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This paper presents an incremental approach to geometrie cons.traint sat­
isfaction that categorizes solutions into .so called quanta. A quantum is 
a geometrie primitive describing a range of solutions with uniform geo­
metrie characteristics. Both alternative discrete solutions and continuous 
range1s of solutions are represented by quanta. This approach is suitable 
for interactive design beca·use it can handle (perhaps temporarily) incom­
pl,ete specifications and alternative solutions, and performs satisfaction 
locally and incrementally. The system keeps the intermediate solutions 
in the geometrie domain, so that new geometrie constrai·nts can be inter­
preted on the same high level of abstraction, allowing powerfu.l reasoning. 
Temporarily unsolvable constraints are handled by delayed satisfaction 
in a uniform way. 
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Constraints are used in a wide range o,f applications including human-computer interfaces 
[Szekely and Meyers, 88], siniulation environments [Steele Jr. and Sussman, 79], anima­
tion [Badler and Kamran, 87], and geo,m,etric modeling. Constraints specify relations be­
tween objects that must be satisfied and maintained. A geometrie constraint can fix one 
or mbre degrees of freedom for positioning, orientation and dimensioning. For example, 
when a circle of fixed radius is constrained to be tangent to a fixed line segment, the 
position of the circle center is restricted to two line segments parallel to the given one, at 
a distance that equals the radius. 

A constraint satisfaction system relieves some of the workload on the user: problems 
can be solved by specifying constraints, and the user need not specify how to solve the 
constraints. Even if the system cannot satisfy all constraints that can occur in a given 
domain, it fre'es the user of solving the many little problems, something which is still a 

*This research is part of the IIICAD project, supported by NWO (Dutch Organization {or Scientific 
Research) u.nder Grant NF"51/6,2-514 

• 



410 

time-consuming and error-prone activity. Constraint management is therefore an impor­
tant facility in design systems. 

This paper is about geometrie constraint management, supporting the geometrie mod­
eling part of a design task. Geometrie constraint satisfaction can be part of a basic layer 
of a design system, but this layer in itself is not an application system. It provides a 
good basis for CSG modeling and Euler operators [Mäntylä, 88), feature-based modeling 
[Pratt, 87], and intelligent human- computer interaction interfaces [Helander, 88). 

In order to provide meaningful feedback to the user, incremental constraint satisfaction 
is needed in interactive and incremental design applications. Because under-constrained 
specifications are typical in incremental design, we focus on the representation and manip­
ulation of solutions in under-determined situations. Our approach categorize alternatives 
or ranges of solutions into classes featuring the same characteristics: quanta. We exploit 
geometrie manipulation [Arbab and Wing, 85), as opposed to algebraic manipulation and 
numerical computation, to find solutions of geometrie constraints. General geometrie 
knowledge is combined with properties of ( classes of) geometrie objects to infer relations 
between geometrie objects, in order to satisfy constraints. This high level geometrie rea­
soning provides geometrically meaningful solutions and tries to avoid computationally 
expensive algebraic and numerical methods. 

The rest of this paper is organized as follows. The next section gives an introductory 
overview of some constraint satisfaction systems that have been developed, and explains 
some shortcomings with respect to geometrie modeling that motivates the present re­
search. Section 3 introduces the quantum approach, and section 4 describes the compo­
nents of our constraint management system. Section 5 presents two elaborate case studies 
that illustrate our method in 2D and 3D. Finally, section 6 gives some conclusions and 
suggests future research directions. 

2 Overview 

Some constraint systems dealing with geometry, as well as general purpose constraint 
languages are mentioned below, together with the satisfaction techniques that they use. In 
the subsequent subsection we mention some problems that motivate our current research. 

2.1 Constraint systems 

Sketchpad [Sutherland, 63) is the first constraint-based drawing system. It satisfies con­
straints using propagation of degrees of freedom. When this fails, it resorts to relaxation. 

[Lin et al., 81) describe a system that translates dimensional constraints into a system 
of equations, which is solved numerically by the Newton-Raphson method. The dimen­
sional constraints are defined by equations on coordinates of characteristic points. This 
method, called variational geometry, is unstructured: every time a dimensional value is 
changed, the whole systern of equations must be solved. 

ThingLab (Borning, 81) enlarges the possibilities of Sketchpad with e tensibility and 
<Jbj,;ct orfr~nted techniques, so that new classes of objects and constraints can be d fined. 
It Ub(jfi b<Jth propagation of degrees of freedom and propagation of known states. 
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Juno [Nelson, 85] is a simple system based on one geometrie primitive: the point. It 
exploits a Newton-Raphson iteration technique to solve constraints. The user must supply 
an initia! value to start the iteration. 

In [Brüderlin, 86], sketched polyhedra are dimensioned by constraints. The constraints 
are restricted to relations between the vertices. The system evaluates the constraints 
symbolically, and can detect inconsistency. However, it makes no distinction between 
redundant and inconsistent information. An object is de:fined, if for each vertex there 
exists a predicate determining its position. 

[Rossignac, 86] presents an operational interpretation of con traint in C G modeling. 
Constraints are specified by the user in terms of relations between boundary feature , and 
are transformed by the system into rigid motions of parts of the C G tree. n under­
constrained situation can simply not occur. The user must specify the order of evaluation. 
and is responsible for solving conflicts. 

OTP (Operational Transformation Planning) [Arbab and \Yang, 9] al o pro,·id an 
operational interpretation of constraints. I exploi s solu ion reduction. one olution i 
presented in an under-constrained specifica ion. The sa i fac ion pro e~ i plann d b' 
means of symbolic reasoning on the geome"-nc l ·el o-eom ri re onincr ). 

In [Emmerik, 90] constraints rela e coordina on ra.in b tw n decrrces of 
freedom (for example between the x- and y-coordin ua.dmie fa d1 an onstrnint.) are 
evaluated after lower-order constrain (for x m l coruit1ra.1r1t ha uniqu ly d ,t 'rminrs 
the x-coordinate). This is a form of d 1., .....,,,...,......... J, i n :i.mon, nltornn.tivc 
solutions to constraints is bas d on h go· h, turbnnc '· 

Real general purpose constrain, ani~un,gcs , 1 in wide rnngo 
of applications, but are usually limi. 'il h , p •cific clomn.in. 
Most constraint languages ar th r f r typ f constrni 11ts, 
frequently numerical constraint . 

Bertrand [Leler, 88] is a rul • n ·nt ~d t ·rrn rowriting. lt 
has a form of abstract data typ , \\'Ï tr int to b dofinod. J t is 
a genera} purpose constraint languag but 1 num ·nc constraints. 

A genera! purpose constraint langu g logic rogr mming is CLP(Il)), which 
stands for Constraint Logic Programming language on do ain ID. For nurneric constraints 
this yields CLP(IR) [Heintze et al., 7], oyer tb domain of real numbers. This systcm does 
not use unification, hut numeric deductions instead. 

2.2 Motivation 

Many systems detect over-constrained situations, but cannot handle under-constraine<l 
cases. Indeed, numerical methods cannot solve a set of under-constrained equations. A 
constraint logic programming system for solving numeric constraints, such as CLP(IR), 
returns a set of deduced equations that form the solution. When used in a geometrie 
context however, this has no direct geometrical meaning. 

The operational approach, and selection of altematives based on minimal disturbance 
yield only one of all the solutions. Two potential problems are: 

• The proposed solution is as was intended, but the user is not aware of the ambiguity 
of the specification. This may cause problems for post-processing. 
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Figure 1: Simultaneous evaluation of mutually constrained circles. 

• The solution is not as was intended and the user must interfere because the system , 
cannot propose alternative solutions. 

We distinguish several types of alternative solutions: 

1. A constraint can have several discrete solutions. For example a circle through two 
points and a fixed diameter, can have two positions (if the diameter is greater than 
the distance between the points). 

2. A constraint can have a continuous range of solutions. For e,xample the locus of a 
point having a fixed distance to a fixed poin . i a circle. 

Some systems mentioned above deal only wi h num ric constraints. Most graphics 
oriented constraint systems directly tran la e geom ric con traint into a set of numeric 
constraints or equations. Often only linear equa ion c n b solved, but recall that even 
a simple distance constraint results in a quadra ic equation. In contrast, we want to solve 
constraints at a high level of geometrie ab rac ion. hi . allows powerful rcasoning which 
can avoid some of the problems that occur 'Nith num ric constraints. 

Simultaneous evaluation of mutuall , con trained objects is a difficult problem. Look 
for example at figure 1. Each of the two cirde c nters must lie on a line segment; next, the 
circles are constrained to be tangent to each other on the outside. It is too complex for an 
operational technique to translate both circles along the line segment simultaneously to 
let them touch. Delayed evaluation is then preferred to relaxation, in order to deal with 
a geometrically meaningful representation as long as possible. 

In this paper we focus on providing ranges of solutions and discrete alternative so­
lutions in under-constrained situations, mutually restricting constraint operands, and on 
keeping the (intermediate) solutions in the geometrie domain, thereby allowing geometrie 
reasoning. In combination with geometrie reasoning and delayed satisfaction this gives a 
more powerful problem solving capability than usually provided by constraint systems. 

3 Quantum approach 

The quantum approach is first introduced in [Veltkarnp, 91] in the 2D domain. We first 
give an informal presentation; the ideas are formalized in the next section. 

Our approach to geometrie constraint satisfaction is based on reduction of both prob­
lem complexity and solution domain complexity by geometrie simplification. Problem 
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Figure 2: Quanta involved with the constraints distance(p, l1 , d) and on(p, l2) • 

complexity reduction is achieved by expressing geometrie primitives in terms of charac­
teristic parts. For example, the position of a circle is reduced to the position of a point: 
the circle center. Constraint solving amounts to recording the solution of the constrained 
geometrie primitives in terms of their characteristic parts. The unit of the solution domain 
is a 'quantum', which is itself a geometrie primitive: 

A quantum is a geometrie primitive describing a range of solutions with a 
uniform geometrie characteristic. 

The nature of a quantum is that it describes a sharply bounded quantity of some 
phenomenon, in our case the geometrie properties of a solution set. As such, it is amore 
special notion than just a solution set, a region, or a quantity. Note that our geometrie 
quanta are not indivisible, nor need they be disconnected. By means of these quanta, so­
lutions are categorized into ranges or classes featuring the same geometrie characteristics. 
In this way, subsequent processing of the solutions can exploit the geometrie properties 
of the quanta. 

For example the locus of a point p having a fixed distance to a line segment li, consists 
of the union of two line segments, and two half circles, see figure 2. The solution is 
split into the quanta q1, ... , q4, representing the two line segments and the two half 
circles. These quanta represent ranges of alternative solutions. Incremental specification 
of a geometrie object with constraints will successively restrict its solution domain. If 
p is further constrained to lie on a line l2 (another quantum), the solution is restricted 
to the intersection of l2 with all the alternative solutions so far. Since calculating the 
intersection of a line and a circle differs from intersecting two lines, we take advantage of 
the subdivision into quanta q1, ... , q4. 

Some simple constraints ( with a fixed second operand) and their associated quanta 
are listed below: 

primitive constraint primitive quanta 
1 point distance point circle 
2 point distance line segment 2 line segments 

+ 2 half circles 
3 point left/right of line half-plane 
4 circle tangent line 2 lines 
5 circle tangent circle 2 circles 
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Figure 3: Quanta involved with 3D constraints. 

The same principle can be used in 3-space. In general, however, a solution set may 
not be representable with a fixed set of geometrie primitives, especially in 3-space. In 
that sense the set of constraints and geometrie primitives should agree with each other. A 
set of useful constraints in 3D is listed below and illustrated in figure 3 ( again the second 
operand is fixed): 

l 
primitive constraint 1 primitive quanta 

1 line angle line cone 
2 line angle plane plane 
3 point distance point sphere 
4 point distance line cylinder 
5 line distance line cylinder 
6 sphere tangent line cylinder 
7 sphere tangent sphere 2 spheres 

In section 5, we give an example using 3D constraints. 

4 Constraint management 

A set of constraints and geometrie primitives can be represented as a network, such that 
the constraint node is connected to its variables. The network can be disconnected, in 
which case the variables in one connected component and those in the other connected 
<:tJm pûn<mta, a.re not related by constraints. Constraints are represented in rectangular 
b<JX<~B, w~<mH~tric prirnitiveH in circular nodes. A quantum for a varia,ble v, consistent with 

<;<JfJ Btr:tint c( ... ,v, .. . ), c:au lw couHiderod as a htbol on m1 eclp;o hetween 0 and~-
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distance 

Figure 4: Intermediate network corresponding to figure 2. 

Being a geometrie primitive, a quantum is represented as a circle, but with the edge that 
it labels drawn through. 

In order to represent unions and intersections of quanta, the special Boolean set nodes 
<ill and <TIJ are used. These nodes are operators whose operands are the quantum 
labels of edges coming in at the flat sides of the nodes, and whose results are the quantum 
labels of the edges going out at the sharp end of the node. If there are no quantum labels 
on the edges going out, these quanta are not (yet) computed. Similarly, if there are no 
quantum labels at the incoming edges, they are not yet generated or computed. In both 
cases, the logica! relation between these forthcoming quanta is already incorporated in 
the network. 

Between a constraint and an associated variable is a sequence of (zero or more) quanta 
interleaved with Boolean set nodes, on a path of edges. In the direction from the constraint 
to the variable, each quantum includes the next one. Figure 4 shows a network that 
corresponds to the example of figure 2. The network shown is an intermediate result in 
the satisfaction process. 

Our model consists of a set of constraints C, a set of constraint variables V, a set of 
quanta Q, a quantum generating function G, and a function Tolerate(c) that satisfies a 
constraint c and performs propagation. The constraint variables and quanta are geometrie 
primitives. 

A constraint is a relation between a number of variables from V. This can be any 
number, depending on the type of constraint. Constraints are multi-directional in the 
sense that each of the involved variables constrains the others. In contrast to many 
other systems, many variables may be undetermined, that is, they restrict each other 
simultaneously. 

The quantum generating function G : ( c, vi) H ( Q1, ... , qn) generates the set of quanta 
for vi that are consistent with the constraint c(v1, ... , vk) and all the variables Vj, j = 
1, ... , k, i # j, with their current quanta, regardless of the current quanta of vi. Note that 
not all combinations of types of constraints and variables are geometrically meaningful; G 
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Figure 5: Addition of c(v, ... ) toa network, and generation of quanta. 

is defined only for a finite number of combinations. The generation of the quanta involves 
geometrie reasoning, taking into account the nature of the constraint and the current 
quanta of the variables. 

When a new constraint is added to the network, the quantum generating function is 
applied to each of its variable. For a single variable, the union of the resulting quanta, 
U(q1, ... , qn), is the solution to that one constraint, which must be intersected with the 
variable's current quanta. In this way we get an expression of quanta, which is the 
solution set under the constraints so far. In general, this quantum expression is of the form 
B(qe1, ... , qem), where Bis one of the Boolean set operators union or intersection, and the 
qei are quantum expressions. So, after addition of a new constraint, generating new quanta 
q1, ... , Qn, the solution set becomes n(B(qe1, ... , qem), U(q1, ... , qn)). It may sometimes 
be difficult to compute the intersection; in that case we leave the intersection unevaluated. 
That is why a qei can be an intersection of quanta or other qe-s: qei = n(qe~, ... , qe~). 

Figure 5 illustrates the addition of a constraint to a network and the subsequent 
generation of quanta. Only the part of the network in the neighborhood of variable v is 
depicted. 

When a new constraint is specified it must be added to the network, and the resulting 
changes must be propagated to related constraints. This may cause new changes which 
in turn must be propagated, and so on. This propagation is repeated until the network 
is stable. In principle the propagation need not terminate, since an infinite loop can 
occur. A loop can be easily detected, but it is generally not known whether the loop 
is finite, or a prefix of an infinite loop. The constraints in a loop can be satisfied with 
some other method, for example relaxation; the resulting quanta must be propagated 
again. The full propagation algorithm and an analysis of its characteristics is presented 
in (Veltkamp and Arbab, 91]. 

An over-constrained situation is detected when a variable has only empty quanta. 
Otherwise the variable tolerates the new constraint. In general, the current quanta form 
the solution of the present set of constraints, and these need not specify a single position. 
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This happens in a (possibly temporary) under-constrained specification. 
quantum need not be fixed. It is for example possible to specify an assembly 

of g om tric primitives by constraints, relative to an object that is fully specified only 
aft rward . It is therefore necessary to be able to process incomplete information. To keep 
int rmediat solutions simple we want to evaluate them as far as possible, and also use 
lat nt geometrie information. Dealing with incomplete, and deriving latent information 
are t pical in geometrie reasoning. 

perations on a variable, such as translate, scale, mirror, and project, can be handled 
b • performing proper corresponding operations on its quanta. These new quanta must 
then be propagated through the network. 

For interactive CAD purposes, a constraint must also be removable. In our system, 
deletion of a constraint from a network involves removal of the sequence of quanta running 
towards the constraint's variables. Sequences from other constraints to the same variables 
must be 'repaired' by intersecting the proper quanta. The resulting new quanta must then 
be propagated through the new network. 

5 Case studies 

In this section we consider two cases that are simple in their specification, but non-trivial 
in their solution. The first case is a two-dimensional example, the second one a three­
dimensional application. To simplify the network drawings, only partial networks in the 
neighborhood of a single variable are shown. 

5 .1 Planar linkage 

Consider the four-bar linkage of figure 6 (top left), involving points A, B, C, D, M. The 
points A and B are fixed and a distance d1 apart. The constraints on C, D, and M are 
the following: 

constraint 1: the distance between A and Cis d1 ; 

constraint 2: the distance between B and D is d2 ; 

constraint 3: the distance between C and D is also d2; 
constraint 4: Mis the midpoint of C and D; 
constraint 5: the line through A and C has a fixed slope. 

These constraints are specified in the given order, and we are interested in the position 
of C, D , and M. 

WB ~an solve this problem algebraically by computing the locus of C, D, and M each 
t' rnr~ ,:1, cfJnstraint is specified. As an illustration, set A to (0, 0) and B to (0, d1), without 
J(A3b rA gr.rn,~rality. Then, the locus of M = (x, y) just after specifying constraint 4 is given 
r.)y 
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Figure 6: A four-bar linkage; A and B are fixed. 

The solution to these equations can be derived by an algebraic manipulation system 
(see [Chou and Gao, 89]), but it is of little use here, becáuse it does not interact in a 
simple way with the subsequent constraint. 

Alternatively, our constraint management system comes up with the following quanta: 

by constraint 1: C is restricted to a quantum that is the circle cc,1 centered at A and 
ha ving radius d1 ; 

by constraint 2: D is restricted to the circle cn,1 centered at B with radius d2; 
by constraint 3: for C: a circle cc,2 with radius d2 which has no fixed position, hut is 

centered at D; similarly for D: a circle cn,2 concentric to C, having radius d2; 
by constraint 4: because M is the midpoint of two points whose positions are unknown, 

no quantum is generated yet for M; 
by constraint 5: since the line through A and C must have a fixed slope, another quantum 

is associated to C: line lc, 

The quanta cc,1, cn,1, and lc are shown in figure 6, top left. 
The quanta resulting from constraint 3, cc,2 and cn,2, are not fixed hut can move 

around. Consequently, it is difficult to intersect these quanta with the other quanta cc,1 
and cv,1. The intersection remains unevaluated, hut is represented in the network; for 
example for C: 
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0-
Quantum la must be intersected with the current quanta of C. Again, the intersection 

with ca,2 remains unevaluated. The intersection of cc,1 and la gives two points Pc,1 and 
Pa,2: 

This intermediate result must be propagated to objects related to C. Because C is 
now restricted to Pc,1 and Pc,2, the movable quantum cn,2 of D is now replaced by two 
circles cn,3 and cn,4 centered at Pc,1 and Pc,2 . These circles can be seen as two specific 
instances of cn,2. Also, since M is the midpoint of C and D, it is now restricted to two 
circles cM,l and cM,2, concentric with cn,3 and cn,4 but with half their radius. The new 
quanta are depicted in figure 6, top right. 

Quanta cn,3 and cn,4 are intersected with cn,1: n(cn,3, cn,1) = U(Pn,1,Pn,2) and 
n( cn,4, cn,1) = 0. The corresponding part of the network associated with D is as fol­
lows: 

Again this intermediate result must be propagated. Since D is now restricted to PD,t 
and Pn,2, the quanta Pa,2 and cM,2 are deleted, and cM,1 is replaced by PM,l and PM,2 . The 
two possible solution configurations are shown in the lower row of figure 6. 

5.2 Articulated structure in space 
' 

The appJication in this subsection is illustrated in figure 7. The 3D scene in this exam-
ple contains a p]ate P , a spherical source of radiation R, and an articulated structure 
supporting P, consisting of two arms A1 and A2 , having halls B 1 and B2 respectively at 
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p 

Figure 7: Articulated structure in 3D. 

their endings. P, R, A1 and B1 are totally fixed. The constraints on A2 and B2 are the 
following: 

constraint 1: A2 must have a fixed angle a with respect to A1 ; 

constraint 2: B2 must be at a fixed distance d from R; 
constraint 3: B2 must be tangent to P a he bottom side. 

The constraints are incrementally specified in this order. We want to know the allowable 
positions of ball B2 . 

The center of B2 is restricted to the following quanta: 

by constraint 1: a cone C with its top at the center of B1; 

by constraint 2: a sphere S, concentric with R, having radius d. 
by constraint 3: a plane P' below P, at a distance equal to the radius of B2 ; 

Intersecting these quanta in this order gives (C n S) n P'. In general, however, the 
intersection of a cone with a sphere is not a simple primitive object. Applying delayed 
evaluation again results in the actual intersection of (C n P'), an ellipse, with (S n P'), 
a circle. Assuming that both intersections are not void and the ellipse is non-degenerate, 
the intersection of the circle and the ellipse gives two, one, or no solutions, depending on 
the actual positions and orientations of R, P, and A1. 

6 Concluding remarks 

We presented a constraint satisfaction system based on the quantum approach. This ap­
proach is suitable for interactive design because it can handle incomplete specifications 
and alternative solutions, and performs satisfaction locally and incrementally. The sys­
tem keeps the intermediate solutions in the geometrie domain, so that new geometrie 
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constraints can be interpreted on the same high level of abstraction, allowing power­
ful reasoning. Both alternative discrete solutions and continuous ranges of solutions are 
determined. The system can therefore detect ambiguity and present alternative solutions. 

The solution is represented by unions and intersections of quanta. Delayed satisfaction 
amounts to the representation of unevaluated intersections, which may be resolved by 
subsequent constraints. The rules for the corresponding network transformations are 
given in [Veltkamp and Arbab, 91]. 

The quantum approach can also be applied to pure numeric constraint problems. The 
solution is then derived using ranges for parameter values, instead of geometrie quanta. 
Algebraic reasoning then takes the place of geometrie reasoning. 

The quantum approach naturally corresponds to the Object Oriented Paradigm, be­
cause quanta are represented as geometrie primitives. A quantum can be designed as a 
polymorphic object which refers to a line, circle, polygon, etc. An alternative in multiple 
inheritance supporting environments, is to let a quantum object inherit properties from 
geometrie primitives, and additional properties that are specific for quanta. Geometrie 
reasoning on the other hand naturally corresponds to a declarative approach. There are 
several ways to combine both approaches. The alternatives include an extension of Prolog 
with object oriented features, see for example [Zaniolo, 84], or the combination objects 
and relational logic as in Oar (Objects and reasoning) [Arbab and Wang, 89]. Object ori­
ented concepts can also be combined with a functional language, see for example CLOS 
(Common Lisp Object System) [Moon, 89]. All these languages specify objects, hierar­
chies, and methods in a declarative way. 

More research is needed to further exploit the capabilities of geometrie reasoning. In 
particular implied constraints, which can be derived from other constraints and variables, 
can be used by the satisfaction system to solve complex constraints more directly. Since 
an implied constraint is derived, it does not introduce new facts, hut it can simplify 
constraint satisfaction. lmplied constraints can operate on quanta as well as already 
used constraint variables. Indeed a quantum is a geometrie primitive, and can thus 
act as a constraint variable, while it still represents a solution to another constraint. For 
example, the quanta cn,3 and cM,1 from the planar linkage example, are concentric. When 
this implied constraint is explicitly represented in the network, changes to one of them 
mechanically carry over to the other. 
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