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This paper introduces a representation
scheme for the boundaries of polygonal
and polyhedral objects without holes. The
scheme represents a hierarchical approxi-
mation to support processing at multiple
levels of detail, together with hierarchical
bounding volume information to support
efficient set and search operations. The ap-
proximation is boundary based and intrin-
sic to the surface. The bounding areas con-
tain the boundary segments of the object,
not its volume. These bounding areas con-
sist of intersections of 2D circles and 3D
spheres, which makes the representation
storage efficient, and set and search opera-
tions computationally efficient.
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1 Introduction

Complex polygonal (2D) or polyhedral (3D) object
boundaries consist of many segments which are
line segments or faces. To manipulate objects with
many boundary segments, we need facilities to
speed up the processing and avoid unnecessary op-
erations. Two facilities are often used for efficient
manipulation of complex polygonal or polyhedral
objects consisting of many faces: approximation
and localization. Both can be performed hierarchi-
cally. The purpose of both techniques is to avoid
unnecessary processing of detail.
Approximation. It is not always necessary to pro-
cess an object in full detail. If the approximation
object consists of many fewer faces than the orig-
inal object, the processing is usually much faster.
For example, the interactive manipulation of a
3D object requires real-time display. During ani-
mated rotation, an approximation object allows
faster display without much loss of sense of reality.
Another example is the perspective display of dis-
tant 3D objects that are mapped to only a few pix-
els. Yet another application is hierarchical feature
classification used in object recognition.
Localization. Localization provides information
about the position of the volume or the boundary
of the object by means of a set of bounding vol-
umes that, together, contain (the boundary of) the
object. If the bounding volumes allow efficient
testing, we can locate points and test for intersec-
tions efficiently.
Both approximation and localization can take
place at multiple levels of detail. If the successive
levels are such that a segment at one level is re-
fined at the next level, there is a hierarchy of suc-
cessively more detailed levels. A hierarchy is nat-
urally stored in a tree structure, where the root con-
tains the most coarse level of approximation and
the children of a node represent the refinement of
the parent at the next level of approximation. Al-
gorithms operating on the hierarchy try to work
at the root. If this is not possible, the algorithm
proceeds to successively more detailed levels.

2 Related work

This section discusses other methods as far as they
are relevant. I do not explain other approximation
schemes in detail if they are not applicable to
bounding volumes.
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The iterative end-point fit method (Duda and Hart
1973) is an approximation algorithm for 2D poly-
gons that starts by connecting two initial end-
points. If all the distances from the points to the
line segment are less than a chosen error bound,
the process is finished. Otherwise, the point far-
thest from the line segment is connected to the
two end-points, yielding two new line segments.
The process is repeated for each new line segment.
This method is also known, especially in the car-
tography community, as the Douglas-Peucker al-
gorithm (Douglas and Peucker 1973). There are
many approaches in the cartography and GIS liter-
ature for approximation (map generalization), but
not for localization. A `3D iterative end-point fit'
algorithm selects triangles that approximate a part
of a polyhedral surface (Faugeras et al 1984).
The strip tree (Ballard 1981) is a localization
scheme represented by a binary tree that stores
all intermediate approximations resulting from
the iterative end-point fit method, together with
some bounding area information: a strip. A strip
that covers v0,¼, vn represents the smallest rectan-
gle with sides parallel to the line through v0 and vn.
The prism tree (Ponce and Faugeras 1987) is a
generalization of the strip tree to three dimensions,
suitable for the hierarchical representation of poly-
hedral objects. A truncated pyramid (called a
prism) enclosing a part of the surface is stored in
each node of the tree.
The arc tree (Günther 1988) is a balanced binary
tree representing a hierarchy of approximations
and localizations of arbitrary planar curves. The lo-
calization is achieved by bounding ellipses. Let a
curve C with length l be parameterized by its arc
length fraction tÎ[0, 1]. Then the length of the curve
from C(0) to C(t0) is t0l. The kth approximation
consists of 2k line segments. Line segment i con-
nects C(i/2k) and C((i+1)/2k) and is the approxima-
tion of the arc of C between C(i/2k) and C((i+1)/
2k), which has length l/2k. The arc tree stores the
hierarchy of approximations in a binary tree.
Some approximation methods only work for ter-
rain surfaces, in which a height attribute is associ-
ated with vertices of a 2D triangulation. The Del-
aunay pyramid (DeFloriani 1989) is a representa-
tion of a sequence of 2D Delaunay triangulations.
Starting with an initial Delaunay triangulation, a
number of data points are added to obtain a more
accurate terrain surface approximation. Alterna-
tively, starting with a Delaunay triangulation at

full detail, vertices can be deleted at the next levels
(Berg 1997). Both methods are only approximation
methods, not localization methods. Since all trian-
gulations are done in the plane, such schemes are
unsuitable for approximating boundary surfaces
of 3D objects.
A number of other approximation schemes work
only for surfaces in three dimensions. Schroeder's
(1992) method iteratively removes vertices from
the surface according to some selection criterion,
followed by retriangulation. Hoppe et al. (1993) it-
eratively remove edges, but this may introduce
new vertices into the surface. Hoppe (1996) suc-
cessively shrinks edges until they collapse. Turk's
(1992) scheme first generates new vertices into the
surface and then discards the old vertices to create
a new mesh. View-dependent simplifications are
presented by Hoppe (1997) and Luebke and Erik-
son (1997). None of these schemes is hierarchical
in the sense that each facet at one level is refined
at the next, and they do not provide hierarchical
bounding volume information.
Some optimal approximation algorithms by Imai
and Iri (1988), minimize either the error, given a
number of vertices, or vice versa. They are not
usually hierarchical. There seem to be no efficient
algorithms for optimal approximation in three di-
mensions, so that we are dependent on heuristics.
Finally, some approximation methods work only
for vertices on a regular triangular (Schmitt and
Gholizadeh 1986) or a rectangular (DeHaemer Jr.
and Zyda 1991) grid, which limits the use to spe-
cial applications.
To summarize, most of these schemes are approx-
imation schemes without the ability to provide hi-
erarchical localization. The arc tree is both an ap-
proximation and a localization scheme, but there is
no 3D analogue, and the bounding ellipses are
computationally expensive. The iterative end-point
fit procedures are approximation methods only, but
can be combined with the the strip tree and prism
tree for localization. This paper introduces a
scheme in two and three dimensions that is hierar-
chical and is both an approximation and a localiza-
tion scheme. Furthermore, its bounding areas/vol-
umes are computationally cheaper than the strip
and prisms in hierarchical operations such as point
location and object intersection. Sections 3 and 4
present this scheme for the 2D and 3D cases. Sec-
tion 5 presents some hierarchical operations that
use this scheme. Section 6 concludes the paper.



473

3 Hierarchical approximation
and localization in two dimensions

In this section we consider the approximation and
localization of a 2D polygon of Nv vertices
v0 . . . vNvÿ1:The approximation algorithm is based
on the way that a part of the polygon, a polyline
vp ¼ vs, is localized.

3.1 Localization

The definition of the bounding area is based on the
notion of a disc with a signed radius, and the def-
inition of the � operator. The following definition
is illustrated in Fig. 1.

Definition 1. Disc with signed radius: let a1, a2,
and b be points not lying on one line. The radius
R(a1, a2; b) of the disc D(a1, a2; b) touching these
points has a negative sign if Ð(a1, b, a2)>p/2,
i.e., the center of the disc and b lie at opposite sides
of the line through a1 and a2; otherwise it has a
positive sign.
The following definition is illustrated in Fig. 2.

Definition 2. Let D1 and D2 be two discs with
signed radii R1 and R2 respectively. The � operator
is defined as

D1�D2 �
D1
T

D2 if R1; R2 < 0; or
Ri < 0; Rj > 0; Rij j> Rj; i; j� � 2 1; 2� �; 2; 1� �f g;

D1
S

D2 if R1; R2 > 0; or
Ri < 0; Rj < 0; Rij j< Rj; i; j� � 2 1; 2� �; 2; 1� �g:f

8>><>>:
The definition may look unnecessarily complex,
but is used to make the definition of the bounding
area simple.
The half-plane that contains point c and whose
boundary passes through a1 and a2 is denoted by
H(a1, a2; c). A half-plane is considered as a disc
with a radius of �¥.
The bounding volume that is the basis of our ap-
proximation algorithm is defined in terms of discs
with signed radii and the � operator. Informally,
the bounding volume of a polyline vp ¼ vs is the
smallest intersection or union of two discs touch-
ing vp and vs that contains the polyline, and is de-
noted by BV(vp ¼ vs). The following definition is
illustrated in Fig. 3 for the case in which the BV

is an intersection of two discs or a disc and a
half-plane.

Definition 3. Let P be polyline vp ¼ vs, s>p+1. If
points of P lie both to the left and right of the di-
rected line through vp and vs, then let vq be such
that D(vp, vs; vq) contains all vertices lying in
H(vp, vs; vq); let vr be such that D(vp, vs; vr) con-
tains all vertices lying in H(vp, vs; vr), and define
BV(P)=D(vp, vs; vq)�D(vp, vs; vr). Otherwise, let vq
be such that D(vp, vs; vq) contains all vertices of
P, and define BV(P)=D(vp, vs; vq)ÇH(vp, vs; vq).
It is easily verified that PÌBV(P), so that BV(P) is
a bounding volume for P by construction.
Note that vq and vr minimize Ð(vp, vi, vs) for all vi
lying at one side. Note further that such a vertex vq
always exists. After all, there is a disc touching vp
and vs that contains all vertices of P in H(vp, vs; vi)
for some p<i<s. The smallest possible disc touch-
es at least one vertex vj, p<j<s. We call one of
these vertices vq. Symmetrically, if not all vertices
of P lie in H(vp, vs; vq), then the vr in the definition
also exists.

3.2 Approximation

The hierarchical approximation of a polygon of Nv
vertices starts with the calculation of the smallest
bounding disc (SBD), that is, the smallest disc that
contains all vertices. This disc touches at least two

vertices, say vi and vj, i<j. If more than two verti-
ces lie on the boundary of the smallest bounding
disc, we take the two vertices that are farthest
apart. Edge vivj is the zeroth order approximation
of the polygon, dividing it into two polylines vi-
vi+1 ¼ vj and vjvj+1 ¼ vi (here and in the rest of
Sect. 3 the indices are taken modulo Nv).
For the next level in the hierarchy of approxima-
tions, let us consider a polyline P=vp ¼ vs. The ap-
proximation depends on the bounding volume
BV(P). If BV(P) is D(vp, vs; vq)ÇH(vp, vs; vq), then
P is approximated by the edges vpvq and vqvs. If
BV(P) is D(vp, vs; vq)�D(vp, vs; vr) and if the radius
of D(vp, vs; vq) is larger than the radius of
D(vp, vs; vr), then P is approximated by the edges
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Fig. 1. Disc D(a1, a2; b) with signed radius

Fig. 2. The � operator on two discs D1 and D2

Fig. 3a, b. 2D bounding volumes: a F(P)=D(vp, vs; vq)�D(vp, vs; vr). b F(P)=D(vp, vs; vq)ÇH(vp, vs; vq)
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vpvq and vqvs; otherwise, by vpvr and vrvs. Remem-
ber that the radii of D(vp, vs; vq) and D(vp, vs; vr)
are signed.
An edge vpvs is not subdivided if p+1=s, in which
case this edge is in the original polygon. In order to
construct the complete hierarchy, the iteration con-
tinues until all vertices are contained in the approx-

imation polygon; the last approximation coincides
with the original polygon. By definition, an edge
vpvp+1 has no bounding volume. Figure 4 gives a
simple example of a polygon and the approxima-
tions of levels zero, one, and two.
A binary tree is a natural data structure for storing
the hierarchical approximations. The root, level ze-

v0

V1

v2 v4

v3

v5

v6

v7

v8

v9

v10

v0; v6

v4

v2 v5

v1 v3

v10

v8

v7 v9

5

4a 4b

4c 4d

Fig. 4. a Smallest bounding disc and zeroth order approximation;
b bounding volume of v6¼v0; c, d first and second order
approximations

Fig. 5. HAL tree of the example in Fig. 4
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ro of the tree, contains vertices vi and vj. The left
subtree stores vertices vi+1,¼, vj�1 so that the sym-
metric or infix order traversal yields the successive
vertices of the polygon. The right subtree stores
vertices vj+1,¼, vi�1 analogously. A level-` ap-
proximation simply corresponds to the levels
0,¼, ` of the tree. Figure 5 shows the complete hi-
erarchy tree of the example in Fig. 4.
The bounding areas are stored as follows. The root
stores the smallest bounding disc. A node contain-
ing vertex vq at level `, `³1 of the tree, contains
D(vp, vs; vq) and D(vp, vs; vr), where vp is the prede-
cessor and vs, the successor of vq at approximation
level `. For example, the node containing v2 in
Fig. 5 stores D(v0, v4; v2) and D(v0, v4; v3).
The hierarchical approximation and localization
scheme is referred to as the HAL scheme, and
the tree that stores the hierarchy of approximations
and bounding volumes, a HAL tree, also in three
dimensions.
The following theorem shows that all BVs are the
intersections of two discs or a disc and a half-
plane, and never a union of them.

Theorem 1. Starting with a polygon, all the BVs in
the HAL tree are the intersection of two discs or a
disc and a half-plane.

Proof. Let the polygon be v0 . . . vNvÿ1: The initial
BV is the intersection of the SBD with itself. At
every next level, if there is a disc touching vp
and vs that contains vp+1 ¼ vs�1, then the bounding
volume can be made smaller by intersecting two
discs. By construction of the approximation, each
approximated polyline is contained in a disc.
Thus, each BV is the intersection of two discs or
a disc and a half-plane. In particular, the case in
which a BV is the union of a half-plane and a disc
simply cannot occur. That would be the case if a
vertex vi, p<i<s were to lie on the line through vp
and vs, outside the line segment vpvs, but by con-
struction of the approximation, this never hap-
pens. h

The algorithm to construct the complete HAL tree
is summarized in Algorithm 1 in pseudo C code.
The time complexities for the best and worst cases,
as well as the storage complexity, are given by the
following theorems.

Algorithm 1. 2D HAL tree construction algorithm.

HAL2()
{ bool Completed=FALSE;

compute SBD(vi, vj); // smallest bounding disc
store vi, vj, and SBD in root;
while (!Completed)
{

Completed=TRUE;
for (each segment vpvs approximating P, p+1<s)

// segment to be split
{

Completed=FALSE;
determine F(P);
if (F(P)==D(vp, vs; vq)ÇH(vp, vs; vq))

store vq, D(vp, vs; vq), and D(vp, vs; vr) in new node;
else // F(P) is D(vp, vs; vq)�D(vp, vs; vr)
if (R(D(vp, vs; vq))>R(D(vp, vs; vr)))
store vq, D(vp, vs; vq), and D(vp, vs; vr) in new node;

else
store vr, D(vp, vs; vq), and D(vp, vs; vr) in new node;

}
}

}

Theorem 2. Let Nv be the number of vertices in the
original polygon. The best-case time complexity
for constructing the complete 2D HAL tree is
Q(Nv log Nv). The worst-case time complexity is
Q N2

v

ÿ �
:

Proof. The smallest bounding disc can be found in
Q(Nv) time (Megiddo 1983). Two vertices on the
boundary of the disc that are farthest apart can
be found in Q(Nv log Nv) time (Preparata and Sha-
mos 1985). The new vertex to be included in the
approximation polygon can be found done in
Q(n) time for a polyline of n segments by testing
the vertices sequentially.
In the best case, the polygon is split into equally
sized parts, giving élog Nvù iterations. The ith iter-
ation then treats 2i polylines of size Nv/2i. The best-
case time complexity is thus

Q Nv� ��Q
XlogNvd e

i�0

2i Nv

�
2i

ÿ � !
�Q Nv logNv� �:

In the worst case, a polyline of n segments is split
into one polyline of size one and another of size
n�1. The worst-case time complexity is therefore

Q Nv� ��Q
XNv

i�1

i

 !
�Q N2

v

ÿ �
: h
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vq

w1

7a

Fig. 6a±d. Original polygon together with the zeroth order approximation and fourth order approximation (b); higher order
approximation of 59 edges c and adaptive approximation of 60 edges d

Fig. 7. a Width w1=R1+h1 if R1>0. b Width w1=�(R1+h1) if R1<0

7b
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Theorem 3. The storage complexity of the com-
plete 2D HAL tree is Q(Nv).

Proof. The HAL tree stores each vertex exactly
once. The root stores two vertices and all other
nodes store one vertex so that there are Nv�1
nodes. The HAL tree thus requires Q(Nv) storage
space. h

3.3 Adaptive approximation

The approximation algorithm described in the pre-
vious section replaces each edge in the current ap-
proximation by two new edges, unless the edge
cannot be refined. One can apply this procedure
a fixed number of times, or stop the iteration when
the approximation polygon is within a specified er-
ror bound with respect to a chosen criterion. How-
ever, the error of one part of the approximation
polygon can be very different from another part.
This is clearly visible in Fig. 6, which shows the
original polygon (the outer border of the mainland
of the Benelux) with the zero-order level of ap-
proximation and two other levels of approxima-
tion. Some parts of the approximation polygon ex-
hibit much more detail than other parts. The ap-
proximation algorithm can overcome this uneven-
ness by only refining an edge if the error of that
edge (rather than the whole polygon) is larger than
a given bound. Such an algorithm is said to be
adaptive.
In principle, any error criterion can be used. An ap-
proximation error tailored to a covering by BVs is
based on the two widths associated with a BV (il-
lustrated in Fig. 7):

Definition 4. Let P=vp ¼ vs have an associated
bounding volume BV(P)=D(vp, vs; vq)D(vp, vs; vr)
or BV(P)=D(vp, vs; vq)ÇH(vp, vs; vq). The widths
w1 and w2 of the BV are defined as follows. Let
w1 be the largest distance from edge vpvs to a point
on the boundary of D(vp, vs; vq) at the same side of
vpvs as vq. If BV(P)=D(vp, vs; vq)ÇD(vp, vs; vr),
then w2 is the largest distance from edge vpvs to
a point on the boundary of D(vp, vs; vr) at the same
side of vpvs as vr. If BV(P)=D(vp, vs; vq)Ç
H(vp, vs; vq), then w2=0.
Note that the zero width associated with
H(vp, vs; vq) agrees with the interpretation that the
half-plane is a disc with a radius of �¥. Verbally,
the widths of a BV are the largest distances be-

tween the boundaries of the discs and the line
through vp and vs. The covering approximation er-
ror of a single BV is now defined as max{w1, w2}.
The error of approximation of a polyline by BVi,
i=0,¼, m with widths wi, 1 and wi, 2 is the maxi-
mum over all widths:

max
0�i�m

max wi;1; wi;2
� 	

: �1�

The adaptive approximation in Fig. 6 is construct-
ed with this error criterion.
The tree representation of an adaptive approxima-
tion is a subgraph of the tree of the nonadaptive ap-
proximation of the same level. An adaptive ap-
proximation polygon often consists of fewer edges
than a nonadaptive one of the same level of ap-
proximation. Alternatively, an adaptive approxi-
mation polygon often is of a higher approximation
level than a nonadaptive one of about the same
number of edges, usually resulting in a better ap-
proximation, i.e., a smaller approximation error.
This is illustrated in the bottom row of Fig. 6 ±
the adaptive approximation and the nonadaptive
one have about the same number of edges, but
the adaptive approximation has a smaller error
and is of a higher approximation level.

4 Hierarchical approximation
and localization in three
dimensions

In this section we consider the approximation and
localization of a 3D polyhedral solid object with-
out voids and through-holes. That is, they have ge-
nus zero. In the following, the term `polyhedral
surface' denotes a part of the polyhedral boundary
of the solid. Nv is the number of vertices of the
polyhedron. The approximation algorithm is based
on the way the polyhedral surfaces are localized.

4.1 Localization

The definition of the bounding volume is based on
the notion of a ball with a signed radius.
B(a1, a2, a3; b) denotes the ball touching
a1, a2, a3, b with a signed radius, defined analo-
gously to Definition 1. The � operator for balls
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with a signed radius is defined by Definition 2 with
`ball' substituted for `disc'. The half-space con-
taining c whose boundary passes through a1, a2,
and a3, is denoted by H(a1, a2, a3; c). A half-space
is considered as a ball with a radius of �¥. Before
presenting the approximation algorithm, the basic
bounding volume must be defined. The following
definition is illustrated in Fig. 8 for the case that
the bounding volume is an intersection of two balls
or a ball and a half-space.

Definition 5. Let P be a polyhedral surface, and vp,
vs, and vt, three distinct vertices on the polygonal
boundary of P. Let vq be a vertex of P such that
B(vp, vs, vt; vq) contains all vertices lying in

H(vp, vs, vt; vq). If PÌH(vp, vs, vt; vq), then the
bounding volume BV of P is defined as
BV(P)=B(vp, vs, vt; vq)ÇH(vp, vs, vt; vq); otherwise,
BV(P)=B(vp, vs, vt; vq)�B(vp, vs, vt; vr), where vr is
a vertex of P not in H(vp, vs, vt; vq) such that
B(vp, vs, vt; vr) contains all vertices in H(vp, vs,
vt; vr).
Note that vq and vr minimize the solid angle
Ð(vi, vp, vs, vt) at vi for all vi lying at one side.
Note that, analogous to the 2D situation, such a vq
always exists. If not all vertices of P lie in
H(vp, vs, vt; vq), such a vr also exists. It is easily
verified that PÌBV(P), so BV(P) is a bounding vol-
ume for P by construction.

vq

vs

vp vt

vt

vq

vr

vp

vs

8

vp

vs

vt

vq
vq

vp

vs

vt

9

10

Fig. 8. 3D bounding volume

Fig. 9. Triangle vpvsvt is split into three at a point inside the polyhedral
surface

Fig. 10. Schematic splitting at sides
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4.2 Approximation

The hierarchical approximation of a polyhedron
starts with the calculation of one of the smallest
balls that touches at least three vertices, say vi,
vj, and vk, and contains all vertices. Such a ball al-
ways exists, but it need not be the smallest bound-
ing ball, which may touch only two vertices.
Next, we determine the three shortest paths of the
edges in the polyhedron running between vi and vj,
vj and vk, and between vk and vi. Note that a short-
est path between two vertices vi and vj may not be
unique. However, we always use the same shortest
path-finding algorithm in the same direction, i.e.,
from vi to vj if i<j. Note further that pairs of short-
est paths may partly coincide.
The three paths cut the polyhedron boundary open.
They form the polygonal boundary of one or two
polyhedral surfaces. Typically, there is a part of
one of these paths that does not coincide with a
part of one of the two other paths, and the polyhe-
dron boundary is divided into two polyhedral sur-
faces; otherwise, only one polyhedral surface re-
sults. Triangle vivjvk is the zeroth order approxima-
tion of the polyhedron.
At all next levels of the hierarchical approxima-
tion, we consider a polyhedral surface P of more
than three vertices, and three distinct vertices vp,
vs, and vt on the boundary of P. If BV(P)=
B(vp, vs, vt; vq)ÇH(vp, vs, vt; vq), then P is approxi-
mated by the three triangles vpvqvs, vqvsvt, and
vpvqvt. If BV(P)=B(vp, vs, vt; vq)�B(vp, vs, vt; vr)
and if the signed radius of B(vp, vs, vt; vq) is larger
than the radius of B(vp, vs, vt; vr), then P is approx-
imated by vpvqvs, vqvsvt, and vpvqvt, as illustrated in
Fig. 9. Otherwise P is approximated by vpvrvs,
vrvsvt, and vpvrvt.
At all levels of approximation, there is a polyhe-
dral surface, part of the original polyhedron
boundary, associated with each approximation
triangle vpvsvt. The boundary polygon of this
polyhedral surface consists of three shortest paths
between vp, vs, and vt. Note again that pairs of
shortest paths may partly coincide, especially
near the vertices vp, vs, or vt. This may even result
in a situation in which only the boundary vertices
are associated with the approximation triangle
vpvsvt. This has no effect on the combinatorial
and topological integrity, however, and the re-
finement procedure will just continue at the fol-
lowing levels.

If the triangles are always split into three new ones
as described, the new triangles become more and
more elongated (`slivers'), because each time the
angles at the vertices are divided. Moreover, the
edges are retained in all next levels, which will
generally not lead to a good approximation. To
avoid too thin triangles, the angle is not split if it
is less than some chosen value, e.g., arbitrarily
set to p/4. In such a case, the triangle is split at
two sides as in Fig. 10 (middle). A triangle can
also have two angles that are too small to be split,
in which case the triangle is split at one side, as in
Fig. 10 (left). If a triangle is split at a side, its
neighboring triangle sharing that side is also split
at the same point, thus avoiding cracks in the ap-
proximation polyhedron. A triangle can thus be
forced to split, even if it has no small angles.
Therefore, a triangle can also split at all three sides
into four new triangles as illustrated in Fig. 10
(right).
The position where a side should be split is at a
vertex on the shortest path between the end points.
Such a path is part of the boundary polygon of the
polyhedral surface that is approximated by the tri-
angle. The vertex for splitting is the one that gives
the smallest difference between the lengths of the
new sides. If the shortest path consists of a single
edge, there is no such vertex, and no splitting oc-
curs. Thus, no new vertices are introduced. Such
a split of a triangle into two new ones, together
with its neighboring triangle, is shown in Fig. 11.
Because a triangle can be forced to split at a side
by its neighbors, the effect of splitting at a side
propagates through the current approximation
polyhedron. Therefore, all edges in the current ap-
proximation polyhedron that must be split should
be determined first. Only then is it known how
all triangles should be split.
The refinement is iterated as long as the associated
polyhedral surface, the boundary plus the interior
vertices, consists of more than three vertices. Oth-
erwise, the polyhedral surface contains just the
three vertices forming the approximating triangle
itself. This is the most detailed level of approxima-
tion, and the approximating triangle coincides with
the original polyhedron facet. By definition, an ap-
proximation triangle at the lowest level has no
bounding volume.
As stated before, two paths may partly coincide,
which may affect the result of the splitting. If the
vertex where a side is split is part of two paths,
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then degenerate triangles will result. They approx-
imate no part of the original surface. This, howev-
er, causes no problem, since the degenerate trian-
gles can simply be recognized by their coalescing
vertices.
Another result, however, is that the approximation
may not be very accurate locally at an almost final
approximation level. Look at the example in
Fig. 12 (note that the dashed lines do not denote
the method of triangle refinement, but represent
the original triangles). A possible splitting se-
quence is the following. Triangle ABC approxi-
mates the original faces ABE, ADE, and CDE,
and is split into ABD and BCD. In the next itera-
tion, ABD is split into ABE and ADE, and BCD
is split into CDE and BDE. However, the last trian-
gle BDE approximates no part of the original sur-
face. Triangles that do not approximate a part of
the polyhedron have coalescing shortest paths be-
tween their vertices, which is easily tested. Such
triangles are immediately discarded from the ap-
proximation.
Because no new vertices are introduced in splitting
a triangle at a side, the shortest paths consist of

edges of the original polyhedron. Because triangles
that do not approximate a part of the polyhedron
are discarded, all the final approximating triangles
coincide with the original triangles. Thus, at the
most detailed level of approximation, the original
polyhedron is recovered. In order to avoid inaccu-
rate approximations at an almost final level, as al-
ready illustrated, the split procedure should take
the triangulation topology, and not only the geom-
etry, into account. This is done in several other
works mentioned in Sect. 2 that do not combine
approximation with bounding volumes.
Let P be a polyhedral surface that is approximated
by a triangle vpvsvt. If a ball touching vp, vs, and vt
and containing P exists, then the `�' in the defini-
tion of the bounding volume is a `Ç'. If no sides of
this triangle are split, the polyhedral surfaces asso-
ciated with the new triangles are also contained in
a single ball. However, if one or more sides are
split, these polyhedral surfaces need not be con-
tained in a single ball. Thus, unlike the 2D case,
3D bounding volumes are not always the intersec-
tion of two balls or a ball and a half-space, but may
also be the union of two balls. There is no 3D an-
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Fig. 11. Two neighboring triangles are split at their common side

Fig. 12. Triangle ABC approximates original triangles drawn with dashed lines
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alogue to Theorem 1. As a result, the bounding
volume can degenerate to the union of a half-space
and a ball. This will be the case when a vertex vi of
the approximated polyhedral surface lies in the
plane through the vertices vp, vs, and vt and outside
the triangle vpvsvt. In many data sets obtained from
experimental applications, no four vertices are co-
planar, so that this problem would not arise. By
contrast, many synthetic data sets contain groups
of four coplanar vertices.
In two dimensions, the HAL tree stores vertices,
while the edges of successive approximations are
implicitly defined. There is no simple analogous
scheme in three dimensions that implicitly repre-
sents the triangles. They are therefore stored ex-
plicitly. The root contains the center and radius
of the ball bounding the whole polyhedron. The
two sons of the root contain vi, vj, and vk, approx-
imating the polyhedral surfaces P1 and P2, and the
centers and signed radii of the balls that define the
bounding volumes. All nodes except the root can
have up to four sons, which are constructed as al-
ready described.
The algorithm to build the complete HAL tree is
summarized in Algorithm 2 in pseudo C code.
The time complexities of the algorithm for the best
and worst cases, and the storage complexity are
given by the following theorems.

Algorithm 2. 3D HAL tree construction algorithm
HAL3 ()

{ bool Completed=FALSE;

compute BB-3 (vi, vj,vk); // bounding ball touching 3 vertices
store vi, vj, vk and BB-3 in root;
while (!Completed)
{

Completed=TRUE;
for (each vpvsvt approximating a P of more than three
vertices)
{

Completed=FALSE;
determine the sides to split;

}
for (each vpvsvt approximating a P of more than three
vertices)
{

split triangle;
divide P accordingly;
create children of vpvsvt and store new triangles and their
bounding volumes;

}
}

}

Theorem 4. Let Nv be the number of vertices in the
original polyhedron. The best-case time complexi-
ty to construct the complete 3D HAL tree is
Q(Nv(log Nv)2). The worst case time complexity
in 3D is Q N2

v logNv

ÿ �
:

Proof. The smallest bounding ball is found in
Q(Nv) time (Megiddo 1983). In three dimensions,
this ball may touch only two vertices. Finding a
third vertex such that the ball touching these three
vertices contains them all takes another Q(Nv)
time. Finding the new vertex to be included in
the approximation polyhedron takes Q(n) time
for a polyhedron of n vertices. Both operations
can simply be performed by successively testing
all candidates. Finding a shortest path in a polyhe-
dron of n vertices takes Q(n log n) time (Dijkstra
1959).
In the best case, the polyhedral surface is split into
equally sized parts, giving Q(log Nv) iterations. A
polyhedral surface is split into at most four parts,
but the order of complexity is not affected if we
let the total number of polyhedra at the ith iteration
be 2i. The best-case complexity is therefore

Q Nv� ��Q
XlogNvd e

i�0

2i Nv

�
2i

ÿ �
log Nv

�
2i

ÿ �ÿ � !

�Q Nv

XlogNvd e

i�0

i

 !
�Q Nv logNv� �2

� �
:

If there are only three polyhedron vertices associ-
ated with an approximation triangle, they form
the approximation triangle, and no splitting occurs.
If there are more than three vertices associated
with an approximation triangle, then the subdivi-
sion will split off at least one vertex: vq. In the
worst case, the number of vertices of the polyhe-
dral surface to be approximated decreases by one
at each iteration.
The worst-case time complexity is therefore

Q Nv� ��Q
XNv

i�1

i log i

 !
�Q

XNv

i�Nv=2

i log i

0@ 1A
�Q N2

v logNv

ÿ �
:

Due to partly coinciding shortest paths, degenerate
approximating triangles may be generated that do
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14

Fig. 13. Polyhedral object of 2930 triangles and adaptive HAL approximations of 89 triangles and 277 triangles

Fig. 14. Polyhedral object of 595 triangles, and adaptive HAL approximations of 18, 109, and 162 triangles
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not approximate a part of the original surface. If
such triangles are treated at next levels, no vertex
would be split off. Such triangles are discarded im-
mediately, and do not contribute to the processing
time at the next levels. At least one vertex is al-
ways split off from the approximated surface.
Since they were created as one of the two to four
new triangles, they do not make an extra contribu-
tion to the overall time complexity. h

Theorem 5. Let Nt be the number of triangles in
the original polyhedron. The storage complexity
of the complete 3D HAL tree is Q(Nt).

Proof. Almost all internal nodes have two to four
children. Only at the lowest levels are triangles
possibly refined into one new triangle, so that only
O(Nv) nodes have one child. Because the leaves of
the tree contain the original Nt triangles, there are
Q(Nt) internal nodes. The total storage space is
thus Q(Nt). h

4.3 Adaptive approximation

The approximation error of a 3D covering is again
max{w1, w2}, and the widths are defined in com-
plete analogy to the 2D case:

Definition 6. let a bounding volume BV of a poly-
hedral surface P be BV(P)=B(vp, vs, vt; vq)ÇB(vp,
vs, vt; vr) or BV(P)=B(vp, vs, vt; vq)ÇH(vp, vs, vt;
vq). The widths w1 and w2 are defined as follows.
Let w1 be the largest distance from the plane
through vpvsvt to a point on the boundary of
B(vp, vs, vt; vq) at the same side of vpvsvt as vq. If
BV(P)=B(vp, vs, vt; vq)ÇB(vp, vs, vt; vr), then w2 is
the largest distance from the plane through vpvsvt
to a point on the boundary of B(vp, vs, vt; vr) at
the same side of vpvsvt as vr. If BV(P)=B(vp, vs,
vt; vq)ÇH(vp, vs, vt; vq), then w2=0.
The zero width associated with H(vp, vs, vt; vq)
agrees with the interpretation that the half-space
is a ball with a radius of �¥.
Figures 13 and 14 show examples of a polyhedral
object and adaptive HAL approximations using
this error criterion.

5 Hierarchical operations

This section shows two examples of operations
that exploit the hierarchy of BVs and approxima-
tions. Where necessary, the representation is local-
ly inspected at a level of more detail. In this sec-
tion we use the term ball for both a 2D disc and
a 3D ball unless we explicitly indicate otherwise.
We also use the term `boundary segment' for a
2D line segment and a 3D triangle.

5.1 Point inclusion

A point-in-polygon or point-in-polyhedron test de-
termines whether a given point X is internal to a
polygon or polyhedron P. One way to decide this
is to count the number of intersections between P
and any half-line emanating from X. See, for ex-
ample, Preparata and Shamos (1985). If X is not
on P, it is internal to P if the number of intersec-
tions is odd, and external otherwise. In order to
count the number of intersections, one has to test
the half-line against each boundary segment of P.
This test is more efficient if we can use an approx-
imation of P that yields the same answer to the test
as P itself.
Let B be a part of P, A, an approximation of B con-
nected with the rest of P without cracks, and BV, a
bounding volume containing A and B (Fig. 15). If
X is external to BV, then X is internal/external to
P if and only if X is internal/external to P with B
replaced by A. Indeed, if X is external to BV, then
X does not lie between A and B. Therefore, the re-
placement does not change the result of the inclu-
sion test.
The hierarchical point-location test starts at the
root of the tree by testing if X is external to the
bounding volume. If so, it is also external to P,
otherwise the algorithm proceeds at the next level.
If X lies outside a bounding volume, the approxi-
mation segment at that level can be used to test
for the location; otherwise, the algorithm proceeds
locally at the next level.
In two dimensions, the end points of a line segment
and a neighboring segment at a more refined level
always connect. However, in three dimensions the
edge of a face and the edges of neighboring faces
at a deeper level of approximation need not coin-
cide, leaving a crack between them. To prevent
the line through X from passing through the crack
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and failing to intersect the surface, the collection
of approximation triangles must form a proper
polyhedron.
For example, let A be an approximation triangle
(v1v2v3) (Fig. 11) with a neighboring triangle
A©=(v2, v3, v4). Suppose that X lies inside the
bounding volume of A, so that A cannot be used
for the location test, and therefore (v1v2v5) and
(v1v3v5) are tried. Even if X is not the bounding
volume of A©, we cannot use A© for the test, because
there is a crack between (v1v2v5), (v2v3v5), and
(v2, v3, v4). Therefore, the refinement of A© is used.
In this example, the other sides of A© are also split,
so this has a propagating effect. Note that the actu-
al refinements have already been done at the time
of construction of the approximation tree.

5.2 Intersection

Another operation that can be efficient hierarchi-
cally is the intersection of two polygons or polyhe-
dra. Detection and computation of polygonal or
polyhedral intersections are fundamental problems
in hidden surface elimination, motion planning,
and linear programming. The HAL scheme can
be exploited as follows. The hierarchical intersec-
tion algorithm first tests whether the bounding
balls at the roots intersect. If they do not, then nei-
ther do the objects themselves. Otherwise, the al-

gorithm proceeds with the next level of the deepest
subtree and the same level of the other (sub)tree,
testing all pairs of bounding volumes for intersec-
tion. This process continues locally for those pairs
that intersect, and stops for those that do not. When
bounding volumes at the lowest level are tested
and found to intersect, the original boundary faces
themselves are tested.
If bounding volume BV1 is defined by balls B1 and
B2, and bounding volume BV2 by balls C1 and C2,
the following combinations can occur:

1. BV1=B1ÇB2, BV2=C1ÇC2,
2. BV1=B1ÈB2, BV2=C1ÈC2,
3. BV1=B1ÇB2, BV2=C1ÈC2.

In these situations, BV1 and BV2 intersect in the
following corresponding situations:

1. B1ÇC1¹fÙB2ÇC1¹fÙB1ÇC2¹fÙB2ÇC2¹f,
2. B1ÇC1¹fÚB2ÇC1¹fÙB1ÇC2¹fÙB2ÇC2¹f,
3. (B1ÇC1¹fÙB2ÇC1¹f)Ù(B1ÇC2¹fÙB2ÇC2¹f).

For 2D discs, only situation 1 can occur.
Testing whether two balls intersect amounts to
comparing the distance between their centers with
the sum of the radii. If the distance is greater than
the sum, they do not intersect; otherwise, they do
intersect.
For intersection detection, the algorithm can stop
as soon as a single intersection is detected. In order
to actually compute the intersection, the iteration
must be continued until all intersecting boundary
faces are found, and then the actual intersection
must be computed. After computing the intersec-
tions of the polygons or polyhedra, the solid object
that is the intersection, union, or difference of the
two objects can be determined in a manner similar
to the methods described by Günther (1988) and
Ponce and Faugeras (1987).

6 Concluding remarks

The HAL scheme has some advantages over other
boundary-based schemes: it is hierarchical, it is an
approximation as well as a localization scheme,
and the bounding volumes are efficient in storage
and for computations.
For both the point location and the intersection al-
gorithm based on the HAL scheme, the basic oper-
ation is the computation of the distance between
two points. This is very simple and computational-

X X
0

A

B

Fig. 15. Hierarchical point in polygon test
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ly cheap. Especially in three dimensions it is much
more efficient than other localization schemes. For
example, a point-in-prism test needs to consider
five faces, and a prism-prism intersection requires
25 polygon-polygon intersections. In two dimen-
sions, the localization by ellipses in the arc-tree
scheme was found to be more efficient than other
schemes (Dominguez and Günther 1991). The
point-in-BV test is as cheap as a point-in-ellipse
test, which requires the distances of the point to
the two focal points of the ellipse. However, the in-
tersection of two BVs is cheaper than the intersec-
tion of two ellipses. It should be noted, though, that
the performance of such hierarchical operations
not only depends on the efficiency of calculations
with a single bounding volume, but also on the
quality of localization for the whole object.
The time complexity for the HAL tree construction
is the same as for many of the schemes described
in Sect. 2. The optimal approximations are more
expensive, and the 2D Douglas-Peucker algorithm
can be done in Q(N log N) time (Hershberger
1992) at the cost of an additional data structure.
Testing for point inclusion and bounding volume
intersection is done by calculating distances be-
tween points, which is computationally cheaper
than the calculations on bounding volumes of
many other schemes. For simplicity and efficiency
of storage and computations a half-space in the
definition of a BV can be represented by a ball of
large radius. In order to compare the efficiency
of the HAL scheme with the efficiency of other
methods, these should also be implemented and
applied to the same data sets. Dominguez and
Günther (1991) make such a comparison of the
arc tree, the strip tree, and approximation and lo-
calization by the BØzier scheme. Extending the
comparison with the HAL scheme is a possible
subject of future research.
Due to the nature of our scheme, it works only for
objects without handles, i.e., of genus zero. For ob-
jects with holes, the inner boundary can be treated
in same way separately. However, there is no guar-
antee that the approximated inner boundary will lie
completely within the approximated outer bound-
ary. Furthermore, even if the original object is a
simple polygon or polyhedron (informally, the ob-
ject boundary does not intersect itself), the HAL
scheme approximation need not be simple. The
polygon or polyhedron may intersect itself, espe-
cially at the first few approximation levels. At

higher levels of approximation, however, this will
rarely happen. All approximation schemes in
Sect. 2 except the Delaunay pyramid, which can
only be used for 21

2D polyhedra, suffer from the
same problem. A future research direction is the
development of a hierarchical approximation and
localization scheme that always yields simple ap-
proximation polygons or polyhedra when the orig-
inal is simple.
As mentioned in Sect. 4.2, to avoid inaccurate ap-
proximations at some levels, the splitting proce-
dure should take the triangulation network topolo-
gy, and not only the geometry, into account. This
is an interesting topic for further work, but is more
difficult in combination with bounding volumes
than for approximation alone. The latter has al-
ready been done by several others mentioned in
Sect. 2.
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