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2D AND 3D COMPUTATIONAL MORPHOLOGY O THE 7- EIGHBORHOOD GRAPH 
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This paper presents a computational morphology operation performed on a novel parameter­
ized 7-neighborhood graph. In itself, this neighborhood graph i a unification of a. e of 
geometrical graphs. The convex hull , the Delaunay triangulation, the Gabriel graph, he -
neighborhood graph and the complete graph are special instances. 

By shrinking from the hull of the 7-neighborhood graph, exploiting the geometric informati 
included in the 7-graph, a. Hamilton polygon (2D) or a Hamilton polyhedron (3D) i de1enni.ned 
representing a boundary of a set of points. Shrinking from the 7-neighborhood graph cceed 
in cases where shrinking from the Delaunay triangulation fails, either beca the Del 
triangulation contains no Hamilton polygon or polyhedron, or becau e the proc I 

The shrinking process is described as a. mathematical morphology operation here e po 
set of the input point set is the complete lattice whereupon the operation i performed, AA-...... ~ 

of a 2D pixel image. 

Keywords: geometric modeling, computational geometry, computa.tiona! morphol 
hood graph, Hamilton cycle, mathematical morphology. 

INTRODUCTION 

A boundary of a given set of points is often needed in order to b able to pro 
set. In many applications in geometric modeling computer graphic , compu er · ·on 
map image processing and pattern recognition, the input i a et of pofo from 
boundary surface, while some boundary of the point et is indispen a.bl for an un 
object model, or a. visually appealing or reali tic di play. Tbe boundar of point 
a corresponding shape, but conversely the shape of a point t i an informal n ti 
a computational geometrical structure is exploited to tra t om hap from 
referred to by Toussaint (1988) as a computational morphology t k. 

This pa.per addresses the problem of tracting a likely boundary from 
passes through all the points. Th input i et of coordina.t of p int in D 
a.re assumed to lie on the boundary of an object without hol . In th D c , th 
to be a simple closed polygon , wh r th t of polygon vertic i th input p ·nt 
theoretical terms the requir d polygon i call d Hamilton cycl . ill 
Hamilton polygon. In th 3D case, th output h to b impl tri ,gu1 cl p 
where again the et of v rtic i the input p int t. 'tVi all thi IIamilt n polyh 
will determfo a. boundary of th point t on th b :i of th I h rh. 
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TH - El HD RHOOD RAPH 

In th follo ing" call h point from the input set either sites or vertices, in order to <listingu.ish 
th poin from arbitrary points. In the definition of the -y-neighborhood gra.ph w us the 
following nota.ti n: fork~ 2, r(2: 1 , .•. ,2:k) denotes the radius of the smallest s phere through 
si :t1 ... 2: inkD p ce. Thusfork=2,r(z1 ,z2)equalsd(x1,x2)/2. 

Th n · hborhood graph ,{'Yo, 71) i defined for - 1 $ 70, -y1 $ 1, bol $ bd· In kD spa.ce, 
the graph c:onne<: · 1. 2: 1 , ... ,xk with ea.ch other, if there is a.n empty neighborhood a.ssocia.ted 

·th th ·t that is defined by two kD spheres in the following wa.y: 

1. the radii of the pher a.re r{z1, ... ,xt)/(1-b0 1)1/(k-l) a.nd r(x 1 , ... ,xk)/(1-hil)1 /(k-l), 

. if 011 < 0 the circumcenters lie on the same side of the plane through x1, . .. , xk, if 
o 1 > 0 the circumcenters lie on both sides of that plane, 

3. if 71 $ 0, we take the intersection of the two spheres, if -y1 ~ 0, we take the union. 

The neighborhood i called empty if no sites lie in its interior, except when a sphere of infinite 
radiu is involved. Such a sphere is considered a half-space with its boundary through X1, ... , Xk, 

and i called empty if no sites lie in the open half-space, nor inside or on the (k - l)D polygon 
through 2:1 ... ,xk, that lies on the boundary of the half-space. For example in 2D , a. half-pla.ne 
through %1 and 2:2 is empty if the open half-plane is empty, and no sites lie on the line segment 
bet ·een z 1 and 2:2 (but sites may lie on the boundary of the half-plane outside tha.t segment). 

ote that there can be two neighborhoods if 70 and 71 are both non-zero, a.nd that the graph 
connects z 1, ... , z.1r, as soon as one neighborhood is empty. Further, this definition is valid for 
10 = 71 = 0. In that case, the two spheres coincide, their common circumcenter lies in the pla.ne 
through z1 , ... , Zt, and the intersection equals the union. 

Fork= 2 the definition involves two sites and two circles, and r(x 1,x2) is scaled by factors 
1/(1 -hol) and 1/(1- 111)1. The planar graph 7(101 71) reduces to well known geometric graphs 
for special values of 10 and 71: 

• 10 = 71 = 0. The resulting neighborhood is the smallest circle through x1 and x2, also 
called the Gabriel neighborhood. 7(0, 0) is the Gabriel graph. 

• '7o = 71 = -1. The intersection of the two half-planes yields the line through x1 and x2. 
II no three or more sites are collinear, then -r( -1, - 1) is the complete graph. 

• 10 = 11 = 1. The union of the two half-planes gives the entire plane. If no three or more 
sil.eti are collinear, -r(I, 1) is a void graph. 

• 10 = - 1, 1'1 = 1 and 10 = 1, 1'1 = -1. In both cases the two half-pla.nes lie on the same 
side of the line through x1 and z2, and therefore coincide. The neighborhood is empty if 
all other sites lie on one side of the line through x1 and z 2 , or on the line, but outside the 
segment from :t 1 to x2. That occurs only if x 1 and :t 2 lie on the convex hull . Therefore, 
1'(-1,1) and -r(l,-1) are the convex hull of the set of sites. 

• 70 = 7 1 • The graph 7(70,'Yo) reduces to the circle-based .0-neighborhood graph, a.s intro­
duced by Kirkpatrick and Radke (1985). 

Figure 1 giv s a. graphical overview of the whole spectrum of planar neighborhoods. 
In 30 spa.ce, the definition involves three sites and two spheres, and r(x 1 ,x2,x3 ) is scaled by 

factors 1/(1 - bol)1l 2 and 1/(l - b11)112
• Because the Gabriel neighborhood is most naturally 

generalized to kD as the smallest sphere trough two sites, whereas the kD -y(O, 0)-neighborhood 
involves k sites , th n ighborhoods do not coincide for k > 2. Further, it is not clear how to 
relat the higher dim nsionaJ 1('Yo,1'o)•neighborhood to the circle-based ,0-ncighborhood, sin 
Kirkpatrick and Ra.dke (1985) do not tell how to generalize it to higher dimensions. Tb kD 
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Figure 1. Overview of the spectrum of planar 1(10, 7i)-neighborhoods, -1 ~ 10, 11 ~ 1, a.nd 
-1 $ ;o/;1 $ 1 (rectangles denote half-spaces ). 

complete and the void graph however, result from the ;-graph if no k + 1 or more it lie 
in a (k - l)D plane, a.nd the convex hull always equals ;(-1, 1) and ;(l, -1). More eneral, 
;(;o,-;o) = ;(-,o,,o), and ;(,o,1i) ~ ,(12,73), for 10 ~ ;2 and 11 ~ 13, al o in 20. 

So far we have considered fixed values of the 7-parameters now we loo at the la.rg t valu 
of the ,-parameters, for which the corresponding neighborhood is still empty. That is the value 
for which the sphere touches a ( k + 1 )th site, or is either 1 or -1 if there is no uch site. \ e 
define 1 ((,0, ,i], (,2, ;3]) to be the graph connecting sites :r1, ... , :r1c with each other, if the larg t 
,-parameter values for whlch the corresponding neighborhood is still empty lie in [ 0 i) a.nd 
l,2, 13] respectively. 

The 1 ([-1,1),[0,l])-graph connects sites x,, .. . ,x1c in kD space if there a.r t ~ pheres 
through these sites, of arbitrary radius, such t.hat the union i empty. Thi is a tly definition 
of the famous Delaunay triangulation, if no more tha.n k + 1 ite are c pherical. If ther a.re 
more than k + 1 cospherical sites, ;([-1,1],[0,l]) connect them all , where the Delaun · 
triangulation arbitrarily connects k sites, as long as the r ulting (k - l)D-fac do not intersect. 

COMPUTATIONAL MORPHOLOGY 

In the following we use the general notion boundary segment for an edge lying on the boundar 
in 2D embedding space, and for a triangular face lying on the boundary in 3D. W employ 
boundary simplex for a triangle having a boundary egm nt in 2D, a.nd for tetrahedron ha ing 
a boundary segment in 3D. 

In order to obtain a Hamilton polygon or polyh dron, we talc ([- 1, l}, [O, l]), a.nd ucc _ 
sively remove simplices from the body of the obj t, by deleting on or more boundar ·egment 
from the hull (initially the conv hull ). We go on hrinking th bull until all vertice a.re 
included in the boundary. How ver, removing simplex may not introdu a.n i al t d erte 

I 

dangling boundary gment , or a lf-interse ting bound r . Thu , d I ti n i al.10\ d onl if: 

1. the triangl or tetrah dron h on boundary · gment, nd th ert · opp -ite to th t 
segm nt i not on the boundary, 
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t tnhedron has two boundary fac , a.nd the dg oppo it to th 
boundar fa , does not lie on the boundary. 

th ·mpl to rem.ov , we associate to all curr nt bounda.ry implices a 
l -valu of the boundary segments. Howev r, we keep the sign of th 

gm n con i tent with the following rule: if - 1 $ -y < 0, the center 
cud or ph re li on the side of the boundary s gment that is outside the 

• -
0 •"'"•"n boundary and if 0 < 1 $ 1, th c nter li on the side of the boundary segment that is 

cun t boundary. 

firs co ider the 20 case where only triangles with one boundary edge may be deleted. 
tion of th triangle to remove is based on the attempt to, informally speaking, change 
of the current boundary not too much, relative to the size of the triangle. Formally, 

he triangl with the largest interior angle at the vertex opposite to the boundary 
second motivation for this election criterion is that the interior vertex with the widest 

has he largest probability among the interior vertices of all the current boundary triangles 
to be , or sensed, by for example a. laser range system. 

Le us call the radios of the circle through the vertices of the tria.ngle that we consider, R , 
th 7-value of the boundary edge corresponding to that triangle, -y, and the two vertices on the 
boundary x1 a.nd x2. We abbreviate r(x1,x2) tor. The angle at the interior vertex, <I>, increases 

r/R in , if 7 is non-negative, and increases as 2 - r/R increases, if -y is non-po itive. 
Tb ac relation is given by the sine rule: r/R = sin<J,. By definition, r/R equals l - bl, 

hich i 1 -1 for a. non-negative -y. Similarly, 2 - r/ R expands to 1 + bl, which equals 1 - 'Y 
for a. non-positive 7. This results in the following selection rule: 

among all removable triangles, delete the one whose boundary edge has the largest 
value for 1- -y (or equivalently, the smallest value for -y). 

In 30, both tetrahedra with one and with two boundary faces a.re removable, under the 
coustraints as given above. We first consider the soUd angle at the interior vertex of a tetra.hedron 
ha ing one boundary fa.ce. Analogous to the planar case, we call the radius of the sphere through 
the verti of the tetrahedron, R, the 7-value of the boundary fa.ce that corresponds to that 

trahedron , -y, the v rtices on the boUJ1da.ry, x1, x2, and x3 , a.nd abbreviate r(x1,z2,x3) tor . 
Fu rther, we call the interior vertex y. 

To the b t of my knowledge, there is no "30 sine rule", that relates the interior angle at 
JI lo the size of the opposite triangle. Nonetheless, we use an approx.imating measure for the 
solid a.ogle q, at y, in a way similar to the 2D case. We take A/ R2 if -y is non-negative, where 
A is the area. of the triangle (x1, x2, :t3). This measure is independent of R. For a fixed radius 
R, he value increases as A increases, uggesting a wider angle <J,. From planar trigonometry 
w know that A = d1d,d3r1, where d1 = d{z2,x3)/r, and the other terms result from cyclic 
p mutation. Beca.u R2 = r 1'/(1 - hi) by definition, A/ R2 expands to d1 d,da(l - hi), which 
equals d1d,d3(1- ;), since -y is non-negative. The value of d1d,d3 expresses how thick triangle 
(z1, x2 , x3) i , relative to it size. The larger this value, the thicker the triangle, a.nd the wid r 
th angle <J,, for a. fixed valu of -y. The value of 1 - -y, ranging from 0 to 1, expresses how cl 

rtex ti Ii to triangl {:t1, :t2, :t3), again relative to the triangle size. The larger this value, the 
cl r JI li to thi triangl a.nd the wider angle <I>, for a fixed value of A. 

Similar to the 20 case, if -y is non-po itive, we use d1<"2d3{2 - (1 - hi)) as approximating 
m '"" for <J>. This expr ion equals d1 d2cL.J( l - -y ). Again, for a fixed -y, the value increases 

d1"2d3 incr , giving a wider <J,. Also, for a fixed value of d1"2da, a. larg r value of 1 - i 
(which now Ii b tw n l and 2), r suits wh n 11 lies clo er to the opposite triangle, giving 
wid r angJ . o that th m ur for non-positiv and non-negative -y coincid wb n i is 
zero. If w only con id r t trahedra that hav one face on the boundary, th r suiting I tion 
cri rion is that w cboo th on having th larg t value of d1d2d3(l - -y). 

- ----
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There a.re also tetra.h dra that have two boun dary f s stated before, uch a tetrahedron 
is r movable only jf the edg oppo ite to th edge that is common to both boundary f , does 
not lie on the boundary. Since all foUJ' vertices already lie on the boundary, d 1 ion of the 
tetrahedron adds no points to the boundary. Bowev r, it can result in an extra boundary 
tetrahedron, and moreover, deletion of the tetrahedron gives the t o verti op ite to sh 
boundary faces "more air", enlarging the probability that they are sensed from th direction . 
Because the solid angles at the two vertices bound two non-overlapping part of pace, it ms 
logical to take the sum of the values d1cl,zd3{l - ;) corr ponding to both opposite boundary 
faces, as the criterion value for the tetrahedron. The election rule that captur the criterion 
value for both the tetrahedra with one and with two boundary f then becom : 

delete the removable tetrahedron with the largest sum of the va.lu d1d2d3(l - 7) 
that correspond to the boundary faces of the tetrahedron. 

The method described so far does not always succeed. In the first place, the hrinking oper­
ation ca.n get locked, although the initial graph does contain a Hamilton polygon or polyhedro . 
This happens when there a.re no more removable simplices hile not yet a.11 the vertices are in­
cluded in the boundary. Secondly, there exist non-Hamil tonian planar Dela.una.y trian a.lion 
(Dillencourt 1987), and thus ;((-1, 1), (0, !])-graphs. So, method b ed on shrinking from the 
Delaunay triangulation, as a.hove, a.nd Boissonna.t {19 4) do not guaran tee uc 

In both cases, the solution is to shrink from a. ;{(-1 l], (;0 !]}graph, for 
In such a graph more points are connected forming more simpli . Bo\\ ver, ha. no 
longer a. triangulation, or tetrahedra.lization, because the extra ·mplic OVi lap with th 
from -y((-1, 1), (0, 11). When we delete a. boundary simpl durin the hrinkin proc e 
must also delete all overlapping simplices, in order to keep the boundary valid. The 
simplices will ha.ve smaller interior angles a.t the vertex opposi te to th boundary egm nt ban 
overlapping simplices from ;([-1, 1],[0, 11), but they give more chok in the el ction of th 
boundary segments to delete. For a. ; 0 small enough, 1((-l, 1], (;0 11) will b Hamil tonian 
(the complete graph ;([-1, l], (-1, 1)) a.lwa.ys contains a. Hamilton polygon or pol bedron) and 
locking of the shrinking process will not occur. 

The example of the non-Ha.miltonia.n Delaunay triangulation given by Dillencourt (1 ) 
is two-connected, that is, between every two vertic there are at le t t o di tinct path in 
the graph. It is not yet known if there also exist thr conn ct d non-Hamiltonian D una 
tria.nguJa.tions. This is an interesting open que tion, inc the 3D Dela.una.y triangola.Lion .i 
three-connected. However, also in 3D the shrinking proce can get l ed , in hich c 1e u 
some ;((-1,1],ho, 11), ;o < 0. 

There is no way to tell for which value of ; 0 the graph ;((- 1, 1)1 [ro 11) will b lla.miltonian 
if the Delauna.y triangulation do not already contain a. Ha.mil.ton poly on or polyhedron . T h 
value must be estimated by a human operator, or tri d out a.utom tically wi h veral u 

MATHEMATICAL MORPHOLOGY 

All.hough the potential of the th ry of ma.th m tica.l morphology i much m r p 
generally applied to pixel imag tra.n formation . Whil comput tional morphol oper t 
a.ny suitable geometrical tructur , for a.mpl th r-gr ph in our pplic tion , m th m i 
morphology is defined on a compl t lattic , p rtia.1 ord r d t , u h th t ub h 
supremum and a.n infimum (Serra. 19 6). 

If we call the t of input data point V, and I t C b (th t of 
all ub t of V), th n C i partial ord r d t with th t inclusion . d r 
relation. D cause very ub t K, of C h a upr mum ( th uruon of th 1 m 
an infimum {th int r ction of th 1 m nt of K, ), C i comp) t I ttic . 
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Figure 2. Plana.r example results: face and cha.lice. The found boundary is displayed with solid 
lines, -rCT-1 1], (0, 11) with dashed lines. 

triangles and tetrahedra a.re all elements of£, so we can consider -y{(-1, 1), ho, 11) as a. subset of 
£. Taking-y((-1,1),ho,1]) as an initial graph Go, and the convex hull a.s the initial boundary 
Bo, we can define the shrinking operation in the i-th iteration as Gi = Gi-1 6 ma.x(Bi-1), 
Bi = Bi-1 0 max(Bi-i), where the operator max determines the boundary simplex having the 
largest criterion value, the opera.tor e performs the deletion from the graph, a.nd 0 performs 
the replacement of the boundary segments by new ones. 

CO CLUSIONS 

The ")'-neighborhood graph is a unifying geometrical structure in computational. geometry. It 
brings special structures such as the convex hull, Delaunay triangulation, Gabriel graph , /3-
neighborhood graph and the complete graph, together in a. continuous spectrum of geometrical 
graphs. The application of the -y-neighborhood graph to computational morphology, provides in 
a tool that is more powerful than the Delaunay triangulation, which has been used before. The 
shrinking operation on the power set of the set of input points, is a nice example of mathematical 
morphology tha.t performs transformations on a lattice that is not a 2D pixel image. 

Figure 2 shows example results. 
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