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Both constraint-lDased élJDd object-oriented modeling atFe wideEy used aibstrac:tions in ·computer graph­
ics. This paper discusses ·the complex:ity o:f con.straiin·t satisfaotion, a,nd the effect of lnfox ,ï1ation 
hiding.. On the one hain,d, powerful constraiint satisiaction is necessël!Fily globaJ, a.nd tends to break 
inf01·nlation hieling. On the other 'JJ1and, pFesewing strict infoli1r1aition hid.ing increases the com.plexity 
o{ constraint saitis(action, or severe1y limit;s toe power of the constraiin1~ solve11. Ulti111ately, 1rrnder 
striict information hlding1 aenstra.int saitisfaction on compl.ex objects c.annot be guara.nteed. 

1. 1 nttrod ructiorn 
• 

Graphics systems are typically very large integrated :programs tb.at use a wide range of techniq_ues. They 
may deal with various t-ypes oi! data and aillow c011cun,ent interaction with a user a,nd between a large 
number of agents/ a.ctors/ active 0bjeets. A well founded and appropriaifle 11nderlying abstracti.on is needed 
to deal with the complexity of compu·te.r graphics. Th.e rum of any abstraction is to priovide a context 
within which prob.lems can easily be solved, and ·to provide a foir111al frameworl< foF thinlcing about the 
solutions and implementing them.. 6Jbject-orien.tedness J!)rovides such oo 11oderlying abstraction to deal 

0 
with complexity [Blake and Wiflkirchen, 89]. 

The concept of constraints is anoth.er such abs,tracti.on. Constrain,ts specify relations between objects 
which must be ma.intained. When a change occurs to one of the eonstraûned 0bjects, all affected objects 
must be adjusted such that all the constraints remaj_n satisfied. 'fhere are two aspec·ts to constra.ints: 

• Des.cription: constra,ints specify the relation between objects; this is tl1e declarative aspect. 
• Satisfuction: in order to so.lve a set of constFa,ints, methods of oons·traiint satisfaction have to be 

given; this is the pr0cednral aspect. 

Progra.mmiog with constraiots is a fortci of declarative programming. A declarative program specifies 
the rela ·ions which have to hold in the results of tl1e computation. Ii speci.fies what the result of the 
computation should be, not how to go about tl1e computatioa. The underlying solving engine takes care 
0f the procedural pai'i, and has to resolve the constraints in order to p1·oduce the solutio,n. The principal 
benefit of declarative approaches is that they shift the burde:n of cleciding how something has to be done 
from the application progra.1nmer to the system environment he is working in. 

The use of con raints in managing t.he complexity of designing interactive g1·aphics syst,etns dates 
baclc to the earliest days of inte1~active grapl1ics ( consider St1therlancl 's Slcetchpad from the eMly sixties 
[Su herla.n.d, 63]), and till receives much at entio,n. It has an intuitive appeal to regard the requirements 
of mo,del , in.teraction, or animation as cons.traints that have to be maintained .. The stren.gth of con­

rain · s in ompu ter graphics is the rich set of associations with the mod.eJed reality: reality often behaves 
like it i driven by oDB ,rajnts. 
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A concept complementary to a,bstraction is encapsulation. Whereas rubstraction focuses on the observ­
able behavior of an object, enca,psulation focuses on the implementa:tion behind that behavior. Encap­
sulation is the process of compartmentaJizing the elements of a,n abstraction that constitute its structure 
and behavior. It serves to separate the contractual interface 0f oo abstraction ood its implementation 
[Booch, 94] . 

Encapsulation could be achieved by physicaJ separation, e.g. residing the daita structures a,nd methods 
of each object on a priva,te processor. Enca,psulation is most otten achieved through information hiding, 
i.e. the process of hiding alll the secrets o'f an object tha,t do not contribute to its essentirul characteristics. 
Typically, the structure of an object is bidden, as well as the imrilementation of its methods [Booch, 94j • 

The justification for combining objects a,nd constraiints derrives from the fact that it addresses the 
problems of complexity in lairge interactive g1·ruphical systems which arises on two fronts. The first is the 
complexity inherent in specifying the behavior of ainimaUions rund interactions with many components or 
objects. Cons·traints aJlow the declara,tive modelli.ng @f the behavior of suoh systems. The second front is 
the complexity due to the fact thait we are deaJling with Ja,rge software systems. Sound software engineering 
principles, such as da,ta encapsuJa,tion, ébre needed to c@pe with la:rge complex software systems. 

Abstraction a,nd enca:psula:ti0n combine weU in the Object-Orien1Jed Pruradigm. However, the combi­
nation of objects with constraints fits less well. In generall, we d.istinguish two incompa,tibilities between 
constrain·ts a,nd object-oriented con@epts (Bla1ke et rul., 9il!]: 

• a constraint solver looks rut, a,nd sets, the constFa,i,ned objects' internrul da,ta, which conflicts with 
the data encaipsulation concept 1n the @bject-@riented r>a:rad!i~; 

• object-oriented progrnmming is imperative, wilille c@nstra,int pr@gra:mming is declarrutive. 

This paper diseusses one aspect oii the first incompatilbility. rnt aippears tha,t mG>st constraint systems in an 
object-oriented environment infringe ~he informa:ti@n hlding principle to s@me extent. lt is 8iil interesting 
question if strict informa:ti0n hiding limits the poweF of oonstraint satisfaction a,nd may increase the time 
complexity to exponentiélll orders. ]n this pa,per we consider the effect @f information hiding on the time 
complexity of constraint satisfaction. 

2. Constrairrit satisfadi@n 

Formally, a constraint sa,tisfaction problem (<CSP) can 'b>e specified 'b>y a 'fini tie set of -va:riaJbles v1, ... , Vn, 
a domain D i of possible va:lues for eaeh Vi, a,nd a set 0f constrnints C1, ... , Cm . S@lvi.ng a: CSP is :finding 
a valuation ( s 1 , . .. , sn) E D1 x ... x Dn of toe va,riaibles for which aill constraints a.re satisfied. A domain 
can be explicit, e.g. a finite enumeFation of va,lues, @r implicit, e.g. N for an integer iVél,riable. In the latter 
case the constraint solver must have knowledge aibout the domain of va:rirubles in order to generate correct 
values. For instance, it may not generra,te rea:l vadues for a,n integer varialbre. 

Possible va,ria,nts of the CSP are: fiincl a single solution ,vailua,tion), find all solutions, :find a best 
solution, find the number @f solutions, determine sa,tisfiability (whether or not a solution exists). 'fhe 
satisfiability variant is the simplest one (indeed, it follows from ruil the @thers), a,nd even this one is 
in NP: it is in the class of Nondeterministic Polynomirul-b0unded problems, i.e. it can be solved by a 
nondeterministic algorithm in polynomiall time, hut there is n@ deterministic a!lgorithm known to solve the 
problem in polynomial time. It is even NP-complete, i.e. if there were a: polyn@mial-bounded a!lgorithm 
to solve the problem, then there would be a polynomia:1-bounded a!lgorrithm for each problem in NP. 'fhis 
can be deduced from the fact tha,t the sa,tisfia,bility va,ria,nt can be converted in polynomial time into 
the CNF-satis:fiability problem, which is NP-complete [Baase, 78]. The CNF-sa,tisfiability problem is to 
determine if there is a truth assignment (a way to assign the va!lues true a,nd faJlse) for the variables 
in a logical expression in conjunctive normal form (CNF) suoh that the va!lue of the expression is true. 
A logical expression in conjunctive normal form is a sequence of cla,uses separated by conjunctions (A), 
where a clause is a sequence of va.riables and nega,tions of va:riables separruted by disjunctions (V). 

Because the general CSP is a hard problem, sa,tisfaction algorithms are aften slow. In order to obtain 
{aster aJgorithms , one can confine the domain of the constraints rund the variables and exploit some of the 
specific k:nowledge of the domain . The time complexity of suoh specia!lized constraint satisfaction depends 
on bath the domain and the kind of constraints. Symbolic solution of the algebraic expressions describing 
geometrie constraints is known to be .NP-hard; tree structured constrnint networks can be solved in linear 
time; linear constraints over real numbers are solvable in polynomial time; a single polynomiaJl constraint 
of degree higher than four does not even have an analyticaJ solution; and the complexity of solving 
polynomials on integers of degree higher than two is still unknown. 



Figure 1: Example of the Linkage Positioning problem . 

There are basically two different models that constraint solvers can use for determining solutions 
(values for variables) to the constraints: the alternation and the refinement model. In the alternation 
(also caJled perturbation) model, each variable Vi gets assigned a single value Si. ff a variable's value does 
not satisfy the constraints on it, the constraint solver tries aJterna,tive va.lues from its domain (possibly 
eliminating the incorrect value fuom the domain). Satisfaction is completed if each variable has a solution 
such that all constraints hold. After satisfaction, the current domain of each variable can still contain 
values that do not satisfy constraints. In the refinement model, each variable Vi gets assigned a subset S, 
of its domain Di· lf a value Si in the proposed solution Si does not satisfy the constraints on Vi, then the 
constraint solver eliminates that vaJue. Satisfaction is completed when the solution set of each variable 
satisfies the constraints on that variable. After saitisfaction, not every vruluation (s1, .. . , sn) E (S1, ... , Sn) 
needs to satisfy aJ.l constraints, but for every Si E S,, vallues s1 E S1, j i= i can be found that satisfy all 
constraints. 

Many constraint solvers in computer graphics use the aJternation model with continuous domains of 
the variables. Many algorithms in artificial intelligence use the aJternation model with discrete domains. 
Iu constraint logic programmiug the refinement model with c0ntinuous domaiins is mostly used. The two 
approaches can also be combined, as illustrated in a geometricaJ context in [Veltkamp, 95]. 

3. The Linkage Positioning Problem 

In this paper we use the following running example. Let R = {ri, .. . , rm} be a set of m rods. The set of 
end points of these rods is P = {p 1 , ... , Pn}, a set of n points Pi = ( x,, yi) in IR.2 

. Each rod r, ha.s a fixed 
length d;, . The rods ri are alternatively denoted as its pair of end points: r, = (p. 11 p,2 ), i1, i2 E {1, ... , n }. 
The length of rod (Pi

1

, Pi
2

) is alternatively denoted as di
1 

i
2

• The rods form a single linkage structure; if 
two rods are joined, then they share an end point . Let W = { w1, . . . , Wk} be a set of k vertical walls {in 
lR.2 ); each w, is represented by its x-coordinate. The rods must be positioned on the walls in such a way 
that the endpoints of each rod lie on different walls. See figure 1 for an example. 

This Linkage Positioning problem can be modeled as a constraint problem in various ways. 

Constraint Problem 1 (CP-1) 

The set of constraint variables is V = {p1, . .. , Pn}. The domain of eaoh variable ( x,, Yi) is W x Ill The 
constraints are a set of m binary constraints 

i1,i2 E {l, ... ,n}. 

Constraint Problem 2 (CP-2) 

The set of constraint variables is V = {ri, ... , rm}. Each variable is responsible for maintaining its 
internaJ integrit,y, i.e. it retains a fixed length. The domain of each variable r, = (pi 1 , p;2) is (W x lli)2 . 

The constraints area set of m unary constraints r ,.p1 .x i= ri·'P2·X for each rod r i = CP1,P2) in the 
structure, and q binary constraint.s r ,1.pj1 = r,i·Pn, j1,J2 E {l, 2}, for each pair of incident rods r ; 11 r;1• 
The g binary constraints construct the linkage, and the value of q depends on the structure of the lin.kage, 



bui i t le t m - 1. L L gi be the number of rods incident to point Pi, then 

n g,-1 

q= I: Li• 
i=l j =l 

If the maxima! number of rods incident to a point is constant (independent of n or m) , i.e. max,{gi} = 
0(1) , then q = O(n) . If a constant number of points have g; = O(n), then q = O(n1). If O(n) vertices 
have g, = O(n) , then q = O(n3 ) . 

Constraint Problem 3 (CP-3) 

The constraint variable is the whole linkage e. The domain of this variable is (W x li)n . The linkage 
should maiintain the fixed lengths of the rods, and the incidency relations between the rods . As in CP-2, 
there are m unary constraints l .r; .p1.x f. e.r; .p2 .x, for each rod ri = (p1 ,p2) in the structure. These are 
unary constraints on the single linlcage variable. 

Typically, the internal variables of the objects are the points, and they attain a value from W x IR, or 
they are unspecified, i.e. have no value yet. Instead of restricting the domain of the x; 's to W in each of 
the three constraint problems above, we could let the domain be IR, and add extra unary constraints to 
place the points on the wal!. 

The Linkage Positioning Problem illustrates different types of constraints (unary, binary) and different 
types of domains (discrete, continuous) . It is suitable to demonstrate both the alternation and the 
refinement models of constraint satisfaction. 

The Linkage Positioning Problem is equivalent to a famous problem in computability and complex:ity 
theory: (k-)Graph Coloring. The problem there is to assign a color from a given set of k colors to each 
vertex of the graph, such that vertices connected by an edge have different colors. The set of vertices 
corresponds to P from the Linkage Problem, the set of edges to R, and the set of colors to W. The 
condition of 'different colors' corresponds to 'different walls, plus fi.xed distance'; bath conditions take 
constant time to check. Just like genera! constraint satisfaction, k-Graph Coloring is known to be NP­
complete [Baase, 78] . Determining if a graph is 2-colorable is easy (polynomial). Determining if it is 
3-colorable is NP-complete. It is still NP-complete if the graphs aire planair and the maxima! degree is 
four . If the maxima! degree is at most two, the k-coloring problem is easy. Coloring bipartite graphs 
( e.g. trees) is also easy. 

4. Constraints vs information hiding 

Consider the following constraints on rods r1, r2, r3: 

r1 • Pl = r2 .p1 

r2.p2 = r3.p1 

r1 . P1 . x i= r1. p:a. x 

r2 -P1. x -=I= r 2 -P2. x 
rs . P1 . x -=I= r3 . P2 • x 

A possible olution is the following (for some y) : 

r1 •Pl = ( VJ 'y) 
r1 -P 2 = (112' y+✓(r1.length)2 - (w2 - w1 )2 ) 

r2 •Pl = (v1,y) 

r · P2 = ( 112' y-J(r2.length)2 - (112 - wi)2 ) 

r 3. p1 = (w2, y-✓(r2 , length)2 - (w2 - vi)2 ) 

r 3. p2 = (w1, r 3 .p1 . y+✓(r3 . length)2 - (w 1 - w2)2 ) 



Information hiding is first violated by the constraint expressions, and then by expressing the solution. 
To avoid this problem, approaches based on message passing have been proposed . For example, in 
[La:ffra and van den Bos, 91], the methods of an object that may violate constraints are guarded by so­
called propagators . The propagators send messages to other objects to maintain the constraints. This 
technique is similar to the pre- and postcondition facilities in Go [Davy, 91] [GoPATH, 93) . This approach 
is limited to constraint maintenance (i .e. truth ma,intena,nce, as opposed to sta,r ting with an inconsistent 
situation tha,t is then resolved), and not further considered in this paper . 

A more powerful technique is presented in [Wille, 91] . There, the constra,int solver produces a set of 
programs that solve constraints which are staited in the form of equa,tions. It translates a declarative 
constraint equation into proceduraJ solutions in terms of messages back to objects . 

The problem is the local character of the solution. More powerful sol u tions are necessarily global 
in nature. The <langer is t hat all objects need methods to get a,nd set their internaJl data. This how­
ever , allows every other object to get and set these values, which is clearly aga,inst the object-oriented 
philosophy. 

One way to restrict this , is to have an object a,llow vailue setting only when its internal constraints 
remain satisfied (see [Rainkin, 95]) . A constraint could be made interna,l by constructing a 'container 
object ', which contains the constra.int and the opera,nd objects, but this does not solve the basic prob­
lem. In particular, the state of active objects cannot be changed without their explicit cooperation. 
(Active objects, or actors, conceptually have their own processor a,nd behave autonomously, which is 
typical in animation and simula,tion.) AnotheF a,pproach is to limit access to private data to constraint­
objects or the constra:int solver-objects only. For example C++ provides the 'friend' declaration to 
grant functions access to the priva.te part of objects. 1'his is aJso comparable to the approach taken by 
[Cournarie and Beaudouin-La:fon, 95], where special variaJbles (slots) a,re aocessible by constraiints only. 
One can argue that encapsulation is still violated (aind specificailly that the C++ friend construct could 
be easily misused). 

This raises the question how strict informartion hiding aJfects (the complexity of) constraiint satisfac­
tion. In the following sections we will review a number of oonstra.int saitisfaction methods, determine 
their time complexities, and illustra,te thait with the particula,r time complexities for the instances of the 
Li.nkage Positioning Problem. 

5. Backtracking 

The first constraint saitisfaction ailgorithm we consider is backtracking. The basic operation is to pick one 
variable at a time and assign a vaJue from the domai,n to it. If the assignment viola:tes some constraiints, 
another value, when avaiJable, is chosen. If all vairiaJbles arre assigned a vaJue, the problem is solved. li at 
a.ny stage no value can be found for a pairticulair varia,b]e without violaiting any constraints, the variable 
which was last picked is revised and an ailternative vailue, when available, is assigned to that variable. 
This carries on until either a solution is found or aJl1 combinations of va,lues have been tried and have 
failed. 

Below, the ba.cktrack a,Jgorithm is given in pseudooode (see [Tsang, 93]). 

BT (V, C) 
{ if (V=={}) return TRUE; 

v = V. select() ; 
do 
{ s = v.domain().select(); 

v . assign(s); 
v .domain().remove(s); 
if (v violates no constraints in C) 
{ success = BT(V - {v}, C); 

} 

if (success) return TRUE; 
} 

} while (v . domain() # {}) 
return FALSE Il no solution found, backtracking is done 



This recursive algorithm is called with a set of unassigned variables V and the set of constraints C. Each 
time BT is called, it picks a value from the doma,in of the current variable, assigns this to the variable, and 
removes the value from its domain. Then is tested if the current assignment together with all previous 
assignments violate any constraints in C. If this is the case, another value from the variable 's domain is 
chosen . If the domain runs empty, no solution can be found for this particular variable and backtracking 
is performed. 

Backtracking is applicable in the alternation model of satisfaction with discrete domains. If there are b 
variables and the maximum initia! domain size fora variable is a, there are at most ab candidate solutions. 
Every ca.ndidate solution can be checked against all constraints in C. If the number of constraints is e, 
then the comple>..'i.ty of the algorithm is O(eab) . 

5.1. Linkage Positioning Problem 

The backtracking algorithm assumes the domains of a variaJble to be discrete and :finite. In Constraint 
Problem 1 (CP-1) of the Linkage Positioning Problem, the do.main of each variable is Pi (= (xi,Yi )) is 
W x Ill In order to be able to apply the backtracking algorithm, we have to restrict the domain to W 
only. The y-coordinate of a point is continuous, and its value is not lmown at the time a value is picked 
for the x-coordinate. Therefore, we change the binary constraint d(pi 1 , Pi2 ) = di

1 

ia into lxi
1 

- Xi
2

1 < di
1 

i
2

, 

with i1, i2 E {1, ... , n }. This farces connected points to lie on walls whose distance is smaller than the 
fixed distance between Pii and Pi2 • If there are no cycles in the linlcage structure, the y-coordinates are 
of no significance: if the x-coordinates have va.lues which do not violaite the constraints, proper values 
can always be found for the y-coordinates in time linear in the number of variables. The complexity is 
in that case O(mkn). 

In CP-2, the set of constraint variables is V = {r1 , ... , rm}· The domain of each variable Ti = (Pii ,PiJ 
is (W x IR)2

. The unary constraints must be extended with llxi
1

, Xi
2 

Il < di
1 

,i
2

, to assure that the rad 
objects can always retain their fixed length. In order to be able to apply the backtracking algorithm, we 
restrict the domain to W 2 only, which bas size k2 . The time complexity changes aocordingly. In the case 
the linlra.ge structure contains no cycles, there aire k2m ca,ndidate solutions. For every candidate solution, 
all constraints will be checked. The number of constraints is m + q, so the complexity of the algorithm 
is O((m + q)k2m). 

In the case of CP-3, the single variable is a complete linlcage. An assignment to this variable is a 
tuple of n walls. The size of its domain equals kn , which is ailso the number of candidate solutions to the 
problem. For every candidate solution, all cons·traints have to be checked. The number of constraints is 
m, so the complexity of the a:lgorithm is O(mkn), which is the same as for CP-1. 

6. Node and are consistency 

Node and are consistency applies to the refinement model of constraint satisfaction. We call a constraint 
satisfaction problem node-coruistent if and only if for all variables, aill vai.lues in its domain satisfy the 
unary constraints on that variable (cf. [Mackworth, 77]). 

The following algorithm achieves node-consistency for discrete domains: 

NC (V, C) 
{ for (each vin V) 

} 

{ for (each value sin v.domain()) 
{ if (unary constraints from Con vare violated) 

remove s from v.domain(); 
} 

} 

If the size of each domain is at most a and the total number of unary constraints is e, then the time 
complexity of this algorithm is O(ae) . The algorithm is easily adapted for continuous domains. The time 
complexity then is O(Re), with R the time needed to check a single constraint . 

We call a constraint satisfaction problem are-consistent if and only if for all values in the domain of 
each variable v, and for all constrainls c on v, we can find a value in the domain of the other variables of 
c such that the constraint is satisfied ( cf. [Mackworth, 77]) . 

., 



Th following algorithm for achieving arc-consistency ass umes ·that the constraints are unary or binary, 
and have discrete domains. For each binary constraint c on variables v1 and v2, the domains of the 
variables are xamined separately by the metbod revise . When the domain is examined, all values are 
del Led which do uot satisfy the constraint. If any value is removed, Lhe oLher constraints on the variable 
must be reconsidered. 

First the method revise of a Constraint : 

Constraint : : revise ( v1, v2) 
{ changed = FALSE; 

} 

for (each s1 in v1 .domain()) 
{delete= TRUE; 

for (each s2 in v2.domain()) 
{ if (check(s1,s2)) 

{delete= FALSE; 

} 
} 

break; 

if (delete) 
{ v1 ,domain().remove(s1); 

changed = TRUE; 
} 

} 
return changed; 

The following simple algorithm for arc-consistency is called AC-3, after [Mackworth, 77] : 

AC-3 (V, C) 

{ NC (V, C); 
while ( NOT C.empty()) 
do 
{ C.select(c1, Vt, v2); 

C.remove(c1, v1, v2); 
if (c1,revise(v1,v2)) 

} 
} 

for (each (c2, v2, V3) i- (c1, V1, v2)) 
C.add(c2,v2,v3); 

It.s time complexity is O(ea3 ), with a the maximum domain size and e the number of binary constraints, 
which is linear in the number of constraints. lf the constraint graph is planar, then the time complex:ity is 
also linear in the number of variables [Mackworth and Freuder, 85] . A less simple hut optimal algorithm, 
AC-4, is presented in [Mohr and Henderson , 86]. It has time complexity O(ea2). 

The algorithm is easily adapted for continuous domains, hut termination of the algorithm then is not 
as ured. The time complexity becomes O(>.Re), with >. the number of loops taken in the algorithm, and 
R the time necessary to revise a constraint. 

Achieving node and arc-consistency does not solve the constraint satisfaction problem. These algo­
rithms are used to reduce the search space of the problem. E.g., when there are no cycles in the constraint 
graph, achieving node and arc-consistency implies that the graph is backtrack-free, i.e. a solution can be 
found without backt.racking [Freuder, 82]. In a backtrack-free graph, a solution is found in time linear in 
the number of node [Dechter and Pearl , 88]. When there are cycles in the graph, additional algorithms 
hav to be used to reduce the problem, such as the recognition of certain patterns (e.g. k-trees) . 



6.1. Linkage Positioning Problem 

In CP -1, there are no unary constraints on Lhe variables, thus , by definition iL is node-consistent . Node­
consistency for CP-2 is achieved by removing all wall-tuples frorn the domain of a rod T i on which the 
segment cannoL \ie. These are the wall-tuples wbose distance is larger than the rod length and the tuples 
which contain two the same walls . In CP-2 the domain size is k 2 and the num.ber of unary constraints is 
m. This results is a time complexity of O(nik2 ) The dom.ain size in CP-3 equals kn, and the number of 
unary constraints is m . This results is a time comple..xity of O(mkn) for NC . 

In CP-1 , arc-consistency means that if we assign to a point 'Pi an arbitrary wall from. its domain , 
then all other points to which it is adjacent, can be placed on waJls so that the constraints still hold . 
The domain size in CP-1 is k, the number of constraints m, thus the complexity for AC-3 is O(mk3

) . 

If we assurne that there are no cycles in Lhe linlca.ge, finding oo actual solution takes an additional 
O(n) = O(m) amount of time. In the case of CP-2, arc-consistency means that once a rod is placed on 
two walls, all adjacent rods can aJso be placed. The difference with CP-1 is that the domain size has 
increased to k2 and the number of constraints has become (m + q) . The complexity of algorithm AC-3 
is now O((m + q)(k2)3). Again, if there are no cycles in the linkage, an actual solution can be found 
in O(n) = O(m) additional time. Since CP-3 only contains one variable which is the complete linkage, 
there are no binary constraints . So, if it is node-consistent, it is ailso are-consistent. 

7. Local propagation 

Propagation of known s·tates, or just local propaga,tion, can be performed when there are parts in the 
network whose states are completely known (have no degrees of freedom). The satisfaction system looks 
for one-step deductions that will allow the states of other parts to be known. This is repeated until all 
constraints are satisfied or no more known states can be propagated. If not all constraints can be satisfied, 
the remaining constraints must be resolved by, for example, numerical relaxation (see next section) . Most 
constraint satisfaction systems use some form of local propagation. For an arbitrary constraint graph, 
we can use the following local propagation algorithm: 

LP-1 (v1) 
{ for (each constraint c1 on v1) fifo.push(c 1 ,v1 ); 

while(N0T fifo.empty()) 

} 

{ fifo.pop(c1,v1); 

} 

changed = c1 . revise(v1); 
for (each v2 in changed) 

for (each c2 /c1 on v2) 
fifo .push(c2,v2); 

// effectively 
// LP-1(v2) 

Algorithm LP-1 is invoked with the variaible tha,t triggers the propagation. The constraints on the 
variables are pushed onto a first-in-first-out queue. In the while-loop every constraint in this queue is 
revised by possibly changing the varia.bles subject to the constraint other than the variable that triggered 
the constraint. All other variables that have been modified are put in the set changed. These variables 
and the constraints on them are put into the queue. Because constraints on changed variables are placed 
in a first-in-first-out queue (as opposed to an unordered set), they are guaranteed to be revised later on , 
whether the propagation is fini te or infinite. This is cailled fair propagation [Güsgen and Hertz berg, 88] . 

If there are no cycles in the constraint graph, LP-1 solves each oonstraint exactly once, and so the 
time complexity is linear in the number of constraints . Let R be the time needed to revise a constraint . 
The time complexity for LP-1 is tben O(Re) . The time R depends on the problem. For discrete domains 
of size a, Ris typically O(a) in the alternation model, and O(a2 ) in the refinement model. If there are 
cycles in the constraint graph, there is in genera! no way to determine the complexity of the algorithm 
except for the refinement model on discrete domains. E.g. for binary constraints, it becomes O(ea3), 
equaJ to the time com plexity of AC-3. For the other cases, let .,\ be the number of loops clone by the 
algorithm . The time complexity is then O(> .. Re). 

In the case that the cons traint graph contains no cycles, the variables of a solved constraint are not 
changed by the same constraint again during further propagation. However, if that value prevents other 



variables to satisfy constra.inLs, no solution is found , since backLracking is not possible . This problem 
ould be ircumvented by allowing a constrai nt to change the value of the variable it was triggered from . 

In that case, th algodthm is able Lo backtrack on assignments it made in the past . In the alternation 
mod 1 however, if no soluLion for the problem exists, the algorithm winds up in an endless loop, even if 
there are 110 cycles. (In the refinement model some domain will eventually become empt-y.) lf there are 
cycles, winding up in a loop is possible when the constraint solver persists in assigning values to variables 
that do not lead to validation of Lhe constraints, even if a solution exists. To avoid this from happening 
we can apply an alternative algorithm that deletes a value from the domain of the triggering variable , 
once a constraint on it cannot be satisfied with that value. We call this algorithm LP-2. If a domain 
becomes empty then 110 solution exists . 

If there are cycles in the constraint graph, it is possible that LP-2 keeps cha,nging values of variables 
without ever deleting them from the domain , in an endless loop. lf there a,re no cycles, the worst case 
occurs whe11 for every value which is deleted from sorne domain, all co11straints have been evaluated . This 
can happen ba times, where bis the number of variables and a the maximum domain size. Evaluating all 
constraints takes O(eR) , with R again the time to revise a constraint. The total time is then O(Rabe) . In 
the alteruation model R = O(a) giving a time complexity of O(a2 be) . In the refinement model R = C'.J(a2

) 

giving a time complexity of O(a3 be) . 
Prior to performing local propagation one can perform an analysis to plan the best order to propagate 

constraints [Sannella, 94]. It is sometimes efücient to plan how to solve constraints before actually doing 
it . For example if one drags an graphics object which is constrained and must remain constrained, the 
planning can be clone at the beginning of the drag operation, and the execution can be done in real time. 

7.1. Linkage Positioning Problem 

In CP-1, the constraiut variables are the n points. These are connected to each other by m binary 
constraints. The number of walls, which is also the size of the domain for a point, is k. H we apply 
LP-1 to CP-1, the time complexity is O(km), assuming that there are no cycles. However, as is pointed 
out above, it cannot always 'fi.nd a solution. li we use LP-2, a solution is found in O(nk2 m) time. In 
constraint problem CP-2, the variables are the m rods. The domain size bas increased to k2, because 
every rod contains two points. The total number of constrnints are the m unary constraints and the q 
binary constraints. The complexity for LP-1 is then O(k2 (q+m)). Applying LP-2 results in a complexity 
of 0( mk4 ( q + m)). In CP-3, the constraint variable is the complete linkage, consisting of n points and 
m rods. Consequently, the domain size bas increased to kn, the number of unary constraints is m. The 
resulting complexities are O(knm) aind O(nk2nm) for LP-1 and LP-2, respectively. 

8. Relaxation 

Relaxation is an iterative numerical approxima,tion technique that is often used in cases where local 
propagation fails, such as cycles in the constraint graph. Relaxation ca,n only be used on variables with 
continuous numeric va.lues. It makes an initia! guess at the va.lues of the unk.nown variables, and then 
estimates the error that would be caused by assigning these values to the variables. New guesses are 
then made, and new error estimates calculated. This process repeats until the error is minimized. The 
number of iterations can also be limited by a constant in case the error doesn't converge fast enough. 

A.n algorithm for relaxation is given below: 

RX-1 (V, C) 

{ times = O; 
do 

} 

{error= O; 
times c times+ 1; 
for (each vin V) 
{ v .guess(C); 

error = max{ error, v. error (C)} 
} 

} while (error> t AND times< À) 



The algoritlun RX-1 applies to all the variables in the set v, subject to the constraints in the set C. 

The local variables of the algorithm, times and error , denote the number of .iterations that have elapsed 
and the maximum error estimate, respectively. The variable error could also be a vector containing the 
error terms for aill variables . In the while-loop, first initia! values are guessed for the variables . Then 
the error is determined by testing the values of the variables against the constraints . The while-loop is 
repeated until the error term is smaller than a certain value 1: or the maximum number of iterations >. , is 
reached. 

Let again b be the number of variables and e the number of constraints . If we assume that a variable 
value can be guessed, and its error estimated, in time linear in the number of constraints on the variable, 
the complexity for guessing and error estimation of a!ll variables is O(be) . Since the number of iterations 
is at most À, the time complexity of RX-1 is O(>.be) . 

Although the relaxation algorithm is linear in the number of va.riaibles and constraints, in practice 
it can be slow because expensive floating point calculations have to be performed to guess values or 
estimate errors. In combination with local propagation however, relaxation can often be speeded up . 
One technique is to pick one variable, guess a vailue for it and then use local propagation to determine 
the values of other variables [Leler , 88] . This is done in the following algorithm: 

RX-2 (v, C) 
{ times = 0; 

do 

} 

{times= times+ 1; 
v.guess(C); 
LP(v); 

} while ( v.error(C) > E AND times< À) 

Assuming that v is in a cycle, propagation goes both ways, and comes back to v from two sides. The 
local propagation algorithm LP() must stop then, so that v can estimate the error. In the next iteration 
a new value can be guessed, possibly talcing into account the old and the two new vallues. The time to 
guess a value for v is again O(e). The time for LP to loop once in each directions is O(Re), with R the 
time to revise a constraint (see section 7). The total time complexity is thus O(>.Re). 

8.1. Linkage Positioning Problem 

In order to be able to use the relaxation algorithm on the Linkage Positioning Problem, we allow the 
x-coordinates of the varia.bles to be continuous and in.finite. This mea.os that the domain for points is IR.2 . 

For CP-1 , the set of m binary constraints is now extended with n unary constraints, which state that 
the points must reside on walls. Error estimation is clone by calculating distances between points and 
distances between points and walls. Theve aren varia.bles and m + n constraints, sa the complexity for 
RX-1 is O(n(m + n)>.) and for R.X-2 O((m + n)>.). 

For GP-2 , the number of va.ria.bles is m and the number of constraints is increased by n unary 
constraints to constrain the endpoints of a rod to lie on walls. The total number of constraints is thus 
n + q + m. The complex:ity for RX-1 is then O(m(q + m + n)>.), for R.X-2 O((q + m + n)>.). 

For CP-3, the number of constraints increases ton+ m, resulting in a complexity of O((m + n)À) for 
bath RX-1 and R.X-2 . 

9. Equate and OOCS 

Equate [Wilk, 91] is a constraint satisfaction system that uses term rewriting as a guide to find solutions. 
Constraints are specified as equations. Rewrite rules convert equations into equivalent sets of equations 
that can more easily be solved. This repeats recursively (zero or more times) until equations are simple 
enough to be rewritten to a set of instructions (messages to an object) . The rewrite rules which rewrite 
the equations are provided by the classes and are similar to the program clauses of logic programs. Several 
rules may apply to rewrite an equation. 

The partiaJ solutions for every constraint have to be combined in order to provide a solution program 
for the whole constraint problem. Equate uses so-called read-sets and write-sets to determine which 
instructions interfere with the accomplishments of others. These sets contain the (internal) variables of 
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bj et that ill b r ad or ritten to during tb ex cuLion of the instruction. For example, when an 
m tru tion writes t a variabl wbicb is read by another instruction B , instruction A can undo some 
of th chi v m nt of B and i th refor xecut d first. If no proper order can be found , Equate finds 
no olution. In this way, a et of solution programs is generated, which is offered to the application . The 
application must boos a solution program Crom that set to execute in order to satisfy the constraints . 

nother system, which is quite similar to Equate, is the Object-Oriented Constraint System , OOCS 
[Hool and Blake, 94] . The main difference between these systems is that OOCS does not use term 
r writing. lnst ad , an object supplies a set of solution program segmenls for each constraint that bas 
b u imposed upon it . The object guarantees that execution of any of these segments will leave the 
object in a state which satisfies the constraint. OOCS then solves a set of constraints by determining 
which program segment steps interfere with each otber. Tbis is achieved in the same way as in Eqnate 
by u ing read-sets and write-sets . By arranging the solution steps using these sets, the OOCS solver is 
abl to decide whicb are fea.sible solutions. 

Constraint solving with Equate takes the following four steps: 

1. Rewrite all the constraints. 
2. Order the pa.rtial solutions into solution programs. 
3. Make a selection out of the set of solution programs. 
4. Execute a program. 

OOCS does not perform the first step. The last two have to be executed by the application program. 
Let e be the number of constraints (initia! equations), and s the maximum number of rules to rewrite 

au equation. Let t be the maximum number of terms (instructions) in the body of a rewrite rule, and 
r the ma.ximum number of rewrite iterations. The number of rewrite steps is then O(e I::;=1 s"ti-l) = 

(e rtr- l ) . The total number of different solution programs (sets of instructions) is O(e I::;=1 (st) i) = 
( (sW), each solution consisting of O(etr) terms. 

Very little bas been written about the complexity of term rewriting. An approach to determine the 
comple>-'ity of term rewriting systems is given in [Choppy et al., 89], where a notion of the complexity 
is given by means of the cost of terms. In [Leler, 88] is mentioned that if the set of terms is strictly 
l ft-sequential, there is a fast algoritbm which can find a rule in the rule-base in time linear in the length 
of the expression to be rewritten (the head of the rule). Assuming that this length is bounded by a low 
constant number, rewriting a single equation talces constant time. The time for rewriting all constraints 
is tben O(e rtr-l ). 

In each solution program, the read and write sets of each of the O(etr) instructions have to be checked 
again t the read and write sets of all the other instructions in the solution program, requiring 0( e2 t2r) 
eb clcs. This must be clone for all the O(e(stY) solution programs, giving a total of O(e3 srt3r) checks. 

The actual satisfaction of the constraints is clone by selecting one of the solution programs and 
xecuting the O(etr) instructions (method calls). 

The total complexity of satisfaction is the sum of complexities of the separate steps. It is dominated 
by the checking of the read and write sets, i.e. O(e3 srt3r). Assuming that r, s, and t are small, relative 
to the number of constraints e, and bounded above by a constant, the time complexity is cubic in the 
number of constraints: O(e3). 

9 1 Linkage Positioning Problem 

\:Ve hall use Equate here to exemplify how the Linkage Positioning Problem can be solved using this 
trategy. The line of reasoning for OOCS remains the same. In order to use Equate, classes, constraint 
quation , and rewrite rules must be defi.ned. The purpose of Equate is to generate a solution in the form 

of a equence of method calls that satisfy constraints, rather than to generate and test individual values 
from the variable ' domains. 

In CP-1 , the object involved are points, their domain is the set of walls. It is the responsibility of 
t be point to attain value in the domain. A typical reWl·ite rule could be: 

d(point 1 ,po111f2)=exp t-

faiLunless pornt1 . wall(exp) -:/: NIL; 
point2. move_to(point1 .wall(exp)) 



where poinl1. wall (exp) returns a position on a wal! other than its current wall , at distance exp. In 
CP-1, llhe number of constraiints is m , so the time complex:ity becomes O(e3) = O(m3). 

In CP-2 the objects are the rods . Considering the working of Equélite, we choose to combine the unary 
and binary constraiints. For example, a typicaJ rewrite rule could be: 

incident(rod1 , rod2 )=TRUE {-
fail_unless unary_constraint(rod1)=TRUE; 
rod1 . rotate(rod2 ) 

where unary_constraint needs further rewriting and rod1 . rotate(rod2) rotates rod1 to be incident 
with rod2 . The number of constraints is now q. The time complex:ity O(e3 ) thus becomes O(q3

) . 

In CP-3 there is only ai single vaFi ble, the linkage structure. A typica1l method of this object is 
to rotate one part of the linkage around a hinge vertex, leaving the other part fixed . The object is 
responsible for maintaining internaJ constraints on those points that have a va,lue. As in CP-1 , the 
number of constraints is m, resulting in O(m3) time oomplex:ity. 

Equate need not aJways :find ai solution. Checlc.ing the read a,nd write sets cain be overly restrictive 
and may abort vaJid solutions. Another reason is that run time checks may fail . In CP-1 for example, in 
order to satisfy the distance constrnint, Equate moves a point to only one of the possible solutions. This 
assign.ment satis:fies the current constraint , hut it is possible tha,t it obstructs other va,riables to satisfy 
their constraiints. Equ te then suoceeds in producing a: solution progra,m, hut if the application executes 
the program, it fa,ils, i.e. one of the faiLunless sta,tements evaJluates to faJlse and the program aborts. 

10. Discussion 

Below, an overview is given of the oomplexities we have discussed for the different constraint solving 
techniques. We discriminate between the alternation and the re:fi.nement model of solving, and between 
discrete and continuous domains: 

1 discrete I continuous 1 

llilt I ref aJt 1 

BT eal 
NC a,e Re 
AC-3 a,Je >.Re 
LP-1 >.ae a;je >.Re >.Re 
LP-2 a~be aJbe 

RX-1 >.be 
RX-2 >.Re 
Equéllte/OOCS e;j e;j 

As usual, a is the size of ai discrete domain, b is the number of variables, e the number of constraints . 
R is the time needed to solve a single constraiint, and ,\ the number of loops or iterations made by the 
algorithms. Naturally, all complexities are at least li.near in the number of constraints e. It is immediately 
clear why local propagaition LP-1 is such a widely used constrai.nt solving method. It is applicable in 
a wide variety of applications and li.near in the number of constraints, if R is independent of e. Note 
however, that LP-1 need not always find a solution, which is why it is often preceded by a planning stage. 
LP-2 need not find a solution il there are cycles in the constraiint graph. 

We have seen in the examples CP-1, CP-2, and CP-3 that the way an application is modeled can 
largely influence the time complexity of constraint satisfaction. Particulai,ly the number of constraints 
and the size of domaiins can vairy. By encapsulating more variables into objects (like the vertices in the 
rods), constraints may move into the objects (like the fixed distances of the rods) . On the other hand, 
new constraints may be needed to describe the relations among the objects (like the incidency constraints 
between the rods) . Furthermore, if the domains of the object variables are discrete, the complexity of 
the solving algorithm is increased when the domains are enlarged. 



11. Conclusions 

lu th alt rnation mod l of atisfo t.ion , many algorithms do hard solulion assignmenLs to the objects 
(p ibl in combination vith domain refinement) . E.g., the backtraclcing algorithm BT by means of 
v . assign(s) , and th ar onsisteucy algorithm AC-3 Lbrough c . revise() . The complexit ies above 
ar vaJid on the assumption Lhat the objects accept the assignment. However , to maintain any form of 
information hiding, the as ignment should be done througb messa.ge passing, encapsula ting the internal 
implementation of the objects (as Equate and OOCS do) . 

Equate and OOCS obey information hiding Lo some extend: ueither the constraints nor the proce­
lural solutions refer directly t.o an objecL's implementation. Actually, neither the solver nor the object 

determines a solution a.lone. The objects offer possible local solulions, and the solver tries to combine 
them into a global solu'Lion . However, a global solution .need not be found, and the complex:ity is cubic in 
t.h number of constraints, which limits the use to small scale applications. Note that in the end the use 
of read-sets and write-sets in Equate and OOCS, wltich contain implementation specific knowledge of an 
obje t. , infringes the concept of information hiding after all . In [Hoole and Blake, 94] is put forward that 
n apsulat.ion is mainta.ined from the application programmer's perspective. The read-sets and write-sets 

a.re onl , available to the constraint solver, tbus keeping the benefits of object-oriented programm.ing for 
tb programmer. 

If an object has to maintain internal relationships and refuses an assignment, then either the con­
straints are not satisfied, or the solver has to negotiate with the objects to accept values. In the latter 
case the time complexit-y typically becomes e>rponential in a, or worse for continuous domains. Obviously, 
to avoid a situation that an object can refuse a solution via a messa.ge, the methods should be designed 
so as to obey the internal relationships, or the solver must take into account these relationships . In the 
first case the satisfaction power of the solver ma.y be lim.ited ( especia.lly since the methods can have side 
efîects that destroy previous constraints), in the second case the information hiding principle is braken. 
Encapsulating the objects and completely hiding them from the constraint solver prevents the solver 
from doing any global solution. In the case of multiple constraints, this prevents the solver from doing 
an worlc at all. Note that even the knowledge tha.t a particular object has no internal relationships to 
maintain infringes strict information hiding. This leads to the following theorem: 

Principal Theorem 
Under strict information hiding, constraint satisfaction on objects cannot be guaranteed . 

The relaxation algorithms were formulated such that the objects themselves determine a value. How­
ver, this al.sa gives them the freedom not to satisfy constraints, which destroys the compelling and 

declarative nature of constraints. lndeed, under s·trict information hiding, constraint satisfaction is not 
guaranteed. 

For the refinement model of satisfaction similar problems hold. One may model the domain as a 
separate object, but conceptually it is the exclusive property of the varia.bie, and in fa.et a. part of it. In 
that sense, changing the domain of a variable is equivalent to assigning a value. 

lf the constraint systern is part of a programming language, the infringement of information hieling is 
under con trol of the constraint solver. From the application programmer's point of view the data. encap­
sulation is still preserved . Indeed, as pointed out by [Freeman-Benson and Borning, 92], requiring the 
language's internal constraint system to respect information hiding is similar to requiring an optimizing 
compiler to respect information hiding, which would malm part of its task impossible. 

Rather than having the objects to provide possible solutions to constraints, the opposite is al.sa 
po sible: constraints extend objects with methods to solve them see e.g. [Akker and Siebes, 95]. 

lf one is to sacrifice strict information hiding in order to facilitate constraint satisfaction, care should 
be taken not to alJow abuse. In [Veltkamp and Blake, 94] we propose a raclical separation of the constraint 
sy tem and the uormal object-oriented framework by means of two orthogonal communication stra.tegies 
for objects: messages on the one hand, and events and data-flow on the other hand. In this way, the 
process of constraint management via data-flow networks does not interfere with the com.munication of 
tb object-oriented world via messages. Because of the global and compelling nature of constraints, this 
stnct. separation facilitates the design and debugging of constraints and the co11Straint system. 
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