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Abstract

The visualizationof stationaryandtime-dependenb w is anim-
portantandchallengingtopic in scienti ¢ visualization. Its aim is
to representransportphenomenaovernedby vector elds in an
intuitively understandablgvay. In this paper we review the use
of methodsbasedon partial differentialequationdPDESs)to post-
processo w datasetdor the purposeof visualization. This con-
nects o w visualizationwith image processingand mathematical
multi-scalemodels. We introducethe conceptsof o w operators
andscale-spacandexplain their usein modelingpostprocessing
methoddor o w data.Basednthisframework, we presenseveral
classeof PDE-basedisualizationmethods:anisotropidineardif-
fusionfor stationaryo w; transporeinddiffusionfor non-stationary
0 w; continuousclusteringbasedn phase-separatioandanalge-
braicclusteringof amatrix-encodedo w operator Weillustratethe
presentectlassesof methodswith resultsobtainedfrom concrete
o w applicationsusingdatasetsn 2D, o ws on curved surfaces,
andvolumetric3D elds.

1 Introduction

A greatvariety of different approachedor the visualization of
vector eld datahasbeenpresentedn the past. The method-
ology rangesfrom simple discretearrown plots appliedto steady
two-dimensionalvector elds to adwancedhardware-accelerated
volumetric techniquedor visualizing multivariate datafor three-
dimensional,unsteady o w problemsand multi-scalefeaturede-
tectionandtrackingtechniquesor comple time-dependen€FD
problems.

The recentincreaseof the numberof o w visualizationtech-
nigueshasbeendriven by two mainfactors.On onehand,the ex-
ponentialgrowth in size of dataset@roducedby CFD simulations
requireso w visualizationmethodgo beableto displaymoredata
in shortertime. Ontheotherhand,speci c application elds, rang-
ing from weathersimulation,meteorologyandgroundwater o w,
to automotve, aerodynamicsandmachinedesign,have eachtheir
own particularrequirement&ndquestiongo be answeredegard-
ing ow datasets.As a centraland generallyacceptechigh-level
goal, o w visualizationshouldprovide intuitively betterreceptible
methodswhich give overall aswell asdetailedviews onthe ow
patternsandbehaior.

Given the above, several classi cationsof ow visualization
methodshave beenrecentlyproposedrom differentpointsof view.
In their Stateof the Art report, Larameeet al. [20] have classi-

ed ow visualizationinto direct, densetexture-basedgeometric,
andfeature-basedhethodsfollowing a modelof the o w datain
discretesamplescontinuous(dense)scalar elds, geometricinte-
gral primitives, and application-speci cfeature-basedepresenta-
tions. A seconcbverview of o w visualizationmethodss givenby
Weiskopf and Erlebachel{45]. Here,threeclassi cationsof ow
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visualizationmethodsare proposed:basedon the visual primitive
used(points, curves, or features);basedon the densityof the pro-
ducedimage(sparsers. densetexture-based)and nally basedn
the datastructue (2D, 2.5D, and 3D methods)and disctetization
(onvariousgrid types).A morerecentreportof Larameeetal. [21]
presentsa comparisorof major visualizationtechniquesvaluated
from the point of view of aspeci ¢ application—thainderstanding
of swirl andtumble o w data. Here, visualizationsare classi ed
into texture-basednethodsclusteringapproachesanalyseof the
vector eld topology andfeature-trackin@pproaches.

In this paperwe give anoverview of o w visualizationmethods
basedon partial differential equations(PDES)[9, 12, 13]. These
methodsusea particularmodel of the o w data,asfollows. The
o w domainis seenasa subsebf thecontinuousR? or IR® space.
The visualizationprocessis describednow in termsof a contin-
uous, physical process,suchas diffusion, advection, corvection,
or phaseseparation.The particulartype of PDE andits boundary
conditionsareusedasinstrumentdo modeldifferentvisualization
questionssuchas: Which arethe laminar transientandturbulent
regions?How doesthe materialdensityvary in timein thedataset?
How doesthe o w look like on small spatialscales( o w details)
as opposedto a global, coarsescale( o w overview)? Oncethe
typeandparametersf the properPDEareestablishedthe o w do-
mainis discretizedusuallyby a nite-elementor nite-dif ference
schemewith appropriatesolversfor the resultingequationor sys-
temof equationsFinally, thesolutionis displayedtherebyanswer
ing theinitial setof visualizationquestionghattargetthe o w data.

The above leadsus to an outline of several characteristicof
PDE-basedo w visualizationmethods.For this, we shall usethe
terminologyemplayed by the classi cationspresentedn [45, 21,
2Q]. First, PDE-basedo w visualizationsare densemethods by
de nition. Secondthey work in all dimensionsvhere o w visual-
izationis of interest,i.e. 2D, 2.5D (curved surfacesembeddedn
3D), and3D. Third, they areapplicableto bothsteadyandunsteady
(time-dependentp w datasetsIn termsof actualvisualrepresen-
tation, PDE-basednethodsarenaturallycloselyrelatedto texture-
basednethods Althoughtheresultsof PDE-basednethodscanbe
displayedusingalsoothertechniquessuchasslice planes stream-
lines[12], andiso-suriced?9], theirinherentcontinuousdensena-
ture makesthemnaturalcandidatesor using 2D and 3D texture-
baseddisplay techniques.In this sense PDE-basednethodscan
be seemasa front-end, thattranslatea givendirect o w representa-
tion (vector eld plusadditionalscalarquantitiessuchaspressure
or concentrationjo a seconddense usuallyscalay representation,
which is thenvisualizedby a texture-driven back-end.On a high
level, this translation,encodedn the PDE, enrichesthe datawith
applicationandquestion-speci csemanticsin orderto emphasize
thespeci c aspect®f the o w theuseris interestedn. Corversely
mary texture-basedisualizationmethodsmplementedising(pro-
grammable)graphicshardware have at their core a model based
onanadwectionordinarydifferentialequation(ODE), asdescribed
furtherin Sec.2. Finally, in termsof datadiscretization(grid type),
all PDE-basednethodscanessentiallybe usedon ary grid, given
a suitableunderlying nite elementdiscretizationmplementedn
thatgrid (cf. Section8).

From anotherpoint of view, PDE-basednethodssharemary
common aspectswith multi-scale ow visualization methods.
Overall, the main goal of suchmethodss to provide a multi-scale



representationf the ow eld, suchthat userscansubsequently
navigatebetweendetailed,low-level views of the o w andglobal,
overview picturesthereof. Several multi-scale methodsexist in
ow visualization[20, 45]. Clusteringmethods[14, 35 group
similar o w datasepointstogetherbasedon a taskor application-
dependensimilarity measurepr corelation. Enegy minimization
techniqguesanbe usedto producestreamlinevisualizationsat sev-
erallevelsof detail, representedy differentstreamlinespatialden-
sities[38,18,19]. PDE-basednethodseingseveralpowerful tools
for de ning themulti-scale basednscalespaceheory(cf. Sec.3),
andareableto accommodatseveralscalenotionde nitions, rang-
ing from continuougo discrete.

Given this close connectionbetweenPDE-basedand texture-
based o w visualization,we give rst anoverview of the texture-
basedmethodsn Section2 followed by a brief introductionto the
basicmulti-scalemethodsn imageprocessingwhich motivatethe
approachego be discussechere. Next, in Section3 we review
the connectiongo scale-spacenethodologyfrom image process-
ing. Togetherwith the differential operatorde ned in Section4
this leadsto the presentatiorof the anisotropicdiffusion method
in Section5. The extensionof this modeltowardstime-dependent
ow elds is discussedn Section6. In the remainingpartswe
review clusteringmethodsbasedon PDE techniquesaandwe start
with the modelbasedon anisotropicphaseseparationn Section?.
A discussiorof hierarchicalmulti-scaleclusteringusingalgebraic
multigrid (AMG) method<closesthis articlein Section9.

2 Review of texture based o w visualiza-
tion

Texture-basedow visualizationis anotiongenerallyusedfor those
methodsthat outputa full spatialcoverageof the ow eld to be
described,in the region of interestchosenby the user By full
coverage we meanthatthe discretenessf the outputdatais lim-
ited to the one inherentto the image, or texture primitives used
in the visualization. Given this denserepresentatiorof the ow
eld, thetextureimagewill mostlyencodesomecontinuouscolor,
luminance,or transpareng variationthat corveys insightinto the
o w data.Often,theabore continuoussignalis naturallygenerated
by physically-basednethods. Texture-basednethodddiffer, thus,
mainly in how, andwhat, they generateand encodein the output
texture. We outline belav the mostimportantclassesof texture-
basednethodsandreferfor anin-depthoverview to [20].

Thespotnoisemethodproposedy vanWijk [40] pioneeredhe
useof texturesin ow visualization. Elliptic splatsof intensity
basedon a noisefunction and which are orientedalong the eld
are blendedtogetheron 2D or 3D surfacedomains. The original
rst orderapproximationof the o w wasimproved by de Leeuw
andvanWijk in [8] by usinghigherorderpolynomialdeformations
of thespotsin areasof signi cant vorticity. By animatingtheinten-
sity, spotsappeatto move along o w streamlinesSeveralapplica-
tionsof spotnoisewerepresentedh thecontect of smogprediction
andturbulent o ws[6], non-continuouso w visualization[22], and
o w topology[7].

Line Integral Corvolution (LIC) methodsrepresenthe second
major classof texture-basedsisualizations. Introducedby Cabral
andLeedom[4], LIC integratesthe fundamentalODE describing
streamlinesforward and backward in time at every discretedo-
main point. White noiseis corvolved, using a Gaussiarkernel,
alongtheseparticlepaths.Theresultingvaluegivestheintensityof
the startingpixel. Theresultingtexture exhibits strongcorrelations
alongstreamlinesand weak correlationacross giving the percep-
tion of streamline-lile laments of varying intensity Essentially
LIC is equialentto adiffusionprocesslongthevector eld. Hege
andStalling[32] increasedhe performancef LIC by reusingpor

tions of the convolution integral alreadycomputecdon pointsalong
agivenstreamline Forssell[11] proposed similar methodon sur
faceswhereasMax etal. [24] approacho w visualizationby tex-
turing iso-surfices. UFLIC [31] extendedLIC to unsteadyo ws.
Interranteand Grosch[16] generalizedine integral corvolution to
3D in termsof volume renderingof line laments. Multivariate
ow elds arevisualizedwith LIC usingacolor mappingtechnique
calledcolorwearing [39]. OLIC [43] andits fastversionFROLIC
[29] addup- anddownstreamcuesto the basicLIC by varyingthe
intensityalongthe streamline Finally, we mention3D LIC, which
usestexture-based/olumerenderingto computeanddisplay LIC
visualizationsfor 3D ow elds [27]. Again, the above is justa
shortoverview of awealthof existing LIC techniquesFor amore
detailedoverview, see[20].

Yet anotherclassof texture-basednethodsare the onesbased
on texture adwection. Here, the visualizationprimitive is directly
supportedy thegraphicsunit or GPU.Consequentlthetermtex-
ture in thesemethodsoften refersto the graphicshardware term.
GPU-basednethodsareclassi ed basedon the primitive they ad-
vect, or warp (pixel or polygon)andthe adwectiondirection (for-
wardor backward). Max andBecker [23] presenteaneof the rst
texture-adection methodsusing triangles. Image-basedo w vi-
sualization(IBFV) proposesan injection of noise (storedas tex-
tures),adwectingit by warpinga polygon mesh,andblendingthe
resultfor smoothvisualizationwith applicationsn 2D [41], curved
surfaces[42], and 3D volumes[34]. Lagrangian-Euleriadvec-
tion (LEA) is anothersuchmodel,whereparticlepositionsaread-
vectedindividually (Lagrangianstep)andthe color texture is up-
datedin-place (Eulerianstep)[17, 47]. Recently the above (and
other)framevorks,wereunitedin UFAC (Unsteadyo w adwection-
convolution), using an implementationbasedon programmable
GPUs[46]. Interestingly the emegenceof the ‘framework’ for
GPU-basednethodsas a collection of tightly-woven conceptual,
modeling,andimplementationabspectseemso bedriven by the
large importanceof the implementationahspecin the whole pro-
cessjn contrasto e.g.LIC methods.

Especiallyfor 3D velocity elds, particletracingis avery pop-
ulartool. However, evenrelatively mary seedparticlesreleasedy
the usercanhardly copewith the compleity of 3D vector elds.
Zockler et al. [33] usepseudorandomlydistributed, illuminated
and transparenstreamlinego give a denserand more receptible
representationyhich shavs the overall structureandenhancesm-
portantdetails.

Most notably every subclasof texture-basednethodseemsto
producevisualizationghatcarry an easilyrecognizablevisual sig-
nature.For example,it is easyto tell spot-noisérom LIC; thevar
ious IBFV and LEA methodshave also a distinct visual appear
ance probablydueto thespeci ¢ noisefunctionsused;lluminated
streamlinesarealsoa classapart; reaction-difusion methodscre-
ateregular repetitive patternswhich noise-injectionmethodscan-
notreplicate.We believe thata perceptuatlassi cationof texture-
based o w visualizationswould bring valuableinsightin the ef-
fectivenesqandlimitations) of suchmethodsandleadto a better
understandin@f o w data,althoughwe arenot awareof arny such
classi cation.

3 A brief introduction to scale space
methods in image processing

Texturesusedin various o w visualizationapproachesanbe re-
gardedasimagesandthusthetype of ow postprocessingbore
discussedtanbe consideredasimageprocessing.In the lasttwo
decadegowerful PDE basedimage processingnethodsfor sev-
eral fundamentaltasksin imaging such as segmentationand de-
noising have beenintroduced. In particularso called scalespace



methodsntroducea naturalscaleof imagerepresentationsMost
of the methodsin o w postprocessindack sucha perspectie of
multiple scales. They have in common,that the generationof a
coarserscalerequiresa re-computationFor instancejf we askfor
a ner or coarseiscaleof theline integral corvolution patternsthe
computatiorhasto be restartedwvith a coarseiinitial imageinten-
sity. In caseof spotnoiselargerspotshave to be selectecandtheir
stretchingalongthe eld hasto beincreasedTo motivateour PDE
basedapproacHet usbrie y review scalespacemethodshasedon
anisotropicnonlineardiffusionin imaging.

Discretediffusion type methodshave beenknown for a long
time. PeronaandMalik [26] have introduceda continuousdiffu-
sion model which allows the de-noisingof imagestogetherwith
the enhancemendf edges. Alvarez, Guichard,Lions and Morel
[1] have establishedh rigorousaxiomatictheoryof diffusive scale
spacemethodsTherecovery of lowerdimensionaktructuresn im-
agesis analyzedby Weickert [44], who introducedan anisotropic
nonlineardiffusion methodwherethe diffusion matrix dependn
thesocalledstructuretensorof theimage.

In PDE-basedcale-spacmethodf imageprocessingve con-
sidera functionu : R} I IR which solvesthe parabolic
problem

@u A[ul=f(u) inR" ;
u@©;)=u on ;

1)

for given initial densityuo : !
operatorA[ ] is de ned by

[0; 1]. Here, the differential

Alu] := div(a(r u)r u)

andwe prescribeNeumanrboundaryconditionsa(r u )r u =
0. For the sale of robustnessand well-posednesa pre-smoothed
versionof thecurrentdensityu = u is used.In our settingwe
interpretthe densityasanimageintensity a scalargrey scaleor a
vectorvaluedcolor. Thus,the solutionfamily u( ) canberegarded
asa family of imagesf u(t)g,, R: wherethetime t senesasa

scaleparameter Let us remark,that by the trivial choiceA = 1
andf (u) = 0 we obtainthe standardinear heatequationwith its
isotropicsmoothingandcoarseningffect.

In imagede-noisinguo is a given noisy initial imageandthe
goalis to remove this noisewhile keepingtheimportantcontentof
the givenimage. Thus, the diffusionis supposedo be controlled
by the gradientof theimageintensity Large gradientamarkedges
in the image,which shouldbe enhancedwhereasmall gradients
indicateareasof approximatelyequalintensity For that purpose
we prescribea diffusion coefcient

A = g(kr u k)
whereg : R; ! IR* is a monotonedecreasingunction with
liman g(d) = Oandg(0) = 2 R",e.9.9(d) = gz -

A suitablechoicefor the pre-smoothings Gaussianltering or the
convolution with the heatequationkernel. I. e.wedeneu =
t(t = 2=2) wherett is thesolutionof theheatequatiorwith initial
datau. Then is thevarianceof the correspondingsaussianiter .
The functionf may sene as a penaltywhich forcesthe scaleof
imagesto stay closeto the initial image,e. g. choosingf (u) =
(up u)where isapositive constantFigurel givesanexample
of imagesmoothingandedgeenhancemertiy nonlineardiffusion.

4 A o w aligned diff erential operator

Above, we have modeledan edgealignedoperatorA[ ], whichen-
abledthefeaturesensitie de-noisingof images.For thesubsequent

|

Figurel: Theimageon the top left is successiely smoothedby
nonlineardiffusion. With increasingscalemore and more ne-
scaledetails vanishwhile the signi cant contentis retainedand
enhanced.

use,let usnow de ne a streamlinealigneddifferentialoperatorfor
ow elds. Foragivenvectoreld v: ! IR" wemodellinear
diffusionin thedirectionof thevector eld andaPeronaValik type
diffusionorthogonatothe eld. Letussupposéhatv is continuous
andv 6 Oon . Thenthereexistsafamily of continuousorthog-
onalmappingsB(v) : ! SO(n) suchthatB (v)v = kvkep,
_____ 1 is the standardbasein IR" (cf. Fig. 2). We
consideradiffusiontensora(v;r u ) whichwede ne as

(kvk)

a(v;d) = B(v)" B(v);

g(kdk)ld, 1

where :IR* ! IR" controlsthelineardiffusionin vector eld
direction,i. e. alongstreamlinesandtheabove introducededgeen-
hancingdiffusion coefcient g( ) actsin the orthogonaldirections
(Idn 1 istheidentity matrix in dimensionn  1). We may either
choosealinearfunction orin caseof avelocity eld, which spa-
tially variesover severalordersof magnitudewe selectamonotone
function (cf. Fig. 2) with  (0) > O andlimsn (8) = max-

Thedifferentialoperatorbasedn this diffusiontensoris nally
givenby

Alv;u] := div(a(v;r u)r u): (2)

It encodesa strongcouplingalongthevelocity eld andin caseof
steepgradientsn u aweakcouplingin directionsperpendiculato
the eld.

5 Anisotr opic diffusion for
ow

stationar y

Now, we will malke useof the differentialoperatorde ned in Sec-
tion 4 to de ne a diffusion processwhich generategexture pat-
ternsalignedto a ow eld. Thesepatternswill grow upstreanand
downstreamwhereaghe edgegangentiako themaresuccessiely
enhanced.Still thereis somediffusion perpendiculato the eld
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Figure 2: Top: The coordinatetransformationB (v). Middle:
Graphof the velocity dependentinear diffusion coefcient ().
Bottom: Graphof the scalarcontrastenhancingright handside

f().

which suppliesus for evolving time with a scaleof progressiely
coarserepresentatioof the ow eld.

In generalt doesnot make sensdo considera certaininitial im-
agefor suchadiffusion process As initial datauo we thuschoose
somerandomnoiseof anappropriatdrequeng range.lf werunthe
evolution (1) for vanishingright handsidef theimagecontrastwill
unfortunatelydecreaselueto the diffusionalongstreamlinesThe
asymptotidimit will turn outto beanaveragedyrey value. There-
fore, we strengthertheimagecontrastduringthe evolution, select-
ing anappropriatecontinuoudunctionf : [0;1]! IR* (cf. Fig.2)
with

(F1) £(0) = f(1) = 0,
(F2) f < 00on(0;0:5),andf > 0on(0:5;1).

Neglectingthe diffusive term of the evolution ata rst glancewe
realizethat this right handside pushesvaluesbelov the average
value 0:5 towardsthe zero and accordinglyvaluesabore 0:5 to-
wards1l. An more detailedanalysisof the contrastenhancement
including the diffusive termis discussedn Section6.1. However,
well-known maximum principlesensurethat the intenal of grey
values[0; 1] is not enlagedrunningthe nonlineardiffusion. Here
theproperty(F1)is of greatimportance.

Finally, we endup with the methodof nonlinearanisotropiadif-
fusion to visualize complex vector elds. Therebywe solve the
nonlinearparabolicproblem

@u  Alv;u] = f(u) @)

startingfrom somerandominitial datau(0; ) = ue and obtain
a scaleof imagesrepresentinghe vector eld in anintuitive way
(cf. Fig. 3).

5.1 Enhancing the resulting texture

If we askfor point wise asymptotidimits of the evolution, we ex-
pectanalmosteverywhereconvergenceto u(1 ; ) 2 f0; 1g dueto

Figure3: A vector eld from a 2D magneto-drodynamicssimu-
lation (MHD) is visualizedby nonlineardiffusion. A discretewhite
noiseis consideredsinitial data. We run the evolution on the left
for asmallandontheright for alarge constandiffusioncoefcient

Figure 4. Different snapshotsirom the multi-scale based on
anisotropicdiffusion are depictedfor a 2D MHD simulationvec-
tor eld (cf. Fig. 3). Herewe considera two dimensionaldiffu-
sion problemand interpretethe resultingdensityas a color in a
blue/greercolor space.

the choiceof the contrastenhancingunctionf . Analytically, 0:5
is athird, but unstablex pointof thedynamics.Thusnumerically
it will notturnoutto belocally dominant.

The spaceof asymptotidimits signi cantly in uencestherich-
nessof the developingvector eld alignedstructuresWe may ask
how to furtherenrichthe patternwhichis settledby anisotropidif-
fusion. Thisturnsoutto bepossibleby increasinghesetof asymp-
totic states. We no longer restrict the considerationgo a scalar
densityu but consideravectorvaluedu : ! [0;1]> andacor
respondingsystemof parabolicequations. The couplingis given
by the nonlineardiffusion coefcient g( ) which nov dependsn
the normkr uk of the Jacobiarof the vectorvalueddensityr u
andthe right handsidef (u). We de ne f (u) = h(kuk)u with
h(s) = f{(s)=sfor s 6 0, wheref™is the old right handside
from the scalarcase,and h(0) = 0. Furthermorewe selectan



initial densitywhich is now a discretewhite-noisewith valuesin
B1(0)\ [0;1]?. Thus,thecontrasenhancingiow pusheghepoint
wisevectordensityu eitherto the0 or to somevalueonthe sphere
sectorS*\ [0; 1. Againastraightforvardapplicationof themaxi-
mumprincipleensuresi(t; x) 2 B1(0)\ [0; 1] for all t andx 2
Figure4 shavs anexamplefor the applicationof the vectorval-
ued anisotropicdiffusion methodappliedto a2D ow eld from
a MHD simulationcorvectve ow eld. FurthermoreFigure5
shaws resultsof this methodappliedto severaltime stepsof a con-
vectve ow eld. An incompressibleBénardconvectionis sim-
ulatedin a rectangulatbox with heatingfrom belov and cooling
from above. The formationof convectionrolls will leadto an ex-
changeof temperatureWe recognizethatthe presenteanethodis
ableto nicely depicttheglobalstructureof the o w eld, including
its saddlepoints,vortices,andstagnatiorpointson the boundary

5.2 3D ow elds

The anisotropicnonlineardiffusion operator(2) hasbeenformu-
latedfor arbitrary spacedimension. It resultsin a scaleof vector
eld alignedpatternswhich we thenhave to visualize. In 2D this
hasalreadybeendonein astraightforvardmanneiin theabove g-
ures.In 3D we have somehav to breakup the texture-volumeand
openup theview to innerregions. Otherwisewe mustcon ne our
selveswith somepatterncloseto the boundaryrepresentingolely
theshearo w.

Here we can bene t from the vector valued diffusion. Since
for m = 2 the non-trivial asymptoticlimits arein meanequally
distributedon St \ [0; 1]?, we canwe reducethe image-content
andfocuson a ball shapecheighborhood (! ) of a certainpoint
1 2 S'\ [0;1]?. Now we can eitherusea volume rendering
to visualizethis type of sub-wlumesor look at iso-surficesof the
function

(x) = ku(x) !K?:

Thenthe parameter 2 allows usto depictthe boundaryof the pre-
imageof B (! ) with respecto themappingu (cf. Fig. 6).

5.3 Flow elds on 2D surfaces

Sofarwe consideredrector elds on domainswhich aresubsetof
the 2D or 3D Euclideanspace.lt is straight-forvardto extendthe
methodologyto tangentialo w elds onsurfacessuchasweather
mapwind- elds over the earth, ow elds on stream-suices,or
vector elds from differential geometry We have to replacethe
Euclideangradientr andthedivergenceoperatordiv by theirgeo-
metriccounterparts v anddiw respectrely. Heretheindex M

indicatesthat we areworking with the tangentialgradientand di-
vergenceonthesurfaceor manifoldM . Proceedin@sin Sectiond
thedifferentialoperatordescribinghegiven ow eld is givenby

Afu] := divu (a(r m u )rm u)

for C2 functionsu onthemanifoldM . As anillustration Figure7
shavsthevisualizationof the principal directionsof cunatureona
minimal surface.

5.4 Flow Segmentation

The abore applications already shav the capability of the
anisotropicnonlineardiffusion methodto outline the ow struc-
ture notonly locally. In particularfor larger evolution timesin the
diffusionprocesghetopologicalskeletonof avector eld becomes
clearlyvisible. We will now investicgatea possible o w segmenta-
tion by meansof theanisotropidiffusion. Let usrestrictto thetwo
dimensionataseof anincompressibleo w with vanishingvelocity

Figure6: Theincompressibleo w in awaterbasinwith two interior
walls andaninlet (on the left) andan outlet (on theright) is visu-
alizedby the anisotropicnonlineardiffusion method. Iso-surfices
shav the pre-imageof @ (! ) underthe vectorvaluedmapping
u for somepoint! onthe spheresector Fromtop to bottomthe
radius is successiely increased.A color ramp blue—green—red
indicatesanincreasingabsolutevalueof thevelocity. Thediffusion
is appliedto initial datawhich is arelatively coarsegrain random
noise.

v atthedomainboundary@ . Thentopologicalregionsare sep-
aratedby homoclinic, respectrely heteroclinicorbits connecting
critical pointsin theinterior of thedomainandstagnatiorpointson
the boundary Critical points, by de nition pointswith vanishing
velocity v = 0, may eitherbe saddlepointsor vortices. Further
more we assumecritical pointsto be non-dgeneratej. e.r v is
regular Saddlepointsarecharacterizedby two real eigervaluesof
r v with oppositesign,whereastvorticeswe obtaincomplex con-
jugate eigervalueswith vanishingreal part. Stagnatiorpointson
@ aresimilarto saddlesFor detailswe referto [15].

In eachtopologicalregion thereis a family of periodic orbits
closeto the heteroclinicrespectiely homoclinicorbit. This obser
vation givesreasonfor the following segmentationalgorithm. At



Figure5: Corvective patterndn a2D ow eld aredisplayedandemphasizety the methodof anisotropicnonlineardiffusion. Theimages
shaw thevelocity eld of the o w atdifferenttime steps.Therebytheresultingalignmentis with respecto streamline®f thistime dependent
ow.

Figure7: Theprincipaldirectionsof cunatureof aminimal surface
arevisualizedusingthe anisotropiaiffusionequationon surfaces.

rst, we searctfor critical pointsin  andstagnatiorpointson @ .
We calculatethedirectionswhich separateéhe differenttopological
regions. In caseof saddlepointsthesearethe eigervectorsof r v.
Next, we successiely placeaninitial spotin eachof thesectorsand
performanappropriateeld alignedanisotropicdiffusion.

Let us supposethat a single sectoris spannedby vectors
fws;w g wherethesign indicatesincomingandoutgoingdi-
rection. The methoddescribedby equation(3) would leadto a
closedpatternalongoneof the above closedorbitsfor timet large
enough.To Il outtheinteriorregionwe modify thediffusionby se-
lectinganorientationfor a“onesided”diffusion(cf. Fig.8). |. e.we
selectauniquenormalv’® to v andconsidetthe diffusion matrix

av;ru) = B(W)" B(v);

G((ru Vv’):)

where is a positive constantand(s): := maxfs;0g. Further
morewe consideranonnegative, concae functionf : IRy ! IR;
with f (0); f (1) = 0 asasourcetermin the diffusionequation.If
the orientationof fw, ;w g coincideswith thatof f v; v? g, then
lineardiffusionin the directiontowardstheinterior will Il upthe
completetopologicalregion. A sggmentationof multiple topolog-
ical regionsat the sametime is possible,if we carefully selectthe
sectoravherewe releasenitial spots.Figure9 shavs differenttime
stepsof the segmentationappliedto a corvective incompressible
oW.

v
R

Figure8: A sketchof the four sectorsat a critical point (indicated
by reddisk), theinitial spot(bluedisk) for thediffusioncalculation
andtheorientedsystentf v; v’ g.

Figure9: Severaltime-stepsrom thenonlineardiffusionsegmenta-
tion appliedto avelocity eld from aBénardcorvectionareshown.
We have placedthe seed-pointascloseaspossiblein termsof the
grid sizein the sectorsspannedy the eigervaluesof the Jacobian
r v of thevelocity. Only to emphasizéhe evolution processa sin-
gle grey-scaleimagefrom the diffusion calculation(cf. Fig. 5) is
underlyingthe sequencef segmentatiortime steps.

6 Transpor t and Diffusion for non sta-
tionary o w ®elds

Sofar, theabove anisotropidiffusionmethodgeneratestreamline
typepatternswhich arealignedto trajectorieof thevector eld for



a x edgiventime. I. e.for atime-dependentector eld v : IR*

I IRY onacomputationatiomain RY andd = 2;3, we
have beenconsideringntegrallinesf x(s) j s 2 IRgwith %x(s) =
v(t; x(s)) for a x edtimet. Thus,themethodintuitively visualizes
thevector eld freezedattimet but offersonly verylimited insight
in the actualtransportprocessgovernedby the underlyingtime-
dependento w eld.

To ensurehatour visualizationactuallydisplaysthis processve
have to considerthe true transportproblemandits particlelines.
Hencewe take into accountthe particle motion obeying the equa-
tion %x(t) = v(t; x(t)) andtheinducedtransportof a givenden-
sity u(t; x). Thefactthatsucha purely adwecteddensityu stays
constanglongparticletrajectoriedeadsto the conserationlaw

D ._d . _ @ _
dtu' dtu(t, x(t)) @u+ ruv=0
which meansa vanishingof the materialderiative.

In addition to this conseration law, we have to incorporatea
mechanisnfor thegenerationthegronth andenhancemerdf ow
alignedpatterns.Herewe pick up the previous model(3) andcon-
sider a simultaneousanisotropicnonlineardiffusion processwith
lineardiffusionalongtheparticleline andsharpeningn theperpen-
diculardirection.Let usemphasizéere thatthis diffusionprocess
actsin forward and backward directionof the particleline. Thus,
a carefulcontrol of the parameterss indispensabléo avoid anar
ti cial propagtionin downwind directionwith the accompanping
visualimpressionof a wrongvelocity. In the next sectionwe will
discusdn detaila suitablebalanceof parameters.

Altogether our basic transport diffusion model for time-
dependentector elds looksasfollows: Onthe computationatio-
main IRY we considerfor agivenvector eld v : IR* !
IR¢ theboundaryandinitial valueproblem:

@u+ru v Afvu]l=f(u) inIR* :
(Aru) =0 onR" @ ;
u(0; ) = up in

whereA[v; u] is the diffusion tensor(2) alreadyknown from the
anisotropicdiffusion for steady ow elds. Theinitial dataug is
again assumedo be a white noiseof appropriatefrequeng. Still
the role of the right handsidef is to ensurecontrastenhance-
ment. Consequentlyve apply functionsf which ful ll the prop-
erties(F1), (F2) mentionedoreviously.

The new modelgeneratesind stretchegatternsalongthe ow
eld andtransportghemsimultaneouslyTheresultingmotiontex-
tureis characterizethy adensecoverageof thedomainwith streak-
line type patterns,which do not have a x ed injection point but
move in time with the uid (cf. Figure10). Themethodis applica-
blein ary dimensionjn particularon 3D domainsand2D surfaces
asfor the static o w casebefore,althoughwe have not performed

suchcomputations.

6.1 Balancing Parameters

In generaltransporianddiffusionarecontraryprocessesOur goal
in mind—thegeneratiorandtransporof patternsvhich simultane-
ously diffusealongthe o ws—therehasto be a carefulweighting
of the parametershat steerthe transportandthe diffusion respec-
tively. Otherwisethediffusionmayoverrunthetransportresulting
in aprocesghatis ratherdiffusionthantransportwith somepattern
generatingliffusion.

Let us supposehe temporalresolutionof the givenvector eld
datais of size . It is well known that the solution of the heat
equationat a time t corresponddo the gonvolution of the initial
datawith a Gaussiarkernelof variance 2t. Sincethe diffusion

Figure 10: Threesuccessie time-stepsof the transportdiffusion
processgeneratingdirectedpatternsof a Bénardcorvection (cf.
Section6.1). The additional coloring indicatesthe speedof the
ow eld. Redcolorsindicatehigh velocity, whereaslue colors
indicatelow velocity. To emphasizehe transportof patternswe
have magni ed the marked sectionf theimagesn thelower row.

tensora(v) invokeslinear diffusion with a coefcient
in the directionof the velocity v(x) for everyx 2
thecorrespondingariance

(kv(x)k)
, we consider

P
D( (x) =" 2 (x)

to beameasurdor thediffusionwithin thetranspordiffusionpro-
cessfor thetime . Of coursea measurefor the corresponding
expectedransportistancds
T(x):= kv(x)k:
Typically T () is moreor less x ed, since is in generalpre-
scribedby the underlyingCFD data. Thus,we would lik e to adjust

locally suchthatD is balancedvith T . Tothisendweintroducea
balancingparameter 2 IR* andconsiderthe balancingcondition

D( (x) =

Roughlyspeakingve thenhave thefollowing relations:

T (x):

1 Transportdominateghe model,
=1 Transport Diffusion,
1 Diffusiondominategshe model.

Hence,choosing < 1 x ed,andsolvingthebalancecondition
for (x), we getasuitablediffusioncoefcient

2 kv(x)k?

(kvk)(x) = 5

asa function on the domain  which insteadof the one de ned
in Section4 is insertedinto the diffusiontensora(v;r u ) of our
transpordiffusionmodel.

Let usfurthermorestudytheampli cation of certainfrequencies
of theinitial imagedueto the right handside of our model. Our
focuswill be on the in uence of the shapeof f on the contrast
enhancingropertyof themodel. To thisendlet usconsidemmuch
simplersettingof a high frequeng initial datagivenby

h i
uo(x) = % sin X 41



and restrict oursehes to a simple diffusion equationalong a (1-
dimensionalstreamlinewhichis givenby

@u u=f(u)

We considetrthelinearizationof f around%

in [0; 1]:

f{u) = u > ;

where is the slopeof the originalf at1=2. Now let ustake into
accountheansatai(t) = b(t) uo(x) % + 2 fortheevolution
of a one-dimensionaimage-density Insertingthe ansatzinto the

lineardiffusion-equatiorwe obtain

h i
1, . X _
> b+ — bsin = =0
andso h i
b(t) = exp - t:
Thismeanghatfrequenciesbore P "= aredampedwhereagre-

quenciedelow thisthresholdareampli ed. Givenanupperthresh-
old 1= for thefrequenciesvhich we wantto amplify, we choose

= _2:
Finally, we constructour nonlinearright handsidef () in sucha
way thattheslopeat 1=2 equals .

6.2 A Blending Strategy for Long-T erm Animation

With theanisotropidiffusionmodelfor steadyo w elds we have
generateda whole scaleof representationsHere, the scalewas
identi ed with thetimet of theevolution processBut asproposed
in thelastsection the scaleparameteis now coupledto the actual
transportprocessn our transpordiffusionmodel. In particularfor
long-timevisualizationpurposeghis couplingleadsto unsatiséc-
tory results.Becausealueto the natureof ourmodel,we areunable
to freezethe scaleandsolely considetthe evolution of suitablepat-
ternsat that speci ¢ scalein time, which would be the optimum
process.

The solution we proposehereis a compromisebasedon the
blendingof differentresultsfrom the transportdiffusion evolution
startedat successie time-points. First, we selecta suitableinter
val for the scaleparametefso;si] with s; > s > 0 around
our preferredmulti-scaleresolutionfor theresultingimages.Based
on asmoothblendingfunction : IR ! [0; 1] having supportin
(' 1;1) andsuchthat

m= (=1 @@ v,
0=1

wecanconstructpartitionof unityf ;gonthereallineR. |. e.we

dene i(t)= (*(Dlser=1)) Now,foralli = 0;1;::: we
separatelyolve theabove transportdiffusion problemfor different
startingtimest; = i (%25°¢) alwaysconsideringsomewhite noise
of a x edfrequeng rangeasinitial dataanddenotingtheresulting
solutionby u;. For negative time we supposea suitableextrapola-
tion of thevelocity eld to begiven. Finally, applyingblendingof
atleasttwo differentsolutionswe compute

u(t; x) = H(tui (L x):

This intensityfunctionis well de ned for arbitrarytimesandchar
acterizedoy theinitially prescribedscaleparametemtenal.

Resulting intensity

So S1 Time t

Figurell: Theweightingfactorsin theblendingoperatiortogether
with theoverlappingscale/timentervalsof theconsideredransport
diffusionprocesseareshavn in adiagramovertime.

We usethis constructiorfor ananimationof the o w overacer
taintimeinterval (cf. Fig. 11 for agraphof theblendingfunctions).
Suchananimationinvolvesall solutionsu; for whichthe blending
function ; hasanonvanishingoverlapwith the giventime inter
val. Otherconstruction®f a partition of unity andcorresponding
blendingfunctionsare nearat handand especiallymultiple over
laps canbe consideredvhich requiresthe blendingof morethan
two intensity functionsat the sametime. We emphasizehat the
applicationof this blendingtechniquedoesnot introduceary inac-
curag, becausdor ary timet theresultingimageu(t; x) consists
of imagequ; (t; x) shaving streaklinesttimet andatslightly vary-
ing scale.

7 Contin uous clustering via anisotr opic
phase separation

Sofar, we have discussedhegeneratiorof o w alignedmulti scale
textures. Let us now look the the hierarchicalclusteringof ow
data,rangingfrom small clustersshawving stronglocal coherence
of the o w to largeglobalclustersetsgatheringlarge o w patterns.
As before,we will discusghistaskin theframeawork of continuous
models. Beforewe detail the applicationof sucha modelfor the
actual ow clusteringlet us review the underling physical model
for thecoarseningf structuresn metalalloys, which goesbackto
CahnandHilliard [5].

7.1 The Cahn-Hilliar d model

The Cahn-Hilliardmodelwasintroducedto describgphasesepara-
tion andcoarseningn binaryalloys. Phaseseparatioroccurswhen
a uniform mixture of the alloy is quenchedelown a certaincrit-
ical temperaturainderneattwhich the uniform mixture becomes
unstable. As a resulta micro-structureof two spatially separated
phaseswith different concentrationglevelops. In later stagesof
the evolution on a much slower time scalethanthat of the initial
phaseseparatiorthe structuredecomecoarser:eitherby memging
of particlesor by growing of biggerparticlesat the costof smaller
ones.This coarseninganbe understoodsa clusteringwherethe
systemmainly triesto decreasehe surfaceenengy of the particles
which leadsto coarserandcoarserstructuresiuring the evolution.
In the basicCahn-Hilliard modelthis surfaceenenpy is isotropic.
Thereareno preferreddirectionsof theinterfaces.Hencethe parti-
clestendto beball shapedcf. Fig. 12).

In the following paragraptwe brie y outline the basicconcept
of the Cahn-Hilliardmodel. For moredetailswe referto thereview
paperdy Elliott [10] andNovick-Cohen[25]. The modelis based
on a Ginzhurg—Landaufree enegy which is a functionalin terms
of the concentratiordifferenceu of the two materialcomponents.
TheGinzlurg—Landaureeenegy E is de nedto be

Z qn o)

E@= (w5 u®
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Figure 12: Threetime-stepsof the original Cahn-Hilliard phase
separation.
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Figure13: Chemicalenegy asfunctionof concentration

where isaboundeddomain.The rst term ( u) is thechemical
enepgy densityandtypically hasa double-wellform. In this paper
we take

M

(u=

with aconstant 2 (0; 1] (cf. Fig. 13). We notethatthe systemis
locally in oneof thetwo phasesf thevalueof u is closeto oneof
thetwo minima  of .

Now, the diffusionequationfor the concentratioru is givenby

— w=0

@

on R* , Wherew is the local chemicalpotentialdifference,
whichis givenasthevariationalderivative of E with respecto u

_ E_ 1y
w g u+  (u):
As boundaryandinitial conditionswe request@w = @u = 0,
where is theouternormalon @ , andu(0; ) = ug( ) for some
initial concentrationistribution ug.

Startingwith arandomperturbatiorof aconstanstateuo, which
hasa valuesin the unstableconcae part of , we obsere the
following: In the beginningthe chemicalenegy decreasegapidly
whereaghe gradientenepgy increasesThis is dueto the factthat
during phaseseparatioru attainsvalueswhich are at large por
tions of the domaincloseto the minima of the chemicalenegy

Sinceregions of different phaseare separatedy transition
zoneswith largegradientf u, thegradientenegy increasesluring
phaseseparation.n the secondstageof the evolution—theactual
clustering—wherthe structuresbecomecoarser the total amount
of transitionzonesdecreasesCorrespondinglyhe amountof gra-
dientenegy becomesmalleragain.

7.2 Anisotr opic interface energy

Let usnow turnto theclusteringmodelfor o w data.Weintroduce
aclustermappingu : IR} I IR whichwill bethesolutionof
an appropriatesvolution problem. Thereby time will again sene

asthe scaleparameteteadingfrom ne clustergranularityto suc-
cessiely coarserclusters.For x edscalet ourde nition of theset
of clustersC(t) is

C(t) = fxju(t;x) 0g:

This setsplitsup into the connectedcomponentsf C(t)

[
ay = G():

The evolution problem steeringthe clustersvia the quantity u
shouldsatisfythefollowing properties:

thenumberof clustersgenericallydecreases time,

the shapeof the clustercomponentstrongly correspondso
correlationsn thedata eld,

thevolumefractioncoveredby C(t) is approximatelyconstant
int, i. e.ﬁ# for 2 (0;1).

Theseconditions motivate us to pick up the physical Cahn-
Hilliard modelwith the dguble-wellseparatiorpotential ( u), a
separatiorenegy Es = es(u) andenegy densityes(u) =
( u). Amongall u with u = up = const.theenepgy Es at-
tainsits minimum if u hasthe values only. This leadsto a
binary decompositiorof the domaininto two parts,whereonepart
correspondgo fx ju(x) = g. However this setcanhave mary
connecteccomponentsand may even be very unstructured. Fur
thermorethereis no mechanismvhich enforcesa successie coars-
eningandthusatrue multi-scaleof clusters.

We remedythis behaior by introducinga term which penal-
izesthe occurrencef mary disconnectedlustercomponentsvith
high intgsfacial area. To this end we choosea a gradientenegy
Ee = eg With local enegy density eg that penalizesrapid
spatialvariationsof u. In orderto have e xibility to choosean
anisotropicand inhomogeneougradientenegy, an appropriate
de nition of aninterfacialenegy densityis givenby

eg(r u) = Ear uru;

where“ " denoteshe scalarproductin IR", is a scalingcoef-
cient anda 2 R" " is somesymmetricpositive de nite matrix
thatmaydependnthespacevariableandotherquantitiesnvolved.

In the following we will referto theset@x j u(x) = Og asthe
interface. The orientationof the interfacecanbe describedy its
normalwhich, in thecasethatr u 6 0, is givenby thenormalized
gradient

— ru .
T kr uk”

Fora = Id all gradientsof u andhence all interfacesare penal-
ized equallyindependenof their orientation. But with respecto
our clusteringintentionwe consideran anisotropicenegy density
which stronglydepend®nthe orientationof thelocalinterfaceand
therebyonthedirectionof r u.

For a given staticvector eld v : I IR" anaturalcluster
ing shouldemphasiz¢he coherencalongtheinducedstreamlines.
Thus,interfacesalignedacrosstreamlinefiave to bepenalizedsig-
ni cantly by the gradientenegy whereasnterfacesorientedalong
streamlinesretolerated We choosehe diffusiontensorsimilar to
theonesusedabore (cf. Sectiord)

a(v) = B(v)" B (v)

1 0
0 (kvk)ld,



Sinceinterfacesthat crossstreamlineshall have larger enegy we
choosea positive function  with 1
Altogetherwe have de ned theenegy

Z n 0

E(u) := (u)+ Earu ru

andproceedasfor the basicCahn-Hilliardmodel. We de ne the
rst variationof theenegy andarrive atthe potential
w= %u)  A[v;ul;

whereA = div(a(v)r u) is de ned asin the previoussections.

Let us continueas beforeand assumethat the evolution of the
clustermappingu is governedby diffusion wherethe correspond-
ing ux linearly depend®n the negative gradientof the rst varia-
tion of enegy. Thus,we choose@u w = 0 asabove andend
up with thefollowing fourth orderdifferentialequation:

@u %u)

with boundaryconditions@u = @w = 0 and prescribedini-

tial datau(0; ) = uo( ). After aninitial shortperiod of phase
separatiorit is mainly the interfacial enegy contritution which is

successiely reduced.

Asin thetexturegeneratiorapproache# doesnotmake senseo
considercertaininitial data,if no a priori informationon the clus-
teringis known. Consequentlyve choosea constantvalueuo plus
somerandomperturbationsasinitial dataug. The constantug de-
pendsonthevolumefraction of thedomainwhich shallbe cov-
eredby the clusters,i.e. by thesetsfxju(t; x) 0g. Therefore,
we chooseug = 1 .

Duringtheevolutionveryrapidly clustematternswill grow with-
outary prescgpedocationandorientation. This is in orderto de-
creaseEs = (' u) which forcesthe solutionto obtainvalues
closeto in mostof the domain . After this startingphase
the clustersorientthemselesin ananisotropiovay to decreas¢he
amountof the anisotropicgradientenegy Eg In addition they
becomecoarserand coarserdue to the fact that smallerparticles
shrinkandlargeronesgrow. In particularoneobsenresthatalarge
particlebeingsurroundedy smalleronesgrows to the expenseof
thesmallerones.Thisimpliesthatastime evolveslocally only the
mainfeaturesof theclusterswill bekept.

Finally we obtainascaleu(t; ) of clustermappingsandinduced
clustersetsC(t). They represent successiely coarserepresen-
tation of simulationdataandcontinuouslyenhancesoherencef
the underlyingsimulationdataset, wherethe clustersetC(t) will
cover avolumeof approximatesize j j.

Alv;u]l =0

8 Remarks on the ®nite element imple-
mentation

Sofar, we have not yet discussedliscretizationn spaceandtime
of the above introducedcontinuoustime-dependenpartial differ-
ential equations.Hence,we dealwith the variationalformulation
of the different PDE problemsintroducedabore. We proposeto
considera nite elementdiscretizatiorin spaceandasemi-implicit
backward Eulerschemeén time.

Thesemi-implicittemporaldiscretizatiormeanghatthenonlin-
eardiffusiontensorA andthenonlineartermontheright handside
f (u) aswell asthe derivatives of the non corvex potential are
evaluatedattheold time-steps.

For the spatialdiscretizationwe canrestrictthe numericalcon-
siderationgo regularhexahedrafridsin 2D and3D. Onthesegrids
we have bilinear, respectrely trilinear nite elementspacesHow-
ever belov we will usetriangularelementsaswell. In ary case

Figure 14: Top: Successie stagesof the continuousclustering
of a Bénardcorvectve ow eld,. Bottom: Effect of increasing

anisotropy

S . The computationsare basedon a grid of resolution
257°.

we canbasenumericalintegrationon the lumped-masseproduct
(; )" [36] for the L? productand a midpoint quadratureule for
thebilinearform (Ar ;r ).

Finally, in eachstepof the discreteevolution we have to solve a
singlesystemof linearequationdor the vectorof nodalvaluesfor
the densityfunction u andthe chemicalpotentialw, respectiely.
In casewe needpre-smoothediata,we considera singlediscrete,
implicit time-stepfor the computatiorof the heatequationwith the
densitybeingsmoothedsinitial data.

9 Clustering based on hierarchical de-
composition of a diff erential operator

In the previous sectionwe have discusseda continuousphysical
modelfor theclusteringof o w elds. Insteadf involving methods
adaptedrom continuummechanicswe mightaskfor adirecthier
archicaldecompositiorof thedifferentialoperatordA from Section
4, which representiffusion processestronglyalignedto the ow
eld.

9.1 Review of algebraic multigrid

Theideawe developin this sectionusesalgebraianultigrid (AMG)
methodologyto decomposehe correspondingdiscreteoperator
AMG methodswere rst introducedin the early 19805 [2, 3, 28]
for the solution of discretelinear systemsAU = F of equa-
tionscomingfrom thediscretizatiorof lineardifferentialequations
Afu] = f ondomains with suitableboundaryconditions. We
referto [37] for a detailedintroduction. TherebyU is supposedo
bea nite elementapproximatiorof the continuoussolutionu and
A the nite elemenstiffnessmatrixcorrespondingo A . Finally, F
is the correspondingliscreteright handside. The developmentof
AMG wasled by theideato mimic classicalgeometric)multigrid
methodsin applicationswherea hierarcly of nestedmeshess ei-
thernot availableatall, or cannotre ect particularpropertiessuch
asstrengthof diffusionof thediscretizedbperatorappropriatelyon
coarsagrid levels.

Consequentlypne hasto work with the matrix A andits alge-
braicstructure. Thegeneraproceduras sketchedn Fig. 15. AMG
triesto coarserthis matrix independentlifrom ary underlying ne
grid discretizationwheren is the numberof degreesof freedom.
It computesasequencef prolongationmatricesP' whichencodes



Figure 15: GeneralAMG construction. From the ne scalema-
trix A® input, AMG computesprolongationsP', restrictionsR',
and coarsescalematricesA' on successiely coarserscalesl =

how coarsescale(l) basisfunctionsare combinedusingthe basis
functionsonthe ner scalg(l 1). Thisinducesasequencef corre-
spondingmatricesA', de ned by the so-calledGalerkinprojection
A' = R'A!" P! wheretherestrictionR' is givenasthetranspose
of the prolonaation P! (R' := (P')T). The prolongtion matri-
cesfP'giz; .. . arecomputedusinginformationfrom the matrix
A' ! onthepreviouslevel | 1 only. Thesequencef prolong-

tion matricesallows for the constructionof a problem-dependent

basisf " g. Oneconstructsacoarsebasisf " gwhichcaptures
the appropriatefeaturesrelevant for the approximationof the cor
respondingcontinuousproblem.

9.2 AMG for 'ow eld clustering

The theory and designof ef cient AMG tools is ratherinvolved.
However, we emphasiz¢hatour o wing clusteringrequiregustba-
sic AMG capabilities.We performno speci ¢ tuning of the AMG
for ow clustering. Let us apply the methodto the concretedis-
crete nite elementmatrix A of the differential operatorA. This
stiffness-matrixA canberegardedasa descriptionof the structure
of the ow eld v, becausasin the operatorA the o w alignment
is encodedn this matrix. Indeed,the matrix simultaneouslyep-
resentgdominant o w patternsaswell assuccessiely ner, more
detailed o w structures.

With the AMG we nd atool which is ableto represento w
patternsn a hierarchicalmulti-scalefashion. AMG deliversa set
of description®f the o w-inducedcouplingin termsof matricesA'

(A%).
Let usillustrate how AMG works usingtwo simple examples.
Considerthe ow elds vi(x) = ( 1;1) andvz(x) = (1;1) on

thesquaredomain = [ 1;1* IR?. Wecande ne asimple
diffusiontensor
p_
_ o1 kvk+ 0 T 2+ 0:001 0 .
a(v)= B 0 B:=B 0 o001 B

whereB is arotationof 45 degrees respectiely. We thencon-
siderthecorrespondinglifferentialoperatorA[u] = div(ar u) and
apply the AMG methodto the matrix which resultsfrom the dis-
cretizationof A on a regular triangulation. Figure 16 shavs the
coupling strengthsencodedin the matricesA' for the rst three
nestlevelsl = 0; 1; 2, forthe elds v; = (1;1)andv, = ( 1;1),
usinga blue-to-redcolormap. For the same elds, Fig. 17 shavs
selectedasisfunctionson the four coarsestiecompositiortevels.
For theactual ow eld clusteringapplicationwe considerthe
differentialoperatorA[u] = div(a(v)r u) wherethediffusionten-

Figure16: Color-codedcouplingstrength(zoomedn) onthe com-
putationalgrid. Three nest levels (left to right) areshavn for the
elds vi = ( 1;1) (bottomrow) andv, = (1;1) (toprow). The
white arravs shaw the eld direction.

Figurel?: Forthetwo vector elds v; = ( 1; 1) (bottomrow) and
vz = (1;1) (toprow) basisfunctionsonthefour coarseslevelsare
shavn. Obviouslythebasisfunctionsareclearlyalignedto the o w
eld (cf. Fig. 16).

soris

a(v) := B(v)"

(kovk) 0 gy

Idn 1

andB (v) is thesamerotationasabove.

Whenwe apply the AMG algorithmto the matrix A 2 IR™"
correspondingo the above differential operatoy we obtain a se-
quenceof prolongationmatricesP' 2 IR™ "I asoutput,where

knownsandng = n. Theentriesin eachcolumni = 1;:::;n, of
P! give thecoefcients of thelinearcombinationof the ner basis
functions ' ¥ forj = 1;:::;n; 1 correspondingo the coarser
basisfunction " onlevell. In otherwords,eachmatrix A' deliv-
eredby the AMG, startingwith theinitial, nest oneA°® = A down
to the coarsesbne A, approximateshe ne grid operatorusing
the (matrix-dependentyasisf " gizq -
4

A:j =AW o= i L

av)r v or ;

where i Is the nodalvectorcorrespondingo the function W,

ie. " =" . (') ) where | denotegheinitial basis
functions.



Figurel8: Forthevector eld from amagneto-fidrodynamicsim-
ulation(MHD) showvnin Figures3 and4 the hierarchicadecompo-
sitionis shavn. Fromtopto bottomtheclustersonthe ve coarsest
levels areindicatedwith a color-coding (left). The origins of the
clustercorrespondindpasisfunctionssene asthe startingpoint for
theintegrationof trajectorieqright).

Hence thefollowing simplerecursve recipecanbe usedto cal-
culatethe multi-scaleof basisfunctions "

SR Pi 'Y o8i=1n =1L

% = ' 8ij;iin
Figure 17 alreadyindicatesthat the shapeof the basisfunctions
clearly shav the strengthof thelocal coupling. The AMG method
clustersverticesalong a streamlinealreadyon a ne scale,since
they arestronglycoupled.Verticesnot alignedto the o w areclus-
teredon coarsescalessincetheir couplingis relatively wealer.

9.3 From basis functions to cluster s

But asusualwith nite elementsthe supportsof basisfunctions
on a given scaleare overlapping. Therefore we needto derive a
multi-scaleof domaindecompositiongrom the setof basisfunc-
tionsto partition the domaininto disjoint clusters.Sucha domain
decomposition

DI =D g gi=1 ;0
caneasilybede nedfor everyl = 0;:::; L asfollows:
D" :=fx2 j "(x) "8 =1:::;ng

In otherwords,adomainD" on level | is the setof pointswhere
thebasis " is dominantonthatlevel.
Now, severalobsenationscanbe made:

The domainson differentscalesneednot be strictly spatially
nested- the supportsof the shapefunctionsare, but the de-
compositiorarisingfrom the maximumpropertyis not. How-
ever, thedomainsareclearlyalignedto the ow eld.

All domainsonagivenlevel | have comparablesizesandthe
averagedomainsizeis reducedy afactor roughlyequalto 2,
from levell tolevel | + 1. Thesepropertiesareinheritedfrom
thebottom-upcoarseningchemeusedby the AMG method.

The clusteringof the eld vi = ( 1;1) (Fig. 16 top row)

is perfectly aligned with the eld (cf. the basisfunctions
in Fig. 17 top row). However, the clusteringof the eld

Vo = (1;1), althoughvery similar, is lessregular (Figs. 16,
17 bottomrow). Thisis the unavoidableimpactof the under

lying operatodiscretization(whichis herea meshcontaining
triangles).Sincev, is perpendiculato theinitial meshedges,
this is the worst-casescenario. However, evenin this case,
the constructedlomainsarestill very muchalignedwith the
eld.

The supportsof the basisfunctions,respectiely the induced
domainson a given level, do not have exactly the samesize
(area),since AMG cannotevaluate (integrate) the massof
the basisfunctions. Indeedit doesnot employ ary geomet-
ric nodalinformation,but only amatrix of couplingstrengths.
However theserestrictionscauseno practicalproblemdor vi-
sualizingreal-world datasets.

Finally we can shav the colorcodeddomainsandin addition
velocity-coloredcurved arrow icons (cf. [35, 12]). For every do-
main D", we drav one suchicon, using a streamlineseedecht
the point wherethe correspondingasisis maximum. Figure 18
shavs the decompositionof a magneto-fidrodynamics(MHD)
o w dataset.



Figure19: Helix o w, selecteddlomaing(top row), half-transparent
domainswith arrav icons (middle row). Diagonal o w, selected
domains(bottomrow).

9.4 3D Flow Fields

Our methodworks identically for 3D (volumetric) vector elds.
The only differenceis the useof tetrahedraljnsteadof triangular
meshesHowever, directvisualizationof a color-codeddomainde-
compositionasin the 2D casejs not effective dueto the volumet-
ric occlusion.Hence we useafew post-processingteps.For every
domainD" onagivenlevel |, we construcia closedtrianglemesh
thatboundsD"' . Next, we smooththesemeshesisinge.g.aLapla-
cian lter or awindowed sync Iter [30]. As aresult,the meshes
becomeslightly smaller which allows us to betterseparatehem
visually. Next, we implementan interactve navigation schemen
whichdomainsD" canbemadehalf or completelytransparenby
amouseclick. Userscaninteractvely ‘carve’ into the o w volume
to e.g.remove uninterestin@reasandbringinginner o w structures
into sight,seeFig. 19. Alternatively, we canvisualizethe o w ata
givenlevel of detailusingthe samecoloredarrow glyphsasin the
2D case Figurel9shawsthe rst threecoarsestiecompositiomev-
elsof a3D helix ow andof a3D laminar ow withv = (1;1;1)
respectiely. We usethe interactve techniquesketchedabore to
remove the outer domainsandto exposethe moreinterestingin-
ner o w structure.Theremainingsmoothedlomainsareshavn in
thetop row of Fig. 19 for the helix o w andin the bottomtrow of
Fig. 19for thelaminar o w (comparethelatterwith the2D eld in
Fig. 16). In the centerrow of Figure19the samedomainsasin the
top row areshawn, but thistime half transparenandequippedvith
anarrow icon.

Finally, we considerthe incompressibleo w in a water basin
with two interior walls, aninlet (on the left) andan outlet (on the
right), thesamedataseisshavn in Figure6. Figure20 shaws sev-
eral multi-scalelevels, visualizedwith curved arrow icons. These
imagesshawv thatour methodschemewvorksin 3D justaswell asin
2D.

Figure20: For thewaterbasindatasefcf. Fig. 6) we shav thethree
coarsestevelsof the hierarchicadecomposition.

9.5 Clustering vector elds on 2D surfaces

For the clusteringapproachwe consideredvector elds on Eu-
clideandomainssofar. Sincewe have seenin Section5.3thatwe
canextendto differentialoperatortowardssurfaces,we canapply
the samegeneralizatiorto the AMG clusteringaswell. Againwe
replaceheEuclidiangradientanddivergenceoperatorsy theirge-
ometriccounterpartsandapplythe AMG to adiscretizatiorof

Afu] ;= diw (Ar m u):

The nite elementiscretizatioris now completelyanalogouso the
above Euclideancase.In fact,we useexactly the samecodefor all
ourapplications We approximatehesurfaceM by atriangulation
M n andcomputein the sameway ason at domainsthe stiffness
matrix A correspondindo the operatorA.



As anillustration,we shav the multi-scaledecompositiorof the
averagewind stresseld onthesurfaceof the Earthin Fig. 21 (the
datasets takenfrom [42]). The o w texturein the bottomrow was
producedwith the IBFV methoddescribedn [42].
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