Bxyz—x(yz)

Czyz— (z2)y

How shall we redefine the translation to use B and C (rather than S) whenever possible?
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Correct by construction optimization

| wrote a correct by construction translation, using co-De Bruijn indices to track which variables

are used. It works!
But Ralf Hinze suggested a much simpler solution...

Define a smart constructor for application nodes:

sapp : CLT (o>t=>p) F>CLT (60>1T) X~
CLT (a=sp) (Ay~ (fy) (xy))

that checks which combinator to use to route variables to the right place.
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Correct by construction

This seems like a ‘parlour trick'...

But the meta-properties that makes this possible are:

+ the translation is defined by simple induction, with one auxiliary function;

+ the correctness proof proceeds by immediate induction, using one additional lemma about

this auxiliary function;

+ the structure of the translation and correctness proof coincide exactly;

Whenever these properties hold, you can define and verify your function at the same time -

leading to definitions that are correct by construction.



Questions?
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