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Conic sections
2.4 Conic Sections 29

More generally, any second-degree equation represents a conic section or
a pair of straight lines, a result that was proved by Descartes (1637).

Figure 2.7: The conic sections

The invention of conic sections is attributed to Menaechmus (fourth
century bce), a contemporary of Alexander the Great. Alexander is said
to have asked Menaechmus for a crash course in geometry, but Menaech-
mus refused, saying, “There is no royal road to geometry.” Menaechmus
used conic sections to give a very simple solution to the problem of dupli-
cating the cube. In analytic notation, this can be described as finding the
intersection of the parabola y = 1

2 x2 with the hyperbola xy = 1. This yields

x
1
2

x2 = 1 or x3 = 2.

Although the Greeks accepted this as a “construction” for duplicating
the cube, they apparently never discussed instruments for actually drawing
conic sections. This is very puzzling since a natural generalization of the
compass immediately suggests itself (Figure 2.8). The arm A is set at a
fixed position relative to a plane P, while the other arm rotates about it at a
fixed angle θ, generating a cone with A as its axis of symmetry. The pencil,
which is free to slide in a sleeve on this second arm, traces the section of
the cone lying in the plane P. According to Coolidge (1945), p. 149, this
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Why conic sections?

•Natural generalisations of circles in terms of mode of generation. 

•Natural in optics and perspective painting (image of circle).
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•Natural generalisations of circles in terms of mode of generation. 

•Natural in optics and perspective painting (image of circle). 

•Natural in optics (focal properties). 

•Natural in astronomy and sundial-construction (path of shadow in 
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•Correspond to natural motion (projectiles and planets).













Planetary orbits are ellipses !
Kepler, Astronomia Nova, 1609



Why conic sections?

•Natural generalisations of circles in terms of mode of generation. 

•Natural in optics and perspective painting (image of circle). 

•Natural in optics (focal properties). 

•Natural in astronomy and sundial-construction (path of shadow in 
the course of a day). 

•Correspond to natural motion (projectiles and planets). 

•Can be used to double the cube.



Chapter 3

Operationalism and the classical
construction problems

3.1 Why trisect an angle? Double a cube? Square a circle?
Higher Greek geometry is as obsessed with constructions as Euclid was. Greek geometers devoted enormous
efforts, across several centuries, to three fundamental problems in particular:

• Trisecting the angle: given an angle, cut it into three equal parts.1

• Doubling the cube: given a cube, make a cube with twice the volume.2

Volume = 1

1

Volume = 2

3√2

• Squaring the circle: given a circle, construct a square with the same area.3

1In modern terms, this is equivalent to solving a particular cubic equation. This can be seen using trigonometric addition
formulas, since constructing the required points on the arc is equivalent to constructing the point perpendicularly below it on
the axis.

2In modern terms, this is equivalent to constructing a line segment of length 3√2.
3In modern terms, this is equivalent to constructing a line segment of length π. This follows from the theorem shown in

Figure 3.9.
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