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Abstract

The visualizationof stationaryandtime-dependent�o w is an im-
portantandchallengingtopic in scienti�c visualization. Its aim is
to representtransportphenomenagovernedby vector �elds in an
intuitively understandableway. In this paper, we review the use
of methodsbasedon partial differentialequations(PDEs)to post-
process�o w datasetsfor the purposeof visualization. This con-
nects�o w visualizationwith imageprocessingandmathematical
multi-scalemodels. We introducethe conceptsof �o w operators
andscale-spaceandexplain their usein modelingpostprocessing
methodsfor �o w data.Basedonthisframework,wepresentseveral
classesof PDE-basedvisualizationmethods:anisotropiclineardif-
fusionfor stationary�o w; transportanddiffusionfor non-stationary
�o w; continuousclusteringbasedonphase-separation;andanalge-
braicclusteringof amatrix-encoded�o w operator. Weillustratethe
presentedclassesof methodswith resultsobtainedfrom concrete
�o w applications,usingdatasetsin 2D, �o ws on curved surfaces,
andvolumetric3D �elds.

1 Intr oduction

A great variety of different approachesfor the visualizationof
vector �eld data has beenpresentedin the past. The method-
ology rangesfrom simple discretearrow plots applied to steady
two-dimensionalvector �elds to advancedhardware-accelerated
volumetric techniquesfor visualizing multivariatedatafor three-
dimensional,unsteady�o w problemsand multi-scalefeaturede-
tectionandtrackingtechniquesfor complex time-dependentCFD
problems.

The recentincreaseof the numberof �o w visualizationtech-
niqueshasbeendrivenby two main factors.On onehand,theex-
ponentialgrowth in sizeof datasetsproducedby CFD simulations
requires�o w visualizationmethodsto beableto displaymoredata
in shortertime. Ontheotherhand,speci�c application�elds, rang-
ing from weathersimulation,meteorology, andgroundwater�o w,
to automotive, aerodynamics,andmachinedesign,have eachtheir
own particularrequirementsandquestionsto beansweredregard-
ing �o w datasets.As a centralandgenerallyacceptedhigh-level
goal,�o w visualizationshouldprovide intuitively betterreceptible
methodswhich give overall aswell asdetailedviews on the �o w
patternsandbehavior.

Given the above, several classi�cations of �o w visualization
methodshavebeenrecentlyproposedfrom differentpointsof view.
In their Stateof the Art report, Larameeet al. [20] have classi-
�ed �o w visualizationinto direct,densetexture-based,geometric,
andfeature-basedmethods,following a modelof the �o w datain
discretesamples,continuous(dense)scalar�elds, geometricinte-
gral primitives,andapplication-speci�cfeature-basedrepresenta-
tions.A secondoverview of �o w visualizationmethodsis givenby
Weiskopf andErlebacher[45]. Here,threeclassi�cationsof �o w
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visualizationmethodsareproposed:basedon the visual primitive
used(points,curves,or features);basedon thedensityof thepro-
ducedimage(sparsevs. dense,texture-based);and�nally basedon
the datastructure (2D, 2.5D, and3D methods)anddiscretization
(onvariousgrid types).A morerecentreportof Larameeetal. [21]
presentsa comparisonof majorvisualizationtechniquesevaluated
from thepointof view of aspeci�c application—theunderstanding
of swirl and tumble �o w data. Here,visualizationsareclassi�ed
into texture-basedmethods,clusteringapproaches,analysesof the
vector�eld topology, andfeature-trackingapproaches.

In thispaper, wegiveanoverview of �o w visualizationmethods
basedon partial differentialequations(PDEs)[9, 12, 13]. These
methodsusea particularmodelof the �o w data,asfollows. The
�o w domainis seenasa subsetof thecontinuousIR2 or IR3 space.
The visualizationprocessis describednow in termsof a contin-
uous,physical process,suchas diffusion, advection, convection,
or phaseseparation.The particulartype of PDE andits boundary
conditionsareusedasinstrumentsto modeldifferentvisualization
questions,suchas: Which arethe laminar, transient,andturbulent
regions?How doesthematerialdensityvary in time in thedataset?
How doesthe �o w look like on small spatialscales(�o w details)
as opposedto a global, coarsescale(�o w overview)? Oncethe
typeandparametersof theproperPDEareestablished,the�o w do-
main is discretized,usuallyby a �nite-elementor �nite-dif ference
schemewith appropriatesolversfor the resultingequationor sys-
temof equations.Finally, thesolutionis displayed,therebyanswer-
ing theinitial setof visualizationquestionsthattargetthe�o w data.

The above leadsus to an outline of several characteristicsof
PDE-based�o w visualizationmethods.For this, we shall usethe
terminologyemployed by the classi�cationspresentedin [45, 21,
20]. First, PDE-based�o w visualizationsaredensemethods,by
de�nition. Second,they work in all dimensionswhere�o w visual-
ization is of interest,i.e. 2D, 2.5D (curved surfacesembeddedin
3D),and3D.Third, they areapplicableto bothsteadyandunsteady
(time-dependent)�o w datasets.In termsof actualvisual represen-
tation,PDE-basedmethodsarenaturallycloselyrelatedto texture-
basedmethods.Althoughtheresultsof PDE-basedmethodscanbe
displayedusingalsoothertechniques,suchassliceplanes,stream-
lines[12], andiso-surfaces[9], their inherentcontinuous,densena-
ture makesthemnaturalcandidatesfor using2D and3D texture-
baseddisplay techniques.In this sense,PDE-basedmethodscan
beseenasa front-end,thattranslatea givendirect�o w representa-
tion (vector�eld plusadditionalscalarquantitiessuchaspressure
or concentration)to a seconddense,usuallyscalar, representation,
which is thenvisualizedby a texture-driven back-end.On a high
level, this translation,encodedin the PDE,enrichesthe datawith
applicationandquestion-speci�csemantics,in orderto emphasize
thespeci�c aspectsof the�o w theuseris interestedin. Conversely,
many texture-basedvisualizationmethodsimplementedusing(pro-
grammable)graphicshardware have at their core a model based
on anadvectionordinarydifferentialequation(ODE),asdescribed
furtherin Sec.2. Finally, in termsof datadiscretization(grid type),
all PDE-basedmethodscanessentiallybeusedon any grid, given
a suitableunderlying�nite elementdiscretizationimplementedon
thatgrid (cf. Section8).

From anotherpoint of view, PDE-basedmethodssharemany
common aspectswith multi-scale �o w visualization methods.
Overall, themaingoalof suchmethodsis to provide a multi-scale



representationof the �o w �eld, suchthat userscansubsequently
navigatebetweendetailed,low-level views of the �o w andglobal,
overview picturesthereof. Several multi-scalemethodsexist in
�o w visualization[20, 45]. Clusteringmethods[14, 35] group
similar �o w datasetpointstogetherbasedon a taskor application-
dependentsimilarity measure,or corelation.Energy minimization
techniquescanbeusedto producestreamlinevisualizationsat sev-
erallevelsof detail,representedby differentstreamlinespatialden-
sities[38,18,19]. PDE-basedmethodsbeingseveralpowerful tools
for de�ning themulti-scale,basedonscalespacetheory(cf. Sec.3),
andareableto accommodateseveralscalenotionde�nitions, rang-
ing from continuousto discrete.

Given this close connectionbetweenPDE-basedand texture-
based�o w visualization,we give �rst an overview of the texture-
basedmethodsin Section2 followedby a brief introductionto the
basicmulti-scalemethodsin imageprocessing,whichmotivatethe
approachesto be discussedhere. Next, in Section3 we review
the connectionsto scale-spacemethodologyfrom imageprocess-
ing. Togetherwith the differential operatorde�ned in Section4
this leadsto the presentationof the anisotropicdiffusion method
in Section5. Theextensionof this modeltowardstime-dependent
�o w �elds is discussedin Section6. In the remainingpartswe
review clusteringmethodsbasedon PDE techniquesandwe start
with themodelbasedon anisotropicphaseseparationin Section7.
A discussionof hierarchicalmulti-scaleclusteringusingalgebraic
multigrid (AMG) methodsclosesthisarticlein Section9.

2 Review of texture based �o w visualiza-
tion

Texture-based�ow visualizationis anotiongenerallyusedfor those
methodsthat outputa full spatialcoverageof the �o w �eld to be
described,in the region of interestchosenby the user. By full
coverage,we meanthat the discretenessof the outputdatais lim-
ited to the one inherentto the image,or texture primitives used
in the visualization. Given this denserepresentationof the �o w
�eld, thetextureimagewill mostlyencodesomecontinuouscolor,
luminance,or transparency variationthat conveys insight into the
�o w data.Often,theabovecontinuoussignalis naturallygenerated
by physically-basedmethods.Texture-basedmethodsdiffer, thus,
mainly in how, andwhat, they generateandencodein the output
texture. We outline below the most importantclassesof texture-
basedmethods,andreferfor anin-depthoverview to [20].

Thespotnoisemethodproposedby vanWijk [40] pioneeredthe
useof textures in �o w visualization. Elliptic splatsof intensity
basedon a noisefunction andwhich areorientedalong the �eld
areblendedtogetheron 2D or 3D surfacedomains. The original
�rst orderapproximationof the �o w was improved by de Leeuw
andvanWijk in [8] by usinghigherorderpolynomialdeformations
of thespotsin areasof signi�cant vorticity. By animatingtheinten-
sity, spotsappearto move along�o w streamlines.Severalapplica-
tionsof spotnoisewerepresentedin thecontext of smogprediction
andturbulent�o ws[6], non-continuous�o w visualization[22], and
�o w topology[7].

Line Integral Convolution (LIC) methodsrepresentthe second
major classof texture-basedvisualizations.Introducedby Cabral
andLeedom[4], LIC integratesthe fundamentalODE describing
streamlinesforward and backward in time at every discretedo-
main point. White noise is convolved, using a Gaussiankernel,
alongtheseparticlepaths.Theresultingvaluegivestheintensityof
thestartingpixel. Theresultingtextureexhibits strongcorrelations
alongstreamlinesandweakcorrelationacross,giving the percep-
tion of streamline-like �laments of varying intensity. Essentially,
LIC is equivalentto adiffusionprocessalongthevector�eld. Hege
andStalling[32] increasedtheperformanceof LIC by reusingpor-

tionsof theconvolution integral alreadycomputedon pointsalong
agivenstreamline.Forssell[11] proposedasimilarmethodonsur-
faces,whereasMax et al. [24] approach�o w visualizationby tex-
turing iso-surfaces.UFLIC [31] extendedLIC to unsteady�o ws.
InterranteandGrosch[16] generalizedline integral convolution to
3D in termsof volume renderingof line �laments. Multivariate
�o w �elds arevisualizedwith LIC usingacolormappingtechnique
calledcolor weaving [39]. OLIC [43] andits fastversionFROLIC
[29] addup- anddownstreamcuesto thebasicLIC by varyingthe
intensityalongthestreamline.Finally, we mention3D LIC, which
usestexture-basedvolumerenderingto computeanddisplayLIC
visualizationsfor 3D �o w �elds [27]. Again, the above is just a
shortoverview of a wealthof existing LIC techniques.For a more
detailedoverview, see[20].

Yet anotherclassof texture-basedmethodsare the onesbased
on texture advection. Here, the visualizationprimitive is directly
supportedby thegraphicsunit or GPU.Consequently, thetermtex-
ture in thesemethodsoften refersto the graphicshardware term.
GPU-basedmethodsareclassi�ed basedon theprimitive they ad-
vect, or warp (pixel or polygon)andthe advectiondirection(for-
wardor backward).Max andBecker [23] presentedoneof the�rst
texture-advection methodsusing triangles. Image-based�o w vi-
sualization(IBFV) proposesan injection of noise(storedas tex-
tures),advectingit by warpinga polygonmesh,andblendingthe
resultfor smoothvisualization,with applicationsin 2D [41], curved
surfaces[42], and3D volumes[34]. Lagrangian-EulerianAdvec-
tion (LEA) is anothersuchmodel,whereparticlepositionsaread-
vectedindividually (Lagrangianstep)andthe color texture is up-
datedin-place(Eulerianstep)[17, 47]. Recently, the above (and
other)frameworks,wereunitedin UFAC(Unsteady�o w advection-
convolution), using an implementationbasedon programmable
GPUs[46]. Interestingly, the emergenceof the 'framework' for
GPU-basedmethodsas a collectionof tightly-woven conceptual,
modeling,andimplementationalaspectsseemsto bedrivenby the
large importanceof the implementationalaspectin thewholepro-
cess,in contrastto e.g.LIC methods.

Especiallyfor 3D velocity �elds, particletracingis a very pop-
ular tool. However, evenrelatively many seedparticlesreleasedby
the usercanhardly copewith the complexity of 3D vector �elds.
Zöckler et al. [33] usepseudorandomlydistributed, illuminated
and transparentstreamlinesto give a denserand more receptible
representation,whichshows theoverall structureandenhancesim-
portantdetails.

Most notablyevery subclassof texture-basedmethodseemsto
producevisualizationsthatcarryaneasilyrecognizablevisualsig-
nature.For example,it is easyto tell spot-noisefrom LIC; thevar-
ious IBFV and LEA methodshave also a distinct visual appear-
ance,probablydueto thespeci�c noisefunctionsused;illuminated
streamlinesarealsoa classapart;reaction-diffusion methodscre-
ateregular repetitive patternswhich noise-injectionmethodscan-
not replicate.We believe thata perceptualclassi�cationof texture-
based�o w visualizationswould bring valuableinsight in the ef-
fectiveness(andlimitations) of suchmethodsandleadto a better
understandingof �o w data,althoughwe arenot awareof any such
classi�cation.

3 A brief intr oduction to scale space
methods in image processing

Texturesusedin various�o w visualizationapproachescanbe re-
gardedasimagesandthusthe type of �o w postprocessingabove
discussedcanbe consideredasimageprocessing.In the last two
decadespowerful PDE basedimageprocessingmethodsfor sev-
eral fundamentaltasksin imaging suchas segmentationand de-
noisinghave beenintroduced. In particularso calledscalespace



methodsintroducea naturalscaleof imagerepresentations.Most
of the methodsin �o w postprocessinglack sucha perspective of
multiple scales. They have in common,that the generationof a
coarserscalerequiresa re-computation.For instance,if we askfor
a �ner or coarserscaleof theline integral convolution patterns,the
computationhasto be restartedwith a coarserinitial imageinten-
sity. In caseof spotnoiselargerspotshave to beselectedandtheir
stretchingalongthe�eld hasto beincreased.To motivateourPDE
basedapproachlet usbrie�y review scalespacemethodsbasedon
anisotropicnonlineardiffusionin imaging.

Discretediffusion type methodshave beenknown for a long
time. PeronaandMalik [26] have introduceda continuousdiffu-
sion model which allows the de-noisingof imagestogetherwith
the enhancementof edges. Alvarez,Guichard,Lions and Morel
[1] have establisheda rigorousaxiomatictheoryof diffusive scale
spacemethods.Therecoveryof lowerdimensionalstructuresin im-
agesis analyzedby Weickert [44], who introducedan anisotropic
nonlineardiffusionmethodwherethediffusionmatrix dependson
thesocalledstructuretensorof theimage.

In PDE-basedscale-spacemethodsof imageprocessingwecon-
sider a function u : IR+

0 � 
 ! IR which solves the parabolic
problem

@t u � A [u] = f (u) in IR+ � 
 ;
u(0; �) = u0 on 
 ;

(1)

for given initial densityu0 : 
 ! [0; 1]. Here, the differential
operatorA [�] is de�ned by

A [u] := div (a(r u� )r u)

andwe prescribeNeumannboundaryconditionsa(r u � )r u � � =
0. For the sake of robustnessandwell-posednessa pre-smoothed
versionof thecurrentdensityu� = � � � u is used.In oursettingwe
interpretthedensityasan imageintensity, a scalargrey scaleor a
vectorvaluedcolor. Thus,thesolutionfamily u(�) canberegarded
asa family of imagesf u(t)gt 2 IR +

0
, wherethe time t servesasa

scaleparameter. Let us remark,that by the trivial choiceA = 1
andf (u) = 0 we obtainthestandardlinearheatequationwith its
isotropicsmoothingandcoarseningeffect.

In imagede-noisingu0 is a given noisy initial imageand the
goalis to remove this noisewhile keepingtheimportantcontentof
the given image. Thus,the diffusion is supposedto be controlled
by thegradientof theimageintensity. Largegradientsmarkedges
in the image,which shouldbe enhanced,whereassmall gradients
indicateareasof approximatelyequalintensity. For that purpose
weprescribeadiffusioncoef�cient

A = g(kr u� k)

whereg : IR+
0 ! IR+ is a monotonedecreasingfunction with

lim d!1 g(d) = 0 andg(0) = � 2 IR+ , e. g. g(d) = �
1+ kdk 2 .

A suitablechoicefor thepre-smoothingis Gaussian�ltering or the
convolution with the heatequationkernel. I. e. we de�ne u � =
~u(t = � 2=2) where~u is thesolutionof theheatequationwith initial
datau. Then� is thevarianceof thecorrespondingGaussian�lter .
The function f may serve asa penaltywhich forcesthe scaleof
imagesto stay closeto the initial image,e. g. choosingf (u) =

 (u0 � u) where
 is apositiveconstant.Figure1 givesanexample
of imagesmoothingandedgeenhancementby nonlineardiffusion.

4 A �o w aligned diff erential operator

Above,we have modeledanedgealignedoperatorA [�], which en-
abledthefeaturesensitivede-noisingof images.For thesubsequent

Figure1: The imageon the top left is successively smoothedby
nonlineardiffusion. With increasingscalemore and more �ne-
scaledetailsvanishwhile the signi�cant contentis retainedand
enhanced.

use,let usnow de�ne a streamlinealigneddifferentialoperatorfor
�o w �elds. For a givenvector�eld v : 
 ! IRn we modellinear
diffusionin thedirectionof thevector�eld andaPeronaMalik type
diffusionorthogonalto the�eld. Let ussupposethatv is continuous
andv 6= 0 on 
 . Thenthereexistsa family of continuousorthog-
onal mappingsB (v) : 
 ! SO(n) suchthat B (v)v = kvke0 ,
wheref ei gi =0 ;:::;n � 1 is the standardbasein IRn (cf. Fig. 2). We
consideradiffusiontensora(v; r u� ) whichwede�ne as

a(v; d) = B (v)T
�

� (kvk)
g(kdk)Id n � 1

�
B (v) ;

where� : IR+ ! IR+ controlsthe lineardiffusion in vector�eld
direction,i. e. alongstreamlines,andtheaboveintroducededgeen-
hancingdiffusioncoef�cient g(�) actsin theorthogonaldirections
(Idn � 1 is the identity matrix in dimensionn � 1). We mayeither
choosea linearfunction� or in caseof a velocity �eld, which spa-
tially variesoverseveralordersof magnitude,weselectamonotone
function� (cf. Fig. 2) with � (0) > 0 andlim s!1 � (s) = � max .

Thedifferentialoperatorbasedon this diffusiontensoris �nally
givenby

A [v; u] := div (a(v; r u� )r u) : (2)

It encodesa strongcouplingalongthevelocity �eld andin caseof
steepgradientsin u a weakcouplingin directionsperpendicularto
the�eld.

5 Anisotr opic diffusion for stationar y
�o w

Now, we will make useof thedifferentialoperatorde�ned in Sec-
tion 4 to de�ne a diffusion process,which generatestexture pat-
ternsalignedto a �o w �eld. Thesepatternswill grow upstreamand
downstream,whereastheedgestangentialto themaresuccessively
enhanced.Still thereis somediffusion perpendicularto the �eld
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Figure 2: Top: The coordinatetransformationB (v). Middle:
Graphof the velocity dependentlinear diffusion coef�cient � (�).
Bottom: Graphof the scalarcontrastenhancingright handside
f (�).

which suppliesus for evolving time with a scaleof progressively
coarserrepresentationof the�o w �eld.

In generalit doesnotmakesenseto consideracertaininitial im-
agefor sucha diffusionprocess.As initial datau0 we thuschoose
somerandomnoiseof anappropriatefrequency range.If werunthe
evolution(1) for vanishingright handsidef theimagecontrastwill
unfortunatelydecreasedueto thediffusionalongstreamlines.The
asymptoticlimit will turn out to beanaveragedgrey value.There-
fore,we strengthentheimagecontrastduringtheevolution,select-
ing anappropriatecontinuousfunctionf : [0; 1] ! IR+ (cf. Fig. 2)
with

(F1) f (0) = f (1) = 0 ,

(F2) f < 0 on (0; 0:5), andf > 0 on (0:5; 1) .

Neglectingthe diffusive term of the evolution at a �rst glancewe
realizethat this right handside pushesvaluesbelow the average
value 0:5 towardsthe zero and accordinglyvaluesabove 0:5 to-
wards1. An moredetailedanalysisof the contrastenhancement
including thediffusive term is discussedin Section6.1. However,
well-known maximumprinciplesensurethat the interval of grey
values[0; 1] is not enlargedrunningthenonlineardiffusion. Here
theproperty(F1) is of greatimportance.

Finally, we endupwith themethodof nonlinearanisotropicdif-
fusion to visualizecomplex vector �elds. Therebywe solve the
nonlinearparabolicproblem

@t u � A[v; u] = f (u) (3)

startingfrom somerandominitial datau(0; �) = u0 and obtain
a scaleof imagesrepresentingthe vector�eld in an intuitive way
(cf. Fig. 3).

5.1 Enhancing the resulting texture

If we askfor point wiseasymptoticlimits of theevolution, we ex-
pectanalmosteverywhereconvergenceto u(1 ; �) 2 f 0; 1g dueto

Figure3: A vector�eld from a 2D magneto-hydrodynamicssimu-
lation(MHD) is visualizedby nonlineardiffusion.A discretewhite
noiseis consideredasinitial data.We run theevolution on theleft
for asmallandontheright for a largeconstantdiffusioncoef�cient
� .

Figure 4: Different snapshotsfrom the multi-scale basedon
anisotropicdiffusion aredepictedfor a 2D MHD simulationvec-
tor �eld (cf. Fig. 3). Herewe considera two dimensionaldiffu-
sion problemand interpretethe resultingdensityas a color in a
blue/greencolorspace.

the choiceof the contrastenhancingfunction f . Analytically, 0:5
is a third, but unstable�x point of thedynamics.Thusnumerically
it will not turnout to belocally dominant.

Thespaceof asymptoticlimits signi�cantly in�uencestherich-
nessof thedevelopingvector�eld alignedstructures.We mayask
how to furtherenrichthepatternwhich is settledby anisotropicdif-
fusion.This turnsout to bepossibleby increasingthesetof asymp-
totic states. We no longer restrict the considerationsto a scalar
densityu but considera vectorvaluedu : 
 ! [0; 1]2 anda cor-
respondingsystemof parabolicequations.The coupling is given
by the nonlineardiffusion coef�cient g(�) which now dependson
the norm kr uk of the Jacobianof the vectorvalueddensityr u
and the right handside f (u). We de�ne f (u) = h(kuk)u with
h(s) = ~f (s)=s for s 6= 0, where ~f is the old right handside
from the scalarcase,and h(0) = 0. Furthermorewe selectan



initial densitywhich is now a discretewhite-noisewith valuesin
B1(0) \ [0; 1]2 . Thus,thecontrastenhancingnow pushesthepoint
wisevectordensityu eitherto the0 or to somevalueon thesphere
sectorS1 \ [0; 1]2 . Againastraightforwardapplicationof themaxi-
mumprincipleensuresu(t; x) 2 B 1(0)\ [0; 1]2 for all t andx 2 
 .

Figure4 shows anexamplefor theapplicationof thevectorval-
uedanisotropicdiffusion methodappliedto a 2D �o w �eld from
a MHD simulationconvective �o w �eld. Furthermore,Figure 5
shows resultsof this methodappliedto severaltime stepsof a con-
vective �o w �eld. An incompressibleBénardconvection is sim-
ulatedin a rectangularbox with heatingfrom below andcooling
from above. The formationof convectionrolls will leadto anex-
changeof temperature.We recognizethat thepresentedmethodis
ableto nicelydepicttheglobalstructureof the�o w �eld, including
its saddlepoints,vortices,andstagnationpointson theboundary.

5.2 3D ¯ow �elds

The anisotropicnonlineardiffusion operator(2) hasbeenformu-
latedfor arbitraryspacedimension. It resultsin a scaleof vector
�eld alignedpatternswhich we thenhave to visualize. In 2D this
hasalreadybeendonein astraightforwardmannerin theabove �g-
ures.In 3D we have somehow to breakup thetexture-volumeand
openup theview to innerregions.Otherwisewe mustcon�ne our-
selveswith somepatterncloseto theboundaryrepresentingsolely
theshear�o w.

Here we can bene�t from the vector valueddiffusion. Since
for m = 2 the non-trivial asymptoticlimits are in meanequally
distributedon S1 \ [0; 1]2 , we can we reducethe image-content
andfocuson a ball shapedneighborhoodB � (! ) of a certainpoint
! 2 S1 \ [0; 1]2 . Now we can either usea volume rendering
to visualizethis typeof sub-volumesor look at iso-surfacesof the
function

� (x) = ku(x) � ! k2 :

Thentheparameter� 2 allows usto depicttheboundaryof thepre-
imageof B � (! ) with respectto themappingu (cf. Fig. 6).

5.3 Flow �elds on 2D surfaces

Sofarweconsideredvector�elds ondomainswhicharesubsetsof
the2D or 3D Euclideanspace.It is straight-forward to extendthe
methodologyto tangential�o w �elds onsurfaces,suchasweather-
mapwind-�elds over the earth,�o w �elds on stream-surfaces,or
vector �elds from differential geometry. We have to replacethe
Euclideangradientr andthedivergenceoperatordiv by theirgeo-
metriccounterpartsr M anddivM respectively. Heretheindex M
indicatesthat we areworking with the tangentialgradientanddi-
vergenceonthesurfaceor manifoldM . Proceedingasin Section4
thedifferentialoperatordescribingthegiven�o w �eld is givenby

A [u] := divM (a(r M u� )r M u)

for C2 functionsu on themanifoldM . As anillustrationFigure7
showsthevisualizationof theprincipaldirectionsof curvatureona
minimal surface.

5.4 Flow Segmentation

The above applications already show the capability of the
anisotropicnonlineardiffusion methodto outline the �o w struc-
turenot only locally. In particularfor largerevolution timesin the
diffusionprocessthetopologicalskeletonof avector�eld becomes
clearlyvisible. We will now investigatea possible�o w segmenta-
tion by meansof theanisotropicdiffusion.Let usrestrictto thetwo
dimensionalcaseof anincompressible�o w with vanishingvelocity

Figure6: Theincompressible�o w in awaterbasinwith two interior
walls andan inlet (on the left) andanoutlet (on the right) is visu-
alizedby theanisotropicnonlineardiffusionmethod.Iso-surfaces
show the pre-imageof @B � (! ) underthe vectorvaluedmapping
u for somepoint ! on the spheresector. From top to bottomthe
radius� is successively increased.A color rampblue–green–red
indicatesanincreasingabsolutevalueof thevelocity. Thediffusion
is appliedto initial datawhich is a relatively coarsegrain random
noise.

v at the domainboundary@
 . Thentopologicalregionsaresep-
aratedby homoclinic, respectively heteroclinicorbits connecting
critical pointsin theinteriorof thedomainandstagnationpointson
the boundary. Critical points,by de�nition pointswith vanishing
velocity v = 0, may eitherbe saddlepointsor vortices. Further-
morewe assumecritical points to be non-degenerate,i. e. r v is
regular. Saddlepointsarecharacterizedby two realeigenvaluesof
r v with oppositesign,whereasatvorticesweobtaincomplex con-
jugateeigenvalueswith vanishingreal part. Stagnationpointson
@
 aresimilar to saddles.For detailswe referto [15].

In eachtopologicalregion thereis a family of periodic orbits
closeto theheteroclinic,respectively homoclinicorbit. Thisobser-
vation givesreasonfor the following segmentationalgorithm. At



Figure5: Convective patternsin a 2D �o w �eld aredisplayedandemphasizedby themethodof anisotropicnonlineardiffusion.Theimages
show thevelocity �eld of the�o w atdifferenttimesteps.Therebytheresultingalignmentis with respectto streamlinesof this timedependent
�o w.

Figure7: Theprincipaldirectionsof curvatureof aminimalsurface
arevisualizedusingtheanisotropicdiffusionequationonsurfaces.

�rst, wesearchfor critical pointsin 
 andstagnationpointson@
 .
Wecalculatethedirectionswhichseparatethedifferenttopological
regions. In caseof saddlepointsthesearetheeigenvectorsof r v.
Next, wesuccessively placeaninitial spotin eachof thesectorsand
performanappropriate�eld alignedanisotropicdiffusion.

Let us supposethat a single sector is spannedby vectors
f w+ ; w� g wherethesign � indicatesincomingandoutgoingdi-
rection. The methoddescribedby equation(3) would lead to a
closedpatternalongoneof theabove closedorbitsfor time t large
enough.To �ll outtheinteriorregionwemodify thediffusionbyse-
lectinganorientationfor a“onesided”diffusion(cf. Fig.8). I. e.we
selectauniquenormalv? to v andconsiderthediffusionmatrix

a(v; r u� ) = B (v)T
�

�
G(( r u� � v? )+ )

�
B (v) ;

where� is a positive constantand(s)+ := maxf s; 0g . Further-
moreweconsideranonnegative,concavefunctionf : IR+

0 ! IR+
0

with f (0); f (1) = 0 asa sourcetermin thediffusionequation.If
theorientationof f w+ ; w� g coincideswith thatof f v; v? g , then
lineardiffusion in thedirectiontowardsthe interior will �ll up the
completetopologicalregion. A segmentationof multiple topolog-
ical regionsat thesametime is possible,if we carefullyselectthe
sectorswherewereleaseinitial spots.Figure9 showsdifferenttime
stepsof the segmentationappliedto a convective incompressible
�o w.

v

v?

Figure8: A sketchof the four sectorsat a critical point (indicated
by reddisk), theinitial spot(bluedisk) for thediffusioncalculation
andtheorientedsystemf v; v? g .

Figure9: Severaltime-stepsfrom thenonlineardiffusionsegmenta-
tion appliedto avelocity �eld from aBénardconvectionareshown.
We have placedtheseed-pointsascloseaspossiblein termsof the
grid sizein thesectorsspannedby theeigenvaluesof theJacobian
r v of thevelocity. Only to emphasizetheevolution processa sin-
gle grey-scaleimagefrom the diffusion calculation(cf. Fig. 5) is
underlyingthesequenceof segmentationtimesteps.

6 Transpor t and Diffusion for non sta-
tionar y �o w ®elds

Sofar, theaboveanisotropicdiffusionmethodgeneratesstreamline
typepatterns,whicharealignedto trajectoriesof thevector�eld for



a �x edgiventime. I. e. for a time-dependentvector�eld v : IR+ �

 ! IRd on a computationaldomain
 � IRd andd = 2; 3, we
havebeenconsideringintegral linesf x(s) j s 2 IRg with d

ds x(s) =
v(t; x(s)) for a�x edtimet. Thus,themethodintuitively visualizes
thevector�eld freezedat timet but offersonly very limited insight
in the actual transportprocessgovernedby the underlyingtime-
dependent�o w �eld.

To ensurethatourvisualizationactuallydisplaysthisprocesswe
have to considerthe true transportproblemand its particle lines.
Hencewe take into accounttheparticlemotionobeying theequa-
tion d

dt x(t) = v(t; x(t)) andtheinducedtransportof a givenden-
sity u(t; x). The fact that sucha purely advecteddensityu stays
constantalongparticletrajectoriesleadsto theconservationlaw

D
dt

u :=
d
dt

u(t; x(t)) =
@
@t

u + r u � v = 0

whichmeansavanishingof thematerialderivative.
In addition to this conservation law, we have to incorporatea

mechanismfor thegeneration,thegrowth andenhancementof �o w
alignedpatterns.Herewe pick up thepreviousmodel(3) andcon-
sidera simultaneousanisotropicnonlineardiffusion processwith
lineardiffusionalongtheparticleline andsharpeningin theperpen-
diculardirection.Let usemphasizehere,thatthisdiffusionprocess
actsin forward and backward directionof the particleline. Thus,
a carefulcontrolof theparametersis indispensableto avoid anar-
ti�cial propagation in downwind directionwith theaccompanying
visual impressionof a wrongvelocity. In thenext sectionwe will
discussin detailasuitablebalanceof parameters.

Altogether our basic transport diffusion model for time-
dependentvector�elds looksasfollows: On thecomputationaldo-
main
 � IRd we considerfor a givenvector�eld v : IR+ � 
 !
IRd theboundaryandinitial valueproblem:

@t u + r u � v � A [v; u] = f (u) in IR+ � 
 ;

(Ar u) � � = 0 on IR+ � @
 ;
u(0; �) = u0 in 
 ;

whereA [v; u] is the diffusion tensor(2) alreadyknown from the
anisotropicdiffusion for steady�o w �elds. The initial datau0 is
again assumedto be a white noiseof appropriatefrequency. Still
the role of the right handside f is to ensurecontrastenhance-
ment. Consequentlywe apply functionsf which ful�ll the prop-
erties(F1), (F2)mentionedpreviously.

The new modelgeneratesandstretchespatternsalongthe �o w
�eld andtransportsthemsimultaneously. Theresultingmotiontex-
tureis characterizedby adensecoverageof thedomainwith streak-
line type patterns,which do not have a �x ed injection point but
move in time with the�uid (cf. Figure10). Themethodis applica-
ble in any dimension,in particularon3D domainsand2D surfaces
asfor thestatic�o w casebefore,althoughwe have not performed
suchcomputations.

6.1 Balancing Parameter s

In general,transportanddiffusionarecontraryprocesses.Ourgoal
in mind—thegenerationandtransportof patternswhichsimultane-
ouslydiffusealongthe �o ws—therehasto bea carefulweighting
of theparametersthatsteerthe transportandthediffusion respec-
tively. Otherwisethediffusionmayoverrunthetransport,resulting
in aprocessthatis ratherdiffusionthantransportwith somepattern
generatingdiffusion.

Let ussupposethe temporalresolutionof thegivenvector-�eld
data is of size � . It is well known that the solution of the heat
equationat a time t correspondsto the convolution of the initial
datawith a Gaussiankernelof variance

p
2t. Sincethe diffusion

Figure10: Threesuccessive time-stepsof the transportdiffusion
processgeneratingdirectedpatternsof a Bénardconvection (cf.
Section6.1). The additionalcoloring indicatesthe speedof the
�o w �eld. Redcolorsindicatehigh velocity, whereasblue colors
indicatelow velocity. To emphasizethe transportof patternswe
havemagni�ed themarkedsectionsof theimagesin thelower row.

tensora(v) invokes linear diffusion with a coef�cient � (kv(x)k)
in thedirectionof thevelocity v(x) for every x 2 
 , we consider
thecorrespondingvariance

D(� (x)) :=
p

2� � (x)

to beameasurefor thediffusionwithin thetransportdiffusionpro-
cessfor the time � . Of coursea measurefor the corresponding
expectedtransportdistanceis

T (x) := � kv(x)k :

Typically T (�) is moreor less�x ed, since� is in generalpre-
scribedby theunderlyingCFD data.Thus,we would like to adjust
� locally suchthatD is balancedwith T . To thisendweintroducea
balancingparameter� 2 IR+ andconsiderthebalancingcondition

D(� (x)) = � T (x):

Roughlyspeakingwe thenhave thefollowing relations:

� � 1 Transportdominatesthemodel,
� = 1 Transport� Diffusion,
� � 1 Diffusiondominatesthemodel.

Hence,choosing� < 1 �x ed,andsolvingthebalancecondition
for � (x), wegetasuitablediffusioncoef�cient

� (kvk)( x) =
� 2 kv(x)k2 �

2

as a function on the domain
 which insteadof the one de�ned
in Section4 is insertedinto the diffusion tensora(v; r u � ) of our
transportdiffusionmodel.

Let usfurthermorestudytheampli�cation of certainfrequencies
of the initial imagedueto the right handsideof our model. Our
focus will be on the in�uence of the shapeof f on the contrast
enhancingpropertyof themodel.To thisendlet usconsideramuch
simplersettingof ahigh frequency initial datagivenby

u0(x) =
1
2

h
sin

� x
�

�
+ 1

i



and restrict ourselves to a simple diffusion equationalong a (1-
dimensional)streamline,which is givenby

@t u � � � u = f (u) in [0; 1]:

Weconsiderthelinearizationof f around1
2

~f (u) = 

�

u �
1
2

�
;

where
 is theslopeof theoriginal f at 1=2. Now let us take into
accounttheansatzu(t) = b(t)

�
u0(x) � 1

2

�
+ 1

2 for theevolution
of a one-dimensionalimage-density. Insertingthe ansatzinto the
lineardiffusion-equationweobtain

1
2

h
b0 +

� �
� 2

� 

�

b
i

sin
� x

�

�
= 0

andso
b(t) = exp

h�

 �

�
� 2

�
t
i

:

Thismeansthatfrequenciesabove
p

� =
 aredamped,whereasfre-
quenciesbelow thisthresholdareampli�ed. Givenanupperthresh-
old 1=� for thefrequencieswhichwewantto amplify, wechoose


 =
�
� 2

:

Finally, we constructour nonlinearright handsidef (�) in sucha
way thattheslopeat1=2 equals
 .

6.2 A Blending Strategy for Long-T erm Animation

With theanisotropicdiffusionmodelfor steady�o w �elds wehave
generateda whole scaleof representations.Here, the scalewas
identi�ed with thetime t of theevolutionprocess.But asproposed
in thelastsection,thescaleparameteris now coupledto theactual
transportprocessin our transportdiffusionmodel.In particularfor
long-timevisualizationpurposesthis couplingleadsto unsatisfac-
tory results.Becausedueto thenatureof ourmodel,weareunable
to freezethescaleandsolelyconsidertheevolutionof suitablepat-
ternsat that speci�c scalein time, which would be the optimum
process.

The solution we proposehere is a compromisebasedon the
blendingof differentresultsfrom the transportdiffusionevolution
startedat successive time-points. First, we selecta suitableinter-
val for the scaleparameter[s0 ; s1 ] with s1 > s0 > 0 around
ourpreferredmulti-scaleresolutionfor theresultingimages.Based
on a smoothblendingfunction  : IR ! [0; 1] having supportin
(� 1; 1) andsuchthat

 (t) =  (� t) = 1 �  (1 � t),

 (0) = 1,

wecanconstructapartitionof unity f  i g ontherealline IR. I. e.we
de�ne  i (t) =  ( 2t � ( i +1)( s0 + s1 )

s1 � s0
). Now, for all i = 0; 1; : : : we

separatelysolve theabove transportdiffusionproblemfor different
startingtimest i = i ( s1 � s0

2 ) alwaysconsideringsomewhitenoise
of a �x edfrequency rangeasinitial dataanddenotingtheresulting
solutionby ui . For negative time we supposea suitableextrapola-
tion of thevelocity �eld to begiven. Finally, applyingblendingof
at leasttwo differentsolutionswecompute

u(t; x) =
X

i

 i (t)ui (t; x) :

This intensityfunctionis well de�ned for arbitrarytimesandchar-
acterizedby theinitially prescribedscaleparameterinterval.

Resulting intensity

s0 s1 Time t

Pro cess 1 Pro cess 2 Pro cess 3

Figure11: Theweightingfactorsin theblendingoperationtogether
with theoverlappingscale/timeintervalsof theconsideredtransport
diffusionprocessesareshown in adiagramover time.

Weusethisconstructionfor ananimationof the�o w overacer-
taintimeinterval (cf. Fig. 11for agraphof theblendingfunctions).
Suchananimationinvolvesall solutionsu i for which theblending
function  i hasa nonvanishingoverlapwith thegiven time inter-
val. Otherconstructionsof a partition of unity andcorresponding
blendingfunctionsarenearat handandespeciallymultiple over-
lapscanbe consideredwhich requiresthe blendingof more than
two intensity functionsat the sametime. We emphasizethat the
applicationof this blendingtechniquedoesnot introduceany inac-
curacy, becausefor any time t theresultingimageu(t; x) consists
of imagesui (t; x) showing streaklinesattimet andatslightly vary-
ing scale.

7 Contin uous clustering via anisotr opic
phase separation

Sofar, wehavediscussedthegenerationof �o w alignedmulti scale
textures. Let us now look the the hierarchicalclusteringof �o w
data,rangingfrom small clustersshowing stronglocal coherence
of the�o w to largeglobalclustersetsgatheringlarge�o w patterns.
As before,wewill discussthis taskin theframework of continuous
models. Beforewe detail the applicationof sucha model for the
actual�o w clusteringlet us review the underlingphysical model
for thecoarseningof structuresin metalalloys,whichgoesbackto
CahnandHilliard [5].

7.1 The Cahn-Hilliar d model

TheCahn-Hilliardmodelwasintroducedto describephasesepara-
tion andcoarseningin binaryalloys. Phaseseparationoccurswhen
a uniform mixture of the alloy is quenchedbelow a certaincrit-
ical temperatureunderneathwhich the uniform mixture becomes
unstable.As a resulta micro-structureof two spatiallyseparated
phaseswith different concentrationsdevelops. In later stagesof
the evolution on a muchslower time scalethanthat of the initial
phaseseparationthestructuresbecomecoarser:eitherby merging
of particlesor by growing of biggerparticlesat thecostof smaller
ones.This coarseningcanbeunderstoodasa clustering,wherethe
systemmainly tries to decreasethesurfaceenergy of theparticles
which leadsto coarserandcoarserstructuresduringtheevolution.
In the basicCahn-Hilliardmodel this surfaceenergy is isotropic.
Therearenopreferreddirectionsof theinterfaces.Hencetheparti-
clestendto beball shaped(cf. Fig. 12).

In the following paragraphwe brie�y outline the basicconcept
of theCahn-Hilliardmodel.For moredetailswereferto thereview
papersby Elliott [10] andNovick-Cohen[25]. Themodelis based
on a Ginzburg–Landaufree energy which is a functional in terms
of theconcentrationdifferenceu of the two materialcomponents.
TheGinzburg–Landaufreeenergy E is de�ned to be

E (u) :=
Z




n
	( u) +



2

jr uj2
o

;



Figure 12: Three time-stepsof the original Cahn-Hilliard phase
separation.
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Figure13: Chemicalenergy asfunctionof concentration

where
 is a boundeddomain.The�rst term	( u) is thechemical
energy densityandtypically hasa double-wellform. In this paper
we take

	( u) =
1
4

�
u2 � � 2 � 2

with a constant� 2 (0; 1] (cf. Fig. 13). We notethatthesystemis
locally in oneof thetwo phasesif thevalueof u is closeto oneof
thetwo minima� � of 	 .

Now, thediffusionequationfor theconcentrationu is givenby

@u
@t

� � w = 0

on IR+ � 
 , wherew is the local chemicalpotentialdifference,
which is givenasthevariationalderivativeof E with respectto u

w =
� E
� u

= � 
 � u + 	 0(u):

As boundaryandinitial conditionswe request@� w = @� u = 0,
where� is theouternormalon @
 , andu(0; �) = u0(�) for some
initial concentrationdistributionu0 .

Startingwith arandomperturbationof aconstantstate�u0 , which
hasa valuesin the unstableconcave part of 	 , we observe the
following: In thebeginningthechemicalenergy decreasesrapidly
whereasthegradientenergy increases.This is dueto the fact that
during phaseseparationu attainsvalueswhich are at large por-
tions of the domaincloseto the minima of the chemicalenergy
	 . Since regions of different phaseare separatedby transition
zoneswith largegradientsof u, thegradientenergy increasesduring
phaseseparation.In thesecondstageof theevolution—theactual
clustering—whenthe structuresbecomecoarser, the total amount
of transitionzonesdecreases.Correspondinglytheamountof gra-
dientenergy becomessmalleragain.

7.2 Anisotr opic interface energy

Let usnow turn to theclusteringmodelfor �o w data.Weintroduce
a clustermappingu : IR+

0 � 
 ! IR which will bethesolutionof
an appropriateevolution problem. Thereby, time will again serve

asthescaleparameterleadingfrom �ne clustergranularityto suc-
cessively coarserclusters.For �x edscalet our de�nition of theset
of clustersC(t) is

C(t) = f x j u(t; x) � 0g:

Thissetsplitsup into theconnectedcomponentsof C(t)

C(t) =
[

i

Ci (t):

The evolution problem steeringthe clustersvia the quantity u
shouldsatisfythefollowing properties:

� thenumberof clustersgenericallydecreasesin time,

� the shapeof the clustercomponentsstronglycorrespondsto
correlationsin thedata�eld,

� thevolumefractioncoveredbyC(t) isapproximatelyconstant
in t, i. e. j C ( t ) j

j 
 j � � for � 2 (0; 1).

Theseconditionsmotivate us to pick up the physical Cahn-
Hilliard modelwith the double-wellseparationpotential	( u), a
separationenergy Es =

R

 es (u) and energy densityes (u) =

	( u). Among all u with
R


 u = �u0 = const.the energy Es at-
tains its minimum if u hasthe values� � only. This leadsto a
binarydecompositionof thedomaininto two parts,whereonepart
correspondsto f x j u(x) = � g. However this setcanhave many
connectedcomponentsand may even be very unstructured.Fur-
thermorethereis nomechanismwhichenforcesasuccessivecoars-
eningandthusa truemulti-scaleof clusters.

We remedythis behavior by introducinga term which penal-
izestheoccurrenceof many disconnectedclustercomponentswith
high interfacial area. To this endwe choosea a gradientenergy
E@ =

R

 e@ with local energy density e@ that penalizesrapid

spatialvariationsof u. In order to have �e xibility to choosean
anisotropicand inhomogeneousgradientenergy, an appropriate
de�nition of aninterfacialenergy densityis givenby

e@(r u) =


2

ar u � r u;

where“ �” denotesthe scalarproductin IRn , 
 is a scalingcoef-
�cient anda 2 IRn � n is somesymmetricpositive de�nite matrix
thatmaydependonthespacevariableandotherquantitiesinvolved.

In the following we will refer to theset@f x j u(x) = 0g asthe
interface. The orientationof the interfacecanbe describedby its
normalwhich, in thecasethatr u 6= 0, is givenby thenormalized
gradient

� =
r u

kr uk
:

For a = Id all gradientsof u andhence,all interfacesarepenal-
ized equally independentof their orientation. But with respectto
our clusteringintentionwe considerananisotropicenergy density
whichstronglydependsontheorientationof thelocal interfaceand
therebyon thedirectionof r u.

For a given staticvector-�eld v : 
 ! IRn a naturalcluster-
ing shouldemphasizethecoherencealongtheinducedstreamlines.
Thus,interfacesalignedacrossstreamlineshavetobepenalizedsig-
ni�cantly by thegradientenergy whereasinterfacesorientedalong
streamlinesaretolerated.We choosethediffusiontensorsimilar to
theonesusedabove (cf. Section4)

a(v) := B (v)T
�

1 0
0 � (kvk)Id n � 1

�
B (v)



Sinceinterfacesthatcrossstreamlinesshallhave largerenergy we
chooseapositive function� with � � 1.

Altogetherwehavede�ned theenergy

E (u) :=
Z




n
	( u) +



2

ar u � r u
o

andproceedasfor the basicCahn-Hilliardmodel. We de�ne the
�rst variationof theenergy andarriveat thepotential

w = 	 0(u) � 
 A [v; u];

whereA = div(a(v)r u) is de�ned asin theprevioussections.
Let us continueasbeforeandassumethat the evolution of the

clustermappingu is governedby diffusionwherethecorrespond-
ing �ux linearly dependson thenegative gradientof the�rst varia-
tion of energy. Thus,we choose@t u � � w = 0 asabove andend
upwith thefollowing fourthorderdifferentialequation:

@t u � �
�
	 0(u) � 
 A [v; u]

�
= 0

with boundaryconditions@� u = @� w = 0 and prescribedini-
tial datau(0; �) = u0(�). After an initial short period of phase
separationit is mainly the interfacialenergy contribution which is
successively reduced.

As in thetexturegenerationapproachesit doesnotmakesenseto
considercertaininitial data,if no a priori informationon theclus-
teringis known. Consequentlywe choosea constantvalue�u0 plus
somerandomperturbationsasinitial datau0 . Theconstant�u0 de-
pendson thevolumefraction� of thedomainwhich shallbecov-
eredby the clusters,i.e. by the setsf x j u(t; x) � 0g. Therefore,
wechoose�u0 = � � � (1 � �) � .

Duringtheevolutionveryrapidlyclusterpatternswill grow with-
out any prescribedlocationandorientation.This is in orderto de-
creaseEs =

R

 	( u) which forcesthe solutionto obtainvalues

closeto � � in most of the domain
 . After this startingphase
theclustersorientthemselvesin ananisotropicway to decreasethe
amountof the anisotropicgradientenergy E@. In addition they
becomecoarserand coarserdue to the fact that smallerparticles
shrinkandlargeronesgrow. In particularoneobservesthata large
particlebeingsurroundedby smalleronesgrows to theexpenseof
thesmallerones.This impliesthatastime evolveslocally only the
mainfeaturesof theclusterswill bekept.

Finally weobtainascaleu(t; �) of clustermappingsandinduced
clustersetsC(t). They representa successively coarserrepresen-
tationof simulationdataandcontinuouslyenhancescoherencesin
the underlyingsimulationdataset,wherethe clustersetC(t) will
coveravolumeof approximatesize� j
 j.

8 Remarks on the ®nite element imple-
mentation

So far, we have not yet discusseddiscretizationin spaceandtime
of the above introducedcontinuoustime-dependentpartial differ-
ential equations.Hence,we dealwith the variationalformulation
of the differentPDE problemsintroducedabove. We proposeto
considera �nite elementdiscretizationin spaceandasemi-implicit
backwardEulerschemein time.

Thesemi-implicittemporaldiscretizationmeansthatthenonlin-
eardiffusiontensorA andthenonlineartermontheright handside
f (u) aswell as the derivativesof the non convex potential are
evaluatedat theold time-steps.

For thespatialdiscretizationwe canrestrictthenumericalcon-
siderationsto regularhexahedralgridsin 2D and3D.Onthesegrids
we have bilinear, respectively trilinear �nite elementspaces.How-
ever below we will usetriangularelementsas well. In any case

Figure 14: Top: Successive stagesof the continuousclustering
of a Bénardconvective �o w �eld,. Bottom: Effect of increasing
anisotropy � . The computationsarebasedon a grid of resolution
2572 .

we canbasenumericalintegrationon the lumped-massesproduct
(�; �)h [36] for the L 2 productanda midpoint quadraturerule for
thebilinearform (Ar �; r �).

Finally, in eachstepof thediscreteevolution we have to solve a
singlesystemof linearequationsfor thevectorof nodalvaluesfor
the densityfunction u andthe chemicalpotentialw, respectively.
In casewe needpre-smootheddata,we considera singlediscrete,
implicit time-stepfor thecomputationof theheatequationwith the
densitybeingsmoothedasinitial data.

9 Clustering based on hierar chical de-
composition of a diff erential operator

In the previous sectionwe have discusseda continuousphysical
modelfor theclusteringof �o w �elds. Insteadof involvingmethods
adaptedfrom continuummechanics,wemightaskfor adirecthier-
archicaldecompositionof thedifferentialoperatorsA from Section
4, which representdiffusionprocessesstronglyalignedto the�o w
�eld.

9.1 Review of algebraic multigrid

Theideawedevelopin thissectionusesalgebraicmultigrid (AMG)
methodologyto decomposethe correspondingdiscreteoperator.
AMG methodswere�rst introducedin the early 1980's [2, 3, 28]
for the solution of discretelinear systemsAU = F of equa-
tionscomingfrom thediscretizationof lineardifferentialequations
A [u] = f on domains
 with suitableboundaryconditions. We
refer to [37] for a detailedintroduction.TherebyU is supposedto
bea �nite elementapproximationof thecontinuoussolutionu and
A the�nite elementstiffnessmatrixcorrespondingto A . Finally, F
is thecorrespondingdiscreteright handside. Thedevelopmentof
AMG wasled by theideato mimic classical(geometric)multigrid
methodsin applicationswherea hierarchy of nestedmeshesis ei-
thernot availableat all, or cannotre�ect particularpropertiessuch
asstrengthof diffusionof thediscretizedoperatorappropriatelyon
coarsegrid levels.

Consequentlyonehasto work with the matrix A and its alge-
braicstructure.Thegeneralprocedureis sketchedin Fig. 15. AMG
triesto coarsenthis matrix independentlyfrom any underlying�ne
grid discretization,wheren is the numberof degreesof freedom.
It computesasequenceof prolongationmatricesP l whichencodes



Figure 15: GeneralAMG construction. From the �ne scalema-
trix A0 input, AMG computesprolongationsP l , restrictionsR l ,
and coarsescalematricesA l on successively coarserscalesl =
1; : : : ; L .

how coarsescale(l ) basisfunctionsarecombinedusingthe basis
functionsonthe�ner scale(l � 1). Thisinducesasequenceof corre-
spondingmatricesA l , de�ned by theso-calledGalerkinprojection
A l := R l A l � 1P l , wheretherestrictionR l is givenasthetranspose
of the prolongation P l (R l := (P l )T ). The prolongation matri-
cesf P l gl =1 ;::: ;L arecomputedusinginformationfrom thematrix
A l � 1 on theprevious level l � 1 only. Thesequenceof prolonga-
tion matricesallows for the constructionof a problem-dependent
basisf 	 l;i g. Oneconstructsacoarserbasisf 	 l;i g whichcaptures
the appropriatefeaturesrelevant for the approximationof the cor-
respondingcontinuousproblem.

9.2 AMG for ¯ow �eld clustering

The theoryanddesignof ef�cient AMG tools is ratherinvolved.
However, weemphasizethatour�o wing clusteringrequiresjustba-
sic AMG capabilities.We performno speci�c tuningof theAMG
for �o w clustering. Let us apply the methodto the concretedis-
crete�nite elementmatrix A of the differentialoperatorA . This
stiffness-matrixA canberegardedasa descriptionof thestructure
of the�o w �eld v, becauseasin theoperatorA the�o w alignment
is encodedin this matrix. Indeed,the matrix simultaneouslyrep-
resentsdominant�o w patternsaswell assuccessively �ner, more
detailed�o w structures.

With the AMG we �nd a tool which is able to represent�o w
patternsin a hierarchicalmulti-scalefashion.AMG deliversa set
of descriptionsof the�o w-inducedcouplingin termsof matricesA l

for l = 0; : : : ; L , rangingfrom detailed(A 0 = A) to very coarse
(AL ).

Let us illustratehow AMG works using two simpleexamples.
Considerthe �o w �elds v1(x) = (� 1; 1) andv2(x) = (1; 1) on
the squaredomain
 = [� 1;1]2 � IR2 . We cande�ne a simple
diffusiontensor

a(v) = B T
�

kvk + � 0
0 �

�
B := B T

� p
2 + 0:001 0

0 0:001

�
B ;

whereB is a rotationof � 45 degrees,respectively. We thencon-
siderthecorrespondingdifferentialoperatorA [u] = div(ar u) and
apply the AMG methodto the matrix which resultsfrom the dis-
cretizationof A on a regular triangulation. Figure 16 shows the
coupling strengthsencodedin the matricesA l for the �rst three
�nest levelsl = 0; 1; 2, for the�elds v1 = (1; 1) andv2 = (� 1; 1),
usinga blue-to-redcolormap.For the same�elds, Fig. 17 shows
selectedbasisfunctionson thefour coarsestdecompositionlevels.

For the actual�o w �eld clusteringapplicationwe considerthe
differentialoperatorA [u] = div(a(v)r u) wherethediffusionten-

Figure16: Color-codedcouplingstrength(zoomedin) on thecom-
putationalgrid. Three�nest levels (left to right) areshown for the
�elds v1 = (� 1; 1) (bottomrow) andv2 = (1; 1) (top row). The
whitearrowsshow the�eld direction.

Figure17: For thetwo vector�elds v1 = (� 1; 1) (bottomrow) and
v2 = (1; 1) (toprow) basisfunctionsonthefour coarsestlevelsare
shown. Obviouslythebasisfunctionsareclearlyalignedto the�o w
�eld (cf. Fig. 16).

soris

a(v) := B (v)T
�

� (kvk) 0
0 Idn � 1

�
B (v)

andB (v) is thesamerotationasabove.
Whenwe apply the AMG algorithmto the matrix A 2 IRn;n

correspondingto the above differential operator, we obtain a se-
quenceof prolongationmatricesP l 2 IRn l � 1 ;n l asoutput,where
n l for l = 0; : : : ; L arethe decreasingnumbersof remainingun-
knownsandn0 = n. Theentriesin eachcolumni = 1; : : : ; n l of
P l give thecoef�cients of thelinearcombinationof the�ner basis
functions� l � 1;j for j = 1; : : : ; n l � 1 correspondingto thecoarser
basisfunction� l;i on level l . In otherwords,eachmatrixA l deliv-
eredby theAMG, startingwith theinitial, �nest oneA 0 = A down
to the coarsestoneA L , approximatesthe �ne grid operatorusing
the(matrix-dependent)basisf � l;i gi =1 ;::: ;n l :

A l
ij = A� l;i � � l;j =

Z



a(v)r � l;i � r � l;j ;

where� l;i is the nodalvectorcorrespondingto the function � l;i ,
i. e. � l;i =

P
j =1 ;:::;n (� l;i ) j � j where� j denotestheinitial basis

functions.



Figure18: For thevector�eld from amagneto-hydrodynamicssim-
ulation(MHD) shown in Figures3 and4 thehierarchicaldecompo-
sition is shown. Fromtopto bottomtheclustersonthe� vecoarsest
levels are indicatedwith a color-coding(left). The origins of the
cluster-correspondingbasisfunctionsserveasthestartingpoint for
theintegrationof trajectories(right).

Hence,thefollowing simplerecursive recipecanbeusedto cal-
culatethemulti-scaleof basisfunctions� l;i

� l;i :=
X

j =1 ;:::;n l � 1

P l
j i �

l � 1;j 8i = 1; : : : ; n; l = 1; : : : ; L

� 0;i := � i 8i 1 ; : : : ; n

Figure17 alreadyindicatesthat the shapesof the basisfunctions
clearlyshow thestrengthof thelocal coupling.TheAMG method
clustersverticesalonga streamlinealreadyon a �ne scale,since
they arestronglycoupled.Verticesnotalignedto the�o w areclus-
teredoncoarserscales,sincetheir couplingis relatively weaker.

9.3 From basis functions to cluster s

But asusualwith �nite elements,the supportsof basisfunctions
on a given scaleareoverlapping. Therefore,we needto derive a
multi-scaleof domaindecompositionsfrom the setof basisfunc-
tions to partition thedomaininto disjoint clusters.Sucha domain
decomposition

D l := fD l;i gi =1 ;:::;n l

caneasilybede�ned for every l = 0; : : : ; L asfollows:

D l;i := f x 2 
 j 	 l;i (x) � 	 l;j (x) 8j = 1; : : : ; n l g

In otherwords,a domainD l;i on level l is thesetof pointswhere
thebasis� l;i is dominanton thatlevel.

Now, severalobservationscanbemade:

� Thedomainson differentscalesneednot bestrictly spatially
nested– the supportsof the shapefunctionsare,but the de-
compositionarisingfrom themaximumpropertyis not. How-
ever, thedomainsareclearlyalignedto the�o w �eld.

� All domainson a givenlevel l have comparablesizesandthe
averagedomainsizeis reducedby afactor, roughlyequalto 2,
from level l to level l + 1. Thesepropertiesareinheritedfrom
thebottom-upcoarseningschemeusedby theAMG method.

� The clusteringof the �eld v1 = (� 1; 1) (Fig. 16 top row)
is perfectly aligned with the �eld (cf. the basisfunctions
in Fig. 17 top row). However, the clusteringof the �eld
v2 = (1; 1), althoughvery similar, is lessregular (Figs.16,
17 bottomrow). This is theunavoidableimpactof theunder-
lying operatordiscretization(which is hereameshcontaining
triangles).Sincev2 is perpendicularto theinitial meshedges,
this is the worst-casescenario. However, even in this case,
theconstructeddomainsarestill very muchalignedwith the
�eld.

� Thesupportsof thebasisfunctions,respectively the induced
domainson a given level, do not have exactly the samesize
(area),since AMG cannotevaluate(integrate) the massof
the basisfunctions. Indeedit doesnot employ any geomet-
ric nodalinformation,but only amatrixof couplingstrengths.
However theserestrictionscausenopracticalproblemsfor vi-
sualizingreal-world datasets.

Finally we can show the color-codeddomainsand in addition
velocity-coloredcurved arrow icons(cf. [35, 12]). For every do-
main D l;i , we draw one suchicon, using a streamlineseededat
the point wherethe correspondingbasisis maximum. Figure18
shows the decompositionof a magneto-hydrodynamics(MHD)
�o w dataset.



Figure19: Helix �o w, selecteddomains(top row), half-transparent
domainswith arrow icons (middle row). Diagonal�o w, selected
domains(bottomrow).

9.4 3D Flow Fields

Our methodworks identically for 3D (volumetric) vector �elds.
Theonly differenceis theuseof tetrahedral,insteadof triangular,
meshes.However, directvisualizationof acolor-codeddomainde-
composition,asin the2D case,is not effective dueto thevolumet-
ric occlusion.Hence,weuseafew post-processingsteps.For every
domainD l;i onagivenlevel l , weconstructaclosedtrianglemesh
thatboundsD l;i . Next, wesmooththesemeshesusinge.g.aLapla-
cian �lter or a windowed sync�lter [30]. As a result,the meshes
becomeslightly smaller, which allows us to betterseparatethem
visually. Next, we implementan interactive navigation schemein
whichdomainsD l;i canbemadehalf or completelytransparentby
amouseclick. Userscaninteractively 'carve' into the�o w volume
to e.g.removeuninterestingareasandbringinginner�o w structures
into sight,seeFig. 19. Alternatively, we canvisualizethe�o w at a
given level of detailusingthesamecoloredarrow glyphsasin the
2D case.Figure19showsthe�rst threecoarsestdecompositionlev-
elsof a 3D helix �o w andof a 3D laminar�o w with v = (1; 1; 1)
respectively. We usethe interactive techniquesketchedabove to
remove the outerdomainsand to exposethe more interestingin-
ner�o w structure.Theremainingsmootheddomainsareshown in
thetop row of Fig. 19 for thehelix �o w andin thebottomtrow of
Fig. 19 for thelaminar�o w (comparethelatterwith the2D �eld in
Fig. 16). In thecenterrow of Figure19 thesamedomainsasin the
toprow areshown, but this timehalf transparentandequippedwith
anarrow icon.

Finally, we considerthe incompressible�o w in a water basin
with two interior walls, an inlet (on the left) andan outlet (on the
right), thesamedatasetasshown in Figure6. Figure20showssev-
eral multi-scalelevels, visualizedwith curved arrow icons. These
imagesshow thatourmethodschemeworksin 3D justaswell asin
2D.

Figure20: For thewaterbasindataset(cf. Fig.6) weshow thethree
coarsestlevelsof thehierarchicaldecomposition.

9.5 Clustering vector �elds on 2D surfaces

For the clusteringapproachwe consideredvector �elds on Eu-
clideandomainssofar. Sincewe have seenin Section5.3 thatwe
canextendto differentialoperatortowardssurfaces,we canapply
thesamegeneralizationto theAMG clusteringaswell. Again we
replacetheEuclidiangradientanddivergenceoperatorsby theirge-
ometriccounterpartsandapplytheAMG to adiscretizationof

A [u] := � divM (Ar M u):

The�nite elementdiscretizationisnow completelyanalogousto the
above Euclideancase.In fact,we useexactly thesamecodefor all
ourapplications.WeapproximatethesurfaceM by atriangulation
M h andcomputein thesameway ason �at domainsthestiffness
matrixA correspondingto theoperatorA .



As anillustration,weshow themulti-scaledecompositionof the
averagewind stress�eld on thesurfaceof theEarthin Fig. 21 (the
datasetis takenfrom [42]). The�o w texturein thebottomrow was
producedwith theIBFV methoddescribedin [42].
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grid, AppendixA: An Introductionto AlgebraicMultigrid by
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