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Conic sections
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Why conic sections?

® Natural generalisations of circles in terms of mode ot generation.
® Natural in optics and perspective painting (image of circle).
® Natural in optics (focal properties).

® Natural in astronomy and sundial-construction (path of shadow in
the course of a day).

® Correspond to natural motion (projectiles and planets).


















Planetary orbpits are ellipses
Kepler, Astronomia Nova, 1609



Why conic sections?

® Natural generalisations of circles in terms of mode ot generation.
® Natural in optics and perspective painting (image of circle).
® Natural in optics (focal properties).

® Natural in astronomy and sundial-construction (path of shadow in
the course of a day).

® Correspond to natural motion (projectiles and planets).

® Can be used to double the cube.
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Which reasons did the Greeks care about?

® Natural generalisations of circles in terms of mode of generation.
® Natural in optics and perspective painting (image of circle).
® Natural in optics (focal properties).

® Natural in astronomy and sundial-construction (path of shadow in
the course of a day).

® Correspond to natural motion (projectiles and planets).

® Can be used to double the cube.






Apollonius, Kwvxd, 1.33
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parabola py = x
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parabola
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ellipse
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ellipse 2% = py — ky?

~

hyperbola 2% = py + ky?



hyperbole

exaggerated statements or claims not meant to be taken literally
("too much”)

parable

a simple story used to illustrate a moral or spiritual lesson
("just right”)

ellipsis (...)
the omission from speech or writing of words that are supertluous
("too little”)



Archimedes, Sphere and Cylinder, 11.4: & (4-3H°+H)k=(3—H)H?
Find H such that red volume A

blue volume g < g T (3+3k)H — (1 +k)H"
4k

& intersection of hyperbola y = —

T
and parabola y = (3 4+ 3k)x — (1 + k)z~

=1 k — 8 >
H ~ 1.585







al-Qubhi, c. 980




Prate 1. THE ARCHIMEDES AUTOMATIC WIND
INSTRUMENTALIST.
British Museum MS., Or. Add. 23391.






"Apollonius, the carpenter, the geometer’









The Paracentric Isochrone dr/dt = constant
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The student

Young Leibniz becomes the
studies with master.

Huygens In Paris.

Ageing Huygens
studies Lelbniz's
new calculus.






The
Hague

Utrecht



"l still do not understand
anything about ddx, and |
would like to know if you have
encountered any important
problems where they should
be used, so that this gives me
desire to study them.”

“Je n'entens encore rien aux ddx, et je voudrois
bien scavoir si vous avez rencontre des problemes
importants ou il faille les emploier, afin que cela me

donne envie de les etudier.”
(1693)



“As for the ddx, | have often needed
them; they are to the dx, as the
conatus to heaviness or the centrifugal
solicitations are to the speed.
Bernoulli, ... employed them for the
lines of sails. And | had used them for
the movement of the stars.”

“Quant aux ddx, j'en ay eu sou vent besoin
elles sont aux dx, comme les conatus de la
pesanteur ou les solicitations centrifugues sont
a la vitesse. M. Bernoulli marque dans les Actes
de Leipzig de |I'année passée p. 202 de les
avoir employées pour les lignes des voiles. Et
ie les avois deia employées pour le mouvement
des astres dans les mémes actes.”



personality type visionary maestro technocrat pragmatist
fundamental desire beauty power

antiquity Archimedes Apollonius Ptolemy
17th century Descartes, Leibniz Huygens, late Newton | Bernoulli, early Newton

a problem is illuminating founda- | self-evidently im- | formulable within ex-

worth studying if tionally and method- | portant; anchored in | isting technical frame- | externally motivated
it is ologically tradition works

style of mathe-

sketchy; specifics in-
cluded only to illus-

elegant, definitive;

exhaustive, repetitive,

back-of-an-envelope;

. self-contained mini- T the end justifies the
martics . adaptable
trate principles COSMOS means
. global view of mathe- | aesthetic experience; | toolboxfor doingmore | toolbox for applying
reader is offered : : 11 . :
matics & methodology | display of brilliance mathematics mathematics
attitude to tech- : : T :
impatience minimalism pride acceptance

nicalities

Correspondence with other mathematical personality systems:

Freeman Dyson

birds (vision, unification)

frogs (detail, problem solving)

Gian Carlo Rota

Theorizers.

Success in mathematics is

not solving problems but trivializing them
through conceptual insights.

Problem solvers. Care only about being the
first to solve puzzles, in whatever way. Look at
subsequent theorizing of this field with con-
descension and boredom.

Timothy Gowers

The point of solving problems is to under-

stand mathematics.

The point of understanding mathematics is to

solve problems.

Grothendieck

Place nut in environment that makes it open

naturally.

Attack nut with hammer and chisel.
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fundamental desire beauty power
antiquity Archimedes Apollonius Ptolemy
17th century Descartes, Leibniz Huygens, late Newton | Bernoulli, early Newton

GEOMETRIE.

LIVRE PREMIER.

Des problefmes qion peut confPruire [ans
'y employer que des cercles ¢g° des
(ignes droites.

ey peuuent facilement reduire a tels termes,
£7G qu’il n’eft befoin paraprés que de connoi-

A
3

i3 ftrelalongeur de quelques lignesdroites,
A pour les conftruire.
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fundamental desire beauty

¥

antiquity Archimedes Apollonius Ptolemy

pragmatist

17th century Descartes, Leibniz Huygens, late Newton | Bernoulli, early Newton

trouuer lesautres. Eti’efpere que nos neueux me fgau-
ront gré , non feulement des chofes que iay icy expli-
quees ; maisaufly de celles que iay omifes volontaire-
rement , affin de leur laiffer le plaifir de les inuenter.

F I N.

I hope that posterity will judge me kindly, not only as to the things
which I have explained, but also as to those which I have intentionally
omitted so as to leave to others the pleasure of discovery.
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E.g. Archimedes:

2

volume of sphere = £

volume of cylinder

C

1

area of spiral = 3 area of circle

area of triangle = area of circle

Technical
calculus, polar

coordinates,
etc.
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visionary maestro
v
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Huygens:

tautochrone = cycloid = evolute of cycloid

Technical
calculus, polar

coordinates,
etc.
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7 1 1 1 1 1
i
4 1 3 J I I Johann Bernoulli:
DE VERA PROPORTIONE CIRCULI AD Pxgo_ 111 1
Luadratum circumfcriptum in Numerss 0 MAAT T T 2T g3 T e
rationalibus
a Not © because not classically motivated and seli-contained;

GOTHOFREDO GVILIELMO LEIBNITIO presupposes ‘nerd” [# interest in evaluating everything that
can be symbolically formulated. Same with Euler’s so-called
beautitul (actually only & ) formula

e'” +1=0




visionary maestro hnocrat pragmatist

beauty power
¥ J
Huygens: 1 will learn calculus but only for ©, not for & . I

still do not understand anything about ddx, and I would like to
know if you have encountered any important problems where
they should be used, so that this gives me desire to study them.”
“[Natural] curves merit, in my opinion, that one selects them
for study, but not those [curves| newly made up solely for us-

ing the geometrical calculus upon them.”

Leibniz: Agree, g calculus worth little. “You are right, Sir, to
not approve if one amuses oneself researching curves invented
for pleasure.” But the difference between 8= and () is that
is more focussed on general methodological insights, which is
why Leibniz adds: “I would however add a restriction: Except
if it can serve to pertfect the art of discovery.”

L'Hopital's Rule: typical & of the sort condemned here.
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A typical {) versus @ conflict/misunderstanding: Leibniz ver-
sus the English on power series in the 1670s.

Leibniz typical ©, cares about singular, beautiful results: “I
possess certain analytical methods, extremely general and far-

reaching,” but “exquisite” i series “especially is most wonder-
ful.”

English typical |# , care about plug-and-chug-ready formulas,
criticise Leibniz for merely giving special cases. Collins: “infi-
nite Series to be generally fitted to any equation proposed, so
that an Algebraist being furnished with his Stock, will quickly
fitt a Series.” Newton: I gave “a general Method of doing in
all Figures,” whereas “Leibnitz never produced any other Series
than numerical Series deduced from them in particular Cases.”

But Leibniz has no interest in [ that doesn’t lead to © : “I too
used this method [of series inversion] at one time, but after
nothing elegant had resulted in the example which I had by
chance taken up, I neglected it forthwith with my usual impa-
tience.”
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Later Newton turns from g to ©, because more classical and
elegant (and perhaps associated with a certain snobbery and
sense of superiority): “He thought Huygens'’s stile and manner
the most elegant of any mathematical writer of modern times,
and the most just imitator of the antients. Of their taste, and
form of demonstration, Sir Isaac always professed himself a
great admirer: I have heard him even censure himselt for not
following them yet more closely than he did; and speak with
regret of his mistake at the beginning of his mathematical stud-
ies, in applying himselt to the work of Des Cartes and other al-
gebraic writers.”

Euler disapproves, goes back to [# , values toolbox adaptabil-
ity more than beauty: “I always have the same trouble, when I
might chance to glance through Newton's Principia: Whenever
the solutions of problems seem to be sufficiently well under-

stood by me, yet by making only a small change, I might not be

able to solve the new Eroblem using this method.”



visionary maestro technocrat pragmatist
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Leibniz is by nature a 8& . The © tendencies in the 7 series
episode are coloured by the intfluence of Huygens, who, in typ-
ical © manner, praised the 7 series as “a discovery always to be
remembered among mathematicians.”

Later Leibniz resisted ¢ and saw it as a distraction from his
main task of §& . This is why, for example, he fights not to get
drawn into the brachistochrone problem (a true ¢ problem):
“The problem draws me reluctantly and resistingly to it by its
beauty, like the apple did Eve. For it is a grave and harmtul
temptation to me.”



visionary maestro hnocrat pragmatist
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3% need @ to spell out the details of their systems. E.g.
Descartes: Van Schooten; Leibniz: l’Hf)Eital, Johann Bernoulli.

Leibniz: “I wish there were young people who would apply
themselves to these calculations. With me it’s like the tiger who
lets run whatever he does not catch in one or two or three at-
tempts.”

Leibniz is no more than 5% [ : “Had I 20 heads, or better yet 20
good friends, I would put one of them toward working out the
theory of conics.”



visionary maestro hnocrat

v

~N~

pragmatist

oo
oooo
EIEII:ID
aooo

beauty power

¥ of

Systematic theory of integration by partial fractions: a & topic
needed for §& , namely “a question of the greatest importance:
whether all rational quadratures can be reduced to the quadra-
ture of the hyperbola and the circle” (Leibniz). This forces
Leibniz, reluctantly and contrary to his nature, to do some
# work, with poor results (Leibniz erroneously believes that
“fdx : (x* + a*) can be reduced to neither the circle nor the
hyperbola by [partial fractions], but establishes a new kind ot
its own”). A typical 8= , Leibniz clearly has very little interest in
actually evaluating integrals, and only cares about giving a big-

picture methodological-foundational account ot integration in
general.




visionary maestro technocrat pragmatist

<
NZ aaen
I:II:II:II]
aono
g A\

beauty power

Myth: Early Leibnizian calculus driven by applications; lacks
attention to rigour. Typical €.

Reality: The exact opposite: Early Leibnizian calculus primarily
concerned with §; inditferent to physics; consumed by rigour.
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It was not uncommon for mathematicians of the seventeenth and eighteenth
centuries to resort to mathematical techniques which were at best questionable, often
inconsistent. They usually also recognized that their methods were unsatisfactory,
but were willing to tolerate them because they yielded correct results. Justification

of otherwise inexplicable notions on the grounds that they yield useful results has
occurred frequently in the evolution of mathematics Of course, out of confusion



visionary maestro technocrat pragmatist
Great Scientists of Old \ v o B S
as Heretics in beauty bower
“The Scientific Method” ? of

C. TRUESDELL

I have written the story in articles and books published from the 1950s
onward. In brief, the infinitesimal calculus and rational mechanics to-

ether, the former largely responding to conceptual problems set by the
latter, were developed, organized into particular structures, and broadly
expanded.
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University Press of Vir arlottesville
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The lractrix

Giovanni Poleni,
Epistolarum
mathematicarum
fasciculus, 1729







GGiven: tractrix

Sought: 10g<1/Y>




GGiven: tractrix

Sought: 10g(1/Y>

a—I—Y —a’+1° sothat a=

2Y



GGiven: tractrix

Sought: 10g(1/Y>
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"Une charette, ou un batteau servira a quarrer I'hyperbole”
“a little cart or boat will serve to square the hyperbola”

T e “sirop au lieu d’eau”
‘syrup instead of water”

Christiaan Huygens, 1692, Leiden University Library, Ms. Hug. 6, fol. 64r



 ACTA
ERUDITORUM ‘, H X yi

publicata Lipfie
 Calendss Septembris, Anno M DC XCIII.

*—_ e

G. G. L. SUPPLEMENTUM GEOME-

tria Dimenfo orie, feu gmemlz{/' maomniumTetra-

Zonifmorum effe(Fio per motum : Similiterque multiplex
cou/imﬂzo linea ex data tangentium con- -
ditione.

dy/dx = f(x)




enveloped curve



|_eibniz’s envelope rule

f(x,y,a) =0
9 f(x,y,a) =0

enveloped curve

} eliminate a



168 ACTA ERUDITORUM
DE LINEA EX LINEIS NVMERO INFINITILS
ordinatim luilis inter [6-concurrentibus formatayeasd,
omnes tangente, ac de novo in ca re Anaa

Hfis infinitorum ufu,
Autore O. V., E,

Rdinatims applicaras vocare folent Geometra reftas quot.
Ocunquc inter {e parallelas,qua a curva ad re@tam quandam

(dire&ricem) usque ducuntur , quz cumad dire&ricem (tan-
quam Axem ) funt normales, folent vocari Ordinate xat’ ¢foxm.
Defarguefins tem prolatavit, & fub Ordinatim applicatis ctiam com-
prehendit rectas comvergentes ad unum puntum commune, autab
co divergentes, Et fane parallelz fub convergentibus aut diver-
gentibus' comprehendi poflunt, fingendo pun®um concurfus infi-
nite abhinc diftare. Verum quia multis aliis modis fieri poteft,ut
infinitz duci intelligantur linez fecundum legem quandam com-
munem, quz tamen non fint parallelz vel convergentes adpun.
&um omnibus commung,aut a puncto omnibus communi diver-
gentes, ideo nos taleslincas generaliter vocabimus Ordimatim du.
élas  yel ordinatim ( pofitione ) datas,  Exempli eaufa,fi fpeculuth
aliquod, vel potius fedtio cjusaplano peraxem, cujuscunque figu-
rz pofitione datz, radios Solares five immediate, five aliam
quandam reflexionem aut refrationem advenientes reflectar; ifti
radii reflexi erunt infinire linex re@= ordinatim duéta, & dato quo-
vis puncto fpeculi (czteris manentibus ) dabitur radius reflexus i
ve[pondens, Verumego fub ordinatim dudis non santum rectas,led
& curvaslineas qualescunque accipio , modo Zex habeatur, fecun-
dum quam darto linez cujusdam datx (tanquam ordinasricis ) pun-
&to,refpondens ei punéto linea duci poffit, qua unaeritex ordina-
tim ducendis, feu ordinatim pofitione datis.” Ordine enim percur-
rendo punéta ordinatricis(verbi gratia linez, cujus rotatione fie {pe-
culum paulo ante diGtum,feu fe@ionis ¢jus per axem ) ordirre pro-
dibunt linez illz ordinatim datz, Porro etfi ¢z non concurrant
omnes ad unum punétum commune, tamen regulariter duz qua=
vis tales linex proxime, (id eft infinitefime differentes, feu infinite
patvam habentes diftantiam ) concurrunt inter fe, puntumque con-

MENSIS APRILIS A. M DC XCII. 169

eurfuis oft aflignabile, 8 his concurfibus ordinatim fumtis neva
prodit linca concurfunm, quz eft omnium concurfuum inter pro-
ximas locus communis, habetque hoc egregium,quod omnes ordi-
natim ductas, quarum concurfu formatur, tangit, quam propsi-
etatem,cum meditantibus fatis appareat, demonftrare hic non cft
opus. Talis eft linea evolutione generans,ea enim omnesreétas ad
curvam evolutidne generatam perpendiculares tangit, ex Hugeni-
ano invento. Tales funt linea plures cobvolutione generantes , quas
Dn, D. T.excogitavit, & guafi Foci abeodem introdui, cum con-
curfus radiorum non fiunt in pun&to, fed in ejus locum Focus eft
finearis ) concurfu faltem duarum proximarum quarumcunque for-
matus. Sedcum hzc non nifi ad re®as pegtineant , fciendum eft
aliquid analogum & in curvis locum habere. Ita linea reflectens,
qua radios fecundum quamcunque prefcriptam legem a lucido, vel
fpeculo aut lente (una pluribusve ) datarum figurarum, venientes
reddit iterum convyergentes (divergentes aut parallelas ) cujus con-
fiructionem in his A&is dedimus, formasur ex concurfu infinita-
rum ¢Jliphum (hyperbolarum aut parabolarum,) Et hinc quoque
Methodus haberi poterat , problema illud prima fronte tam diffi-
gile folvendi: nam infinitz ille cllipfes funt ordinatim pofitione
datze,adeoque & linea concurfuum data eft,feu haberi poteft, Ethac
Methodus ad multa alia przftandaaditum prabet, quz alias vix vie
debantur efle inpoteltate. Quz etiam caufa eft,cur yiam hanc no-
yvam Geometris aperire voluerim, Res autem pendet anoftra A-
palyfi indivifibsiinm , & calculys hujus Methodi tantum applicatio
oft ttoftri calculi differentialis. Nempe conftituta femel zquatione
locali(feu ad curvam lincam, unam ex ordinatim datis, ) fed ge-
nerali, (legem omnibus communem ¢xhibente) hujus 2quationis
jam- quzratur zquatio differentialis, modo mox dicendo , & opé
harum mquationum habetur quafitum. ® Et quidenrctum finea a-
Jicujus curvz ad punctum quodcunque in ¢a datum queritur tan<

- gens, tunc etiam tantum opus cft eqwarionem ejns curva differentit  iftin&ius, atque exemplis illuftranda,fi inflitutiones

ere, feu querere ®quationem,que firdifferentialis ad 2quationem

ACTA ERUDITORUM

¥/0

ferentiabiles, quemadmodum & ipfa re@ta tangens,velaliz noonut.

Lz fun@iomes ab ea pendentes,verb.gr. perpendiculares ad tangentem
ab axe ad curvam dutz, Verum tam ordinare quam 4bfciffa,qnas
per x & ydefignari mos eft (quas & coordinaras appellarc foleo,cum
una fit ordinata ad unum, altera ad alterum latus anguli,a duabus
condireltricibus comprehenfi ) cftgemina {eu differentiabilie. Hic
vero in noftro calculo przfenti cum non quzritur tangens quecun-
que unius curva in quocunque ¢jus punto , fed tangens unica infi-
nitarum curvarum ordinatim du@arum,unicuique infuo pun&ore- .
fpondenti occurrens , adeoque cum quaritur uni ex his curvis aflum-
ptz refpondens pundum contallus,tunc contrarium evenit, & cam
x quamy ( vel alia fun&io ad pun@umillud determinandum zqui-
valens) eft smica; fed aliqua minimom parameter 4 vel 4 debet effe
gemina feu differentiabilis, ea pimirum, qua variata etiam varie
antur curvz ordinatim datz. Bt quidem,licet unius curvz plures
poflint effe re@z conftantes feu parametri,( exempli caufa ellipfis
omnis , & hyperbolx plerzque habent duas , cum parabola & circu-
lus habeant <antum unicam, Jtamen hic femper oporvet ex datis eo
rem tandem pofle deduci, ut unica tantum fuperfic conffans(in ea-
dem curva ) variabilie (pro diverfis) alioqui modus ordinatim eas
ducendi non fatis eft determinatus,  Interim nihil impedit cum
plures dantur zquationes determinantes, confiderari plures para.
metros ut differentiabiles, cum etiarp plures zquationes diﬂgrem
tiales pre ipfis determinandis haberi poffine.  Et plerumque datuge
eonflantiffima (una vel plures ) feu parameter communis omnibus
ordinatim ducendis; adeoque litera camdefignans in calculo diffe-
rentiali etiam manet indifferentiabilis. Hinc patet,eandem zqua-
tionem pofle habere diverfas zquationes differentiales , feu -variis
modis cffe differentiabilem , prout poftulat fcopus inquifitionis.
Imo fieri poffe expertusfum, ut plures modi differentiandi ean-
dem zquationem junganturinterfe. Hacomnia explicanda effent
no-
vz noflrz Awalyfeos infinitorsm tradere vellemus; fed cares nee

curva localem, fed tunc paramerri feu reie magnimdine confians hujus eft loci, & nec temporis noftri, Et qui priora noftra intelie-
#es, linez conftrultionom ; vel aquationis proipfa calenlumingres xerine ac porro meditari volent , ad hac quoque non difficulter pee-

dicntes ; QU pec.s 5 by 8o, defignari folent,cerifontur wmice [0 indifs

Lelbniz's 1692 paper on envelope rule:

° R

ule vaguely alluded to.

e No formulas, no examples, no figures.

gingeat, & ¢o quidem jucundius,quod in partem inventionis venire
MENSIS APRILIS A, M DC XCI rn

fibi videbuntur, Pocabulis utor fubinde movis,fed qﬁz ipfe contextus
explicat, neque ego in verbis facilc novare foleo,nifi cum evidens ¢ft
fruttus , non tantum ad brachylogiam , (alioqui enim vix licuiffee

hxc fine multiplici calculo tradere ){ed & ad quandam, utitadicam,

admonitionem atque cxcitationem mentis, atque univerfalia anie
mo concipienda.
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ordinatim luilis inter [6-concurrentibus formatayeasd,
omnes tangente, ac de novo in ca re Anaa
Hfis infinitorum ufu,
Autore O. V, E,

Rdinatims applicaras vocare folent Geometra reftas quot.
Ocunquc inter {e parallelas,qua a curva ad re@tam quandam

(dire&ricem) usque ducuntur , quz cumad dire&ricem (tan-
quam Axem ) funt normales, folent vocari Ordinate xat’ ¢foxm.
Defarguefins tem prolatavit, & fub Ordinatim applicatis ctiam com-
prehendit retas comvergentes ad unum puq&um commune, autab
co divergentes, Et fane parallelz fub convergentibus aut diver-
gentibus' comprehendi poflunt, fingendo pun®um concurfus infi-
nite abhinc diftare. Verum quia multis aliis modis fieri poteft,ut
infinitz duci intelligantur linez fecundum legem quandam com-
munem, quz tamen non fint parallelz vel convergentes adpun.
&um omnibus commung,aut a puncto omnibus communi diver-
gentes, ideo nos taleslineas generaliter vocabimus Ordimatim du-
¢tas , vel ordinatim ‘ Exempli eaufa,li tpec
aliquod, vel potius fedtio cjusaplano peraxem, cujuscunque figu-
rz pofitione datz, radios Solares five immediate, five poft aliam
uandam reflexionem aut refra&ionem advenientes refletar; ifti
radi retiexi erunt infinice inatim ducta
vis pun&to fpeculi (cateris manentibus ) dabitur radius reflexus ¢i
ve[pondens, Verumego fub ordinatim dudis non santum rectas,led
& curvaslineas qualescunque accipio , modo Zex habeatur, fecun-
dum quam darto linez cujusdam datx (tanquam ordinasricis ) pun-
&to,refpondens ei punéto linea duci poffit, qua unaeritex ordina-
tim ducendis, {eu ordinatim pofitione datis.” Ordine enim percur-
rendo punéta ordinatricis(verbi gratia linez, cujus rotatione fie {pe-
culum paulo ante diGtum,feu fe@ionis ¢jus per axem ) ordirre pro-
dibunt linez illz ordinatim datz, Porro etfi ¢z non concurrant
omnes ad unum punétum commune, tamen regulariter duz qua=
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eurfuis oft aflignabile, 8 his concurfibus ordinatim fumtis neva
prodit linca concurfunm, quz eft omnium concurfuum inter pro-
ximas locus communis, habetque hoc egregium,quod omnes ordi-
natim ductas, quarum concurfu formatur, tangit, quam propsi-
etatem,cum meditantibus fatis appareat, demonftrare hic non cft
opus. Talis eft linea evolutione gemeransyea enim omnes reétas ad
curvam evolutidne generatam perpendiculares tangit, ex Hugeni-
ano invento. Tales funt linea plures cobvolutione generantes , quas
Dn, D. T.excogitavit, & guafi Foci abeodem introdui, cum con-
curfus radiorum non fiunt in pun&o, fed in ejus locum Focur eft
finearis ) concurfu faltem duarum proximarum quarumcunque for-
matus. Sedcum hzc non nifi ad re®as pegtineant , fciendum eft
aliquid analogum & in curvis locum habere. Ita linea reflectens,
qua radios fecundum quamcunque prefcriptam legem a lucido, vel
fpeculo aut lente (una pluribusve ) datarum figurarum, venientes
reddit iterum convyergentes (divergentes aut parallelas ) cujus con-
fiructionem in his A&is dedimus, formasur ex concurfu infinita-
rum ¢Jliphum (hyperbolarum aut parabolarum,) Et hinc quoque
Methodus haberi poterat , problema illud prima fronte tam diffi-
gile folvendi: nam infinitz ille cllipfes funt ordinatim pofitione
datze,adeoque & linea concurfuum data eft,feu haberi poteft, Ethac
Methodus ad multa alia przftandaaditum prabet, quz alias vix vie
debantur efle inpoteltate. Quz etiam caufa eft,cur yiam hanc no-
yvam Geometris aperire voluerim, Res autem pendet anoftra A-
palyfi indivifibsiinm , & calculys hujus Methodi tantum applicatio
oft ttoftri calculi differentialis. Nempe conftituta femel zquatione
locali(feu ad curvam lincam, unam ex ordinatim datis, ) fed ge-
nerali, (legem omnibus communem ¢xhibente) hujus 2quationis
jam- quzratur zquatio differentialis, modo mox dicendo , & opé
harum mquationum habetur quafitum. ® Et quidenrctum finea a-
Jicujus curvz ad punctum quodcunque in ¢a datum queritur tan<

- gens, tunc ctiam tantum opus cft equationem ejns curva differentic

ere, feu querere ®quationem,que firdifferentialis ad 2quationem
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ferentiabiles, quemadmodum & ipfa re@ta tangens,velaliz noonut.

Lz fun@iomes ab ea pendentes,verb.gr. perpendiculares ad tangentem
ab axe ad curvam dutz, Verum tam ordinare quam 4bfciffa,qnas
per x & ydefignari mos et (quas & coordimaras appellare foleo,cum
una fit ordinata ad unum, altera ad alterum latus anguli,a duabus
condireltricibus comprehenfi ) cftgemina {eu differentiabilie. Hic
vero in noftro calculo przfenti cum non quzritur tangens quecun-
que unius curva in quocunque ¢jus punto , fed tangens unica infi-
nitarum curvarum ordinatim du@arum,unicuique infuo pun&ore- .
fpondenti occurrens , adeoque cum quaritur uni ex his curvis aflum-
ptz refpondens pundum contallus,tunc contrarium evenit, & cam
x quamy ( vel alia fun&io ad pun@umillud determinandum zqui-
valens) eft nica; fed aliqua minimam paramerer « vel 4 debet effe
gemina feu differentiabilis, ea pimirum, qua variata etiam varie
antur curvz ordinatim datz. Bt quidem,licet unius curvz plures
poflint effe re@z conftantes feu parametri,( exempli caufa ellipfis
omnis , & hyperbolx plerzque habent duas , cum parabola & circu-
lus habeant ¢antum unicam, Jtamen hijc femper oporvet ex datis eo
rem tandem pofle deduci, ut unica tantum fuperfic conffans(in ea-
dem curva ) variabilie (pro diverfis) alioqui modus ordinatim eas
ducendi non fatis eft determinatus,  Interim nihil impedit cum
plures dantur zquationes determinantes, confiderari plures para.
metros ut differentiabiles, cum etiarp plures zquationes diﬂgrem
tiales pre ipfis determinandis haberi poffine.  Et plerumque datuge
eonflantiffimma (una vel plures ) feu parameter communis omnibus
ordinatim ducendis; adeoque litera camdefignans in calculo diffe-
rentiali etiam manet indifferentiabilis. Hinc patet,eandem zqua-
tionem poffe habere diverfas zquationes differentiales , feu variis
modis cffe differentiabilem , prout poftulat fcopus inquifitionis.
Imo fieri poffe expertusfum, ut plures modi differentiandi ean-
dem zquationem junganturinterfe. Hacomnia explicanda effent
diftin&ius, atque exemplis illuftranda,fi inflitutiones no-
vz noflrz Awalyfeos infinitorsm tradere vellemus; fed cares nee

curve localem, fed tunc paramesri feu rete magnitdise conflane hujus eft loci, & nectemporisnoftri, Et qui priora noftea intele-
es, linez conftructionem ; vel aquationis proipfa calgqlun} i.l_1g1:°- xerint ac porro meditari volent ; ad hac quoque non difficulter per-
disates , qua pec# 5 by 8oc. delignari folent,cerifontur amice (g2 indif* gingent, & ¢o quidem jucundius,quod in partem inventionis venire

Leibniz’s 1692 paper on envelope rule: i i, il o sk b e
e mon. tanom ad brachylogiam, alioqui it vix il
e Rule vaguely alluded to. ;
e No formulas, no examples, no figures.
e Optics mentioned as application:

vis tales linex proxime, (id eft infinitefime differentes, feu infinite
patvam habentes diftantiam ) concurrunt inter fe, puntumque con-

hxc fine multiplici calculo tradere ){ed & ad quandam, utitadicam,
admonitionem atque excitationem mentis, atque univerfalia anie
mo concipienda.

Exempli caufa,fifpeculurh ... radios Solares ... reflectar
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DE LINEA EX LINEIS NVMERO INFINITILS
ordinatim luilis inter [6-concurrentibus formatayeasd,
omnes tangente, ac de novo in ca re Anaa

Hfis infnitorum ufu,

,

Rdinatims applscatas vocare folent Geometra reftas quots
Ocunquc inter {e parallelas,qua a curva ad re@tam quandam
(dire&ricem) usque ducuntur , quz cumad dire&ricem (tan-

quam Axem ) funt normales, folent vocari Ordinate xat’ ¢foxm.
Defarguefins tem prolatavit, & fub Ordinatim applicatis ctiam com-
prehendit rectas comvergentes ad unum puntum commune, autab
co divergentes, Et fane parallelz fub convergentibus aut diver-
gentibus' comprehendi poflunt, fingendo pun®um concurfus infi-
nite abhinc diftare. Verum quia multis aliis modis fieri poteft,ut
infinitz duci intelligantur linez fecundum legem quandam com-
munem, quz tamen non fint parallelz vel convergentes adpun.
&um omnibus commune, aut a punto omnibus communi diver-
gentes, ideo nos taleslincas generaliter vocabimus Ordimatim du.
élas  yel ordinatim ( pofitione ) datas,  Exempli eaufa,fi fpeculuth
aliquod, vel potius fedtio cjusaplano peraxem, cujuscunque figu-
rz pofitione datz, radios Solares five immediate, five aliam
quandam reflexionem aut refrationem advenientes reflectar; ifti
radii reflexi erunt infinire linex re@= ordinatim duéta, & dato quo-
vis puncto fpeculi (czteris manentibus ) dabitur radius reflexus i
ve[pondens, Verumego fub ordinatim dudis non santum rectas,led
& curvaslineas qualescunque accipio , modo Zex habeatur, fecun-
dum quam darto linez cujusdam datx (tanquam ordinasricis ) pun-
&to,refpondens ei punéto linea duci poffit, qua unaeritex ordina-
tim ducendis, feu ordinatim pofitione datis.” Ordine enim percur-
rendo punéta ordinatricis(verbi gratia linez, cujus rotatione fie {pe-

culum paulo ante diGtum,feu fe@ionis ¢jus per axem ) ordirre pro- .

dibunt linez illz ordinatim datz, Porro etfi ¢z non concurrant
omnes ad unum punétum commune, tamen regulariter duz qua=
vis tales linex proxime, (id eft infimitefime differentes, feu infinite
patvam habentes diftantiam ) concurrunt inter fe, puntumque con-
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eurfuis oft aflignabile, 8 his concurfibus ordinatim fumtis neva
prodit linea concurfuum, que eft ommium concurfuum inter pro-
ximas locus communis, habetque hoc egregium,quod omnes ordi-
natim ductas, quarum concurfu formatur, tangit, quam propsi-
etatem,cum meditantibus fatis appareat, demonftrare hic non cft
opus. Talis eft linea evolutione gemeransyea enim omnes reétas ad
curvam evolutidne generatam perpendiculares tangit, ex Hugeni-
ano invento. Tales funt lincz plures coévolutione generantes, quas
Dn, D. T.excogitavit, & guafi Foci abeodem introdui, cum con-
curfus radiorum non fiunt in pun&o, fed in ejus locum Focur eft
finearis, concurfu faltem duarum proximarum quarumcunque for-
matus. Sedcum hzc non nifi ad re®as pegtineant , fciendum eft
aliquid analogum &in curvis locum habere. Ita linea refletens,
qua radios fecundum quamcunque prefcriptam legem a lucido, vel
fpeculo aut lente (una pluribusve ) datarum figurarum, venientes
reddit iterum convyergentes (divergentes aut parallelas ) cujus con-
fiructionem in his A&is dedimus, formasur ex concurfu infinita-
rum ¢Jliphum (hyperbolarum aut parabolarum,) Et hinc quoque
Methodus haberi poterat , problema illud prima fronte tam diffi-
gile folvendi: nam infinitz ille cllipfes funt ordinatim pofitione
datze,adeoque & linea concurfuum data eft,feu haberi poteft, Ethac
Methodus ad multa alia przftandaaditum prabet, quz alias vix vie
debantur efle inpoteltate. Quz etiam caufa eft,cur yiam hanc no-
yvam Geometris aperire voluerim, Res autem pendet anoftra A-
palyfi indivifibsiinm , & calculys hujus Methodi tantum applicatio
oft ttoftri calculi differentialis. Nempe conftituta femel zquatione
locali(feu ad curvam lincam, unam ex ordinatim datis, ) fed ge-
nerali, (legem omnibus communem ¢xhibente) hujus 2quationis
jam- quzratur zquatio differentialis, modo mox dicendo , & opé
harum mquationum habetur quafitum. ® Et quidenrctum finea a-
Jicujus curvz ad punctum quodcunque in ¢a datum queritur tan<
gens, tunc ctiam tantum opus cft eguarionem efus curva differemtic
ere, feu querere equationem,que fitdifferentialis ad zquationem
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ferentiabiles, quemadmodum & ipfa re@ta tangens,velaliz noonut.

Lz fun@iomes ab ea pendentes,verb.gr. perpendiculares ad tangentem
ab axe ad curvam dutz, Verum tam ordinare quam 4bfciffa,qnas
per x & ydefignari mos et (quas & coordimaras appellare foleo,cum
una fit ordinata ad unum, altera ad alterum latus anguli,a duabus
condireltricibus comprehenfi ) cftgemina {eu differentiabilie. Hic
vero in noftro calculo przfenti cum non quzritur tangens quecun-
que unius curva in quocunque ¢jus punto , fed tangens unica infi-
nitarum curvarum ordinatim du@arum,unicuique infuo pun&ore- .
fpondenti occurrens , adeoque cum quaritur uni ex his curvis aflum-
ptz refpondens pundum contallus,tunc contrarium evenit, & cam
x quamy ( vel alia fun&io ad pun@umillud determinandum zqui-
valens) eft smica; fed aliqua minimom parameter 4 vel 4 debet effe
gemina feu differentiabilis, ea pimirum, qua variata etiam varie
antur curvz ordinatim datz. Bt quidem,licet unius curvz plures
poflint effe re@z conftantes feu parametri,( exempli caufa ellipfis
omnis , & hyperbolx plerzque habent duas , cum parabola & circu-
lus habeant <antum unicam, Jtamen hic femper oporvet ex datis eo
rem tandem pofle deduci, ut unica tantum fuperfic confams(in ea-
dem curva ) variabilie (pro diverfis) alioqui modus ordinatim eas
ducendi non fatis eft determinatus,  Interim nihil impedit cum
plures dantur zquationes determinantes, confiderari plures para.
metros ut differentiabiles, cum etiarp plures zquationes diﬂgrem
tiales pre ipfis determinandis haberi poffine.  Et plerumque datuge
eonfiantifima (una vel plures ) feu parameter communis omnibus
ordinatim ducendis; adeoque litera camdefignans in calculo diffe-
rentiali etiam manet indifferentiabilis. Hinc patet,eandem zqua-
tionem poffe habere diverfas zquationes differentiales , feu variis
modis cffe differentiabilem , prout poftulat fcopus inquifitionis.
Imo fieri poffe expertusfum, ut plures modi differentiandi ean-
dem zquationem junganturinterfe. Hacomnia explicanda effent
diftin&ius, atque exemplis illuftranda,fi inflitutiones no-
vz noflrz Awalyfeos infinitorsm tradere vellemus; fed cares nee

curva localem, fed tunc paramerri feu reie magnimdine confians hujus eft loci, & nec temporis noftri, Et qui priora noftra intelie-
zes, linez conftrudtionem ; vel aquationis pro ipfa caleulum ingre- xerint ac porro meditari volent, ad hac quoque non difficuleer per-

dicntes ; QU pec.s 5 by 8o, defignari folent,cerifontur wmice [0 indifs
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fibi videbuntur, Pocabulis utor fubinde movis,fed qﬁz ipfe contextus
explicat, neque ego in verbis facilc novare foleo,nifi cum evidens ¢ft
fruttus , non tantum ad brachylogiam , (alioqui enim vix licuiffee

hxc fine multiplici calculo tradere ){ed & ad quandam, utitadicam,

admonitionem atque cxcitationem mentis, atque univerfalia anie
mo concipienda.
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DE LINEA EX LINEIS NVMERO INFINITIS

ordinatim luilis inter [6-concurrentibus formatayeasd,
omnes tangente, ac de novo in ca re Anaa

Hfis infnitorum ufu,

,

Rdinatims applicaras vocare folent Geometra reftas quot.
Ocunquc inter {e parallelas,qua a curva ad re@tam quandam
(dire&ricem) usque ducuntur , quz cumad dire&ricem (tan-

quam Axem ) funt normales, folent vocari Ordinate xat’ ¢foxm.
Defarguefins tem prolatavit, & fub Ordinatim applicatis ctiam com-
prehendit retas comvergentes ad unum puq&um commune, autab
co divergentes, Et fane parallelz fub convergentibus aut diver-
gentibus' comprehendi poflunt, fingendo pun®um concurfus infi-
nite abhinc diftare. Verum quia multis aliis modis fieri poteft,ut
infinitz duci intelligantur linez fecundum legem quandam com-
munem, quz tamen non fint parallelz vel convergentes adpun.
&um omnibus commung,aut a puncto omnibus communi diver-
gentes, ideo nos taleslincas generaliter vocabimus Ordimatim du.
élas  yel ordinatim ( pofitione ) datas,  Exempli eaufa,fi fpeculuth
aliquod, vel potius fedtio cjusaplano peraxem, cujuscunque figu-
rz pofitione datz, radios Solares five immediate, five aliam
quandam reflexionem aut refrationem advenientes reflectar; ifti
radii reflexi erunt infinire linex re@= ordinatim duéta, & dato quo-
vis puncto fpeculi (czteris manentibus ) dabitur radius reflexus i
ve[pondens, Verumego fub ordinatim dudis non santum rectas,led
& curvaslineas qualescunque accipio , modo Zex habeatur, fecun-
dum quam darto linez cujusdam datx (tanquam ordinasricis ) pun-
&to,refpondens ei punéto linea duci poffit, qua unaeritex ordina-
tim ducendis, {eu ordinatim pofitione datis.” Ordine enim percur-
rendo punéta ordinatricis(verbi gratia linez, cujus rotatione fie {pe-
culum paulo ante diGtum,feu fe@ionis ¢jus per axem ) ordirre pro-
dibunt linez illz ordinatim datz, Porro etfi ¢z non concurrant
omnes ad unum punétum commune, tamen regulariter duz qua=
vis tales linex proxime, (id eft infinitefime differentes, feu infinite
patvam habentes diftantiam ) concurrunt inter fe, puntumque con-
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eurfuis oft aflignabile, 8 his concurfibus ordinatim fumtis neva
prodit linca concurfunm, quz eft omnium concurfuum inter pro-
ximas locus communis, habetque hoc egregium,quod omnes ordi-
natim ductas, quarum concurfu formatur, tangit, quam propsi-
etatem,cum meditantibus fatis appareat, demonftrare hic non cft
opus. Talis eft linea evolutione gemeransyea enim omnes reétas ad
curvam evolutidne generatam perpendiculares tangit, ex Hugeni-
ano invento. Tales funt linea plures cobvolutione generantes , quas
Dn, D. T.excogitavit, & guafi Foci abeodem introdui, cum con-
curfus radiorum non fiunt in pun&o, fed in ejus locum Focur eft
finearis ) concurfu faltem duarum proximarum quarumcunque for-
matus. Sedcum hzc non nifi ad re®as pegtineant , fciendum eft
aliquid analogum & in curvis locum habere. Ita linea reflectens,
qua radios fecundum quamcunque prefcriptam legem a lucido, vel
fpeculo aut lente (una pluribusve ) datarum figurarum, venientes
reddit iterum convyergentes (divergentes aut parallelas ) cujus con-
fiructionem in his A&is dedimus, formasur ex concurfu infinita-
rum ¢Jliphum (hyperbolarum aut parabolarum,) Et hinc quoque
Methodus haberi poterat , problema illud prima fronte tam diffi-
gile folvendi: nam infinitz ille cllipfes funt ordinatim pofitione
datze,adeoque & linea concurfuum data eft,feu haberi poteft, Ethac
Methodus ad multa alia przftandaaditum prabet, quz alias vix vie
debantur efle inpoteltate. Quz etiam caufa eft,cur yiam hanc no-
yvam Geometris aperire voluerim, Res autem pendet anoftra A-
palyfi indivifibsiinm , & calculys hujus Methodi tantum applicatio
oft ttoftri calculi differentialis. Nempe conftituta femel zquatione
locali(feu ad curvam lincam, unam ex ordinatim datis, ) fed ge-
nerali, (legem omnibus communem ¢xhibente) hujus 2quationis
jam- quzratur zquatio differentialis, modo mox dicendo , & opé
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ferentiabiles, quemadmodum & ipfa re@ta tangens,velaliz noonut.

Lz fun@iomes ab ea pendentes,verb.gr. perpendiculares ad tangentem
ab axe ad curvam dutz, Verum tam ordinare quam 4bfciffa,qnas
per x & ydefignari mos et (quas & coordimaras appellare foleo,cum
una fit ordinata ad unum, altera ad alterum latus anguli,a duabus
condireltricibus comprehenfi ) cftgemina {eu differentiabilie. Hic
vero in noftro calculo przfenti cum non quzritur tangens quecun-
que unius curva in quocunque ¢jus punto , fed tangens unica infi-
nitarum curvarum ordinatim du@arum,unicuique infuo pun&ore- .
fpondenti occurrens , adeoque cum quaritur uni ex his curvis aflum-
ptz refpondens pundum contallus,tunc contrarium evenit, & cam
x quamy ( vel alia fun&io ad pun@umillud determinandum zqui-
valens) eft nica; fed aliqua minimam paramerer « vel 4 debet effe
gemina feu differentiabilis, ea pimirum, qua variata etiam varie
antur curvz ordinatim datz. Bt quidem,licet unius curvz plures
poflint effe re@z conftantes feu parametri,( exempli caufa ellipfis
omnis , & hyperbolx plerzque habent duas , cum parabola & circu-
lus habeant ¢antum unicam, Jtamen hijc femper oporvet ex datis eo
rem tandem pofle deduci, ut unica tantum fuperfic conffans(in ea-
dem curva ) variabilie (pro diverfis) alioqui modus ordinatim eas
ducendi non fatis eft determinatus,  Interim nihil impedit cum
plures dantur zquationes determinantes, confiderari plures para.
metros ut differentiabiles, cum etiarp plures zquationes diﬂgrem
tiales pre ipfis determinandis haberi poffine.  Et plerumque datuge
eonflantiffimma (una vel plures ) feu parameter communis omnibus
ordinatim ducendis; adeoque litera camdefignans in calculo diffe-
rentiali etiam manet indifferentiabilis. Hinc patet,eandem zqua-
tionem poffe habere diverfas zquationes differentiales , feu variis
modis cffe differentiabilem , prout poftulat fcopus inquifitionis.

harum xquationum habetur quafitum. ® Etquidemreum finea a~ Imo fieri poffe expertusfum, ut plures mod: differentiandi ean-

Jicujus curva ad punctum quodcunque in ¢a datum quaritur tan<

- gens, tunc etiam tantum opus cft eqwarionem ejns curva differentit  iftin&ius, atque exemplis illuftranda,fi inflitutiones

dem zquationem junganturinterfe. Hacomnia explicanda effent
no-

#re, feu quarcre zquationem,que firdifferentialis ad zquationem yz noftrz Awalyfos infimitoram tradere vellemus; fed cares nee
curvee localem, fed tunc paramerrs feu reCte magnitudine conflana hujus ef loci, & nectemporisnoftri, -Et quiptiora noftraintele-
ges, lincz conftrutionem ; vel aquationis pro ipfa calcalumingre- xerint ac porro medicari volent,, ad hac quoque non difficulter pes-
dicates . qua por# 5y 8o, deignari (olent,cerifontur smice e indifs
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fibi videbuntur, Pocabulis utor fubinde movis,fed qﬁz ipfe contextus
explicat, neque ego in verbis facilc novare foleo,nifi cum evidens ¢ft
fruttus , non tantum ad brachylogiam , (alioqui enim vix licuiffee

hxc fine multiplici calculo tradere ){ed & ad quandam, utitadicam,

admonitionem atque cxcitationem mentis, atque univerfalia anie
mo concipienda.

O. V. E. sind die literae secundae mei nominis post primas G. G. L.



168 ACTA ERUDITORUM
DE LINEA EX LINEIS NVMERO INFINITILS
ordinatim luilis inter [6-concurrentibus formatayeasd,
omnes tangente, ac de novo in ca re Anaa

Hfis infinitorum ufu,
Autore O. V., E,

Rdinatims applicaras vocare folent Geometra reftas quot.
Ocunquc inter {e parallelas,qua a curva ad re@tam quandam

(dire&ricem) usque ducuntur , quz cumad dire&ricem (tan-
quam Axem ) funt normales, folent vocari Ordinate xat’ ¢foxm.
Defarguefins tem prolatavit, & fub Ordinatim applicatis ctiam com-
prehendit rectas comvergentes ad unum puntum commune, autab
co divergentes, Et fane parallelz fub convergentibus aut diver-
gentibus' comprehendi poflunt, fingendo pun®um concurfus infi-
nite abhinc diftare. Verum quia multis aliis modis fieri poteft,ut
infinitz duci intelligantur linez fecundum legem quandam com-
munem, quz tamen non fint parallelz vel convergentes adpun.
&um omnibus commung,aut a puncto omnibus communi diver-
gentes, ideo nos taleslincas generaliter vocabimus Ordimatim du.
élas  yel ordinatim ( pofitione ) datas,  Exempli eaufa,fi fpeculuth
aliquod, vel potius fedtio cjusaplano peraxem, cujuscunque figu-
rz pofitione datz, radios Solares five immediate, five aliam
quandam reflexionem aut refrationem advenientes reflectar; ifti
radii reflexi erunt infinire linex re@= ordinatim duéta, & dato quo-
vis puncto fpeculi (czteris manentibus ) dabitur radius reflexus i
ve[pondens, Verumego fub ordinatim dudis non santum rectas,led
& curvaslineas qualescunque accipio , modo Zex habeatur, fecun-
dum quam darto linez cujusdam datx (tanquam ordinasricis ) pun-
&to,refpondens ei punéto linea duci poffit, qua unaeritex ordina-
tim ducendis, feu ordinatim pofitione datis.” Ordine enim percur-
rendo punéta ordinatricis(verbi gratia linez, cujus rotatione fie {pe-
culum paulo ante diGtum,feu fe@ionis ¢jus per axem ) ordirre pro-
dibunt linez illz ordinatim datz, Porro etfi ¢z non concurrant
omnes ad unum punétum commune, tamen regulariter duz qua=
vis tales linex proxime, (id eft infinitefime differentes, feu infinite
patvam habentes diftantiam ) concurrunt inter fe, puntumque con-
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eurfuis oft aflignabile, 8 his concurfibus ordinatim fumtis neva
prodit linca concurfunm, quz eft omnium concurfuum inter pro-
ximas locus communis, habetque hoc egregium,quod omnes ordi-
natim ductas, quarum concurfu formatur, tangit, quam propsi-
etatem,cum meditantibus fatis appareat, demonftrare hic non cft
opus. Talis eft linea evolutione generans,ea enim omnesreétas ad
curvam evolutidne generatam perpendiculares tangit, ex Hugeni-
ano invento. Tales funt linea plures cobvolutione generantes , quas
Dn, D. T.excogitavit, & guafi Foci abeodem introdui, cum con-
curfus radiorum non fiunt in pun&o, fed in ejus locum Focur eft
finearis ) concurfu faltem duarum proximarum quarumcunque for-
matus. Sedcum hzc non nifi ad re®as pegtineant , fciendum eft
aliquid analogum & in curvis locum habere. Ita linea reflectens,
qua radios fecundum quamcunque prefcriptam legem a lucido, vel
fpeculo aut lente (una pluribusve ) datarum figurarum, venientes
reddit iterum convyergentes (divergentes aut parallelas ) cujus con-
fiructionem in his A&is dedimus, formasur ex concurfu infinita-
rum ¢Jliphum (hyperbolarum aut parabolarum,) Et hinc quoque
Methodus haberi poterat , problema illud prima fronte tam diffi-
gile folvendi: nam infinitz ille cllipfes funt ordinatim pofitione
datze,adeoque & linea concurfuum data eft,feu haberi poteft, Ethac
Methodus ad multa alia przftandaaditum prabet, quz alias vix vie
debantur efle inpoteltate. Quz etiam caufa eft,cur yiam hanc no-
yvam Geometris aperire voluerim, Res autem pendet anoftra A-
palyfi indivifibsiinm , & calculys hujus Methodi tantum applicatio
oft ttoftri calculi differentialis. Nempe conftituta femel zquatione
locali(feu ad curvam lincam, unam ex ordinatim datis, ) fed ge-
nerali, (legem omnibus communem ¢xhibente) hujus 2quationis
jam- quzratur zquatio differentialis, modo mox dicendo , & opé
harum mquationum habetur quafitum. ® Et quidenrctum finea a-
Jicujus curvz ad punctum quodcunque in ¢a datum queritur tan<

- gens, tunc etiam tantum opus cft eqwarionem ejns curva differentit  iftin&ius, atque exemplis illuftranda,fi inflitutiones

ere, feu querere ®quationem,que firdifferentialis ad 2quationem
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ferentiabiles, quemadmodum & ipfa recta tangens,vel aliz nosnat-
I crb.gr. perpendiculares ad tangentem

ab axe ad curvam ductz, Verum tam ordinara quam «bfiiffa,quas
per x & ydefignari mos et (quas & coordimaras appellare foleo,cum
una fit ordinata ad unum, altera ad alterum latus anguli,a duabus
condireltricibus comprehenfi ) cftgemina {eu differentiabilie. Hic
vero in noftro calculo przfenti cum non quzritur tangens quecun-
que unius curva in quocunque ¢jus punto , fed tangens unica infi-
nitarum curvarum ordinatim du@arum,unicuique infuo pun&ore- .
fpondenti occurrens , adeoque cum quaritur uni ex his curvis aflum-
ptz refpondens pundum contallus,tunc contrarium evenit, & cam
x quamy ( vel alia fun&io ad pun@umillud determinandum zqui-
valens) eft smica; fed aliqua minimom parameter 4 vel 4 debet effe
gemina feu differentiabilis, ea pimirum, qua variata etiam varie
antur curvz ordinatim datz. Bt quidem,licet unius curvz plures
poflint effe re@z conftantes feu parametri,( exempli caufa ellipfis
omnis , & hyperbolx plerzque habent duas , cum parabola & circu-
lus habeant <antum unicam, Jtamen hic femper oporvet ex datis eo
rem tandem pofle deduci, ut unica tantum fuperfic conffans(in ea-
dem curva ) variabilie (pro diverfis) alioqui modus ordinatim eas
ducendi non fatis eft determinatus,  Interim nihil impedit cum
plures dantur zquationes determinantes, confiderari plures para.
metros ut differentiabiles, cum etiarp plures zquationes diﬂgrem
tiales pre ipfis determinandis haberi poffine.  Et plerumque datuge
eonfiantifima (una vel plures ) feu parameter communis omnibus
ordinatim ducendis; adeoque litera camdefignans in calculo diffe-
rentiali etiam manet indifferentiabilis. Hinc patet,eandem zqua-
tionem poffe habere diverfas zquationes differentiales , feu variis
modis cffe differentiabilem , prout poftulat fcopus inquifitionis.
Imo fieri poffe expertusfum, ut plures modi differentiandi ean-
dem zquationem junganturinterfe. Hacomnia explicanda effent
no-
vz noflrz Awalyfeos infinitorsm tradere vellemus; fed cares nee

curva localem, fed tunc paramerri feu reie magnimdine confians hujus eft loci, & nec temporis noftri, Et qui priora noftra intelie-
zes, linez conftrudtionem ; vel aquationis pro ipfa caleulum ingre- xerint ac porro meditari volent, ad hac quoque non difficuleer per-

dicntes ; QU pec.s 5 by 8o, defignari folent,cerifontur wmice [0 indifs

First use of term “function” in print;

funiiones ab ea pendentes

gingeat, & ¢o quidem jucundius,quod in partem inventionis venire
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fibi videbuntur, Pocabulis utor fubinde movis,fed qﬁz ipfe contextus
explicat, neque ego in verbis facilc novare foleo,nifi cum evidens ¢ft
fruttus , non tantum ad brachylogiam , (alioqui enim vix licuiffee

hxc fine multiplici calculo tradere ){ed & ad quandam, utitadicam,

admonitionem atque cxcitationem mentis, atque univerfalia anie
mo concipienda.
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tum opeomnes variabiles ex zquatione primaria tolli poffint praeter.

6.G.L. NOVA CALCULI DIFFERENTIALIS
Applicatio & ufus, ad maltiplicem linearum conflrultio-
nem , ex daza tangentium condi-
tione_,

MEmini jam a me infinuatum in his A&is, ut re@arum ordinatim
fumptarum concurfu hactenus noto , ita & concurfu curvarum
lineas formari. Sed placet rem non parvi ad Geometriam augendam
momenti gxponere diftin&ius ; nam ne in reQis quidem concurrenti
bus tota ejus vis fuit perfpecta. In genere igitur hoc problema ad.
communis Geometriz leges revocarehic docebo: Liness (rectisvel
curvis ) propofitams rangentibus 5 pofitione ordinatim datis , snvensre
propefitam, vel quod eodemredit: invenire lineam , que infiniras lia
meas ordsnatim pofitione datas tangir.  Cujus ufus cum latiffime pa-
teat, calculumin cam rem peculiarem jamdudug excogitavi, vel po-
tius huc peculiari ratione applicui noftrum Differentialem compen-
dio noncontemnendo.. Scilicet quemadmodum Carzefiw loca ve-
terum calculo exprimens zquationes adhibuity qua cuivis curvz pun
&o conveniunt,ita nos zquationes hic adhibemus infinities amplio.
res , quz cuilibet punQo cujuslibet curva sn ferse ordinatim fumia<
yumscurvarsum comprehenfz,accommodantur. Itaque x & y abfiffa -
quidem & ordinata, {eucoordinaracflc intelliguntur cujusvis ex didis
curvis, fed fpeciatim tamenaccipiuntur de curva exipfarum coneus-
fu formata feu ipfas tangente ; utili quodam egusvosarsonds charaiies
riftice genere.  Coefficientes a5 byc 5 in zquatione cum ipfis x & >
ufurpat,fignificant quantitates in cadem curya conflanres, alias qui-
dem infitas (nempe paremetros) aliasvero extrancas,qua fitum cur.
vz (adeoqueverticis axisque) definiunt. Sed comparando curvas fe-
riei inter fe, feu tranfitum de curvain curvam confiderando,aliz cocf-
ficientes funt conflansiffimefen permanentes, (qua manent non tan.
tum in una, fed & in omnibus ferici curvis,) aliz funt verisbiles. Eg
quidem ut/érses curvarum lex data fit, necefle eft unicam tantumin
coefficientibus fuperefle variabilicatem , adeoque fi in primuria pro
omnibus curvis eguasione naturam earum communem explicante
plures extent variabiles, necefle eft dari alias eguariones accefforias,
cosfficientium variabilium dependentiam interfe exprimentes; qua-
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fed ipfius per evolutionem generatrix reGtarum pofitione dataram
concurfu formatur. Ceste cum ipfa curva formatur conﬁurﬁl 5 habe-
tur determsnat s, nec in arbitrio eft punctum, per quod eranfeat ; qua
diftin@io utilis eft inhac dodrina. .

Sed exemplum calculi dabimus in problemate itidem generali,
ad aliquam tamen {pecialem lineam applicato : data relatione per-
pendicularis P C ad proprium ab axe refegmentum AP, invenire line-
am CC. Patetenim datis pofitione punclis C, nempe centris cir-
culorum, & radiisP C datis magnitudine (obdatam relationem ad
A P)dariordinatim ¢irculos lineam CCrangentes ; adeoque lincam
jpfam circulorum concurfu formatam haberi pofle , id quodjamver-
bulo indicaveramms olim in 424 1686 menfé Funio p.300, fub fehedia-
{matisfinem. Itag;centro Pyradio P C myggnitudine dato,defcribatur
circulus CF.Ut ergo methodum paulo ante pofitam huc applicemus:
ex punéto circuli quocunque F agantur normales ad crura anguli
re@i P AH, feu coordinatz FG,y, & FH, x ( quz incafu concur-
{is duorum circulorum incidunt in CB, CL) fitAP, 8, &PC,¢;

fiet ex naturacireuli, xx°¥F gy Fbb (=I__-)- 26x "} cc aquatio primaria

omnibus noftris circulis & cuique cujusque punto communis. Quo-
piamautemdatur relatiointer AP &P C, dabitur curvaEE, cujus
ordinataPE aqueturipfi P C; hac curvaponatur (exempli gratia)

efle parabola,cujus parameter, 4, & fiat 4 S_-Q ¢¢, quaequatio fe-
cundaria exhibet relationem fen dependentiam inter ¢ & . Hujus

ope tollendo ¢, exxq. 1, fiet x x o yy s bb _(_i_—z 2 bxvlH 4 b5 patet
autemin 2q. 1. preter coordinatas & & y,adefle coefficientes ¢, 4, 44
ex quibus ¢ & Sfuntinuno circule conftantes, & ¢ quidem eft circu-
loinfita, cum ejusradium defignet; 4 eft extranea, quippe fitum cen-
tri defignans ; amba variatis citeulis funt variabiles, fed 4 eft conftan-
tiffima five permanens, cum non unius tantum circuli omnibus pun-
&is , fed & pro omnibus circulis noftrigin 2quatione maneat eadem.

Reduétajam zquatio 3 adunam eoefficientem variabilem 4, differen-  fpecu

tietur, fecundum 4 (folam in ea differentiabilem ) & fiet 2 4db ==
sxdbkadb, feu(evancicente d5) fit b ,(:-,_)- x'Fa: 2 (quicalcu-
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unam. Caterum pro concurfu duarum linearum proximgrum » fua
interfe@ione punétum curva quzfitz (quam & tangere intelligun.
tur,) determinantium , manifeftum eft, concurrentes q.uldem-, adeo-
ue lineam ex concurfu formatam tangentes, efle geminas; inverfe-
&ionis autem feu concurfus punétum efle unicum, adeoque & ordi-
fatam ei refpondentem unicamefle; cum alioqui in inveftigatione
folita linearum propofitam tangentium, retarum vel curvarum (vel-
ut circulorum, parabolarum &c.) exdatz curva ordinatjs quaren-
darum, ordinatxgemine, tangentes unice concipiantur. Itaquc. quo-
ad prafentem calculum, quo ipfz ex tangentibus redis vel curvis po-
fitione datis inveftigantur ordinatz (contra quam incommuni )ma-
nent coordinatz x & y inhoe tranfitu ( a proximo ad proximum)
invariatz,adeoque funtindifferentiabiles ; at cocf.ﬁacntes y (quzin
communi calculo in@)fferentiabiles cenfentur, quia conftantes, ) qua-
tenus hic variabiles funt,differentiantur.Notabile ¢ autem, £ omnes
Infire coefficientes fint permanentes ; curvaque adco ordinatim con-
currentes fint congruz interfe; perindefore , acfiintelligantur effe
vefigia cjusdem linee mota 5 curvague carum concurfu formata
lineam motam perpetuo durante motu tanget. Undein hoc cafu ori-
tur connexio qazdam cum generat“ione trocboé’il_m;nam &balis,fu-
perqua volvitur generatrix trochoé€idis, genesatricem durante motu

tangit . L - o
Calculasautemita inftituetur: aflumatur aliquis angulus reGus

fixus , cujus crura utcunque produca conftituere intelligantur duos
axes relationis curvarym , feu axem cumaxe conjugato ; in quos de-
mifTe normales ex pun&o curva quocunque erunt ordinata, x, & or-
dinata conjugatafeuabfciffa, y ; uno verbo : coordinate, x & y; qua-
rum relationem cx datis querendo habebitur egwario, (1) quam pau-
lo ante appellavimus primariam, cumfit cuilibet cujuslibet curva-
rum ordinatim famtarum penéto communis. Quod fi zquationi 1,
infunt plures coefficientes variabiles, ut ;¢ , dabitur earum depen-
dentia per fecundariam acquationcm_ s ( 'z) unamvel plures ; atque ita
ex zq. 1 tollendo cocﬂiicientc; varfabxlcs » praeter unam & prodxk{xt
zq. (3)Hanc zquationem differentiando,ut prodeat 2q. (4) cumin
ca fola-affutura fit differentialis ipfius 4, evanefcet dlﬂ:crennah_tas,
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lus in cafu unius differentiabilis in effecu coincidit cii methodovete
re de maximis & minimis a Fermatso propolita,ab Hyddenso promo.
ta, fed quz tantum cft corollzrium noftra.) Jam ope 2q. 4. tollends

refiduam coefficienté variabilem b,ex 2q.3 fiet «x Feua: 4, S__S.) 7)quie
eft zquatio ad curvam ¢¢ quafitam. Idqueindicio eft cam efle :
bolam, ipfi datz AE congruentem, fed paulo cantum aliter fitamg
continuata enim C C verticefuo Vincidetinaxem AP, fed fupra da~
tx AE verticem A, itaut diftantia verticum AV fit communis late-
ris rectipars quarta. Si alteram calculandi rationem malis, per plures

differentiales ; refumtz 2quationes 1 & 2 differentientur, & ex 1fiet
5_45,(73_-)-'1'16*:1:, fedexzﬁttddi(—_gz: d¢, quarum (3

&4) 6petollendo dc, evanefeet fimul &db, & fiet b (—i)xll’ .
2 utpauloante. Undejam per 1, 3,5 tollendo ¢ & b cocflicientes var
riabiles; prodibit axFaan: 4.15_;‘_—_)]] pro zquationg linex quafitzs

Wt ante..

Atque ita docuimus data relatione erpendsculans P C adpros
prium exaxerefegmentum A P exhibere lineamC C, quia ordinating

dantur circuli lineam tangentes.  Sed daca relationg recta tangentia
& C ad proprium exaxerefegmentum A T ( feu circulis normalibus
ad lineam ordinatim datis ) invenire lineam, C C; alterius eft metho-
di, & confirutPione traloria ralis linea haberi poteft | a nobis in his
Aitis Sept. anns fuperiorismenfe cxplicata, Flujus augem is me,
thodi noftrz maximus praterea cft ufiis ad complura alia problemar
ta Geometriz fuperioris, autetiam ad mechanica velphyﬁ_ca appli-
catz. Cume = ’ o
fuz linez ter

quimur quafi

visjnaliquop

né¢ jam olim

dhlbmdf ) q

lo veni¢

lelos. Forma

fieri convetg . .

lele'aut divergentes,

& 7713
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adtoque habemusq. 4 ordinariam, cujus ope ex 2q. 3 tollendo va-
riabilem re§guam 4, habebiturzquatio, (5) in qua praeter x & y tan-
tum fupererunt cocfficientes invariabiles (ut«) qua erit aqwario ad
curvam quafitam concurfu ferici lincarum formatam, adeoque #d fé- .
vici linearum tangentems communem. Scd & aliter inftituipoteft cal-
culus,prout facilitas invitabit , non tollendo ftatim variabiles, fed fer-
vando. Nempe datis 2q. (1) primaria, & zq.(2) fecundaria (unavel - |
pluribus pro explicanda dependentia coefficientium variabilium in-
fervituris) differentienturaq.1, utprodeat (3), & ®q.2, utprodeat
(4) (unavelplures, fi pro 2q. 2 affucriot plures.) Itahabebimus
plures quanticates differentiales, fed tamen habebimus & zquationes
fufficientes ad eas tollendas;& quidem modo tolli poffint differentia-
les quantitates usque ad unam; etiam refidua ifta evanefcet per fe , &
fic prodibit zq. (5) ordinaria,feu carens quantitate differentiali; quam
conjungendo cum zq. 1 &1 tolli poterunt variabiles omnes , & pro-
dibit aq. (6) naturam exprimens curva quafitz , lincarum concurfu
formatz, qua eriteadem cumq. 5 calculi prioris. '

@)\

.
gee

c

TAB VII. 4;!;{.1&’]4-. f%y ¥11 .

Hac jam methodo folvi poflunt innumera problemata fubli-
mioris Geometriz , hactenus non habita in poteftate, pertinentiaque
ad tangentium converfam ; ex quibus nonnulla in fpeciménindica-

bo, magnz utiquegeneralitatis. Veluti: data relationeinter AT &
A © refegmenta axium per curva tangentem C T fata, invenire cur-
vam C C; nam re&t2 curvam tangentes ordinatim pofitione dantur,

adeoque &curva quafita,quippe quz carum concurfu formatur. Vel
fi dato puncto axis T, detur linex datz EE puntumE, fic utjuncta
TE, fiopusprodu@ta, quafitam curvam C C tangat, patet ex diclis
curvam C C prafcripta hic methedo haberi. Similiter datarelatione
inter AP & A1, refegmenta axium.-fa&a per curvee perpendicula-
rem P C, licet invenire curvam C C: nam ob re@as P 11 ordinarim
pofitione datas , etiam datur linea FF formata per earum concur-
fum ; hujus vero evolutione defcribetur curva CC quafita.  Unde
hic quidem infinitz curva fatisfacientes dari poffunt, omnes fcilicet
paralllainter e, qua cjusdem linez evolutione condeferibantur 5. &
data relatione inter AP 8 An daripoteft curva guefira non tantum
fatisfaciens , fed & tranfiens per punilumdatum, Interim hoc cafu
curva C C non femper ¢ft ordinaria, quoniam fcilicet non ipfamet,
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Solutionem fu‘amfroblematisB.emoulliaai monfc nuperoMajo una.
cum objectione Anonymi Ais Ert:gi:;)rugnégfertam » Dn.Marchio
Hodpitalius Amov\kfrtd«c nondiftulic, oftenditque, ut intellexi,
Anonymum, fi caleulom fium-adfinem perduxiffer, ipfummet folu-
tjonis datze fucceffum fuifle deprehenfursm. - Cxtcrum Anonymus
ille aliam folutionem non dedit, neque id fécundum Analyfin vulga-
rem facile praftati poteft. Noftraautem nova,adeoque & Dn. Mar-
chionis ac Dominorum Bermoulliorum Methodus ,nonhoc tantum,
fed &, quemadmodum jam mentt Julio p.3n3. in Adis anmi fuperioris
eft admonitum, innumera fimilia folvit,five abfolutepro re nata, five
per quadraturas. Et generale Problema fic concipipoteft: Datara-

tigne incer duas Funiliones snvenire Lincam. Dataratio intelligirar,

queelt inter duasdatas, velut m &n. Fynisonem voco portionem-
- rectz, qua dudis ope fola pundi fixi & puni cyrva cum curvedine

fua dari fe@is, abfcinditur, Tales funt: Abfcifla ABvel A 3; ordinata

BC vel AC; tangensC T vel C8; perpendicularis C pvel Car; fub-

tahgentialis BT vet 34 fubperpendicularis BP vel Bw ; per tangen-.

temrefeéta A T vel Af; perperpendicularem refecta A P vel A ar; cor-
reft@a PT vel #0; radius ofculi feu curvedinis CF; & aliz in-
numerz.. o o -

7
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Leibniz's 1694 paper on envelope rule:
e Rule thoroughly explained with
formulas, figures and examples.
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L. NovA CALCULI D‘IFFERENTIALIS
159 ad maultiplicem linearum conflrultio-

rone_,
MEmini jam a me infinuatum in his A&is, ut re@arum ordinatim
fumptarum concurfu haCtenus noto .ita & concnrfb curvarum
icasforgari. Sed placst renk non parv ad Geometriam avgendam
xponere diftin&ius; - :
1s vis fuit perfpe®a. In genere igitur hoc problema ad.
communis Geometriz leges revocarehic docebo: Liness (rectisvel
curvis ) propofitams rangentibus 5 pofitione ordinatim datis , snvensre
propefitam, vel quod codemredit: invenwire lineams , que infinitas lia
meas ordsnatim pofitione datas tangir.  Cujus ufus cum latiffime pa-
teat, calculumin cam rem peculiarem jamdudug excogitavi, vel po-
tius huc peculiari ratione applicui noftrum Differentialem compen-
dio noncontemnendo.. Scilicet quemadmodum Carzefiw loca ve-
terum calculo exprimens zquationes adhibuity qua cuivis curvz pun
&o conveniunt,ita nos zquationes hic adhibemus infinities amplio.
res , quz cuilibet punQo cujuslibet curva sn ferse ordinatim fumia<
yumscurvarsum comprehenfz,accommodantur. Itaque x & y abfiffa -
quidem & ordinata, {eucoordinaracflc intelliguntur cujusvis ex didis
curvis, fed fpeciatim tamenaccipiuntur de curva exipfarum coneus-
fu formata feu ipfas tangente ; utili quodam egusvosarsonds charaiies
riftice genere.  Coefficientes a5 byc 5 in zquatione cum ipfis x & >
ufurpat,fignificant quantitates in cadem curya conflanres, alias qui-
dem infitas (nempe paremetros) aliasvero extrancas,qua fitum cur.
vz (adeoqueverticis axisque) definiunt. Sed comparando curvas fe-
riei inter fe, feu tranfitum de curvain curvam confiderando,aliz cocf-
ficientes funt conflansiffimefen permanentes, (qua manent non tan.
tum in una, fed & in omnibus ferici curvis,) aliz funt verisbiles. Eg
quidem ut/érses curvarum lex data fit, necefle eft unicam tantumin
coefficientibus fuperefle variabilicatem , adeoque fi in primuria pro
omnibus curvis eguasione naturam earum communem explicante
plures extent variabiles, necefle eft dari alias eguariones accefforias,
cosfficientium variabilium dependentiam interfe exprimentes; qua-
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fed ipfius per evolutionem generatrix reGtarum pofitione dataram
concurfu formatur. Ceste cum ipfa curva formatur conﬁurﬁl 5 habe-
tur determsnat s, nec in arbitrio eft punctum, per quod eranfeat ; qua
diftin@io utilis eft inhac dodrina. .

Sed exemplum calculi dabimus in problemate itidem generali,
ad aliquam tamen {pecialem lineam applicato : data relatione per-
pendicularis P C ad proprium ab axe refegmentum AP, invenire line-
am CC. Patetenim datis pofitione punclis C, nempe centris cir-
culorum, & radiis P C datis magnitudine (ob datam relationem ad
A P)dariordinatim ¢irculos lineam CCrangentes ; adeoque lincam
jpfam circulorum concurfu formatam haberi pofle , id quodjamver-
bulo indicaveramms olim in 424 1686 menfé Funio p.300, fub fehedia-
{matisfinem. Itag;centro Pyradio P C myggnitudine dato,defcribatur
circulus CF.Ut ergo methodum paulo ante pofitam huc applicemus:
ex punéto circuli quocunque F agantur normales ad crura anguli
re@i P AH, feu coordinatz FG,y, & FH, x ( quz incafu concur-
{is duorum circulorum incidunt in CB, CL) fitAP, 8, &PC,¢;

»

fiet ex naturacireuli, xx*F gy Fbb (;—_I__-)- 26x "} cc aquatio primaria
omnibus noftris circulis & cuique cujusque pun&o communis. Quo-
piamautemdatur relatiointer AP &P C, dabitur curvaEE, cujus
ordinataPE aqueturipfi P C; hac curvaponatur (exempli gratia)

efle parabola,cujus parameter, 4, & fiat 4 S_-Q ¢¢, quaequatio fe-
cundaria exhibet relationem fen dependentiam inter ¢ & . Hujus

ope tollendo ¢, exxq. 1, fiet x x o yy s bb _(_i_—z 2 bxvlH 4 b5 patet
autemin 2q. 1. preter coordinatas & & y,adefle coefficientes ¢, 4, 44
ex quibus ¢ & Sfuntinuno circule conftantes, & ¢ quidem eft circu-
loinfita, cum ejusradium defignet; 4 eft extranea, quippe fitum cen-
tri defignans ; amba variatis citeulis funt variabiles, fed 4 eft conftan-
tiffima five permanens, cum non unius tantum circuli omnibus pun-
&is , fed & pro omnibus circulis noftrigin 2quatione maneat eadem.

Reduétajam zquatio 3 adunam eoefficientem variabilem 4, differen-  fpecu

tietur, fecundum 4 (folam in ea differentiabilem ) & fiet 2 4db ==
sxdbkadb, feu(evancieente 44) it b g'—,_)- x'Fa: 2 (quicalcu-
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um opeomnes variabiles exzquatione primaria tolli Poﬁ'mt prates.
unam. Caterum pro concurfu duarum linearum proximarum, {ua
interfe@ione punétum curva quzfitz (quam & tangere intelligun.
tur,) determinantium , manifeftum eft, concurrentes q.uldem-, adeo-

ue lineam ex concurfu formatam tangentes, efle geminas; inverfe-
&ionis autem feu concurfus punétum efle unicum, adeoque & ordi-
fatam ei refpondentem unicamefle; cum alioqui in inveftigatione
folita linearum propofitam tangentium, retarum vel curvarum (vel-
ut circulorum, parabolarum &c.) exdatz curva ordinatjs quaren-
darum, ordinatxgemine, tangentes unice concipiantur. Itaquc. quo-
ad prafentem calculum, quo ipfz ex tangentibus redis vel curvis po-
fitione datis inveftigantur ordinatz (contra quam incommuni )ma-
nent coordinatz x & y inhoe tranfitu ( a proximo ad proximum)
invariatz,adeoque funtindifferentiabiles ; at cocf.ﬁacntes y (quzin
communi calculo in@)fferentiabiles cenfentur, quia conftantes, ) qua-
tenus hic variabiles funt,differentiantur.Notabile ¢f autem, £ ommes
Infire coefficientes fint permanentes ; curvaque adco ordinatim con-
currentes fint congruz interfe; perindefore , acfiintelligantur effe
vefigia cjusdem linee mota 5 curvague carum concurfu formata
lineam motam perpetuo durante motu tanget. Undein hoc cafu ori-
tur connexio qazdam cum generat“ione trocboé’il_m;nam &balis,fu-
perqua volvitur generatrix trochoé€idis, genesatricem durante motu

10 e ’ .
tang()alculns autemita inftituetur: affumatur aliquis angulus redtus

fixus , cujus crura utcunque produca conftituere intelligantur duos
axes relationis curvarym , feu axem cumaxe conjugato ; in quos de-
mifTe normales ex pun&o curva quocunque erunt ordinata, x, & or-
dinata conjugatafeuabfciffa, y ; uno verbo : coordinate, x & y; qua-
rum relationem cx datis querendo habebitur egwario, (1) quam pau-
lo ante appellavimus primariam, cumfit cuilibet cujuslibet curva-
rum ordinatim famtarum penéto communis. Quod fi zquationi 1,
infunt plures coefficientes variabiles, ut ;¢ , dabitur earum depen-
dentia per fecundariam acquationcm_ s ( 'z) unamvel plures ; atque ita
ex zq. 1 tollendo cocﬂiiciente; varfabxlcs » praeter unam & prodxk{xt
zq. (3)Hanc zquationem differentiando,ut prodeat 2q. (4) cumin
ca fola-affutura fit differentialis ipfius 4, evanefcet dlﬂ:crennah_tas,
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lus in cafu unius differentiabilis in effecu coincidit cii methodovete
re de maximis & minimis a Fermatso propolita,ab Hyddenso promo.
ta, fed quz tantum cft corollzrium noftra.) Jam ope 2q. 4. tollends

refiduam coefficienté variabilem b,ex 2q.3 fiet «x Feua: 4, S_Z) 7)quie
eft zquatio ad curvam ¢¢ quafitam. Idqueindicio eft cam efle :
bolam, ipfi datz AE congruentem, fed paulo cantum aliter fitamg
continuata enim C C verticefuo Vincidetinaxem AP, fed fupra da~
tx AE verticem A, itaut diftantia verticum AV fit communis late-
ris rectipars quarta. Si alteram calculandi rationem malis, per plures

differentiales ; refumtz 2quationes 1 & 2 differentientur, & ex 1fiet
‘.di_(—_;_-)-'l'db'f‘cdc, fedexzﬁttddi(—_gz: d¢, quarum (3

&4) 6petollendo dc, evanefeet fimul &db, & fiet b (—i)xll’ .
2 utpauloante. Undejam per 1, 3,5 tollendo ¢ & b cocflicientes var

riabiles;prodibit « xFan: 4 S_;‘_:)]} pro zquationg linex quafitzs

ut ante_. . _
Atque ita docuimus data relatione perpendiculasis P C ad pros
prium exaxerefegmentum A P exhibere lineamC C, quia ordinating

dantur circuli lineam tangentes.  Sed daca relationg recta tangentia
& C ad proprium ex axe refegmentum A T ( feu circulis normalibus
ad lineam ordinatim datis ) invenire lineam, C C; alterius eft metho-
di, & confirutPione traloria ralis linea haberi poteft | a nobis in his
Atis Sept. anni fuperiorismenfe cxplicata. Hujus augem ﬁ:z&nm mes,
thodi noftrz maximus praterea cft ufiis ad complura alia problemar
ta Geometriz fuperioris, autetiam ad mechanica velphyﬁ_ca appli-
catz. Cume = ’ o
fuz linez ter
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adtoque habemusq. 4 ordinariam, cujus ope ex 2q. 3 tollendo va-
riabilem re§guam 4, habebiturzquatio, (5) in qua praeter x & y tan-
tum fupererunt cocfficientes invariabiles (ut«) qua erit aqwario ad

curvam quafitam concurfu ferici lincarum formatam, adeoque #d fé- .

vici linearum tangentems communem. Scd & aliter inftituipoteft cal-
culus,prout facilitas invitabit , non tollendo ftatim variabiles, fed fer-
vando. Nempe datis 2q. (1) primaria, & zq. (2) fecundaria (unavel
pluribus pro explicanda dependentia coefficientium variabilium in-
fervituris) differentienturaq.1, utprodeat (3), & ®q.2, utprodeat
(4) (unavelplures, fi pro 2q. 2 affucriot plures.) Itahabebimus
plures quanticates differentiales, fed tamen habebimus & zquationes
fufficientes ad eas tollendas;& quidem modo tolli poffint differentia-
les quantitates usque ad unam; etiam refidua ifta evanefcet per fe , &
fic prodibit zq. (5) ordinaria,feu carens quantitate differentiali; quam
conjungendo cum zq. 1 &1 tolli poterunt variabiles omnes , & pro-
dibit aq. (6) naturam exprimens curva quafitz , lincarum concurfu
formatz, qua eriteadem cumq. 5 calculi prioris. '
Hac jam methodo folvi poflunt innumera problemata fubli-
mioris Geometriz , hactenus non habita in poteftate, pertinentiaque
ad tangentium converfam ; ex quibus nonnulla in fpeciménindica-
bo, magnz utiquegeneralitatis. Veluti: data relationeinter AT &
A © refegmenta axium per curva tangentem C T fata, invenire cur-
vam C C; nam re&t2 curvam tangentes ordinatim pofitione dantur,
adeoque &curva quafita,quippe quz carum concurfu formatur. Vel
fi dato puncto axis T, detur linex datz EE puntumE, fic utjuncta
TE, fiopusprodu@ta, quafitam curvam C C tangat, patet ex diclis
curvam C C prafcripta hic methedo haberi. Similiter datarelatione
inter AP & A1, refegmenta axium.-fa&a per curvee perpendicula-
rem P C, licet invenire curvam C C: nam ob re@as P 11 ordinarim
pofitione datas , etiam datur linea FF formata per earum concur-
fum ; hujus vero evolutione defcribetur curva CC quafita.  Unde
hic quidem infinitz curva fatisfacientes dari poffunt, omnes fcilicet
paralllainter {¢, qua cjusdem linez evolutione condeferibantur ;. &
data relatione inter AP 8 An daripoteft curva guefira non tantum
fatisfaciens , fed & tranfiens per punilumdatum, Interim hoc cafu
curva C C non femper ¢ft ordinaria, quoniam fcilicet non ipfamet,
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Solutionem fu‘amfroble:ﬁatisﬂemoulliaai monfc nuperoMajo una.

cum objectione Anonymi Ais Ert:gi:;)m;négfertam » Dn.Marchio
Hodpitalius Aom\kffnd«c nondiftulic, oftenditque, ut intellexi,
Anonymum, fi caleulom fium-adfinem perduxiffer, ipfummet folu-
tjonis datze fucceffum fuifle deprehenfursm. - Cxtcrum Anonymus
ille aliam folutionem non dedit, neque id fécundum Analyfin vulga-
rem facile praftati poteft. Noftraautem nova,adeoque & Dn. Mar-
chionis ac Dominorum Bermoulliorum Methodus ,nonhoc tantum,
fed &, quemadmodum jam mentt Julio p.3n3. in Adis anmi fuperioris
eft admonitum, innumera fimilia folvit,five abfolutepro re nata, five
per quadraturas. Et generale Problema fic concipipoteft: Datara-
tigne incer duas Funiliones snvenire Lincam. Dataratio intelligirar,
queelt inter duasdatas, velut m &n. Fynisonem voco portionem-
- rectz, qua dudis ope fola pundi fixi & puni cyrva cum curvedine

f1a daci de&is, abfcinditur. Tales funt: AbfcifTa ABvel A B; ordinata .

BC vel AC; tangensC T vel Cd; perpendicularisC pvel Car; fub-

tinigentialis B T vel @4'; fubperpendicularis BP vel 3w ; per tangen-

tem refecta A T'vel Af; perperpendicularem refe&a A P vel A ; cor-
reft@a PT vel #0; radius ofculi feu curvedinis CF; & aliz in-
Aumerz.. o S '

TAB VII. 4;!;{.1&’]4-. f)zj.su ]
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Leibniz's 1694 paper on envelope rule:
e Rule thoroughly explained with
formulas, figures and examples.

e “‘New”, “of no little importance”™:

NOYVvA
Applicatio

non parviad Geometriam augendam

momenti
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NOVA CALCULI DIFFEREN TIALIS tumopeomnesvariabiles exzquatione primaria tolli poffint prater.

Dplicatio & ufus, ad maltiplicem linearum confiruétio-
nem , ex daza tangentium condi-
tione_,

MEmini jam a me infinuatum in his A&is, ut re@arum ordinatim
fumptarum concurfu hactenus noto , ita & concurfu curvarum
lineas formari. Sed placet rem non parvi ad Geometriam augendam
momenti gxponere diftin&ius ; nam ne in reQis quidem concurrenti
bus tota ejus vis fuit perfpecta. In genere igitur hoc problema ad.
communis Geometriz leges revocarehic docebo: Liness (rectisvel
curvis ) propofitams rangentibus 5 pofitione ordinatim datis , snvensre
propefitam, vel quod eodemredit: invenire lineam , que infiniras lia
meas ordsnatim pofitione datas tangir.  Cujus ufus cum latiffime pa-
teat, calculumin cam rem peculiarem jamdudug excogitavi, vel po-
tius huc peculiari ratione applicui noftrum Differentialem compen-
dio noncontemnendo.. Scilicet quemadmodum Carzefiw loca ve-
terum calculo exprimens zquationes adhibuity qua cuivis curvz pun
&o conveniunt,ita nos zquationes hic adhibemus infinities amplio.
res , quz cuilibet punQo cujuslibet curva sn ferse ordinatim fumia<
yumscurvarsum comprehenfz,accommodantur. Itaque x & y abfiffa -
quidem & ordinata, {eucoordinaracflc intelliguntur cujusvis ex didis
curvis, fed fpeciatim tamenaccipiuntur de curva exipfarum coneus-
fu formata feu ipfas tangente ; utili quodam egusvosarsonds charaiies
riftice genere.  Coefficientes a5 byc 5 in zquatione cum ipfis x & >
ufurpat,fignificant quantitates in cadem curya conflanres, alias qui-
dem infitas (nempe paremetros) aliasvero extrancas,qua fitum cur.
vz (adeoqueverticis axisque) definiunt. Sed comparando curvas fe-
riei inter fe, feu tranfitum de curvain curvam confiderando,aliz cocf-
ficientes funt conflansiffimefen permanentes, (qua manent non tan.
tum in una, fed & in omnibus ferici curvis,) aliz funt verisbiles. Eg
quidem ut/érses curvarum lex data fit, necefle eft unicam tantumin
coefficientibus fuperefle variabilicatem , adeoque fi in primuria pro
omnibus curvis eguasione naturam earum communem explicante
plures extent variabiles, necefle eft dari alias eguariones accefforias,
cosfficientium variabilium dependentiam interfe exprimentes; qua-
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fed ipfius per evolutionem generatrix reGtarum pofitione dataram
concurfu formatur. Ceste cum ipfa curva formatur conﬁurﬁl 5 habe-
tur determsnat s, nec in arbitrio eft punctum, per quod eranfeat ; qua
diftin@io utilis eft inhac dodrina. .

Sed exemplum calculi dabimus in problemate itidem generali,

ad aliquam tamen {pecialem lineam applicato : data relatione per-
pendicularis P C ad proprium ab axe refegmentum AP, invenire line-
am CC. Patetenim datis pofitione punclis C, nempe centris cir-
culorum, & radiisP C datis magnitudine (obdatam relationem ad
A P)dariordinatim ¢irculos lineam CCrangentes ; adeoque lincam
jpfam circulorum concurfu formatam haberi pofle , id quodjamver-
bulo indicaveramms olim in 424 1686 menfé Funio p.300, fub fehedia-
{matisfinem. Itag;centro Pyradio P C myggnitudine dato,defcribatur
circulus CF.Ut ergo methodum paulo ante pofitam huc applicemus:
ex punéto circuli quocunque F agantur normales ad crura anguli
re@i P AH, feu coordinatz FG,y, & FH, x ( quz incafu concur-
{is duorum circulorum incidunt in CB, CL) fitAP, 8, &PC,¢;

»

fiet ex naturacireuli, xx*F yy Fbb (;—_I__-)- 26x "} cc aquatio primaria
omnibus noftris circulis & cuique cujusque pun&o communis. Quo-
piamautemdatur relatiointer AP &P C, dabitur curvaEE, cujus
ordinataPE aqueturipfi P C; hac curvaponatur (exempli gratia)

efle parabola,cujus parameter, 4, & fiat 4 S_-Q ¢¢, quaequatio fe-
cundaria exhibet relationem fen dependentiam inter ¢ & . Hujus

ope tollendo ¢, exxq. 1, fiet x x o yy s bb _(_i_—z 2 bxvlH 4 b5 patet
autemin 2q. 1. preter coordinatas & & y,adefle coefficientes ¢, 4, 44
ex quibus ¢ & Sfuntinuno circule conftantes, & ¢ quidem eft circu-
loinfita, cum ejusradium defignet; 4 eft extranea, quippe fitum cen-
tri defignans ; amba variatis citeulis funt variabiles, fed 4 eft conftan-
tiffima five permanens, cum non unius tantum circuli omnibus pun-
&is , fed & pro omnibus circulis noftrigin 2quatione maneat eadem.

Reduétajam zquatio 3 adunam eoefficientem variabilem 4, differen-  fpecu

tietur, fecundum 4 (folam in ea differentiabilem ) & fiet 2 4db ==
sxdbkadb, feu(evancieente 44) it b ,(:-,_)- x'Fa: 2 (quicalcu-

unam. Caterum pro concurfu duarum linearum proximgrum » fua
interfe@ione punétum curva quzfitz (quam & tangere intelligun.
tur,) determinantium , manifeftum eft, concurrentes q.uldem-, adeo-
quelincam ex concurfu formatam tangentes, efle geminas; iriterfc-
&ionis autem feu concurfus punétum efle unicum, adeoque & ordi-
fatam ei refpondentem unicamefle; cum alioqui in inveftigatione
folita linearum propofitam tangentium, retarum vel curvarum (vel-
ut circulorum, parabolarum &c.) exdatz curva ordinatjs quaren-
darum, ordinatxgemine, tangentes unice concipiantur. Itaquc. quo-
ad prafentem calculum, quo ipfz ex tangentibus redis vel curvis po-
fitione datis inveftigantur ordinatz (contra quam incommuni )ma-
nent coordinatz x & y inhoe tranfitu ( a proximo ad proximum)
invariatz,adeoque funtindifferentiabiles ; at cocf.ﬁacntes y (quzin
communi calculo in@)fferentiabiles cenfentur, quia conftantes, ) qua-
tenus hic variabiles funt,differentiantur.Notabile ¢f autem, £ ommes
Infire coefficientes fint permanentes ; curvaque adco ordinatim con-
currentes fint congruz interfe; perindefore , acfiintelligantur effe
vefigia cjusdem linee mota 5 curvague carum concurfu formata
lineam motam perpetuo durante motu tanget. Undein hoc cafu ori-
tur connexio qazdam cum generat“ione trocboé’il_m;nam &balis,fu-
perqua volvitur generatrix trochoé€idis, genesatricem durante motu
. . L )
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tamg(:alculns autemita inftituetur: affumatur aliquis angulus rectus
fixus , cujuscrura utcunque producta conftituere intelligantur duos
axes relationis curvarum , feu axem cumaxe conjugato; in quosde-
mi(fe normales ex pun&to curve quocunque erunt ordinata, x, & or-
dinata conjugatafeuabfciffa, y ; uno verbo : coordinate, x & y; qua-
rum relationiem cx datis quarendo habebitur egwazio, (1) quam pau-
lo ante appellavimus primariam, cumfit cuilibet cujuslibet curva-
rum ordinatim famtarum penéto communis. Quod fi zquationi 1,
infunt plures coefficientes variabiles, ut ;¢ , dabitur earum depen-
dentia per fecundariam xquationem, ( 'z) unamvel plures ; atque 1ta
ex zq. 1 tollendo coeffiicientes varfabxlcs » praeter unam & prodxb.xt
zq. (3) Hanc zquationem differentiando, ut prodeat 29. (4) cumin
cafola-affutura fit differentialis ipfius 4, evanefcet differentialitas,
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lus in cafu unius differentiabilis in effecu coincidit cii methodovete
re de maximis & minimis a Fermatso propolita,ab Hyddenso promo.
ta, fed quz tantum cft corollzrium noftra.) Jam ope 2q. 4. tollends

refiduam coefficienté variabilem b,ex 2q.3 fiet «x Feua: 4, S_Z) 7

eft zquatio ad curvam ¢¢ quafitam. Idqueindicio eft cam efle :
bolam, ipfi datz AE congruentem, fed paulo tantum aliter fitamg
continuata enim C C verticefuo Vincidetinaxem AP, fed fupra da~
tx AE verticem A, itaut diftantia verticum AV fit communis late-
ris rectipars quarta. Si alteram calculandi rationem malis, per plures
differentiales ; refumtz @quationes t & 2 differentientur, & ex 1fiet

‘.di_(—_;_-)-'l'db'f‘cdc, fedexzﬁttddi(—_gz: d¢, quarum (3

&4) 6petollendo dc, evanefeet fimul &db, & fiet b (—i)xll’ .
2 utpauloante. Undejam per 1, 3,5 tollendo ¢ & b cocflicientes var

riabiles;prodibit « ;'i'.u: 4 S_;‘_:)]} pro zquationg linex quafitzs

ut ante_. . _
Atque ita docuimus data relatione perpendiculasis P C ad pros
prium exaxerefegmentum A P exhibere lineamC C, quia ordinating

dantur circuli lineam tangentes.  Sed daca relationg recta tangentia
& C ad proprium exaxerefegmentum A T ( feu circulis normalibus
ad lineam ordinatim datis ) invenire lineam, C C; alterius eft metho-
di, & confirutPione traloria ralis linea haberi poteft | a nobis in his
Atis Sept. anni fuperiorismenfe cxplicata. Hujus augem ﬁ:z&nm mes,
thodi noftrz maximus praterea cft ufiis ad complura alia problemar
ta Geometriz fuperioris, autetiam ad mechanica velphyﬁ_ca appli-
catz. Cume = ’ o
fuz linez ter

quimur quafi

visjnaliquop
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adtoque habemusq. 4 ordinariam, cujus ope ex 2q. 3 tollendo va-
riabilem re§guam 4, habebiturzquatio, (5) in qua praeter x & y tan-
tum fupererunt cocfficientes invariabiles (ut«) qua erit aqwario ad

curvam quafitam concurfu ferici lincarum formatam, adeoque #d fé- .

vici linearum tangentems communem. Scd & aliter inftituipoteft cal-
culus,prout facilitas invitabit , non tollendo ftatim variabiles, fed fer-
vando. Nempe datis 2q. (1) primaria, & zq. (2) fecundaria (unavel
pluribus pro explicanda dependentia coefficientium variabilium in-
fervituris) differentienturaq.1, utprodeat (3), & ®q.2, utprodeat
(4) (unavelplures, fi pro 2q. 2 affucriot plures.) Itahabebimus
plures quanticates differentiales, fed tamen habebimus & zquationes
fufficientes ad eas tollendas;& quidem modo tolli poffint differentia-
les quantitates usque ad unam; etiam refidua ifta evanefcet per fe , &
fic prodibit zq. (5) ordinaria,feu carens quantitate differentiali; quam
conjungendo cum zq. 1 &1 tolli poterunt variabiles omnes , & pro-
dibit aq. (6) naturam exprimens curva quafitz , lincarum concurfu
formatz, qua eriteadem cumq. 5 calculi prioris. '
Hac jam methodo folvi poflunt innumera problemata fubli-
mioris Geometriz , hactenus non habita in poteftate, pertinentiaque
ad tangentium converfam ; ex quibus nonnulla in fpeciménindica-
bo, magnz utiquegeneralitatis. Veluti: data relationeinter AT &
A © refegmenta axium percurvztangentem C T fa&a,invenire cur-
vam C C; nam re&t2 curvam tangentes ordinatim pofitione dantur,
adeoque &curva quafita,quippe quz carum concurfu formatur. Vel
fi dato puncto axis T, detur linex datz EE puntumE, fic utjuncta
TE, fiopusprodu@ta, quafitam curvam C C tangat, patet ex diclis
curvam C C prafcripta hic methedo haberi. Similiter datarelatione
inter AP & A1, refegmenta axium.-fa&a per curvee perpendicula-
rem P C, licet invenire curvam C C: nam ob re@as P 11 ordinarim
pofitione datas , etiam datur linea FF formata per earum concur-
fum ; hujus vero evolutione defcribetur curva CC quafita.  Unde
hic quidem infinitz curva fatisfacientes dari poffunt, omnes fcilicet
emlinex evolutione condefcribantur ;. &
data relatione inter AP 8 An daripoteft curva guefira non tantum
fatisfaciens , fed & tranfiens per punilumdatum, Interim hoc cafu
curva C C non femper ¢ft ordinaria, quoniam fcilicet non ipfamet,

-ACTA ERUDITORUM -
P. & |

Solutionem fu‘amfroble:ﬁatisﬂemoulliaai monfc nuperoMajo una.

cum objectione Anonymi Ais Ert:gi:;)m;négfertam » Dn.Marchio
Hodpitalius Amov\kffnd«c nondiftulic, oftenditque, ut intellexi,
Anonymum, fi caleulom fium-adfinem perduxiffer, ipfummet folu-
tjonis datze fucceffum fuifle deprehenfursm. - Cxtcrum Anonymus
ille aliam folutionem non dedit, neque id fécundum Analyfin vulga-
rem facile praftati poteft. Noftraautem nova,adeoque & Dn. Mar-
chionis ac Dominorum Bermoulliorum Methodus ,nonhoc tantum,
fed &, quemadmodum jam mentt Julio p.3n3. in Adis anmi fuperioris
eft admonitum, innumera fimilia folvit,five abfolutepro re nata, five
per quadraturas. Et generale Problema fic concipipoteft: Datara-
tigne incer duas Funiliones snvenire Lincam. Dataratio intelligirar,
queelt inter duasdatas, velut m &n. Fynisonem voco portionem-
- rectz, qua dudis ope fola pundi fixi & puni cyrva cum curvedine

f1a daci de&is, abfcinditur. Tales funt: AbfcifTa ABvel A B; ordinata .

BC vel AC; tangensC T vel Cd; perpendicularisC pvel Car; fub-

tinigentialis B T vel @4'; fubperpendicularis BP vel 3w ; per tangen-

tem refecta A T'vel Af; perperpendicularem refe&a A P vel A ; cor-
reft@a PT vel a5 radius ofculi feu curvedinis CF; & aliz in-
Aumerz.. o o o '
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Leibniz’s 1694 paper on envelope rule:
e Rule thoroughly explained with
formulas, figures and examples.
e “‘New”, “of no little importance™:

NOYVvA
Applicatio

non parvi ad Geometriam augendam
momenti
e No pseudonym:

G. G. L.




Leibniz's two envelope papers

1692 1694
MENSIS APRILIS A, M DC XCIL. MENSIS JULII A. M DEXCIV.
DE LINEA EX LINEIS NVMERO INFINITIS 6.G. L. NOVA CALCULIT QIFFEREN TIALIS
ordinatim duclis inter fe-concurrentibus formatayeasq, ‘JPPI'.C 4t10 O "ﬁ”a ad ’.’mlﬂ.ﬂi“m linearum co ?fﬂ rteliom
omnes sangentc, & de novo in ¢4 re Ans nem , ex dara tangensium conds- -
Hfis infinitorum ufu, | Lione
Autore O. V. E,

Some marginal matter in optics

. . "‘New application” of “no little importance
treated disparagingly.

for geometry” praised and trumpeted.

1093:
Realisation that envelopes relevant for
the representation of transcendental curves.




The Paracentric Isochrone dr/dt = constant

[

I [ t=3

T
D




X1 dx
) = N

Wanted:
Simple geometrical
characterisation of u.



The Elastica

ds y .

rectification of the elastica

reduces to integrating 1/ V1—x*




The extension dds
IS proportional to the force (by Hooke’s Law)
which is the product of the (fixed) weight and
the length of the lever arm x (by the law of

the lever).

But the extension dds is also inversely
proportional to the radius of curvature r.

SO X IS proportional to r,
d*y
dx ds A

AX =

s

The Elastica

e




To construct the
Paracentric Isochrone,

rectify the Elastica:

j=2

t=3 A

t=4




Jacob Bernoull:

SPECIMEN AL TER UM CALCULI DIF-

ferentialis iﬁﬂm ien: .Spifgb {tbmim;u’xw
1691: dromiss N ;‘ e g"v 5/ m Spherico umr
Announces that he has ,}’(' ¢! _,.pm o{: ;'mbh‘
solution to elastica. Car gt .»;pm m%wpl d@‘gﬂ?’){f! & ' ;
FAC. B. CURVATURA LAMINE £L A
ﬁzc.c. o Fius Identitas cums Curvatura Lintéi A pon-
1694 dere incluff fluids expanfi.  Radii Circularsm Ofcutantism
Gives solufion . dn verminss firsplicisfimss. exbibits, une sum novis quibme-
! dam Theorematss buc pextinepichns;€5'c.

followed immediately

oyappleationto . x40 B, SOLUTIO PROBLEMATIS LEIB-

paracentric iIsochrone. Co. . | Yy
nitiani de Curva Acceffus €5 Receffus agquabilis 4

puncto dato , mediante relti ificatione Cunu
Elsflica,



To construct |

S

rectity

or rectity

=2

t=3 A

t=1

t=4

paracentric isoschrone
dr/dt = constant

shape of elastic beam

lemniscate



)

Ap* — g*) = (P* +q°)?

P

Jacob Bernoulli:
"The best method is that which
uses a curve that Nature herselt
produces.”

Johann Bernoulli: "It the curve
can be algebraic, he sins
against the laws of geometry
who has recourse to a
mechanical one.”



X1 dx
) = N

Lemniscate finds u
in simple terms:

u can also be expressed
in terms of arc length of ellipse, but messier.

X1
[ a*+ (b2 —a?) x? 2 2 2112 _
/() W dx x“/a ‘|‘y /b — ]



RECTIFICATION OF QUADRATURES

Better than leaving unknown quadratures such as

f\/a4+x4dx

Is to find an a such that

/ydx:/\/1+(oc’)2dx




arctan x

arcsin x




