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Abstract 

In Computer Aided Design, esthetic demands often require that surfaces be designed 
as smooth as possible while functional requirements constrain the surface to inter­
polate certain data. This paper introduces new constrained optimization techniques 
for triangular surfaces. The surfaces are specified through interpolation constraints 
consisting of points, curves, and normals. Non-linear optimization techniques are used 
to minimize an energy functional in order to make the surface smooth. 
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1. lntroduction 

Variational surfaces minimize a functional that is typically modeling the energy of the 
surface. A functional is a quantity that depends on a function (in this case the surface) 
rather than on a continuous variable as in the case of a function. The calculus of variations 
is about finding the function (surface) that results in the functional becoming a minimum. 
Many different models of the surface energy may be used [HS91]. Section 2.2 discusses 
some of these. 

A recent development in surface construction is the combination of modeling through 
interpolation constraints and variational optimization. Such constrained optimization ap­
proaches result in surfaces that interpolate prescribed data, such as the position of a point 
on the surface, or the normal of the surface at a point, while minimizing some surface 
energy [CG91] [Ka193] [MS92] [WW92]. This results in a powerful way of modeling: cer­
tain aspects of the shape of the surface are exactly prescribed, and the rest of the surface 
adopts a 'natural' shape. Section 2.4 discusses some types of interpolation constraints, 
and the way they are used by ethers. 

Tensor product surfaces are widely used in surface design. Indeed, many surfaces 
lend themselves naturally to a tensor product representation, but surfaces exist where 
this is not the case. The theory of tensor product patches requires that all data have a 
rectangular geometry and that parameterizations of opposite curves be similar. This is 
the case for some surfaces, e.g. the trunk lid of a car, but not for ethers, e.g. the interior 
car bûdy panels [Far8G]. For those more complicated surfaces no distin t rectangular 
structur<; iR apparent, and one should have to invest considerable tim and eff rt t impose 
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a rectangular structure on such surfaces. Also for surface reconstruction from empirica! 
data a rectangular structure is often absent and a triangular scheme is used. This paper 
introduces new constrained optimization techniques for triangular surfaces in Section 3. 
The computational methods used are given in Section 4. 

We will use a triangular surface scheme in the Bézier formulation. The Bézier formulw 
tion is convenient to describe ether polynomial schemes as well as to develop new schemes. 
(Bézier curves and surfaces were independently developed by de Casteljau at the Citroën 
and by Bézier at the Renault automobile oompany, but de Casteljau's development was 
never published, so that this curve and surface scheme was named after Bézier.) The 
Bézier formulation is often used because of the geometrical significance of the coeflicients. 
The Bézier representation is given in Section 2.1. 

2. Constraints and variational surfaces 

The problem that we address in this paper is the following: 

Given a set of interpolation constraints, construct a triangulair Bézier surface 
that satisfies the constraints. Given a surface energy functional, change that 
surface so as to minimize the functional, while satisfying the constraints. 

Before introducing new techniques for constrained variationa:l surface design in Section 3, 
we present the triangular Bézier surface formulation that we use, explain the use of energy 
functionals, and give a number of frequently used constraints. 

2.1. Triangular Bézier patches 

Analogous to the univariate Bernstein polynomials over an interval, the Bernstein poly­
nomials of degree n over a non-degenerate triangle (A, B, C) are defined by 
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Figure 1: Left: Bézier control polyhedron. Right: corresponcling cubic Bézier patch. 



Figure 2: Two ways of patch subdivision used in this il!)8iper (here illustrated for cubic 
patches). 

where u, v, and! w, with ru + v + w = 1, are baryoentric coordinaites with respect to 
(A, B, C). A pairametric Bézier triangle is €l!efined as foilows: 

T(u, v, w) = L Pi,j,kBrj,k(u, v, w), 
i+J+k=n 

(1) 

where Pi,J,k are points in space, called control J!)Oints, forming an open control polyhedron. 
In the context of Bézier polyhedra, only Pn,o,o, Po,n,o, and Po,o,n are called vertices. See 
Figure 1 fora €Ontro] polyhedJJ@n aind the C©JJresponding cubic Bézier patch (n = 3). 

If two patches join aJong a boundairy curve, then the oontrol points at the corresponding 
edges of the two control polyhedra show.tl coincide. A continuous piecewise Bézier surface 
consists of a collection of abutting Bézier triangles. 

The boundairy of a paitch consists of three univariate Bézier curves. For example for 
w = 0 we get v = 1 - u, and thus 

with 

n 

T(u, v, 0) = B(u) = LPi,n-i,oBr(u), 
i=O 

n n! i n-i 
Bdu) = .1( _ ')I u (1- u) , i E IN. 

i. n i . 

So, a boundary curve of a patch is defi.ned by the control points on the corresponding 
boundary of the control polyhedron. 

The difference between two barycentric coordinates defines a direct ion d in the para.me­
ter space. The derivative vector of patch T in the direction d = ( d1, d2, da), d1 +d2 +da = 0, 
is given by 

'v dT(u,, v, w) = n I: (d1Pi+1J,k + d2PiJ+1,1c + daP,J,k+1)BfJ~f (u, v, w). (2) 
i+J+k=n-1 



neral patch subdivision splits a patch into several patches that together have the 
same shape as the original one. Subdivision algorithms for Bézier triangles are given 
b [Gol83] . In this paper we will use two ways of subclivision, into two, and into three 
triangles, see Figure 2. 

n ext nsive presentation of triangular Bézier patches is given by [Far86] . 

2.2. Energy functionals 

In this section we discuss some energy functionals ( also called fairness metrics) that can be 
used to measure the quality of a surface. Energy functionals are typically based on concepts 
from differential geometry, such as curvature and the fust and second fundamental form. 

ee for example [dC76] for an explanation of these notions. 
In design applications the quality of a surface S has everything to do with the curvat ure. 

Flat spots, undulations and excessive (changes in) curvature often have to be avoided. A 
convenient way to measure this quality is by using energy functionals that depend on 
t he shape of the surface. In most cases an energy functional E is a surface integral of a 
well-chosen :function F: 

E(S) = j F(S(u, v)) dudv. (3) 

The general problem is stated as follows: :fi.nd a surface S such that the functional 
(3) achieves a minimum over the parameter domain for which S is defined. (Note that 
a surface is a bivariate function, depending on u and v; the triangular Bézier pc.i,tch as 
forrnulated above also depends on only two parameters, since w = 1 - u - v.) There are 
basically two types of energy functionals: the first type is based on geometrie properties, 
and the second is based on physical properties. 

[RR91] describes three of those 'geometrie' functionals: the flattening, rouncling and 
rolling metric. They depend on the Gaussian curvature K and the mean curvature H of 
the design surface S (see [dC76]). In all cases the energy functional E is defined as the 
area of a surface O that is derived from the original S: 

E(S) = fo 1dO 

For the flattening rnetric this surface O is defined as 

O(u, v) = K(u, v)N(u, v), 

where N ( u, v) is the unit normal vector to the surf ace S( u, v). In [RR91] it is shown that 
the flattening metric penalizes large Gaussian curvature K, extreme changes in curvature 
along the lines of curvature, and large values of principal curvature. Minimizing with 
respect to this metric tends towards developable surfaces. (A developable surface is one 
that can be 'unrolled' onto a plane without stretching or distorting; cones and cylinders 
are good examples.) 

For the rounding metric O is defined as 

O(u, v) = S(u, v) + (H(u, v)/ K(u, v)) N(u, v), 

and for the rolling metric 

O(u, v) = ( K(u, v) + H(u, v)2) (u, v) 



The rounding metric penalizes unwanted flat regions and undulations in the surface and 
tends to spherical surfaces. The rolling metric tends to produce a cylindrical or conical 
shape. 

The 'physical' functionals are mostly based on bend (or strain) and stretch energy. 
Stretch energy involves first order derivatives, and bend energy involves second order 
derivatives. Sometimes even higher order derivatives are used (see [HS91]) . In [TPBF87) 
the following functionals are defined for stretch energy Estretoh and bend energy Ebend: 

Estretch(S) = Is IIGll2 
dS, 

Ebend(S) = Is IIBll 2 
dS, 

(4) 

(5) 

where B and G are the first and second fundamental farms of the surface S using the 
natura! parameterization (see [dC76]), and 11-11 is a suitably chosen matrix norm. Another 
common formulation of the bend energy is (see e.g. [LP88]) 

(6) 

where k1 and k2 are the principal curvatures of the surface S. Naturally the bend- and 
stretch energy functionals are used to measure how much a surface is bent or stretched. 
The bend energy functional tends to distribute local bending over a large area, while the 
stretch energy functional tends to minimize the area of the surface. 

2.3. Minimizing energy functionals 

The above energy functionals all suffer from the fact that they are highly nonlinear in 
the surface's control points. This makes it computationally very difficult to determine the 
spline surface that minimizes such a functional. In order to simplify the miuimiiation it 
is common practice to replace these functionals with approximations. The functional (6) 
is aften approximated by (see e.g. [LP88]): 

Ebend(S) = In (k~ + k~) dudv, (7) 

where n is the domain of the surface S in parameter space. A drawback of this approach 
is that (7) is parameterization dependent. It is only a good approximation of (6) if the 

Jacobian determinant I i~ x i~ 1 doesn't differ too much from 1. Formula (7) can be 
approximated even further by integrating only along some constant parameter lines, see 
[LP88]. 

In [CG91], [Ka193] and [WW92] the following approximations are given to the stretch 
energy ( 4) and the bend energy ( 5): 

r (as)
2 

as as (as)
2 

Estretch(S) = ln au + 2 au • av + äv dudv, (8) 

(9) 

(sometimes with some additional parameters). Both approximations depend on the pa­
rameterization. 



In Section 3 we will use spline surfaces composed of triangular Bézier patches, each 
patch T1 being defined by Equation 1 as the weighted sum of the control points of the patch. 
The energy of the whole surface is the sum of the energies of the triangular patches: 

E(S) = L E(Tz). 
l 

Let us denote the vector of control points of Tz with X1. An important property of the 
expressions (8) and (9), applied to a single patch Tz, is that they can be written as a 
quadratic form in the control points of the patch: 

It is easily verified that the coeflicients aij of the matrix Apatch are 

ai · = f aBi 8Bj + 2aBi aBj + aBi aBj dudv 
J J n au au au av av av 

(10) 

for the stretch energy and 

f a2Bi a2Bj a2Bi a2Bj a2Bi a2Bj 
aij = ln au2 au2 + 2 auav auav + av2 av2 dudv. (11) 

for the bend energy. 
Since patches that are adjacent in S have control points in common, we use a vector 

X of all distinct control points of S. The energy of the whole surface is then 

E(S) = L xr Àpatch x, = xT A X, 

1 

where the coefficients of A are sums of coefficients of Apatch· 

(12) 

Because quadratic minimization problems can be solved very efficiently (see also Sec­
tion 4) the approximations (8) and (9) are very appropriate for interactive applications. 
For our purposes we use a linear combination of (8) and (9) as energy functional. 

2.4. lnterpolation constraints 

In this section we investigate some useful types of interpolation constraints and the way 
some of these are handled by others. Suppose we are given an initial surface S0(u, v), 
and we need to compute from this a new surf ace S( u, v) that minimizes a given energy 
functional while satisfying a collection of interpolation constraints. 

Point interpolation 

The surf ace S( u, v) interpolates a given point P if there ex:ist parameter values u0 and v0 

such that S( u0, v0) = P. For typical surface schemes such as Bézier and B-spline surfaces, 
this equation is lineair in the surface's control points, but not in uo and v0 . It is therefore 
common practice to apply some heuristic for assigning values uo and v0 to P. 



/ 
w" 

V 

Figure 3: Refinement of a tensor product surface. 

Curve i nterpolation 

If surface S ( u, v) interpolates a polynomial curve C ( t), then there is a curve in the pa­
rameter space of S that maps onto C(t), say curve (u(t), v(t)). Since S(u(t), v(t)) = C(t) 
is a polynomial in t, u(t) and v(t) are also chosen to be polynomial. If the surface is of 
degree min u and v, and u and vare of degree n int, then curve S(u(t), v(t)) is of degree 
2nm int. Suppose C(t) is of degree k and let d = max{k, 2nm}. If d + 1 points on C(t) 
and S(u(t), v(t)) coincide, then the curves are equal. 

Now suppose we want to construct a surface S(u, v) that interpolates a given curve 
C(t), i.e. the control points need to be set. Then the following procedure can be taken. 
Choose a mapping u(t) and v(t), with n ~ k/2m. Taking 2nm + 1 parameter values ti 
and corresponding values Ui and Vi gives the equations S(ui, Vi) = C(ti), which are the 
constraints on the control points of S so as to let the surface interpolate curve C. Actually, 
no explicit formulations of u(t) and v(t) are needed, hut n must be known and the Ui and 
Vi must lie on a degree n polynomial. 

Normal interpolation 

If S ( u, v) must have a normal vector N ait a point P for some S ( ua, va) = P, then two 
surface partial derivatives of different direction should be perpendicular to the normal 
vector. This is equivalent to the constraint that the two dot products of the normal vector 
and the derivatives are zero, which gives lineair equations in the control points of the 
surface. 

2.5. Related work 

Tensor product B-splines are used in [Ka193]. In this case Sa ( u, v) is defined piecewise on 
ranges [ui, ui+1l x [vi, Vi+1]. The interpolaited curve C(t) is assumed tob~ a B-spline curve, 
piecewise defined on intervals [ti, ti+il• Since it may be impossible for ai single rectangular 
surface patch Ro of Sa to interpolate se ver al curve segrnents C ( t), ti ~ t ~ ti+ 1 , Ro is 
refined at u(ti) and v(ti), see Figure 3. A major drawback of tensor product surfaces now 
becomes apparent: the subdivision of a single patch has a global effect in that it forces to 
split all patches of a whole row. The effect is that many tiny patches result far away from 
the place where extra patches are needed. 



Constrained optimization is also used by [MS92] . However, the interpolation con­
straints must be specified at the edges of the patches, and a complete network of edges to 
be interpolated must be specified first. No interpolation curves ether than patch bound­
aries in the network cain be specified. First the network and then the surface is optimized. 
Since their surface optimization step leaves the network unchanged, the final surface need 
not be truly optimaJ. 

Triangulair patches are used by [CG91] . Forces are included in the energy functional 
to model the surface. No details on oonstrained interpolation are given, hut only linear 
constraints that directly eliminate some variables are allowed. 

3. lnterpolation constraints for triangular surfaces 

In this section we introduce new techniques for constrained optimization of triangular 
surfaces. We use a piecewise surface S of triangulair Bézier patches, each patch Ti being 
defined by Equation 1 as the weighted sum of the control points of the patch: 

Ti(u, v, w) = L Pi,j,1oBrj,k(u, v, w), 
i+j+k=n 

such that the surface satisfi.es given interpolation constraints, and minimizes the energy in 
Formulae (8) and (9). In this section we formulate the constraints in terms of the control 
points. Let us again denete the vector of control points of Ti with X1. The objective is to 
generate lineair constraiint equaitions on the control points, i.e. a set of equations F1X 1 = G1, 

and to provide good starting configurations for the minimization process. Since patches 
that are adjacent in S have control points in common, we use a vector X of all distinct 
control points of S, and gather aill constraints into a global set of equaticms F X = G. The 
vector of control points X contaiins the variables that must be solved in the constrained 
minimization task: minimize xr A X (Equa,tion 12) subject to the constraints F X = G. 
The way the control points are c0mpl!l!ted so as to minimize the energy functional while 
satisfying the constraiints is discussed in Section 4. 

3.1. Point interpolation 

The point interpolation constraint equation S( uo, va) = P in terms of the Bézier control 
points is 

L Pi,j,1oBrj,1o(uo, Vo, wo) = P, 
i+j+k=n 

where uo + va + wo = 1. To make this constraint linear in the control points, we have to 
assign values to uo and va. The obvious heuristic choice for uo and v0 is the value for which 
an initial surface So ( uo, va) is closest to P, as clone for tensor product splines by [Kal93] . 
It is shown for curves, however, that better results are obtained (i.e. a lower energy of the 
final curve) if the curve is made to approximate the interpolation point before assigning 
vaJues to u0 and ~o [KGM91]. 

We therefore construct from So a surface S1 that approximates the interpolation point. 
First we determine the patch To of So that contains the point closest to P. Then we 
determine control point Pio,io,ko of To closest to P, and place it at the position of P. 
The control points at distance one from Pio,io,ko in the control polyhedron, i.e. PiJ,k with 
i = io ± 1, j = io ± 1, k = ko ± 1, i + j + k = n, are translated by the vector (P- PiJ,k)/2; 
their new position is half way their old position and P. If any of these control points lies 
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Figure 4: Two endpoints in on patch. 

on the boundary of the patch's control polyhedron, the corresponding control point of the 
neighboring polyhedron is also translated. Hence, if Pio,io,ko is a vertex, then the total 
number of control points moved is one plus the number of incident patches. If Pio,io,ko is 
not a vertex, the total number is seven. The surface S1 thus obtained may arbitrarily bad 
approximate point P, but mimics the final surface in many cases. Finally, uo and vo are 
assigned the val ues for which S1 ( u0, v0) is closest to P. 

Using this method, multiple point interpolation constraints for points close together 
affect each other. Even worse, there may not be suflicient degrees of freedom to satisfy all 
constraints. TherefoFe, each patch may satisfy only one point interpolation constraint. If 
a second one is specified, the patch is split at the parameter values half way the two. 

3.2. Curve interpolation 

The curve to be interpolated is an arbitrary piecewise polynomial C(t), piecewise defined 
on intervals [ti, ti+1]- C may for example be a piecewise Bézier curve or a B-spline curve. 
Since it may be impossible fora single surface patch T to interpolate several segments C(t), 
t i $ t $ ti+1 , some appropriate patches To of the initial surface S0 are subdivided. Con­
strained optimization with respect to the energy functiona!ls (8) am.d (9) can be achieved 
by an iterative process, whose efficiency heavily depends on the starting values, see Sec­
tion 4. We therefore opt for a two step procedure. First we make the surface satisfy the 
constraints by subdividing some of the patches and suitably setting control points. Later 
we optimize the surface with respect to the energy functional while still satisfying the 
constraints. 

Let C(t) be a single polynomial curve of degree k, and assume without loss of generality 
that this curve is in Bézier form. We distinguish three cases: the two endpoints of C(t) 
lie in one patch, in two adjacent patches, or in two non-adjacent patches. 

Case 1: the two endpoints of C(t) lie in one patch. In this case we split the patch in 
five triangles by successive subdivision as illustrated in Figure 4. The parameter values 
at which to split the patch are determined as described in Section 3.1. The control points 
associated with the common boundary of the triangles T1 and T2 are now set equal to 
those of C(t). 

Case 2: the two endpoints E1 = C(O) and E2 = C(l) lie in two adjacent patches. 
We determine values ui, Vi , Wi at which the patches should interpolate Ei , i = 1, 2 as 
described in Section 3.1. Next we subdivide both patches at these parameter values into 
three triangles as illustrated in Figure 5. Now let D(s) be the Bézier curve that is the 
common boundary of T1 and T2 (see the figure). Then we determine values t0 of tand 80 
of s such that t he distance between C(to) and D(so) is minimal, by the numerical method 
described in [RB90]. C(t) is subdivided at C(to) into two curves 0 1 and C2, and the Ti 



(b) 

Figure 5: Two endp>@mts iiil twCil aàja0ent p>a,tches. 

are subdivide~ art D(sa) iE.t® tw@ triangles Til a:ncl Ti2 , as sht@wn tE. Figure 5. The c@ntr©l 
p>oints of the comm@n boundary of Til a,ncl T'f,2 are set t@ the O©E.tii@l p>(?)ints of Ci, ri, = l, 2. 

Case 3: the endpCilints ©f C lie in tw® .Fl©n-acljacent paitches. First we determine the 
two tria:ngles c@rresp@nd!iE.g to these encdpoints as in Secti@n 3.ll, tib.en we :find a secquence 
of patches Tj, j = 2, ... , k- l betweeE. those two b>y ai waililting [ll)r@0edl/lll"e, cf. [GS85]. Next 
we subclivfole <D(t) into curves Cj similar t0 case 2, as i!hlustraite~ in !Figu.re 6. Eaoh curve 
Cj is split at Cj{ ½ ), j = 2, ... , k- l, ain<d triaingles T1, T2, ... , Tk-i, a:n<d Tk are Sl!l~<divfol.ecl 
with respect t© C1(O), C2(½), ... , Gk- 1(½), a:ncd Ck(l) Iiesp>ectively, as in Secti@n 3.l. We 
now have a sequence of }')airs @f triaingles as in Figure 5b aimd f@lfow tlïie p>r@cedure @f case 2 
from there on. 

In aJ1 three cases the Jl)artches ml!lst ibe @f sufficiently lïiigh €1.eg["ee to set the o@ntrel 
points of parteh boundaries equaJl to th0se @f the interp@laition eurve. SJi>eci:ficaJlly, tib.e 
degree @f the p>artches may not be lower thain the Cl.ll"ve's (lfegree. 

Note further tha,t the :figures slïiow only ai schemartie situaiti©n. 'iFhe curve t© ilr.>e interpe­
late<d does E.ot ailli-ea<dy lie on pa,tches @f Sa; tlïiese patches ml!lst be def@rme<ll. tCil inter!li>©late 
the curve. Even if tlile curve behaives wil<diy it wHl be fuly m.terp>Ciliated, l:!)11@vided that the 
cdegree of the patches is slllffieienUy high. 

3.3. Norrnal i1nter:polati0n 

$up,p>ose thait the smace n@rmail N must be interJi)oiaited ait [P(l)i,nt T(ru0 , va, wa}. tet us 
take two cderivative vectors lïiaivfo11.g cdiffeFent clirections, f@r exélJiiJilp>ie tib.e fuecti@ns d = 
{O, 1, ID) - U, ©, ID) = (-1, 1, @) aE.d e = {@, 0, l!) - (], @, @~ = (-1, ()), ll). llJsiE.g E<4!uaition (2) 
we get V d1i' = n(L - K) a:nd V cT = n{M - K}, where 

K = L Pi+l,j,kBf,;:l(rua, rva, w0), 
i+J+k=n-1 

L - L Pi,j+l,kBf,i,l{ua, rvo, wa), 
i+j+k=n-1 

M = L Pi,i,Jc+1Bf,;:t(ua, va, wa). 
i+.i+k=n-] 
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Figure 6: Two endpoints in two non-adjacent patches. 

The constraiint that the partial! derivatives be perpendicular to Nis equivalent to N • (L­
K) = O and N • (M - K) = 0. For prescrioed N, these equations are linear in the control 
points Pi,j,lc. 

4. Computational methods 

Sufficient detail to implement the constrained optimizaition methods for variational sur­
faces reported in the literatme is rarely priovided. Fm a quadratic prograroroing problem 
with lineair equality constraiints, the equaitions forIIlÎlil.g the staE.dard solution are linear, 
and thus can be solved by stam.cfarid procedures. 

If the energy funetion is quadratic in the control points, then l.l!Ilconstrained optimiza­
tion can be written in matrix form as 

(13) 

where X is the vector of all n Bézier control points of the surface, and A is an n x n 
matrix. Provided that A is symmetrie (whieh it is in our case), the solution to (13) is 
given by the linear equation 

AX+B=O, 

which can be solved by standard techniques [PFTV88). 
If all constraints are linear in the control points, they can be gathered in matrix form 

as 
FX=G, (14) 

with F an m x n constraint matrix and G a vector of size m. For the constraints to be 
non-conflicting, at least the number of linearly independent constraints must be smaller 
than or equal to n. By Gaussian elimination and backward substitution, cf. [PFTV88] , 
Equation (14) can be written as F' X = G' with elements !Ij of F' such that /Ij = O for 
i > j , which can be t ransformed into 

X=HY+Xo, (15) 



with Y a vector of (n-m) components of X, and Han nx (n-m) matrix. The constraints 
can be enforced by substituting (15) into Equation (13), and minimizing with respect to 
Y, i.e. by sol ving 

[HT A H] Y + HT ( A Xo + B) = 0. 

Substitution of Y into Equation (15) gives the solution for the control points X of the 
constrained optimized surfaioe S. 

If the optimiza,ti©n problern is not q11atdr81tie or the eonstraints a,11e n@n-linear, such 
a standard direct method cannot be used. Moreover, for interactive aipplications it is 
importoot to have fast feedback, probaibly presenting only approximate optima! results. 
Such an approach is provided by iteraitive solution methods. Although the totaJ amount 
of computa,tion in the iterati.ve a,pproaeh maiy be lairger ïtha,n i;rn the direct meth0d above, 
the iterations carn be stopped art an eairly sta,ge to present the intermediaite result. After 
an interactive design session, the surfaoe ca,n be computed in full precision. 

Lagrange methods are a,ttractive as generaJl purpose method becaiuse they are globaJly 
convergent, possess g@od locail 0onveFgent :p,r@perties, a,nd can be arpi[i>lied to problems with 
equality and inequa,lity constraints. We follow (Lue89]. Oonsider the genera! constrained 
optimization problem 

minf(X) 

subject tG 

h(X) = 0, 

where X is again the vector @f aJll Bézier control p0>ints of tke smface. It is convenient 
to intFoduce the so-caJled La,grangian, tdefineeo] as l(X, >.) = j(X) -t >-.Th{X), where >. is 
a vect~r of a,uxiliary variaibles, the La,grange multi:p,liers. The necessairy conditions for a 
solution of this problem are given by 

v'l(X, >.) = 0 

h(X) = 0, 

Newton's method solves this system by solving the lineairized version iteratively. Given 
Xk a,nd. >.k, the new soh1tion Xk-f-1 = X1c + dk, >.k+1 = >.k + y,k is determined from th.e 
Newton equaitions 

'vl(X1o, >.kf + L(X1c, >.1c)d1c + 'vh(Xkf Yk = 0 

h(X1o) + 'vh(X1c)dk = 0, 

where L(Xk, >.k) is the Hessia,n of the Lagra,ngian l(XK, >.1c). 
The Newton e<quaitions have ai unique so1ution. If the linearized system is nonsingular 

at the solution, and if the initia:l vaJl!ues @f X1c a,nd >.1c are sufiieiently close to the sohition, 
the method wiill <s:onverge with @reder tw@. It is theref@rei...mp0rta,nt tG ha,ve a good starting 
configuration, which is 19rnvided by the techniques presented in Section 3. 

5. Concluding remarks 

This paper has introduced constrained optimization techniques for triangular surfaces. 
The surfaces are specified through interpolation constraiints consisting of points, curves, 



and normals. Non-linear optimization techniques are used to minimize an energy func­
tional in order to make the surface smooth. We have given explicit constraints in terms 
of the surfäce's control points. 

The use of triangular patches raither than the ubiquitous tensor product surfaces pro­
vides additional surface modeling power. One major advantage of our techniques of con­
strained interpolation by means of subdividing triangular patches is that the effect is only 
locail. Parts of the sl!ll'fä0e remote from the pa,rt that interpolates prescri bed data is are 
not unnecessarily subdivided. By contrast, the subdivision of tensor product surfaces has 
a global effect. 

Another advantage of the methods introduoed in this paper is that they provide good 
stairting configurations for an iteraitive optimization process. Such. an iterative compu­
tational scheme is suitable for interactive use, because intermediate results provide fast 
feedback. A good stairting position is essential for many iteraitive procedures in order to 
arrive close to the optimail solution a,t an early stage in the iteration. 

StandaFd tools and our own methods are €1!lfrenUy put together into a prototype system 
for variational surface design. 

Sufficient algorithmic and implementational information is providecl so that an expe­
rienced practitioner can reproduce our methods. 
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