
Information Hiding and the Complexityof Constraint SatisfactionRemco C. VeltkampUtrecht University, Department of Computing SciencePadualaan 14, 3584 CH Utrecht, The Netherlandse-mail: Remco.Veltkamp@cs.ruu.nlRichard H. M. C. KellenersCWI, Department of Interactive SystemsKruislaan 413, 1098 SJ Amsterdam, The Netherlandse-mail: richard@cwi.nlandTechnical University of Eindhoven, Department of Computing ScienceDen Dolech 2, 5612 AZ, Eindhoven, The NetherlandsAbstract This paper discusses the complexity of constraint satisfaction,and the e�ect of information hiding. On the one hand, powerful con-straint satisfaction is necessarily global, and tends to break informationhiding. On the other hand, preserving strict information hiding increasesthe complexity of constraint satisfaction, or severely limits the power of theconstraint solver. Ultimately, under strict information hiding, constraintsatisfaction on complex objects cannot be guaranteed.1 IntroductionGraphics systems are typically very large integrated programs that use a widerange of techniques. They may deal with various types of data and allow concur-rent interaction with a user and between a large number of agents/actors/activeobjects. A well founded and appropriate underlying abstraction is needed todeal with the complexity of computer graphics. The aim of any abstraction isto provide a context within which problems can easily be solved, and to providea formal framework for thinking about the solutions and implementing them.Object-orientedness provides such an underlying abstraction to deal with com-plexity.The concept of constraints is another such abstraction. Constraints specifyrelations between objects which must be maintained. When a change occurs toone of the constrained objects, all a�ected objects must be adjusted such thatall the constraints remain satis�ed. There are two aspects to constraints:� Description: constraints specify the relation between objects; this is thedeclarative aspect.



� Satisfaction: in order to solve a set of constraints, methods of constraintsatisfaction have to be given; this is the procedural aspect.Programming with constraints is a form of declarative programming. A declar-ative program speci�es the relations which have to hold in the results of thecomputation. It speci�es what the result of the computation should be, not howto go about the computation. The underlying solving engine takes care of theprocedural part, and has to resolve the constraints in order to produce the solu-tion. The principal bene�t of declarative approaches is that they shift the burdenof deciding how something has to be done from the application programmer tothe system environment he is working in.The use of constraints in managing the complexity of designing interactivegraphics systems dates back to the earliest days of interactive graphics (con-sider Sutherland's Sketchpad from the early sixties [20]), and still receives muchattention. It has an intuitive appeal to regard the requirements of a model, inter-action, or animation as constraints that have to be maintained. The strength ofconstraints in computer graphics is the rich set of associations with the modeledreality: reality often behaves like it is driven by constraints.A concept complementary to abstraction is encapsulation. Whereas abstrac-tion focuses on the observable behavior of an object, encapsulation focuses onthe implementation behind that behavior. Encapsulation is the process of com-partmentalizing the elements of an abstraction that constitute its structure andbehavior. It serves to separate the contractual interface of an abstraction andits implementation [2].Encapsulation could be achieved by physical separation, e.g. residing thedata structures and methods of each object on a private processor. Encapsula-tion is most often achieved through information hiding, i.e. the process of hidingall the secrets of an object that do not contribute to its essential characteristics.Typically, the structure of an object is hidden, as well as the implementation ofits methods [2].The justi�cation for combining objects and constraints derives from the factthat it addresses the problems of complexity in large interactive graphical sys-tems which arises on two fronts. The �rst is the complexity inherent in specifyingthe behavior of animations and interactions with many components or objects.Constraints allow the declarative modeling of the behavior of such systems. Thesecond front is the complexity due to the fact that we are dealing with largesoftware systems. Sound software engineering principles, such as data encapsu-lation, are needed to cope with large complex software systems.Abstraction and encapsulation combine well in the object-oriented paradigm.However, the combination of objects with constraints �ts less well: a constraintsolver looks at, and sets, the constrained objects' internal data, which con
ictswith the data encapsulation concept in the object-oriented paradigm. This pa-per discusses one aspect of this incompatibility. It appears that most constraintsystems in an object-oriented environment infringe the information hiding prin-ciple to some extent. It is an interesting question if strict information hidinglimits the power of constraint satisfaction and may increase the time complexity



to exponential orders. In this paper we consider the e�ect of information hidingon the time complexity of constraint satisfaction.2 Constraint satisfactionFormally, a constraint satisfaction problem (CSP) can be speci�ed by a �niteset of variables v1; : : : ; vn, a domain Di of possible values for each vi, and a setof constraints C1; : : : ; Cm. Solving a CSP is �nding a valuation (s1; : : : ; sn) 2D1 � : : :�Dn of the variables for which all constraints are satis�ed. A domaincan be explicit, e.g. a �nite enumeration of values, or implicit, e.g. N for aninteger variable. In the latter case the constraint solver must have knowledgeabout the domain of variables in order to generate correct values. For instance,it may not generate real values for an integer variable.Possible variants of the CSP are: �nd a single solution (valuation), �nd allsolutions, �nd a best solution, �nd the number of solutions, determine satis�abil-ity (whether or not a solution exists). The satis�ability variant is the simplestone (indeed, it follows from all the others), and even this one is in NP: it isin the class of Nondeterministic Polynomial-bounded problems, i.e. it can besolved by a nondeterministic algorithm in polynomial time, but there is no de-terministic algorithm known to solve the problem in polynomial time. It is evenNP-complete, i.e. if there were a polynomial-bounded algorithm to solve theproblem, then there would be a polynomial-bounded algorithm for each prob-lem in NP. This can be deduced from the fact that the satis�ability variant canbe converted in polynomial time into the CNF-satis�ability problem, which isNP-complete [1]. The CNF-satis�ability problem is to determine if there is atruth assignment (a way to assign the values true and false) for the variablesin a logical expression in conjunctive normal form (CNF) such that the valueof the expression is true. A logical expression in conjunctive normal form is asequence of clauses separated by conjunctions (^), where a clause is a sequenceof variables and negations of variables separated by disjunctions (_).Because the general CSP is a hard problem, satisfaction algorithms are oftenslow. One way to speed up satisfaction is to perform computations in paral-lel. For example, [14] performs massively parallel computations by means ofchemical reactions on DNA strands. One can also con�ne the domain of theconstraints and the variables and exploit some of the speci�c knowledge of thedomain. The time complexity of such specialized constraint satisfaction dependson both the domain and the kind of constraints. Symbolic solution of the alge-braic expressions describing geometric constraints is known to be NP-hard; treestructured constraint networks can be solved in linear time; linear constraintsover real numbers are solvable in polynomial time; a single polynomial constraintof degree higher than four does not even have an analytical solution; and thecomplexity of solving polynomials on integers of degree higher than two is stillunknown.There are basically two di�erent models that constraint solvers can use fordetermining solutions (values for variables) to the constraints: the alternation
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Fig. 1: Example of the Linkage Positioning problem.and the re�nement model. In the alternation (also called perturbation) model,each variable vi gets assigned a single value si. If a variable's value does notsatisfy the constraints on it, the constraint solver tries alternative values from itsdomain (possibly eliminating the incorrect value from the domain). Satisfactionis completed if each variable has a solution such that all constraints hold. Aftersatisfaction, the current domain of each variable can still contain values that donot satisfy constraints. In the re�nement model, each variable vi gets assigneda subset Si of its domain Di. If a value si in the proposed solution Si does notsatisfy the constraints on vi, then the constraint solver eliminates that value.Satisfaction is completed when the solution set of each variable satis�es theconstraints on that variable. After satisfaction, not every valuation (s1; : : : ; sn) 2(S1; : : : ; Sn) needs to satisfy all constraints, but for every si 2 Si, values sj 2 Sj ,j 6= i can be found that satisfy all constraints.Many constraint solvers in computer graphics use the alternation model withcontinuous domains of the variables. Many algorithms in arti�cial intelligenceuse the alternation model with discrete domains. In constraint logic program-ming the re�nement model with continuous domains is mostly used. The twoapproaches can also be combined.3 The Linkage Positioning ProblemIn this paper we use the following running example. Let R = fr1; : : : ; rmg be aset of m rods. The set of endpoints of these rods is P = fp1; : : : ; png, a set ofn points pi = (xi; yi) in R2 . Each rod ri has a �xed length di. The rods ri arealternatively denoted as its pair of endpoints: ri = (pi1 ; pi2), i1; i2 2 f1; : : : ; ng.The length of rod (pi1 ; pi2) is alternatively denoted as di1i2 . The rods form asingle linkage structure, `; if two rods are joined, then they share an endpoint.Let W = fw1; : : : ; wkg be a set of k vertical walls (in R2 ); each wi is representedby its x-coordinate. The rods must be positioned on the walls in such a way thatthe endpoints of each rod lie on di�erent walls. See Figure 1 for an example.



This Linkage Positioning problem can be modeled as a constraint problemin various ways.Constraint Problem 1 (CP-1)The set of constraint variables is V = fp1; : : : ; png. The domain of each variable(xi; yi) is W � R. The constraints are a set of m binary constraints that �x thelength between two points that belong to the same rod and prohibit these pointsto lie on one wall.Constraint Problem 2 (CP-2)The set of constraint variables is V = fr1; : : : ; rmg. Each variable is responsiblefor maintaining its internal integrity, i.e. it retains a �xed length. The domainof each variable ri = (pi1 ; pi2) is (W �R)2 . The constraints are a set of m unaryconstraints that prevent each rod from being vertical, and q binary constraintsto specify incident rods. The q binary constraints construct the linkage, and thevalue of q depends on the structure of the linkage, but is at least m� 1. If themaximal number of rods incident to a point is constant (independent of n or m)then q = O(n). If a constant number of points are incident to O(n) points thenq = O(n2). If O(n) vertices are incident to O(n) points then q = O(n3).Constraint Problem 3 (CP-3)The constraint variable is the whole linkage `. The domain of this variable is(W � R)n . The linkage should maintain the �xed lengths of the rods, and theincidency relations between the rods. As in CP-2, there are m unary constraintsto prevent each rod from being vertical. These are unary constraints on thesingle linkage variable.Typically, the internal variables of the objects are the points, and they attaina value from W � R, or they are unspeci�ed, i.e. have no value yet. Instead ofrestricting the domain of the xi's to W in each of the three constraint problemsabove, we could let the domain be R, and add extra unary constraints to placethe points on the wall.The Linkage Positioning Problem illustrates di�erent types of constraints(unary, binary) and di�erent types of domains (discrete, continuous). It is suit-able to demonstrate both the alternation and the re�nement models of constraintsatisfaction.The Linkage Positioning Problem is equivalent to a famous problem in com-putability and complexity theory: (k-)Graph Coloring. The problem there is toassign a color from a given set of k colors to each vertex of the graph, such thatvertices connected by an edge have di�erent colors. The set of vertices corre-sponds to P from the Linkage Problem, the set of edges to R, and the set ofcolors to W . The condition of `di�erent colors' corresponds to `di�erent walls,plus �xed distance'; both conditions take constant time to check. Just like gen-eral constraint satisfaction, k-Graph Coloring is known to be NP-complete [1].



Determining if a graph is 2-colorable is easy (polynomial). Determining if it is3-colorable is NP-complete. It is still NP-complete if the graphs are planar andthe maximal degree is four. If the maximal degree is at most two, the k-coloringproblem is easy. Coloring bipartite graphs (e.g. trees) is also easy.4 Constraints vs information hidingConsider the following constraints on rods r1, r2, r3:r1.p1 = r2.p1, r2.p2 = r3.p1r1.p1.x 6= r1.p2.x, r2.p1.x 6= r2.p2.x, r3.p1.x 6= r3.p2.xA possible solution is the following (for some y):r1.p1 = (w1,y), r1.p2 = (w2, y+p(r1:length)2 � (w2 � w1)2)r2.p1 = (w1,y), r2.p2 = (w2, y-p(r2:length)2 � (w2 � w1)2)r3.p1 = (w2, y-p(r2:length)2 � (w2 � w1)2)r3.p2 = (w1, r3.p1.y+p(r3:length)2 � (w1 � w2)2)Information hiding is �rst violated by the constraint expressions, and thenby expressing the solution. To avoid this problem, approaches based on messagepassing have been proposed. In [12], the methods of an object that may violateconstraints are guarded by so-called propagators. The propagators send mes-sages to other objects to maintain the constraints. This technique is similar tothe pre- and postcondition facilities in Go [5]. It is limited to constraint main-tenance (i.e. truth maintenance, as opposed to starting with an inconsistentsituation that is then resolved), and not further considered in this paper.A more powerful technique is presented in [23]. There, the constraint solverproduces a set of programs that solve constraints which are stated in the formof equations. It translates a declarative constraint equation into proceduralsolutions in terms of messages back to objects.The problem is the local character of the solution. More powerful solutionsare necessarily global in nature. The danger is that all objects need methods toget and set their internal data. This however, allows every other object to getand set these values, which is clearly against the object-oriented philosophy.One way to restrict this, is to have an object allow value setting only whenits internal constraints remain satis�ed (see [18]). A constraint could be madeinternal by constructing a `container object', which contains the constraint andthe operand objects, but this does not solve the basic problem. In particular,the state of active objects cannot be changed without their explicit cooper-ation. (Active objects, or actors, conceptually have their own processor andbehave autonomously, which is typical in animation and simulation.) Anotherapproach is to limit access to private data to constraint-objects or the constraintsolver-objects only. For example C++ provides the `friend' declaration to grantfunctions access to the private part of objects. This is also comparable to the ap-proach taken by [4], where special variables (slots) are accessible by constraints



only. One can argue that encapsulation is still violated (and speci�cally that theC++ friend construct could be easily misused).This raises the question how strict information hiding a�ects (the complex-ity of) constraint satisfaction. In the following sections we will review a numberof constraint satisfaction methods, determine their time complexities, and illus-trate that with the particular time complexities for the instances of the LinkagePositioning Problem.5 BacktrackingThe �rst constraint satisfaction algorithm we consider is backtracking. Thebasic operation is to pick one variable at a time and assign a value from thedomain to it. If the assignment violates some constraints, another value, whenavailable, is chosen. If all variables are assigned a value, the problem is solved.If at any stage no value can be found for a particular variable without violatingany constraints, the variable which was last picked is revised and an alternativevalue, when available, is assigned to that variable. This carries on until either asolution is found or all combinations of values have been tried and have failed.Below, the backtrack algorithm is given in pseudocode (see [21]).BT (V, C)f if (V==fg) return TRUE;v = V.select();dof s = v.domain().select();v.assign(s);v.domain().remove(s);if (v violates no constraints in C)f success = BT(V � fvg, C);if (success) return TRUE;gg while (v.domain() 6= fg)return FALSE; // no solution found, backtracking is donegThis recursive algorithm is called with a set of unassigned variables V and theset of constraints C. Each time BT is called, it picks a value from the domainof the current variable, assigns this to the variable, and removes the value fromits domain. Then is tested if the current assignment together with all previousassignments violate any constraints in C. If this is the case, another value fromthe variable's domain is chosen. If the domain runs empty, no solution can befound for this particular variable and backtracking is performed.Backtracking is applicable in the alternation model of satisfaction with dis-crete domains. If there are b variables and the maximum initial domain sizefor a variable is a, there are at most ab candidate solutions. Every candidatesolution can be checked against all constraints in C. If the number of constraintsis e, then the complexity of the algorithm is O(eab).



5.1 Linkage Positioning ProblemThe backtracking algorithm assumes the domains of a variable to be discreteand �nite. In Constraint Problem 1 (CP-1) of the Linkage Positioning Problem,the domain of each variable is pi (= (xi; yi)) is W � R. In order to be able toapply the backtracking algorithm, we have to restrict the domain to W only.The y-coordinate of a point is continuous, and its value is not known at thetime a value is picked for the x-coordinate. Therefore, we change the binaryconstraint d(pi1 ; pi2) = di1i2 into jxi1 � xi2 j < di1i2 , with i1; i2 2 f1; : : : ; ng.This forces connected points to lie on walls whose distance is smaller than the�xed distance between pi1 and pi2 . If there are no cycles in the linkage structure,the y-coordinates are of no signi�cance: if the x-coordinates have values whichdo not violate the constraints, proper values can always be found for the y-coordinates in time linear in the number of variables. The complexity is in thatcase O(mkn).In CP-2, the set of constraint variables is V = fr1; : : : ; rmg. The domainof each variable ri = (pi1 ; pi2) is (W � R)2 . The unary constraints must beextended with kxi1 ; xi2k < di1i2 , to assure that the rod objects can always retaintheir �xed length. In order to be able to apply the backtracking algorithm,we restrict the domain to W 2 only, which has size k2. The time complexitychanges accordingly. In the case the linkage structure contains no cycles, thereare k2m candidate solutions. For every candidate solution, all constraints will bechecked. The number of constraints is m+ q, so the complexity of the algorithmis O((m+ q)k2m).In the case of CP-3, the single variable is a complete linkage. An assignmentto this variable is a tuple of n walls. The size of its domain equals kn, whichis also the number of candidate solutions to the problem. For every candidatesolution, all constraints have to be checked. The number of constraints is m, sothe complexity of the algorithm is O(mkn), which is the same as for CP-1.6 Node and arc consistencyNode and arc consistency applies to the re�nement model of satisfaction. We calla constraint satisfaction problem node-consistent if and only if for all variables,all values in its domain satisfy the unary constraints on that variable (cf. [15]).The following algorithm achieves node-consistency for discrete domains:NC (V, C)f for (each v in V)f for (each value s in v.domain() )f if (unary constraints from C on v are violated)remove s from v.domain();g g gIf the size of each domain is at most a and the total number of unary constraintsis e, then the time complexity of this algorithm is O(ae). The algorithm is easily



adapted for continuous domains. The time complexity then is O(Re), with Rthe time needed to check a single constraint.We call a constraint satisfaction problem arc-consistent if and only if for allvalues in the domain of each variable v, and for all constraints c on v, we can�nd a value in the domain of the other variables of c that satisfy the constraint.The following algorithm for achieving arc-consistency assumes that the con-straints are unary or binary, and have discrete domains. For each binary con-straint c on variables v1 and v2, the domains of the variables are examinedseparately by the method revise. When the domain is examined, all values aredeleted which do not satisfy the constraint. If any value is removed, the otherconstraints on the variable must be reconsidered.First the method revise of constraint c:c::revise(v1,v2)f changed = FALSE;for (each s1 in v1.domain())f delete = TRUE;for (each s2 in v2.domain())f if (check(s1,s2))f delete = FALSE;break;g gif (delete)f v1.domain().remove(s1);changed = TRUE;g greturn changed;gThe following simple algorithm for arc-consistency is called AC-3, after [15]:AC-3 (V, C)f NC (V, C);while ( NOT C.empty())dof C.select(c1, v1, v2);C.remove(c1, v1, v2);if (c1.revise(v1,v2))for (each (c2,v2,v3) 6= (c1, v1, v2))C.add(c2,v2,v3);g gIts time complexity is O(ea3), with a the maximum domain size and e thenumber of binary constraints, which is linear in the number of constraints. If theconstraint graph is planar, then the time complexity is also linear in the numberof variables [16]. A less simple but optimal algorithm, AC-4, is presented in [17].It has time complexity O(ea2).



The algorithm is easily adapted for continuous domains, but termination ofthe algorithm then is not assured. The time complexity becomes O(�Re), with� the number of loops taken in the algorithm, and R the time necessary to revisea constraint.Achieving node and arc-consistency does not solve the constraint satisfactionproblem. These algorithms are used to reduce the search space of the problem.E.g., when there are no cycles in the constraint graph, achieving node and arc-consistency implies that the graph is backtrack-free, i.e. a solution can be foundwithout backtracking [8]. In a backtrack-free graph, a solution is found in timelinear in the number of nodes [6]. When there are cycles in the graph, additionalalgorithms have to be used to reduce the problem, such as the recognition ofcertain patterns (e.g. k-trees).6.1 Linkage Positioning ProblemIn CP-1, there are no unary constraints on the variables, thus, by de�nition itis node-consistent. Node-consistency for CP-2 is achieved by removing all wall-tuples from the domain of a rod ri on which the segment cannot lie. These arethe wall-tuples whose distance is larger than the rod length and the tuples whichcontain two the same walls. In CP-2 the domain size is k2 and the number ofunary constraints is m. This results is a time complexity of O(mk2) The domainsize in CP-3 equals kn, and the number of unary constraints is m. This resultsis a time complexity of O(mkn) for NC.In CP-1, arc-consistency means that if we assign to a point pi an arbitrarywall from its domain, then all other points to which it is adjacent, can be placedon walls so that the constraints still hold. The domain size in CP-1 is k, thenumber of constraints m, thus the complexity for AC-3 is O(mk3). If we as-sume that there are no cycles in the linkage, �nding an actual solution takes anadditional O(n) = O(m) amount of time.In the case of CP-2, arc-consistency means that once a rod is placed ontwo walls, all adjacent rods can also be placed. The di�erence with CP-1 isthat the domain size has increased to k2 and the number of constraints hasbecome (m + q). The complexity of algorithm AC-3 is now O((m + q)(k2)3).Again, if there are no cycles in the linkage, an actual solution can be found inO(n) = O(m) additional time.Since CP-3 only contains one variable which is the complete linkage, thereare no binary constraints. So, if it is node-consistent, it is also arc-consistent.7 Local propagationPropagation of known states, or just local propagation, can be performed whenthere are parts in the network whose states are completely known (have nodegrees of freedom). The satisfaction system looks for one-step deductions thatwill allow the states of other parts to be known. This is repeated until allconstraints are satis�ed or no more known states can be propagated. If not allconstraints can be satis�ed, the remaining constraints must be resolved by, for



example, numerical relaxation (see next section). Most constraint satisfactionsystems use some form of local propagation. For an arbitrary constraint graph,we can use the following local propagation algorithm:LP (v1)f for (each constraint c1 on v1)fifo.push(c1,v1);while(NOT fifo.empty())f fifo.pop(c1,v1);changed = c1.revise(v1);for (each v2 in changed)for (each c2 6=c1 on v2) // effectivelyfifo.push(c2,v2); // LP (v2)g gAlgorithm LP is invoked with the variable that triggers the propagation. Theconstraints on the variables are pushed onto a �rst-in-�rst-out queue. In thewhile-loop every constraint in this queue is revised by possibly changing thevariables subject to the constraint other than the variable that triggered the con-straint. All other variables that have been modi�ed are put in the set changed.These variables and the constraints on them are put into the queue. Becauseconstraints on changed variables are placed in a �rst-in-�rst-out queue (as op-posed to an unordered set), they are guaranteed to be revised later on, whetherthe propagation is �nite or in�nite. This is called fair propagation [9].If there are no cycles in the constraint graph, LP solves each constraintexactly once, and so the time complexity is linear in the number of constraints.Let R be the time needed to revise a constraint. The time complexity for LPis then O(Re). The time R depends on the problem. For discrete domains ofsize a, R is typically O(a) in the alternation model, and O(a2) in the re�nementmodel. If there are cycles in the constraint graph, there is in general no way todetermine the complexity of the algorithm except for the re�nement model ondiscrete domains. E.g. for binary constraints, it becomes O(ea3), equal to thetime complexity of AC-3. For the other cases, let � be the number of loops doneby the algorithm. The time complexity is then O(�Re).In the case that the constraint graph contains no cycles, the variables ofa solved constraint are not changed by the same constraint again during fur-ther propagation. However, if that value prevents other variables to satisfyconstraints, no solution is found, since backtracking is not possible. This prob-lem could be circumvented by allowing a constraint to change the value of thevariable it was triggered from.Prior to performing local propagation one can perform an analysis to planthe best order to propagate constraints [19]. It is sometimes e�cient to planhow to solve constraints before actually doing it. For example if one drags angraphics object which is constrained and must remain constrained, the planningcan be done at the beginning of the drag operation, and the execution can bedone in real time.



7.1 Linkage Positioning ProblemIn CP-1, the constraint variables are the n points. These are connected to eachother by m binary constraints. The number of walls, which is also the size ofthe domain for a point, is k. If we apply LP to CP-1, the time complexity isO(km), assuming that there are no cycles. However, as is pointed out above,it cannot always �nd a solution. In constraint problem CP-2, the variables arethe m rods. The domain size has increased to k2, because every rod containstwo points. The total number of constraints are the m unary constraints andthe q binary constraints. The complexity for LP is then O(k2(q+m)). In CP-3,the constraint variable is the complete linkage, consisting of n points and mrods. Consequently, the domain size has increased to kn, the number of unaryconstraints is m. The resulting complexity is O(knm).8 RelaxationRelaxation is an iterative numerical approximation technique that is often usedin cases where local propagation fails, such as cycles in the constraint graph.Relaxation can only be used on variables with continuous numeric values. Itmakes an initial guess at the values of the unknown variables, and then estimatesthe error that would be caused by assigning these values to the variables. Newguesses are then made, and new error estimates calculated. This process repeatsuntil the error is minimized. The number of iterations can also be limited by aconstant in case the error doesn't converge fast enough.An algorithm for relaxation is given below:RX (V, C)f times = 0;dof error = 0;times = times + 1;for (each v in V)f v.guess(C);error = maxferror,v.error(C)g;gg while (error > � AND times < �)gThe algorithm RX applies to all the variables in the set V, subject to theconstraints in the set C. The local variables of the algorithm, times and error,denote the number of iterations that have elapsed and the maximum error es-timate, respectively. The variable error could also be a vector containing theerror terms for all variables. In the while-loop, �rst initial values are guessed forthe variables. Then the error is determined by testing the values of the variablesagainst the constraints. The while-loop is repeated until the error term is smallerthan a certain value � or the maximum number of iterations �, is reached.



Let again b be the number of variables and e the number of constraints. Ifwe assume that a variable value can be guessed, and its error estimated, in timelinear in the number of constraints on the variable, the complexity for guessingand error estimation of all variables is O(be). Since the number of iterations isat most �, the time complexity of RX is O(�be).Although the relaxation algorithm is linear in the number of variables andconstraints, in practice it can be slow because expensive 
oating point calcula-tions have to be performed to guess values or estimate errors. In combinationwith local propagation however, relaxation can often be speeded up.8.1 Linkage Positioning ProblemIn order to be able to use the relaxation algorithm on the Linkage Position-ing Problem, we allow the x-coordinates of the variables to be continuous andin�nite. This means that the domain for points is R2 .For CP-1, the set of m binary constraints is now extended with n unaryconstraints, which state that the points must reside on walls. Error estimationis done by calculating distances between points and distances between pointsand walls. There are n variables and m + n constraints, so the complexity forRX is O(n(m + n)�). For CP-2, the number of variables is m and the numberof constraints is increased by n unary constraints to constrain the endpointsof a rod to lie on walls. The total number of constraints is thus n + q + m.The complexity for RX is then O(m(q + m + n)�). For CP-3, the number ofconstraints increases to n+m, resulting in a complexity of O((m+ n)�).9 Equate and OOCSEquate [23] is a constraint satisfaction system that uses term rewriting as a guideto �nd solutions. Constraints are speci�ed as equations. Rewrite rules convertequations into equivalent sets of equations that can more easily be solved. Thisrepeats recursively (zero or more times) until equations are simple enough to berewritten to a set of instructions (messages to an object). The rewrite rules whichrewrite the equations are provided by the classes and are similar to the programclauses of logic programs. Several rules may apply to rewrite an equation.The partial solutions for every constraint have to be combined in order toprovide a solution program for the whole constraint problem. Equate uses so-called read-sets and write-sets to determine which instructions interfere with theaccomplishments of others. These sets contain the (internal) variables of ob-jects that will be read or written to during the execution of the instruction. Forexample, when an instruction A writes to a variable which is read by anotherinstruction B, instruction A can undo some of the achievements of B and istherefore executed �rst. If no proper order can be found, Equate �nds no solu-tion. In this way, a set of solution programs is generated, which is o�ered to theapplication. The application must choose a solution program from that set toexecute in order to satisfy the constraints.



Another system, which is quite similar to Equate, is the Object-OrientedConstraint System, OOCS [10]. The main di�erence between these systemsis that OOCS does not use term rewriting. Instead, an object supplies a setof solution program segments for each constraint that has been imposed uponit. The object guarantees that execution of any of these segments will leavethe object in a state which satis�es the constraint. OOCS then solves a setof constraints by determining which program segment steps interfere with eachother. This is achieved in the same way as in Equate by using read-sets andwrite-sets. By arranging the solution steps using these sets, the OOCS solver isable to decide which are feasible solutions.Constraint solving with Equate takes the following four steps: (i) rewrite allthe constraints, (ii) order the partial solutions into solution programs, (iii) makea selection out of the set of solution programs, (iv) execute a program. doesnot perform the �rst step. The last two have to be executed by the applicationprogram.Let e be the number of constraints (initial equations), and s the maximumnumber of rules to rewrite an equation. Let t be the maximum number ofterms (instructions) in the body of a rewrite rule, and r the maximum numberof rewrite iterations. The number of rewrite steps is then O(ePri=1 siti�1) =O(esrtr�1). The total number of di�erent solution programs (sets of instruc-tions) is O(ePri=1(st)i) = O(e(st)r), each solution consisting of O(etr) terms.Very little has been written about the complexity of term rewriting. Anapproach to determine the complexity of term rewriting systems is given in [3],where a notion of the complexity is given by means of the cost of terms. In [13]is mentioned that if the set of terms is strictly left-sequential, there is a fastalgorithm which can �nd a rule in the rule-base in time linear in the length ofthe expression to be rewritten (the head of the rule). Assuming that this lengthis bounded by a low constant number, rewriting a single equation takes constanttime. The time for rewriting all constraints is then O(esrtr�1).In each solution program, the read and write sets of each of the O(etr)instructions have to be checked against the read and write sets of all the otherinstructions in the solution program, requiring O(e2t2r) checks. This must bedone for all the O(e(st)r) solution programs, giving a total of O(e3srt3r) checks.The actual satisfaction of the constraints is done by selecting one of thesolution programs and executing the O(etr) instructions (method calls).The total complexity of satisfaction is the sum of complexities of the separatesteps. It is dominated by the checking of the read and write sets, i.e. O(e3srt3r).Assuming that r, s, and t are small, relative to the number of constraints e, andbounded above by a constant, the time complexity is cubic in the number ofconstraints: O(e3).9.1 Linkage Positioning ProblemWe shall use Equate here to exemplify how the Linkage Positioning Problemcan be solved using this strategy. The line of reasoning for OOCS remains thesame. In order to use Equate, classes, constraint equations, and rewrite rules



must be de�ned. The purpose of Equate is to generate a solution in the form ofa sequence of method calls that satisfy constraints, rather than to generate andtest individual values from the variables' domains.In CP-1, the objects involved are points, their domain is the set of walls. It isthe responsibility of the points to attain values in the domain. A typical rewriterule could be:d(point1,point2)=exp � fail unless point1.wall(exp) 6= NIL;point2.move to(point1.wall(exp))where point1.wall(exp) returns a position on a wall other than its current wall,at distance exp. In CP-1, the number of constraints is m, so the time complexitybecomes O(e3) = O(m3).In CP-2 the objects are the rods. Considering the working of Equate, wechoose to combine the unary and binary constraints. For example, a typicalrewrite rule could be:incident(rod1, rod2)=TRUE  � fail unless unary constraint(rod1)=TRUE;rod1.rotate(rod2)where unary constraint needs further rewriting and rod1.rotate(rod2) ro-tates rod1 to be incident with rod2. The number of constraints is now q. Thetime complexity O(e3) thus becomes O(q3).In CP-3 there is only a single variable, the linkage structure. A typicalmethod of this object is to rotate one part of the linkage around a hinge vertex,leaving the other part �xed. The object is responsible for maintaining inter-nal constraints on those points that have a value. As in CP-1, the number ofconstraints is m, resulting in O(m3) time complexity.Equate need not always �nd a solution. Checking the read and write setscan be overly restrictive and may abort valid solutions. Another reason is thatrun time checks may fail. In CP-1 for example, in order to satisfy the distanceconstraint, Equate moves a point to only one of the possible solutions. Thisassignment satis�es the current constraint, but it is possible that it obstructsother variables to satisfy their constraints. Equate then succeeds in producing asolution program, but if the application executes the program, it fails, i.e. oneof the fail unless statements evaluates to false and the program aborts.10 DiscussionBelow, an overview is given of the complexities we have discussed for the di�erentconstraint solving techniques. We discriminate between the alternation and there�nement model of solving, and between discrete and continuous domains. Asusual, a is the size of a discrete domain, b is the number of variables, e thenumber of constraints. R is the time needed to solve a single constraint, and �the number of loops or iterations made by the algorithms:



discrete continuousalt ref alt refBT eabNC ae ReAC-3 a3e �ReLP �ae a3e �Re �ReRX �beEquate/OOCS e3 e3Naturally, all complexities are at least linear in the number of constraints e.It is immediately clear why local propagation LP is such a widely used constraintsolving method. It is applicable in a wide variety of applications and linear inthe number of constraints, if R is independent of e. Note however that LP neednot always �nd a solution, which is why it is often preceded by a planning stage.We have seen in the examples CP-1, CP-2, and CP-3 that the way an ap-plication is modeled can largely in
uence the time complexity of constraint sat-isfaction. Particularly the number of constraints and the size of domains canvary. By encapsulating more variables into objects (like the vertices in the rods),constraints may move into the objects (like the �xed distances of the rods). Onthe other hand, new constraints may be needed to describe the relations amongthe objects (like the incidency constraints between the rods). Furthermore, ifthe domains of the object variables are discrete, the complexity of the solvingalgorithm is increased when the domains are enlarged.11 ConclusionsIn the alternation model of satisfaction, many algorithms do hard solution as-signments to the objects (possibly in combination with domain re�nement). E.g.,the backtracking algorithm BT by means of v.assign(s), and the arc consis-tency algorithm AC-3 through c.revise(). The complexities above are valid onthe assumption that the objects accept the assignment. However, to maintainany form of information hiding, the assignment should be done through messagepassing, encapsulating the internal implementation of the objects (as Equateand OOCS do).Equate and OOCS obey information hiding to some extend: neither theconstraints nor the procedural solutions refer directly to an object's implemen-tation. Actually, neither the solver nor the object determines a solution alone.The objects o�er possible local solutions, and the solver tries to combine theminto a global solution. However, a global solution need not be found, and thecomplexity is cubic in the number of constraints, which limits the use to smallscale applications. Note that in the end the use of read-sets and write-sets inEquate and OOCS, which contain implementation speci�c knowledge of an ob-ject, infringes the concept of information hiding after all. In [10] is put forwardthat encapsulation is maintained from the application programmer's perspec-tive. The read-sets and write-sets are only available to the constraint solver,



thus keeping the bene�ts of object-oriented programming for the programmer.If an object has to maintain internal relationships and refuses an assignment,then either the constraints are not satis�ed, or the solver has to negotiate withthe objects to accept values. In the latter case the time complexity typicallybecomes exponential in a, or worse for continuous domains. Obviously, to avoida situation that an object can refuse a solution via a message, the methods shouldbe designed so as to obey the internal relationships, or the solver must take intoaccount these relationships. In the �rst case the satisfaction power of the solvermay be limited, in the second case the information hiding principle is broken.Encapsulating the objects and completely hiding them from the constraint solverprevents the solver from doing any global solution. In the case of multipleconstraints, this prevents the solver from doing any work at all.This leads to the following theorem:Principal Theorem Under strict information hiding, constraintsatisfaction on objects cannot be guaranteed.The relaxation algorithms were formulated such that the objects themselvesdetermine a value. However, this also gives them the freedom not to satisfy con-straints, which destroys the compelling and declarative nature of constraints. Soindeed, under strict information hiding, constraint satisfaction is not guaranteed.For the re�nement model of satisfaction similar problems hold. One maymodel the domain as a separate object, but conceptually it is the exclusiveproperty of the variable, and in fact a part of it. In that sense, changing thedomain of a variable is equivalent to assigning a value.If the constraint system is part of a programming language, the infringementof information hiding is under control of the constraint solver. From the ap-plication programmer's point of view the data encapsulation is still preserved.Indeed, as pointed out by [7], requiring the language's internal constraint systemto respect information hiding is similar to requiring an optimizing compiler torespect information hiding, which would make part of its task impossible.If one is to sacri�ce strict information hiding in order to facilitate constraintsatisfaction, care should be taken not to allow abuse. In [22] we propose a radicalseparation of the constraint system and the normal object-oriented framework bymeans of two orthogonal communication strategies for objects: messages on theone hand, and events and data-
ow on the other hand. In this way, the processof constraint management via data-
ow networks does not interfere with thecommunication of the object-oriented world via messages. Because of the globaland compelling nature of constraints, this strict separation facilitates the designand debugging of constraints and the constraint system.AcknowledgementThe authors are supported by NWO (Dutch Organization for Scienti�c Research)under Grants SION-612-31-001 and SION-612-322-212, respectively.
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