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1 Introduction

Physical systems that involve an infinite number of degrees of freedom are usually described
by some sort of field theory. Almost all systems in nature involve an extremely large number
of degrees of freedom. A droplet of water contains of the order of 10%° molecules and while
each water molecule can in many applications be described as a point particle, each molecule
has itself a complicated structure which reveals itself at molecular length scales. To deal
with this large number of degrees of freedom, which for all practical purposes is infinite, we
regard many mechanical systems as continuous. For instance, a violin string is regarded as
a continuous system and its vibrations are described by a function (called the ‘displacement
field’) defined along the string that specifies the (transverse) displacement from equilibrium.
This mechanical system is not described by giving the equations of motion directly for
each atom, but instead the displacement field is used as the dynamical variable, which,
being continuous, comprises an infinite number of degrees of freedom. In classical physics
field theory is obviously important for continuous systems, but also for electromagnetic
phenomena, as Maxwell’s theory of electromagnetism is a field theory in which the electric
and magnetic fields comprise the basic dynamical variables. In terms of these fields one
can both understand the electromagnetic forces between charges and the phenomenon of
electromagnetic radiation.

The methods of classical mechanics can be suitably formulated so that they can be used
for continuous systems. However, to give a quantum-mechanical treatment of field theory is
much more difficult and requires new concepts. Some of these concepts are straightforward
generalizations of the quantum-mechanical treatment of systems consisting of few degrees
of freedom, but others are much less obvious. At the quantum-mechanical level, the infinite
number of degrees of freedom may give rise to divergences which appear when quantum
operators are defined at the same point in space. These short-distance singularities require
special care; a possible consequence of them is that the physical relevance of a calculated
result can not always be taken for granted. Also the physical nature of the dynamical
variables is not necessarily obvious.

In these lectures we introduce the concepts and methods that are used in quantum field
theory. The lectures are not directly aimed at a particular application in physics, as quantum
field theory plays a role in many of them, such as in condensed matter physics, nuclear
physics, particle physics and string theory. But there is a certain unity in the methods that
we use in all of these disciplines, although they may carry different names or they may be
used in different ways depending on the context. Still, in these notes we are somewhat biased

in that we will usually deal with relativistic field theories.



A central role in these lectures is played by the path integral representation of quantum
field theory, which we will derive and use for both bosonic and for fermionic fields. Another
topic is the use of diagrammatic representations of the path integral. We try to keep the
context as simple as possible and this is the reason why we will often return to systems of
a few degrees of freedom, to bring out the underlying principles as clearly as possible. For
instance, we discuss quantum tunneling by means of instantons, but we will do this for a
single particle, thus making contact with ‘standard’ quantum mechanics.

At the end of each chapter we present a number of exercises, where the student can verify
whether he/she has understood the material presented in that chapter and is able to apply
it in more practical situations.

Obviously, these lectures are but an introduction to the subject and the material that is

covered is very incomplete. We have added a list of useful textbooks for further reading.

2 Path integrals and quantum mechanics

In quantum mechanics the time evolution of states is governed by the Schrodinger equation

1) = H(P, Q1) (2.1)

where H(P, () is the Hamiltonian, and P and @ are the coordinate and the momentum
operator (in this chapter we restrict ourselves to a single one-dimensional particle, so that
we have only one coordinate and one momentum operator). The Schrédinger equations
shows that there exists an evolution operator that relates states at time t to states at an

earlier time ¢', equal to »
U(t,t) = exp[—%H(t — )] (2.2)

The operators P and @ satisfy the well-known Heisenberg commutation relations
(@, P| = ih. (2.3)

Consider now a basis for the quantum mechanical Hilbert space consisting of states |q)
which are eigenstates of the position operator () with eigenvalue ¢q. These states are time-
independent and will in general not correspond to the eigenstates of the Hamiltonian (taken

at some fixed time). The states |¢) form an orthonormal set, so that
(@1lg2) = 0(q1 — o),

[ dala)al =1. (24)



Similar equations hold for the states |p), which are the eigenstates of the momentum operator
P.

From these results it follows that the wave function of a particle with momentum p is

equal to
1 .
= ernPe, 2.5
{4lp) Nor (2.5)
and the momentum operator reads P = —ih d/0dq. Using the ordering convention where

momentum operators P are written to the left of position operators ) in the Hamilton
H(P,Q), we have

WIH(P.Q)lg) = e (p.0). (2:6)

where H(p,q) is a function of p and ¢ associated with the ordering prescription.
The above equations were defined in the so-called Schrodinger picture, where states are
time-dependent while operators are in general time-independent. Alternatively, one can

make use of the Heisenberg picture. Here states are time-independent and can be defined by

W) = |, t = 0)5 = et [ih, 1), (2.7)

(instead of ¢ = 0 one may also choose some other reference time) whereas operators bare

generally time-dependent and they are given by
Ap(t) = entt Ag et (2.8)

Of course, these states are determined up to phase factors, but their precise definition is
of no concern. Subsequently we consider a state |q);, which at ¢ = ¢; is an eigenstate of the
Schrodinger position operator () with eigenvalue g. In the Schrodinger picture, this state

can be written as
(’@tl)s = eiéH(t7t1)|Q>a (2.9)

while in the Heisenberg picture we have

(10)e) gy = ex171g). (2.10)

Observe that (2.10) is an eigenstate of Qg (t;) with eigenvalue ¢q. Define now the transition

function between two such states,

W(QQat2;ql7tl) = t2<CI2‘Q1>t1> (211)
which can be written as

W(ga, ta; g1, t1) = <Q2\€_hH(t2_t1)|Q1>a (2.12)
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and thus corresponds to matrix elements of the evolution operator. We now observe that W

satisfies the following two properties. The first one is the product rule,

/déh W(qs, ts; q2,t2) W(go, to; i, t1) = Wigs, ts; q1, ta). (2.13)

The second one is an initial condition,

Wi(ga,t; q1,t) = 6(q2 — q1)- (2.14)

The first result (2.13) follows directly from the completeness of the states |ga), while the
second result (2.14) follows from (2.12) and (2.4).

We will now discuss an alternative representation for W in the form of a so-called path
integral. For that purpose we evaluate W by means of a limiting procedure. We first divide
a time interval (to,ty) into N intervals (t;,¢;11) with ¢;41 —t; = A, so that ty —tg = NA,

and furthermore we write ¢; = q(t;). Then W (qn,tn; qo, to) can be written as
W(gn,tn;go to) = /dQN—l"'/dQI Wign,tnsgn-1,tn-1) - W(aqi, ti; go, to).  (2.15)
For small values of A we may write

W(giy1,ti + A;qiti) = <%+1‘€7%H(P’Q)A|Qi>
- / dp; (qis1|ps) (pile” 7 P92 q;)

27177’“L/dpi exp (;[Pi(q@'ﬂ —qi) — H(ps, %)AD . (2.16)

where we made use of (2.6) and of the fact that A is small. Substituting (2.16) into (2.15)
yields

Q

dpo dpn -1
Wia twsaonte) = [day-r- [dg [ S0 f

(qn,tN; qos to) dN-1 a1 orh onh

€xp (;A Z []W - H(ﬁu%’)D . (2~17)
i=0
Observe that we have N — 1 ¢; integrals and N p; integrals.
We now make the assumption that
P2

H=—+V 2.18
V(@) (218)

and therefore H(p;, q;) = % + V(¢;). The exponent in (2.17) can then be written as

pi(gi+1 — qi) _ P _ N
b Qit1 — G\ 2 m Qi+1_Qi>2
5 (pZ miA ) + 5 (A Vi(g). (2.19)
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With this result the integrals over p; in (2.17) are just Gaussian integrals,

™

/ e~ dy = /T, (2.20)

a

apart from the fact that a is imaginary in this case a = iA/(2mh). Ignoring this subtlety !

for the moment let us perform the p; integrals by means of (2.20), so that W becomes

m \N/2
2m’hA>

i N Mg — @\
X exp (hA; [2 (q“Aq> —V(qi)D. (2.21)

Taking the limit N — oo, A — 0, while keeping NA = ty — t; fixed, the exponent in
(1.20) tends to

Wign,tn:qo, to) = /dCIN—1"'/dC]1<

exp {7 [ar (G- viawn)}. 2.22)

This can be written as exp {%S [q(t)]}, where S is the (classical) action defined as the time
integral of the Lagrangian L =T — V. Observe that the action is not a function, but a so-
called functional, which assigns a number to each trajectory ¢(t). Of course, by discretizing
the time, as we did previously, the action can be regarded as a function of the N 41 variables
¢; = q(t;). Furthermore, the integration over dg; approaches an integration over all possible
functions q(t) with boundary values ¢(t;2) = ¢12. Such an integral is called a path integral
and we may write

W(ga, to;qu, t1) = / Dq(t) er Sl (2.23)

q(t1)=a1
a(t2)=az

This is the path integral representation of W. Observe that this representation satisfies the
product rule (2.13).

In the path integral (2.23) the factor exp (%S[q(t)]) thus assigns a weight to every ”path”
or trajectory described by the function ¢(¢). In contrast with the usual integration of func-
tions, the path integral is an integration of functionals. It is not easy to give a general
and more rigorous definition of a path integral. Such a definition depends on the class of
functionals that appear in the integrand. The expression that results from the limiting pro-
cedure (cf. (1.20)) is one particular way to define a path integral. It is known as the Wiener
measure, and is usually defined by the requirement that [ dgs W (q,t1;q2,t2) = 1 when the
action is that of a free particle. Indeed, it is easy to verify that the N integrals in (1.20) over
o, - - -, qn—1 yield 1 in the case that V' (¢;) = 0. It turns out, that this definition applies also
to more general functionals S that consist of a standard kinetic term and a large class of po-

tentials V' (at least, in the Euclidean theory, where one does not have the troublesome factor

LObserve that (2.20) still holds provided Rea > 0.



of i in the exponential; see chapter 5). For this class trajectories that are not sufficiently
smooth, will be suppressed in the integral.

An important advantage of the path-integral formalism as compared to the canonical
operator approach, is that it is manifestly Lorentz invariant (see chapter 4). The reason is
that the action is a Lorentz scalar, at least for relativistically invariant theories. Another
advantage is that the path integral can also be used in those cases where the time variable can
not be globally defined. This may happen when the (field) theory is defined in a space-time
of nontrivial topology.

We will now demonstrate some properties of W. First let {|n)} be a complete set of
eigenstates of H: H|n) = E,|n). In the g representation, where (q|n) = ¢,(q), we then find

the following expression for W
Wi(go, t2;q1,t1) = on(a2) € (q1) e~ Pnltz—t) (2.24)

It is easily checked that (2.13) and (2.14) are indeed valid for this representation of W, as
a result of the fact that the eigenstates |n) form a complete orthonormal set. Observe that
(2.24) is precisely the evolution operator in the Schrodinger representation, so that wave

functions (g, t) satisfy

v(a.t) = [ dd Wig.t:d' to) (' to) (2.25)

Therefore W must itself satisfy the Schrodinger equation, as follows indeed from (2.24),

)
ZhaT (g2, 25 q1, 1) = th(— )¢n ¢2) 0% (qr) enBnlti=t2)
2

En(t1—t2)

= 2 Hynle ) pn(a) er
= quw(Q2,t2,Q17t1), (2.26)

where H, is the Hamilton operator in the coordinate representation.

Problem 2.1 : How will (2.23) change for a system described by the Hamiltonian H =
P2 £(Q) + V(Q)? Show that the classical action will now contain modifications of order 7,

2m
as a result of the integrations over the p;.

Problem 2.2 : The free relativistic particle
When a free particle travels from one point to another, the obvious relativistic invariant is the
proper time, i.e. the time that it takes measured in the rest frame of the particle. During

an infinitesimal amount of time dt a particle with velocity q is displaced over a distance



dq = qdt. As is well-known, the corresponding time interval is shorter in the particle rest
frame, and equal to dr7 = /1 — (q/c)2dt, where ¢ is the velocity of light. If we integrate the

proper time during the particle motion we have a relativistic invariant. Hence we assume a

L=—mc*/1—(q/c)?. (2.27)

Show that the momentum and energy are given by

Lagrangian

P = 87L_—mq
04 1 - (g/e)?’
2

E - qp-L-_—"" (2.28)

J1—(a/e?

and satisfy the relation £? = p2c2+m?c. To study the Lorentz transformations is somewhat
involved, as we are not dealing with space-time coordinates, but with trajectories q(¢). Under
Lorentz transformations both q and the time ¢ transform, and an infinitesimal transformation
takes the form q(#') = q(t) + cvt with ¢ =t + ¢! (v -q(t)). This is enough to establish that
dr is invariant and so is the action. On the other hand, the Hamiltonian is not invariant as

p and E transform as a four-vector.

3 The classical limit

In the path integral one sums over all possible trajectories of a particle irrespective of whether
these trajectories follow from the classical equations of motion. However, in the limit 2 — 0
one expects that the relevant contribution comes from the classical trajectory followed by

the particle. To see how this comes about, consider the path integral,
W — /Dq e+ Sl (3.1)

and note that for # — 0 the integrand eXp(%S ) becomes a rapidly oscillating ”function” (or
rather a functional) of ¢(t). Therefore the integral (3.1) will tend to vanish. The dominant
contributions to the integral come from those ¢(t) at which S approaches an extremum:
dS[q(t)] = 0. This we recognize as Hamilton’s principle, according to which the classical
path is described by that function ¢o(¢) for which the action has an extremum (note that we
are discussing paths that are all subject to the same boundary condition: ¢(t12) = ¢12). As
is well known, this function must then satisfy the Euler-Lagrange equations.

The fact that we are dealing with a functional, rather than a function, makes our manip-
ulations more involved, and we will have functional derivatives, rather than ordinary deriva-

tives. Normally a derivative of a function f(x) is generated by a displacement z — z + dz,
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so that 0 f(x) = f'(x) dx. For a functional F[f(x)] the functional derivative is generated by
f(z) = f(z) + 6 f(x) and the variation of F' takes the form,

e P s
fl= [ dw g 05 (). (32)

This defines the functional derivative. Alternative the functional derivative can be under-
stood by discretizing  into N parameters f; = f(x;), so that F[f] becomes a function F'(z;)
of N variables. The integral in (3.2) is then replaced by a sum: 6F = Y, (0F/0f;) 0 f;. We
have already used this approach in the previous chapter. Let us now return to the path
integral (3.1)

In quantum mechanics the classical path is somewhat smeared out; the deviations of the
classical path are expected to be of order V7. To study the quantum-mechanical corrections,

let us expand the action about some solution go(t) of the equation of motion,

Sla(t)] = Slgo(?)]

]' / / 525[q(t)] / / / /
gt g GRSl = aot)ald) - ao(s)
n / ity s SSHOL ] ) — @) ale) - () a(E) — )
4o (3.3)

Note that we suppressed the term proportional to §S[q(t)]/dq(t}) because qq is a solution of
the equation of motion, so that dS[go(¢)] = 0. Substituting (3.3) into (3.1), W becomes

W = exp (+Slao(t)]) (3.4)
D /dt/dt’ _0Sla()] £) — ao(t))(a(th) — qot. }
<[ Pgesn {5 [atiit, S2ID )~ ) alth) - mlt) + -

where the terms in parentheses represent the quantum-mechanical corrections. It is conve-

nient to replace the integration variables ¢(t) by qo(t) + v/Ag(t), so that, up to an irrelevant

normalization factor which can be absorbed into the integration measure,

W o /quXp(;{S[qO(t)]
+ fatat SR gty (35)
5Sq(1) PN,
Yo [ttty 5SS e a(t)att) - ).

Observe that the new integration variable ¢(t) satisfies the boundary conditions ¢(t;2) = 0.

h3/2

4=40

The functional derivatives of the action are taken at the classical solution and are therefore

not affected by the change of variables.

11



Let us now recall the following equalities,

oo 1
/ dry - -dr, e~ @A) = 77%(det A)” 2, (3.6)

det A = elndetA — eTr In A (37)

Y

where A is an n X n matrix and
1,J

It is possible to use analogous expressions for functions. One replaces the continuous time
variable by a finite number of discrete points, just as in the limiting procedure employed in the
previous chapter. Integrals then take the form of sums and, for instance, the term containing
625/0q(t))dq(ty) in (3.4) can be written as (g, Sq), where S;; is a matrix proportional to
0°S/6q(t;)0q(t;) and ¢; = q(t;). Using the analogue of (3.6-3.7), W can be written as

0%S[q(t)]
0q(t1)dq(t5)

where 0(t] — t,) establishes that the trace is taken; §(0) represents the inverse separation

!

W exp(h

{S[qo(t)] +Lins(0) / dtdt, 5(¢, — t}) In

+ (’)(hQ)}), (3.9)

9=q0

distance between the discrete time points before taking the continuum limit. In this limit
we thus encounter a divergence. In practice we will try to avoid expressions like these and
try to rewrite determinants as much as possible in terms of Gaussian integrals. (Observe
that in this result we have absorbed certain gp-independent multiplicative terms in the path

integral.) Of course, we can also write the above formula as

0Sq(t)]
dq(t1)dq(t3)

where we have introduced the determinant of a functional differential operator (subject to the

i

W o [ det ( ) exp(5 {Slao(®)] + O()}). (3.10)

q=40

appropriate boundary conditions; therefore this operator usually has a discrete eigenvalue
spectrum).

Let us now derive the following useful result. If the action is at most quadratic in ¢(t),
we only have the second-order term proportional to 625[q(t)]/dq(t;)dq(ty) in (3.5), which is
independent of ¢; and g¢,. Furthermore the boundary condition (¢(t;2) = 0) in the path
integral (3.5) does not refer to ¢y o either. Therefore the full dependence on ¢ o is contained

in the classical result Sy = S[qo], so that W reduces to

W(ga,to;q1,t1) = f(t1,t2) exp (;Scl> . (3.11)

12



In most theories the Lagrangian does not depend explicitly on the time. In that case the
path integral depends only on the difference t5 — ¢t;. This conclusion is in accord with the

representation (2.24). Hence we may write

W(ga, t2;q1, 1) = f(t2 —t1) exp (;Sc) : (3.12)

The function f can be determined by various methods. Either one imposes the product
rule (2.13) (although this may lead to technical difficulties in view of the factor i in the
exponent) or one derives a first-order differential equation for f which follows from the
Schrodinger equation (2.26), in which case one needs (2.14) to fix the overall normalization
of f. If one of the eigenfunctions of the Schrodinger equation is explicitly known, one may
also determine f from (2.25).

We will now describe the transition from classical mechanics to quantum mechanics in a
more formal manner (which was first proposed by Dirac). In classical mechanics, the equa-
tions of motion follow from Hamilton’s principle, according to which the classical trajectory

is the one for which the action acquires an extremum,
65[q(t)] = 0, (3.13)

where
Sla(t)] = /dt L(g,4) (3.14)

is the action, and L(q(t),q(t)) is the Lagrangian of the system. The conjugate momentum
is defined by

oL
= —. 3.15
5 (315)
and the differential equation corresponding to (3.13) is the Euler-Lagrange equation
d oL
—p=—. 3.16
i’ = g (3.16)
The Hamiltonian is given by
H(p,q) =pd— L(g,q)- (3.17)

Note that the Hamiltonian is a function of the phase-space variables p and ¢. From 0H =
0H/0qdq+0H/0pdp = dp ¢+ (p—0L/0G)0G—OL/0qdq, we deduce that the Euler-lagrange
equations can be expressed in terms of Hamilton’s equations

0H 0H

13



This equation can be rewritten with the help of so-called Poisson brackets,

a_m, P

_ —(p.H 1
5 = o (p, H), (3.19)

where the Poisson bracket for two functions A(p, q¢) and B(p, q) is defined as

(A,B) = 900 o 0 (3.20)
Note that
(¢,p) =1, (3.21)
and that the time evolution of some function u of the coordinate and momentum, u(q(t), p(t);t),
is given by
CZL =(u,H)+ ZL (3.22)

In quantum mechanics the coordinates and momenta become operators and the Poisson

brackets are replaced by (ifi)~! times the commutator. Therefore in the Heisenberg picture

we obtain
[Q(t), P(t)]i=v = ih (3.23)
and ar . o
- = U HI+ o (3.24)

where U is some operator depending on Q(t), P(t) and t. This result is in one-to-one
correspondence with the classical result (3.22). This feature is the motivation for using the
Heisenberg picture in field theory.

The Feynman path integral leads to an alternative description of quantum mechanics,
where the time evolution is encoded in the transition function,

1

Wias taian,t) = [ Dg exp (5Sla(0)]) (3.25)

Problem 3.1 : The free particle
The Lagrangian is given by

L =3img’. (3.26)
The equation of motion implies that the velocity must be constant. Therefore the velocity
equals
j= 42— q1
ty —t1

14



It is now easy to calculate the action for a solution of the equation of motion subject to the

proper boundary conditions,

om (g —qr\? m 2
Sy = dt’ — ( ) = — . 3.27
: t1 2 tg - tl 2(t2 - tl) (Q2 (h) ( )

According to (3.12) the path integral takes the form

im (¢ — q1)?
W = f(t, —t M 2
f(t2 1)€Xp{2h P }7
where f can be determined by imposing the Schrédinger equation (2.26). This leads to the
following differential equation for f,
0
of 1

— 0.
Oty 2ty —ty)

Show that, up to a multiplicative constant, this leads to

m im (qs —C]1)2
W toa 11— [ fim(@e—a)) 3.28
(q2,t2; q1, 1) 2rih(ts — 1) eXp{Qh th— 11 } ( )

Problem 3.2 : Check by using (2.14) that (3.28) is properly normalized and verify the product
rule (2.13).

Problem 3.3 : The harmonic oscillator
From the Lagrangian

L =1img — tmw’e?, (3.29)
one easily proves the following results. The classical solution for ¢(t) is given by

1

«ﬂme@_uﬂ%mW“—m—%ﬁW“—@% (3.30)

whereas the corresponding classical action equals

mw

Sc = X
: 2sinw(ty — t)

{(¢} + g) cosw(t — t1) — 20142} . (3.31)

The path integral is again of the form (3.12). Show that it satisfies the Schrodinger equation

f(t2—751)=\/ e

2mihsinw(ty — t1)’

when

15



so that

mw
(q2,t25q1,t1) \/Qm'h sinw(ty — t1)

mmw ) )
X exp {QFL sinw(ts — 6) [(ql + q5) cosw(ty — t1) — 2q1q2}} .(3.32)

Explain the singularities that arise when ty — t; = nw/w.

Problem 3.4 : The evolution operator
Verify the validity of (2.25) for the harmonic oscillator with (g, t) the groundstate wave
function, using (3.32),

_ Ly (TWNT(mw
Y(q,t) = po(q) exp(—ziwt) (Wh> eXp( 57 4 @wt>

This confirms that W is thus the evolution operator in the coordinate representation.

Problem 3.5 : The Gel'fand-Yaglom method
From (3.5) it follows that the transition function for a particle on a line with potential energy

V(q) can be approximated by (semi-classical approximation),
W >~ F(tn,to) exp {;S[QO(t)]} ;
where the prefactor is given by the path integral
N/2
Plty.to) = [day-s-.. [ day (mm) (3.33)
X exp {2 NZI l (.I’L+1 CI)Q Zbuﬂqf]},

with gy = qo = 0 and mw?(t) = d*V (q)/d¢?| o()=go(ny- Lo calculate such path integrals there

exists a general method due to Gel’fand and Yaglom. Their method is as follows.
Show that the exponent in the integrand can be written as
m
2A i Aij(w) g5,
where ¢; are the components of an (N — 1)-component vector (¢gy_1,...,¢1) and A;j(w) are
the elements of an (N — 1) x (N — 1) matrix equal to

2 A%Z ., -1 0
1 2-An2 ., -1
Avw) = 0 12— AN,

16



Performing the integrations we thus find the result

1
F(ty,to) = lim |/~ (det Ay(w)) 2.

N—oo V 2mihA
We now introduce

Uy =Adet Ay(w).

Show that Wy obeys the difference equation
\IIN = (2 — A2w]2\7) ‘IIN—l — \IIN_Q,

with ¥y = A(2 — A%w?) and Uy = ¥; + A + O(A?). In the continuum limit we therefore

obtain

>V (t,t)
dt?
with the initial conditions W(¢,tg) = 0 and dW(t,ty)/dt = 1 for t = t;. Moreover, the desired
expression for Adet A(w) then equals ¥(¢y), thus

m
. _ [ m
(tn,to) 2mihW(ty, to)

Problem 3.6 : Show that the Gel'fand-Yaglom method leads also to the results (3.28) and
(3.32) in the case w(t) = 0 or w(t) = w, respectively.

= —W(t)U(t,to).

Problem 3.7 Verify the correctness of (3.10) by uniformly scaling the operator §25/dq(t})dq(t})
by a constant. Evaluate the effect of this scaling both directly and by returning to the corre-
sponding term in (3.5). To obtain agreement, it is important to regard the various quantities

as (infinite-dimensional) matrices.

Problem 3.8 : The path integral in phase space

Consider the transition function W(gn,tn;q0,t0) = iyx{an|q0)s, for a particle on a line.
According to (2.17) it can be written as a path integral over phase space. In this path
integral, we are dealing with NV p-integrations, but only N — 1 g¢-integrations. Therefore it
is natural to consider instead the transition function W (pn,tn;qo,t0) = ¢y (PN|G0)1,, Which

can be obtained by making use of (2.5).

i) From (2.17) derive a discrete expression for W (py, tn; o, to) and subsequently take the
continuum limit N — oo to obtain a phase-space path integral based on two paths,
p(t) and ¢(t). Specify the boundary conditions for both these paths.
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From here you are supposed to only make use of the continuum expressions for the transition
function. This expression is very similar to that for the fermionic path integral, which we
will introduce in a later chapter. Note, in particular, that the action contains a boundary

term and is only linear in time derivatives.

ii) Determine the ‘action’ S[p(t), ¢(t)] that appears in the exponent of the integrand of
the path-integral representation for W (p',t'; q,t). Don’t forget the boundary term.

iii) Show, using the previous result, that the classical limit i — 0 gives rise to Hamilton’s

equations with corresponding boundary conditions for p(t) en ¢(t).

iv) Express the transition function W (p”,t";q,t) in terms of the transition functions
W " t"; ¢, t') and W(p',t';q,t) with t” > t' > t. Make use of the completeness of
the states {|p)} and {|¢)}.

v) Derive from W (p',t';¢q,t) (or again from (2.17)) a path integral expression for
W(q',t';p,t) = v{q|p);. Extract again the relevant action and specify the the boundary
conditions for the path integrations over p(t) and ¢(t).

vi) Prove by means of the above action that the classical limit 7 — 0 gives rise to Hamil-

ton’s equations with corresponding boundary conditions for p(t) and ¢(t).

vii) Finally, prove that the evolution operator is unitary. (Note: this requires to prove the
relation [W(p/,t';q,t)|* = W(q, t;p',t').)

Problem 3.9 : Jacobi identity for Poisson brackets and commutators
In eq:poisson-bracket we introduced the Poisson bracket. Show that it satisfies the jacobi
identity,

(A, (B,C)) + (B, (C,A)+ (C,(A,B))=0. (3.34)

Subsequently show that the same identity is satisfied for commutators of matrices.

4 Continuous systems

Until now we have discussed a system with a finite number of degrees of freedom. The
transition to an infinite number of degrees of freedom is necessary for the treatment of
continuous systems, such as a vibrating solid, since their motion is described by specifying

the position coordinates of all points of the solid. The continuum case can be understood
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as the appropriate limit of a system with a finite number of discrete coordinates. (The text
below is taken from De Wit & Smith).

We illustrate this procedure for an elastic rod of fixed length [, undergoing small longitu-
dinal vibrations. The continuous rod can be approximated by a set of discrete coordinates
representing a long chain of n equal mass particles spaced a distance a apart and connected
by uniform massless springs having force constants k. The total length of the system equals
[ = (n+1)a. If the displacement of the i-th particle from its equilibrium position is measured

by the quantity ¢; then the kinetic energy of this one-dimensional lattice is
T =35> mg;, (4.1)

where m is the mass of each particle. The potential energy is the sum of n + 1 potential
energies of each spring as the result of being stretched or compressed from its equilibrium
length (note that ¢y = ¢,11 = 0),

n

V= %Z k(¢z+1 - ¢z) ) (42)

=0

where k is some constant. The force on the i¢th particle follows from the potential via

Fy = k(¢iv1 — ¢i) — k(@i — dim1) = k(dig1 + dim1 — 2¢5) .

The force thus decomposes into two parts; the force exerted by the spring on the right of
the ith particle, equal to k(¢;+1 — ¢;), and the force exerted by the spring on the left, equal
to k(¢; — ¢i—1). Combining (4.1) and (4.2) gives the Lagrangian

n

S md? 1Y k(Gin — 60 (43)

=1 =0

L=T-V =

N =

The corresponding Euler-Lagrange equations yield Newton’s law mqbl =F.

In order to describe the elastic rod we must take the continuum limit of the system
discussed above. Hence we increase the number of particles to infinity (n — o0) keeping
the total length | = (n + 1)a, and the mass per unit length = m/a fixed. Furthermore
Y = ka must be kept fixed as well; this follows from Hooke’s law, which tells us that the
extension of the rod per unit length is directly proportional to the force exerted on the rod,
with Young’s modulus being the constant of proportionality. In the discrete case the force
between two particles is F' = k(¢i11 — ¢;), and the extension of the interparticle spacing per
unit length is (¢;41 — ¢;)/a; hence we identify Y = ka as Young’s modulus which should be

kept constant in the continuum limit.

19



Rewriting the Lagrangian (4.3) as

1y (M) 1y Pis1 = Piy2
L—ZZa( 1) 2z:a(ka)( - ) , (4.4)
it is straightforward to take the limit @ — 0, n — oo with [ = (n+1)a, p = m/a and Y = ka
fixed. The continuous position coordinate x now replaces the label i, and ¢; becomes a
function of x, i.e. ¢, — ¢(x). Hence the Lagrangian becomes an integral over the length of
the rod

L

Ll - v (0.07). (4.)

where we have used

Giv1 — P lim ¢(x +a) — ¢(x) — o¢ = 0,0.
a a—0 a 0w

lim

a—0

Also the equation of motion for the coordinate ¢; can be obtained by this limiting procedure.
Starting from

Git1 + i1 — 2¢;

m .
—b; — k =0, 4.6
"~ ha PO (4.6)
and using
. Qi1 T i1 — 20 Po _
) a? C Oz Oea
the equation of motion becomes

We see from this example that x is a continuous variable replacing the discrete label 7. Just
as there is a generalized coordinate ¢; for each i, there is a generalized coordinate ¢(z) for
each x, i.e. the finite number of coordinates ¢; has been replaced by a function of x. In fact
¢ depends also on time, so we are dealing with a function of two variables. This function
o(z,t) is called the displacement field, and ® = 9, and 8,¢ are its partial derivatives with
respect to time and position.

The Lagrangian (4.5) appears as an integral over z of
£ = Ludt = 1Y (0,0, (45)

which is called the Lagrangian density. In this case it is a function of ¢(z,t) and its first-

order derivatives 0,¢(z,t) and 0,¢(x,t), but one can easily envisage further generalizations.
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It has become common practice in field theory to simply call the Lagrangian density the
Lagrangian, as the space integral of the Lagrangian density will no longer play a role. What
is relevant is the action, which can now be written as an integral over both space and time,

Slo(a, )] = /tt dt /0 AL (6(n.1), Dl t), Bui(a. 1)) (4.9)

It is a functional of ¢(x,t), i.e. it assigns a number to any function of space and time.
It is possible to obtain the equations of motion for ¢(x,t) directly from Hamilton’s prin-
ciple by following the same arguments as in the previous chapter. One then investigates the

change in the action under an infinitesimal change in the fields

O(x,1) — ¢lw,t) +0(,1),
Dip(x,t) — 0y (x,t) + gtégb(:v, t), (4.10)

0
0u0(,1) = 0.0(.1) + 5—00(2,1),

leading to
05[p(x,t)] = S[(b(fv t) +5¢( t)] = Slo(z,1)]
E 8£
(3[,
Integrating the second and third terms by parts
t oL o 0
| aaaa - ﬁtgb A ('7 W’
8£ 8

/ do- = / ))5¢

leads to

0, oL d, 0L
6S[p(x,t)] = / dt / dz 59 aqs ~ato09) ~ a: .0
+/ 5 atqﬁ Wﬁ L+ : dta(%feb)wi:;

Hamilton’s principle requires that the action be stationary with respect to infinitesimal

(4.12)

variations of the fields that leave the field values at the initial and final time unaffected, i.e.
o(z,t1) = ¢1(x) and ¢(x,ts) = ¢o(x). Therefore we have d¢(t1,x) = dp(ta,x) = 0. On the
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other hand, because the rod is clamped, the displacement at the endpoints must be zero,
ie. d¢(x,t) =0 for x = 0 and x = [. Under these circumstances the last two terms in (4.12)
vanish, and Hamilton’s principle gives
0, 0L o, 0L oL
ot a00) * 5 0.)) " 36

_I_
Ox
This is the Euler-Lagrange equation for a continuous system. As a check one can insert

(4.13)

the Lagrangian (4.8) into (4.13) to derive the equation of motion, which indeed gives (4.7).

Note that with a suitable choice of units we can write the Lagrangian (4.8) as
L= —3(0:0)" + 3(0:9)". (4.14)

The generalization to continuous systems in more space dimensions is now straightforward,
and one can simply extend the definitions of the Lagrangian and the Euler-Lagrange equa-
tions. For example, in two dimensions one may start with a two-dimensional system of
springs. The displacement of the particle at the site labelled by (7, j) is measured by the
quantity ¢;;(¢), which is a two-dimensional vector. In the limit when we go to a continu-
ous system this becomes the two-dimensional displacement field ¢;;(z,y,t), of a membrane

subjected to small vibrations in the (z,y) plane.

Problem 4.1 : A vibrating membrane
Consider a membrane (for instance of a drum) and let the field ¢(x,y,t) measure the dis-
placement of the membrane in the direction orthogonal to the membrane. Argue that for

small oscillations the relevant Lagrangian density takes the form
L= —3Y(0:0)° = 5Y(0,0)" + 3u(:0)*, (4.15)

in rescaled units. Give possible reasons for suppressing a term proportional to 9,0,¢ and
for choosing equal coefficient for the first two terms. Derive the corresponding Euler-
Lagrange equations. Write down the normal modes (characterized by a well-defined fre-
quency) for a square membrane where 0 < z,y < L. Thes normal modes can be written
as sink,z sink,y cos(wt + «), where the k,, k, are the wave numbers and w denotes the
frequency. Express these in terms of Y and p and find the propagation velocity of these

(transverse) waves.

5 Field theory

As we have seen above, the action S in field theory is no longer a function of a finite number

of coordinates, but of fields. These fields are functions defined in a d-dimensional space-time,
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parametrized by the time ¢ and by d — 1 spatial coordinates. Henceforth we use a d-vector
notation, x* = (#,t). Usually we will consider Lorentz invariant field theories. There are
many such theories, but the simplest ones are based on scalar fields ¢(Z,t). For instance, a

standard action for a single scalar field ¢(z) = ¢(Z,t) is given by

S@) = [ da {400 - im*ea)}
= [t [ @ w{300) - (Vo) - dmie?} (5.1)

which is indeed Lorentz invariant, owing to the fact that we adopted a metric with signature
(—1,1,...,1), corresponding to the Lorentz-invariant inner product z* = 7% — t2. Observe
that here, and throughout these notes, we choose units where ¢ = 1. The field equation (or

equation of motion) corresponding to (5.1) is the Klein-Gordon equation,
(07 —m*)p = 0. (5.2)

The action (5.1) describes a free scalar field; interactions will be described by terms of higher
order in ¢.
The expression in parentheses in (5.1) is called the Lagrangian density, denoted by L,

because its integral over space defines the Lagrangian,

S[¢] = / dt / A £(o(x), 8,6(x)) = / dt L. (5.3)

In order to see that the action (5.1) describes an infinite number of degrees of freedom,

we may decompose the field ¢(Z,t) in terms of a complete set of functions Y (%),
O(T, 1) = > oalt) YA(D). (5.4)
A

When {A} is a continuous set, the sum is replaced by an integral. For instance, we may

have
- _d-1 _ ik-&
6(Z,1) = (21) % / A4 p(t) €. (5.5)
Substituting this expansion into (5.1) we get

slo) = [ at{ [ @3 (160 — B2+ m®) o))} (5.6)

where we used that for a real scalar field [¢;(¢)]* = ¢_;(), as can be seen from (5.5). We

recognize (5.6) as the action for an infinite set of independent harmonic oscillators with

frequencies \/k2 +m2. (See problem 1.1.)
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Let us therefore momentarily return to the case of a single harmonic oscillator. The

Lagrangian is equal to
2

1,2 1,2
L =smq” — ymwq.

Defining the canonical momentum in the standard way,

oL .
p= - =mq,
q

(5.7)

(5.8)

the Hamiltonian reads (from now on it should be clear from the context when p and ¢ are

operators, and we will no longer indicate this by using P and Q)

i

H=pg— L=
pq om

1,22
+ smwq.

We introduce the raising and lowering operators, a' and a,

1

- vV 2mhw (mw T ip),
1

al = m(qu—ip).

The canonical commutation relations (3.23) imply that

[a,a'] = 1.
Using the inverse of (5.10),
h

_ T

¢ = 5 - (a +a ),
0

- —af

P UL (a a ),

we rewrite the Hamiltonian as
H = lhw(ad" +a'a) = hw(a'a+1).
In the Heisenberg picture we have time-dependent operators a(t) and a'(t),
al(t) = ernfighewHt,

a(t) = enMtage it

which satisfy

24

(5.9)

(5.10)
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Note that, since [H,a] = —hwa and [H, a'] = hw al, we can easily derive that
a(t) = ae ™", a'(t) = al ™" (5.16)

Obviously in this picture we have the same decomposition as in (5.12),

o) = oo (alt) + ol (),

n (a(t) - a'(1)). (5.17)

p(t) = —imw

Note that the operators ¢(t) and p(t) satisfy the classical equations of motion, m¢ = p and
p = —mw? q. It is straightforward to calculate the commutators of the Heisenberg operators.
First note that [a(t),a(t')] = [a'(t),a’(#)] = 0 and [a(t),a’(¥')] = expiw(t’ — t), so that we

derive

a().a(t)] = 5 —(la(t).a’ ()] + [a' (t), a(t')])
= —ﬂf;i sinw(t —t'). (5.18)
Analogously,
[q(t),p(t)] = thcosw(t —t'). (5.19)

For t =t', (5.18) vanishes and (5.19) yields if, which are the usual equal-time results.
We now return to the field theory defined by (5.1). The canonical momentum is defined

by the functional derivative,

05(¢]

(T, 1) = — ) 5.20
0= 550 520
For the case at hand, this yields
(7, 1) = ¢(, 1). (5.21)
The Hamiltonian equals
H = /dd_lx {mb — E}
_ /dd_lx {372+ 5(Ve)? + Im?¢*} (5.22)

Since this field theory describes just an infinite set of harmonic oscillators, its quantization
is obvious. In analogy with (5.17) the field, which now represents an operator acting on a

quantum-mechanical Hilbert space, can be decomposed in creation and absorption operators.
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In the Heisenberg picture we thus find (see also problem 5.1)

- / d* 1k N ik-z—i N kTt
(b(I,t) _ 27T)d 1/ 2k k ik- kot—l—aT(kJ)e k +kot}7

. h dd 1]45 N iked—i N ikt
m(T,t) = ,/ O W —iko) {a(k) €M7t — gt (k) e~k (5.93)

where the frequencies are given by ky = \/ k2 + m?2. The reason for the factor (2ko)~1/% in
the integrands is follows from substituting m = 1 and w = ky in the expressions for a single
harmonic oscillator. Note that ¢(Z,t) is a solution of the field equation (5.2), so that the field

satisfies the classical equation of motion. Canonical commution relations are now effected
by

[0(Z,1), (T, t)]imp = iR 6 (T — T), (5.24)

which is equivalent to

[a(k),al (k")) = 65 (k — k). (5.25)

We may also consider the analogue of (5.18) and compute the commutator for the field
operators at different space-time points. When these two points, say (Z,t) and (Z',t'), are
separated by a space-like distance, so that (Z — #)? > (¢t — ¢')?, this commutator should
vanish, because we can always transform to another Lorentz frame such that the two points
are at equal time. Let us verify that this is indeed the case. Using (5.23) we evaluate (cf.
(5.18))

h dd_lk dd—l k/

60,00 = G | T

[t 2414 [y ) o ()

emiRakotHE =ik Y g (B )] }7

2ih A=k
= AT sink-(z — 2'). (5.26)

In this integral, the scalar product k-(x — z’) is Lorentz invariant. Furthermore, it can be

shown that the integral [ d;;k is also Lorentz invariant, so that (5.26) is a Lorentz invariant
function. If x — 2’ is a space-like vector, we can exploit the Lorentz invariance of (5.26) by
performing a Lorentz transformation such that ¢ becomes equal to ¢’. Then it is obvious that
(5.26) vanishes because the integrand is odd in k.

So we conclude that [¢(z), ¢(x’)] = 0 whenever x and 2’ are separated by a space-like
distance. This phenomenon is known as local commutativity, a fundamental property that
any relativistic field theory should satisfy. Local quantum operators taken at points that are

not causally connected, commute.
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We started by introducing field theories as a system of infinitly many degrees of freedom.
However, there is a dual interpretation which is known under the term ‘second quantization’.
By first quantization one means the usual quantum mechanics, used to describe a system
with a finite number of degrees of freedom. For instance, take a free particle, whose states
are described in terms of a wave number or a momentum vector, say p. Both classically and
quantum-mechanically the energy of this state is determined in terms of the momentum and
denoted by Ej;. The precise dependence of Ej5 on p'is not important. For instance, for a free
relativistic particle of mass p we would have Ej = /p? + p2, while in the nonrelativistic
case we have By = %ﬁ 2 /1. Now one introduces a Hilbert space, called Fock space, consisting
of states that describe an arbitrary number of free particles. Assuming that the particles
are bosons, the multiparticle states should be symmetric under interchange. Therefore it is
sufficient to specify the occupation numbers ny which give the number of particles with the
same momentum p. The vacuum (or groundstate) of the Fock space is denoted by |0), and
is the state that contains no particles. Then we have the one-particle states [p’), the two-
particle states |p’,p”"), and so on. Using the occupation numbers, we can generally denote
these states by

1Nz, Ngys Ny - -+, With ng =0,1,2,.. ., (5.27)

where p; are the possible momenta. The energy of these states is given by
E(nﬁz) = Z N Eﬁi : (528)

In the Fock space we can define creation and annihilation operators, which increase or

decrease the occupation numbers by 1. They are defined by

a(ﬁi)|nﬁlunﬁ27"'7nﬁi7"'> = /T
a'(Di) [ngys Mgys s Mgy o) = 0+ 1 ng ngy, o mp + 1,00, (5.29)

With this definition, one can show that

(@), ' (5))] = 6i5. (5.30)

The energy of the multiparticle states (cf. 3.27) are given by the eigenvalues of the Hamil-

1,0,

Ngy Mgy ooy N,

tonian
Hy =Y al (7)) () By (5.31)

It is easy to introduce interactions into this theory by including terms of higher order in

the operators a and a'. For instance, the term

Hiwe = Y 0(0i + 55 — Dk — 1) Vigra o' () o' (5) a () a(ph), (5.32)
1,7,k,l
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describes a four-particle interaction in which two particles are annihilated and two other
particles are created. The delta function in (5.32) ensures momentum conservation.

The key observation is that the energy spectrum for the multiparticle states coincides with
the spectrum of a system of infinitely many harmonic oscillators with frequencies A" Ej;.
Using the operators a and a' we can now write down fields ¢(Z,t) by using the expression
(5.23) with k = h™'7 and ko = h™' Ej5. The above results can then be cast in the form of a
field theory, which, upon quantization, leads to the same Fock space operators as above. For
a system of relativistic particles, where E; = \/p? + p2, this system of harmonic oscillators
is precisely described by the field theory defined by (5.1), with m = p/h. In particular, the

Hamiltonian Hj is equal to (5.22), up to an infinite “zero-point” energy

(0[H|0) = 4 Z\/pz + p2. (5.33)

This is one of the characteristic infinities that emerge in quantum field theory, caused by
the presence of an infinite number of degrees of freedom. We will return to these infinities

in due course.

Problem 5.1 : The complex harmonic oscillator

To exhibit the derivation of (5.23) from the Schrédinger picture, consider the theory (5.1)
in one space dimension. For simplicity, assume that the space dimension is compactified to
a circle of length L. Show that the field ¢ can be expanded in a Fourier series

o(z,t) \/_Z¢ (k,t) exp(ikz),

with & equal to 27/L times a (positive or negative) integer. Subsequently, write down the
Lagrangian.

Now restrict yourself to two Fourier modes with a fixed value of |k|, so that the infinite
Fourier sum is replaced by a sum over two terms with +k, where we choose k positive. Define
ér = ¢ and ¢_;, = @', so that the Lagrangian reads

L=¢¢ —w?pot.  (W*=k>+m?)

For this system of a finite number of degrees of freedom, find the expression for the canon-
ical momenta 7 and 7', associated with ¢ and ¢!, respectively. Then write the canonical
commutation relations and give the Hamiltonian. Express ¢, ¢', 7 and 7' in terms of the

operators
1

2hw

1
2h

a= (wqﬁ + m*), b= (wng + iw),

S
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and their hermitean conjugates. Derive the commutation relations for a, af, b and b and
write down the Hamiltonian in terms of these operators. What does this system correspond
to?

Derive the operators a, a', b and b in the Heisenberg picture. Reconstruct the field
¢(z,t) by writing the full Fourier sum. Take the limit L. — oo and compare to the first line
in (5.23). Do the same for the canonical momenta. Here we note the Fourier transform in d
space-time dimensions (note the sign in the exponential)

/ Ak 7wk, t) e~iFE,

d—1

m(Z,t) = (2m)” 2

Problem 5.2 : Taking the continuum limit

Express the Hamiltonian (5.22) in terms of the operators a(k) and af(k). In view of the
above presentation it is convenient to consider the field theory (5.1) in a large but finite
((d — 1)-dimensional) box of volume V' and impose periodic boundary conditions. Then we

decompose (cf. 3.23),
1 -

{CL(E) eiE~f—ik0t + CLT(IZ) 6—iE~f+ik0t}’ (534)

. 1 7 —ik-Z . TN ike-d—i N —ik-E+i
@) = 2wl 4 —% QVkO(—zko){a(k)ek bot — qf (k) e~ Rkt

where 7(k, t) = 85/0d(k, t). Determine the commutator [¢(k, t), m(K, /)]y from (5.24) and
check the expression for [a(k),a’(K')]. Give again the Hamiltonian and compare the resul

with (5.31) and (5.33). Consider the continuum results by making use of the correspondence

Vv B o)t ,
Z — Gy /dd 'k, opp— (‘zad Yk —k). (5.35)
k

Problem 5.3 : Prove that the integral measure [ d% [2(k% + m2)¥/2]™" is Lorentz invariant.
This can be done in two ways. First perform a Lorentz transformation (see e.g. De Wit &
Smith, appendix A) and express d%’ [2(k"2 + m2)"/2]™" in terms of the original momenta.
Secondly, rewrite the integral as an integral over four momenta k and ko by including & (k? +
m?) 0(ko) in the integrand.

Problem 5.4 : Show that (0|¢(Z,t) ¢(7,t)|0) is divergent.

Problem 5.5 : Wave functions versus fields

Give arguments why a field and a wave function are two different concepts, so that (5.2)
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should not be regarded as a relativistic generalization of the Schrodinger equation. (This
point is even more pressing for fermions where the relativistic wave equation — the Dirac
equation — is also a first-order differential equation, just as the Schrodinger equation.) For
comparison, consider the single harmonic oscillator and confront the second-order differential
equation for the operator ¢(t) in the Heisenberg picture with the first-order Schrédinger
equation. Derive the Schrédinger equation in the “coordinate” representation where we
have wave functions W(¢(k),t) depending on the “coordinates” ¢(k) and the time ¢. For
convenience, consider again the theory (5.1) in a box with periodic boundary conditions.
Write down the correct expression for the momenta W(E) in this representation and give the
Hamiltonian. Show that the ground state wave function Wo(é(k), ), which corresponds to
the vacuum (i.e. the state with zero occupation numbers) of the Fock space, takes the form

(make use of problem 3.1)

Wo(6(K), t) = exp { 3 ( VR sy - Litk2 + m2 + 1n [MD} .

- 2h 7h
E

Note the presence of the zero-point energy.

Problem 5.6 : A particle on a circle

Consider a particle of mass m, moving on a circle C' of radius R in the (z,y)-plane. The
circle is parametrised by (z,y) = (Rcos ¢, Rsin¢) and 0 < ¢ < 27. The particle experiences
a force described by a periodic potential V' (¢) = V(¢ + 27), so that the classical action reads

don 2
— 1 2 _
slol = [ar{3mB2() = V(6)}
i) Show that the Hamiltonian of the particle equals
2

with ps the momentum conjugate to ¢. After quantization p, and ¢ are operators
satisfying the commutation relation [¢,ps| = ih. How does p, therefore act on the
wave function W(¢,t)? Specify the boundary conditions for W(¢, ) and determine the
eigenvalues of the momentum operator ps. Finally give the time-dependent Schrodinger

equation for the wave function.

By means of the above Hamiltonian we would like to derive a path integral expression for the
transition function We(on, ta; ¢o, to) = (pnle HENT0)/h0Y - We follow the standard pro-
cedure and divide the time interval t y —t into N pieces of ‘length’ € = (ty —to)/N, applying
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the completeness relation ™ de; |¢;)(¢s| = 1 at any time instant t; (i = 1,2,..., N —1). In

this way we obtain as a first result
We(on, tn; ¢o,to) = H / dcbz ¢j|€_iHe/h|¢j—1> : (5.36)

Subsequently we must determine the matrix element (¢;|e=*#/%|¢; ;). For this purpose we

use the Poisson resummation formula
Yo dx—n)= Y M. (5.37)
n=-—00 l{=—o00

Note that the resummation formula expresses the fact that the phase factors on the right-

hand side only interfere constructively when the phases are equal to a multiple of 2.
ii) Show with help of (5.37) that, after neglecting O(€?) corrections,

(¢, ‘eﬂHe/hW 1) Z / dkﬂ 1 j—¢j—1+2mli)kj—1 o—ieH(hkj—1,0j-1)/h

tj=—00 o 2T

Now we also introduce the transition function W ¢y, tx; ¢o, to) for a particle of ‘mass’ mR?
that moves subject to the same periodic potential V' (¢) along the full ¢-axis. (This means
that now —oo < ¢ < 00.)

iii) Prove, by substitution of the previous result in (5.36) and by using the path integral
expression for W (on,tn; ¢o, to),

We(on, tn; ¢o, to) = Z Wi(pn + 2mln, ty; do, to) -

{N=—00

Can you physically explain this formula? (Note: ¢y is known as the winding number.)

Finally consider the special case of a free particle (V(¢) = 0). Then

mR? {imR2 (én — 9250)2}
exp .

W(on.tn: do,to) = \| 55
(én,tn; @0, to) \J2m’h(t1\z—to) 2h ty —to

Because the transition function W is periodic in ¢ — ¢, we can expand W in the Fourier
series
ein(én—¢o)

(¢N7tNa¢07t0 Z C N_to) 27T

n=—oo
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iv)

Determine the coefficients C,,(ty — to) by means of a Fourier transform of the result of
part iii) and determine with the help of this the eigenvalues of the Hamiltonian. Here,
make use of (2.20).

Problem 5.7 : Electromagnetic fields

Consider the Lagrange density for the free photon field A,,(Z, 1),

i)

L= —1(Fu) = ~1(0,A, — 0,A)" . (5.39)

Determine, by considering the variation of the action under A, — A, 4+ A, the
classical equations of motion for A, in their Lorentz covariant form, 0*(9,A4, —0,4,) =
0. Write them in terms of the electric field E = VA, — dA/dt and the magnetic field
B=VxA

Suggestion: you may want to use the vector identity Ax (Bx C) = (A-C)B—(A-B)C.
What kind of (space- and time-dependent) gauge symmetry do the Lagrange density

and the equations of motion for A, possess?

We want to quantize the above theory. This requires that we first choose a (so-called) gauge

condition (as we will discuss later in these lectures). In what follows we choose the so-called

temporal gauge, defined by the condition Ag = 0.

ii)

iii)

iv)

Give the Lagrange density in this gauge and determine again the classical equations
of motion. Note that, in comparison with part i), one equation is missing. We return
to this shortly.

The Lagrange density in the temporal gauge still contains a residual gauge symmetry.
Give this symmetry or derive it from the original symmetry of the original Lagrange
density. In addition, write the transformations for A(k, ), the Fourier transform of
A(Z, ).

Determine the canonically conjugate momentum 7 corresponding to A and express it
in terms of E. Give the Hamiltonian in terms of E and B.

Suggestion: the following identity may be convenient, (ﬁ X ff) . (6 X ﬁ) = 0;A; 0;A; —
0;A; 0;A;.

- —

What are the commutation relations of the ‘momenta’ 7(k) and the *coordinates’ A(k)?
What are, in the coordinate representation, the momentum operators and the Hamil-
tonian. Formulate the time-dependent Schrodinger equation for the wave functional
\Il[ff(l;), t]. Assumer that the quantization is performed in a finite box of volume V', so

that the k assume discrete values.
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In question ii), we had found that, at the classical level in the temporal gauge, the equation
V-E=0is missing. In order to perform the quantization of the Maxwell theory in a correct
way, we must therefore explicitly include this equation. We do this by imposing it as a

‘constraint’ on the wave functional.

vi) Give the above ‘constraint’ on the wave functional in the coordinate representation. In
iii) we determined how ff(l;) transforms under gauge transformations corresponding to

the temporal gauge. Use this to show that the ‘constraint’ guarantees that W[A(k), ]

is invariant under an infinitesimal gauge transformation.

We will now try to determine the wave functional for the ground state by solving the time-

independent Schrodinger equation.

vii) Derive in the usual manner, i.e. from the time-dependent Schrédinger equation, the

time-independent Schrodinger equation for a wave functional W[A(k)].

In view of our experience with harmonic oscillators we expect that the wave functional

-,

Wo[A(K)] belonging to the ground state will be a Gaussian functional. Therefore we write
WolA(K)] = Cyexp {ZAi(—E) Gy (k) Ajuz)} : (5.39)

viii) Determine first from the ‘constraint’ of vii) the form of Gy; (k).

Suggestion: indicate first which tensorial structure you expect for G;;.

ix) Subsequently, solve the time-independent Schrédinger equation. In other words, de-
termine the ground-state wave functional (you may ignore its normalization) and the
(infinite) ground-state energy. Could you have written down the answer for the latter

directly? If so, explain your answer.

Problem 5.8 : Winding and momentum states
Consider a field theory in a one-dimensional space corresponding to a circle with circumfer-

ence L, described by a real scalar field ¢(z,t) with action

L
slél = [t [“dv [3010)* - }(00)?] - (5.40)

i) Argue that the field ¢ can be expanded as
¢(x,t) = 1L > lt) e (5.41)

k

where k is an integer. Is ¢y real?
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i)

iii)

iv)

vi)

vii)

viii)

Write the action in terms of the ¢r. As expected we are then dealing with an (in-
finite) sum of known quantum-mechanical systems. In this sum we distinguish two
contributions, i.e. i.e., S = Sy + Spee, Where Sy = [ dt %(&qﬁo)? and Sye comprises
the contribution of the oscillations described by the ¢, with k& # 0. Determine the

conjugate momentum 7 of ¢ and give the canonical commutation relations.

Determine the spectrum of the conjugate momenta 7 (in other words, their possible
eigenvalues). Clarify your answer on the basis of your knowledge of the quantum-
mechanical system described by ¢,. In particular, note the conjugate momentum
belonging to ¢p.

Give the Hamiltonian. Give also the corresponding expression in the ‘coordinate’

representation.

Consider now the case that the field ¢ itself characterizes the position on a circle with
radius R, so that we identify ¢ with ¢ + 27 R. Argue that the decomposition of ¢

should be changed now into

o(z,t) = QTRx + \/15 S g (t)e>ike (5.42)

k

What are the possible values for the number m? What is their significance? Try to

clarify your answer with a figure.

Give the action again and distinguish as before between the two terms Sy and Segc.
Give the expressions of the conjugate momenta 7, of ¢, and write down the canonical

commutation relations.

From the periodicity of ¢, derive a condition for ¢g. What is now the spectrum of the

momenta? Pay again attention to the conjugate momentum .

Give the Hamiltonian and the ground-state energy. Let us concentrate on the con-
tributions of the Hamiltonian that are not caused by the oscillations described by ¢y,

with & # 0. Determine the eigenvalues of this (nontrivial) part of the Hamiltonian,

i h2n?
2L R?

Eo(m,n) = + (27 R)*m?| . (5.43)

Describe what happens to these eigenvalues when we change R into h/27R. in the

context of string theory this phenomenon is known as T-duality.
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6 Correlation functions

In principle, one would like to calculate the same kind of quantities for any quantum field
theory that one considers in the context of more conventional quantum mechanics. Hence
one is interested in the determination of energy levels, scattering amplitudes and the like.
In general, however, these caclulations are cumbersome and one usually has to rely on
perturbation theory. The way one calculates physically relevant quantities depends often on
the context. The reason is that the direct physical significance of the quantum field is not
necessarily obvious, as one can always apply field redefinitions. Therefore the intermediate
results of the theory often take the form of correlation functions, which can carry different
names depending again on the context. These, somewhat abstractly defined functions are
the topic of this chapter.

As a first attempt to define correlation functions, let us consider

(@ q() qt) -+ |q)y, for to>t>t > >ty (6.1)

where |g;)¢, is the eigenstate of the position operator at ¢ = ¢;. Both states and operators
are taken in the Heisenberg picture. To facilitate the notation, let us introduce a so-called

time-ordered product,
T(qt)q(t)---)=q(t)q(t)---, if >t > etc. (6.2)

The correlation function G(t,t',...) may then be defined by

G r,.. ) = weT®at) Jlay (6.3)

t2<QQ‘q1>t1

When the time-ordered product contains n operators ¢ at independent times, G(t,t',...) is
called the n-point correlation function. Of course, there is always the possibility of modifiying
a correlation function by products of lower-n correlation functions. Such modifications are
indicated by the dots in (6.3). Later on we intend to make a specific choice for these
modifications, but for the moment we leave them unspecified.

Using the completeness of the states |¢); for fixed value of ¢, we can rewrite (6.3) as

) Jdafdd e oela)a dald)e o olg] oy
t2<Q2IQ1>t1
[Dgq q(t) q(t') - - - exSla®l]

G(t,t,. ..

- [ Dq e#Sla®)] ’ (6-4)
where both path integrals are defined with boundary conditions
at) =aq,  qlt2) = g (6.5)
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Correlation functions are not restricted to products of the ¢(¢), but can also contain so-
called composite operators, ”functions” of the operators ¢(t) taken at the same instant of
time. However, in field theory the definition of such operators requires special care, because
products of fields become singular when taken at the same space-time point. We return to
this aspect in due course.

As an example let us consider the correlation functions for the harmonic oscillator, first

in the operator formalism and then by means of path integral techniques.

6.1 Harmonic oscillator correlation functions; operators

We consider the two-point correlation function defined above in the context of the opera-
tor formalism. Here it is customary to adopt different boundary conditions. Rather than
the states |q1):, and |g2)s,, we will choose the groundstates |0);, and |0);,. Because the

groundstate energy of the harmonic oscillator is equal to %hw, we have
|0)s = e 2]0), (6.6)
and therefore
1(0[0), = e~ 2 l271), (6.7)

Let us now determine the matrix element +,(0|q(t) ¢(t')|0);, for to > ¢t > ¢’ > ¢;. Using the

completeness of the energy eigenstates |n);, with t > ¢ty > ¢/, we can write

1{01a(t) a(t)[0)e, = > 1 (0lg(t)[m)ey wo(nla(t)[0)e, (6.8)

n

Using (5.17) we compute

h Lot — /
t0<n|Q<t,)|O>t1 = mw €2 (B —Sto +2¢) 5n—1,0- (69)
In this way we find
Oa(t) a(t)[0), = = exp [Liwlts — 3o +2¢ — to + 3ty — 28)]
2] 131 Imw 2 1 0 2 0
__h exp {—liw(tg — tl)} exp [—iw(t — t')]. (6.10)
2mw 2

Therefore the two-point correlation function equals

h

G(t.t) = %{G(t—t’) e (1 — 1) et
- 2:M {cosw(t —t') —isinw(t —t")[0(t —t') — O(t' — )]} (6.11)
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where 0(t) is the step function defined by

1 fort>0
o(t) = o (6.12)
0 fort<0

Observe that we could have modified the correlation function by adding a term propor-
tional to the product of two ”one-point” correlation functions, containing a single operator
q(t) or q(t'). However, these terms vanish because of (6.9), so that this aspect may be ig-
nored here. Furthermore we should point out that we have implicitly assumed that ¢; and
to are moved to —oo and 400, because we have not introduced additional step functions to
restrict ¢ and ¢’ to the interval (¢, %5).

Now we use the following representation for the 6 function,

-1

0o e—iqt
o(t) = li 7/ d , 6.13
(*) ell%l 21t J—o qq—I—ie ( )

which can be proven by contour integration.? Substituting (6.13) into (6.11), we find®

—-h 1 o0 1 . / ; ’
Gt1) — - / d —ilwta)(t=t) 4 grilwta)(t—t')
(t.¢) 2mw 271 J—oo qq—i—ie{e e }
_ =1 / * dge-iat=t) 1
2mw 211 J- q—w-+ie —q—w-+ie
h 1 fo e—ta(t—t")
- - d - 6.14
m 2mi [oo q—q2+w2—ie (6.14)

Obviously G(t,t') depends only on ¢ — ¢ and satisfies the equation

(=02 — WG(t, 1) = Z S(t—t'). (6.15)

To show the latter one uses the Dirac delta function 6(¢) = i [ dget. Of course, the above
equation can also be verified directly for the expression (6.11).
To calculate the real and imaginary part of GG, we can use the identity

limg /dqq—{(uqz)l:ie - P/ dqqfiql Finf(w), (6.16)

2The integrand has a pole in the lower half plane. If ¢ > 0 then it is possible to close the contour
in the lower half plane. The pole is then inside the contour, so the Cauchy integral formula, f(z) =
7= ¢ dw f(w)(w — 2)~* yields 6(t) = 1. For ¢ < 0 the contour can be closed in the upper half plane. Now
the pole is outside the contour, so we find 6(t) = 0.

3Note that we shift the integration variable of an integral which is not manifestly convergent. The

discussion of such subtleties is postponed until later. In the present case there is no difficulty.
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where P [ dg = limg) ( i f;i(;) dq is the principal value integral. Substituting (6.16) in
(6.14) we easily find

ReG(t,t') = w(t —t 6.17

and
ImG(t,t')=—P [ d 7e_iq(t_tl) 6.18
( Y ) 2m q q2 2 ° ( * )

6.2 Harmonic oscillator correlation functions; path integrals

Next we will consider the correlation functions in the context of the path integral. Although
this will turn out to be quite a laborious exercise, we will do this explicitly to demonstrate a
number of techniques which are standard in the evaluation of functional integrals. We start
by introducing
ig £2
W (qo, t: qu, 1) = /'quh fa(t))+ IBa(t) (6.19)

where J(t) is some external source. Just as above we are interested in different boundary

conditions, so we define

W (tg, 1) = /dq1 dqs ©o(q2) Wi(q, ta; a1, 1) wolqr) (6.20)

with ¢o(q) = +(q|0); the groundstate wave function (which is time-independent). Now we
consider
) J 0)

Gt t) = O Wy

_ IDaq()q(t)er® ([ Dgq(t)ei®) ([ Dgq(t) et 6.21
N f,qu%S f’qu%S LS ) ( )

where the integration over ¢ 5 according to (6.20) has been implied in every path integral.
Observe that the overall normalization of the path integral cancels in this definition. This
is one of the reason why in practice one does not worry so much about these (ill-defined)
factors. The definition of two-point correlation function shows the modification by products
of lower correlation functions that we alluded to in the text below (6.3) and (6.12). In the
two-point function these terms vanish, at least for the harmonic oscillator, but in the general
case there are important reasons for including these terms. The above definition can easily

be generalized to n-point correlation functions,*

I R
C0J(t) 8 J(t) ST

Gttt ..) o Inw (6.22)

J=0"

4These correlation functions are called the connected correlation functions for reasons that we do not yet
explain. In later chapters we often denote these correlation functions by {(q(t) ¢(t') ¢(t")---).
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Again this definition leads to modifications by products of lower-n correlation functions.
With this particular definition one can show from the results that we are about to present,
that all n > 2 correlation functions for the harmonic oscillator (or, more generally, for any
action quadratic in ¢) vanish (cf. problem 6.1).

We now apply the above formulae to the harmonic oscillator. Subsequently we will
compare the result with (6.14). First we evaluate the path integral (6.19) in the semiclassical
approximation (which is exact for an action quadratic in ¢q). We therefore expand ¢(t) about

a classical solution qo(t) with go(t1) = ¢1 and go(t2) = g2 as an infinite sum,

nw(t —1
q(t) = qo(t) + Z n Sin tz(—hl)’ (6.23)
n=1
which gives rise to the following expression for the action,
00 ) n27T2 2
Sla(t)] = Slao] Z m 7(]5 . (tz — t1). (6.24)
o 2 — )

Note that terms linear in ¢y do not appear since those vanish due to the equations of motion

(i.e., qo(t) is a stationary “point” for the action S[q(¢)]). Then

W, = exp{h o +/dtJ QO()} (6.25)
X /quxp{h4(t2—t1);q3 [(2&7{7:?1)2 —WQ] +iqn/dtj(t)sinw}

Observe that only the first factor depends on the boundary values ¢; 2. Now we redefine the
integration variables ¢, in the path integral by a shift proportional to J such as to eliminate

the term linear in ¢,. This leads to

W, — exp{h ol + [t (0 aolt) + 3 [ arar g )Go(tt)J(t)}

- ) n27r2
D ——(ty — t1) 2l 2 6.26
L
where (i) -t
h 2 o gin " gip FE L
Go(t, t) = —= fa—t1 fa—th 6.27
0( ) ) Z m<t2 _ tl) = n272 _ wQ ) ( )

(t2—t1)?

which is periodic in ¢ and t’' separately with periodicity 2(ty — ¢1). Note that

2 . ih ,
<_at2 — w2> Go(t,t') = E(S(t —t), (6.28)

where §(t — ') is the o-function for functions on the (t1,t) interval that vanish at the

boundary. Outside this interval, the result follows from periodicity.
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There are now three expressions that we have to evaluate. First of all we should simplify
the expression for (6.27), then we should calculate the Gaussian integral over the ¢,, and
finally we should determine the integrals over ¢; and ¢s to convert to the same states as in

the operator formalism (cf.

6.2.1 Evaluating G

It is possible to further evaluate Gy. First we write

o i & nr(t —t") nw(t +t — 2t1)q rn’n? 511
Go(t,t') = ﬁ; [cos T — oS T ] { T Y } : (6.29)
where T' =ty — t;. Now we make use of the following formula,
00 nr(7+7T)
1 1
1 co2s S L co§wr . (6.30)
T e —w? 2w2T  2wsinwT

This result follows from Fourier decomposing cosw 7 in the interval =7 < 7 < T' in terms
of functions cos(nm7/T). Note that, while the left-hand side is periodic under 7 — 7 + 2T,
the right-hand side is not. By exploiting the periodicity of the left-hand side, 7 must first
be selected such that it is contained in the interval (=7, 7).

Now apply the above formula to (6.29), with in the first term 7 = ¢t — ¢/ — T when
th <t <t <ty,orT=1t—t+T when t; < t < t < ty, and in the second term
T=t+1t —t; —ty where t; < t,t' < to. This leads to
Go(t,t) = 2m {—9@—75’) sinw(t — ') — 0(t' — ) sinw(t’ — ) (6.31)

mw

—cosw(t —t") cotwT +

cosw(t +t' —t; — tg)}

th<tt <t
sinwT (t 2>

where the first term in (6.29) corresponds to the first three terms in the formula above. As
one easily verifies, this result satisfies again the differential equation (6.15), just as the result
(6.11) obtained by means of the operator formalism. We expect to derive the same result
(6.11) by means of path integrals. It therefore follows that the remaining terms that we are
about to evaluate, must be a solution of the homogeneous equation corresponding to (6.15).

As we shall see, this is indeed the case.

6.2.2 The integral over ¢,

Let us now discuss the second line in (6.26), which is a path integral independent of the

boundary values ¢; 2. There are two ways to evaluate this integral. The easiest one is to
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observe that this integral is precisely the path integral for the harmonic oscillator, evaluated
in chapter 2, with boundary condition ¢; = g = 0. Using (3.28) it thus follows that

/DC] exp { (ta — 1) Z n [ tn_ﬂtl) wQ] } - \/27rz'h sin?ZLJa()tz —t) (6.32)

In a more explicit evaluation one computes the Gaussian integrals. First we write the path

integral measure as
/Dq . H/ dg,. (6.33)
n=177"

Integration over the g, yields

2.2

/quXp{%L4 i_o: 3[75:_7;1) wﬂ} |
N {E (W)F {E <1 - W) }2 . (6.34)

This yields a result proportional to (6.32).5 The ill-defined proportionality factor is indepen-
dent of w and should be absorbed into the definition of the path integral; this is in accord
with the prescription based on the Wiener measure discussed in chapter 2. Combining (6.26)
and (6.32), we find

mw
|44 to;q1,t1) = 6.
1(@2: 123 g1, 1) \/2m’hsinw(t2 1) (6.36)

xexp{h qg+/dtJ e /dtdtJ )Go(tt)J(t)}

6.2.3 The integrals over ¢; and ¢

Now we are ready to calculate the two-point correlation function of the groundstate in the
path integral formalism. We recall that the classical solution for the harmonic oscillator

reads
1

sinw(tz—tl){‘b sinw(t —t1) — ¢ sinu)(t—tz)}7 (6.37)

QO(t) =

which leads to the action

mw

Scl =

2sinw(ls — 1) {(af + ) cosw(ts —t1) = 20142} (6.38)

5Note the formula

Snr_ H ( - n2) (6.35)

which can be derived from (6.30) by first putting 7 = —7" and multiplying by w; subsequently one integrates
over w and fixes the integration constant by comparing for z = 0.
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Furthermore, the groundstate wave function takes the form
mw\ /4 mw
vo(q) = (7rh> exp {—%q } (6.39)

Hence W}O) (to,t1) is given by

O i it {1/dtdt’ t) Golt, 1) J(t' }
W \/2m’h sinw(te —t) V 7h P2 () Golt, £) J(F)
mw l
X /dq1 dgy exp {271 [—qf — g5+ R r—— {(Cﬁ +q3) cosw(ty — ) — 2q142
2h (s + )| | (6.40)
mw sinw(ty — ty) LT R2@) | g '
where
to
Ji = — | dtJ(t) sinw(t —ta),
t1
t
Jo = [ dtJ(t) sinw(t —t)). (6.41)

t1

The integral can be written as

mw
/d(hdéheXP{h[—; > g Aijg+

ij=1,2

h

mw sinw(ty — t1)

> Ui ql} } (6.42)

i=1,2

where the matrix A equals

— eiw(tg—tl) -1
A= ———— . (6.43)
sinw(ty — 1) 1 piw(ta—t1)

This integral can be evaluated explicitly and we find

mw\ ! T2 A
2h (A7 } A4
< 2h ) \/;exp {Qmw sin? w(ty — t1) > ( )Z-j Jj (6.44)

1,j=1,2

Combining this with (6.40) and using

. —iw(ta—t1)

ty —t 1 e

det A = _2Z,e>?puu( 2= h) , A7l = % .
sinw(ty — t1) e~ iw(ta—t1) 1

yields

h
2mwsin® w(ty — t,

WOty t) = e’é"(t”l)exp{ ) / dtdt’ J(t) f(t,t) J(t’)}
xexp{; [aar J(t) Go(t. 1) J(t’)}, (6.45)
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where

f(t,t) = %{ sinw(t — t1) sinw(t’ — t1) + sinw(t — to) sinw(t' — tg)}

—%e’i“’(trtl){ sinw(t — tg) sinw(t’ —t;) +sinw(t — t1) sinw(t’ — t2)}

= lisinw(ty —ty) {e‘iw(”_tl) cosw(t —t') —cosw(t +t' —t; — tg)} . (6.46)

This function satisfies the homogeneous version of the differential equation (6.15), as was

claimed earlier.

6.3 Conclusion

Observe that the logarithm of (6.45) depends quadratically on J, so that only the two-point
correlation function is nonvanishing, a result that we have alluded to below (6.22). The

two-point correlation function is now given by

h

mw sin® w(ty — 1)

G(t,t') = Go(t,t') + f(t,t). (6.47)
Substituting (6.31) and (6.46) one reproduces the original result (6.11) obtained in the
operator method. This is the desired result. To obtain the correct result we had to pay
attention to the correct boundary conditions, which are linked to the choice of the matrix
elements used in the definition of the correlation functions. The crucial contribution to
the correlation function is represented by G, which is itself independent of the choice of
the matrix element and satifies the inhomogenous differential equation (6.15). In practical

calculations the question of boundary conditions is often not explicitly addressed.

Problem 6.1 :
Evaluate the discretized path integral

WJ:/Hin GXP{—%Z%AU%‘FZJNZ'}-
i ij i

Define the (connected) correlation functions according to (6.22) and show that only the
two-point function is nonvanishing and proportional to the inverse of the matrix A;;. Argue
from this that the two-point function for the harmonic oscillator must satisfy the differential
equation (6.15).

Problem 6.2 : Time ordering and commutation relations
Evaluate, using the procedure described in the first part of this chapter, the correlation func-
tions (q(t) p(t')) and (p(t) p(t')) for the harmonic oscillator. Using p = m ¢, which is valid
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in the Heisenberg picture, we may write the result as m{q(t) ¢(t')) and m{(q(t) p(t')), respec-
tively. Assume that the time derivative can be written outside the correlation functions and
compare the results. Argue why they coincide for the first and not for the second correlation
function. Now consider the correlation functions involving ¢ and ¢ by including a second
source in the path integral that couples to ¢. Argue that in this case time derivatives can be
taken outside the correlation functions. How would you evaluate correlation functions of ¢
and p operators using path integrals. Can you see how the discrepancy between correlation
functions of ¢ and/or p and correlation functions of ¢ and/or m ¢ arises in this context? (In

the path-integral derivation, ignore possible subtleties with the boundeary conditions.)

Problem 6.3 : In equation (6.21) we have shown explicitly that the two-point correlation

function equals

J J

5T Wy (6.48)
(

(qt)q(t)) = 5700
(0T (q(t) q(t'))|0) — (Olq(t)|0) {Olg(t')|0),

where |0) denotes the normalized groundstate of the system. Show in a similar manner, thus

by functional differentiation, that the four-point correlation function obeys

o o o o

(@09 a) o) = s sz sz s

= (0T (q(t) a(t') q(t") q(t™))]0)

— (01T (q(t) ¢(¢'))|0) O[T (q(t") q(t"))[0)
—(0IT(q(#) ¢(#"))10) (01T (q(t) ¢(£"))10)
—(0[T(q(t) q(t"))10) (OIT'(q(t') ¢(£"))[0),

if we assume that the potential V'(¢) is an even function in ¢, so that expectation values of
an odd number of ¢ operators, such as (0]g(t)|0) and (0|7°(¢(t) ¢(t') g(t"))|0), vanish.

Av

Problem 6.4 : For the harmonic oscillator we have found that
WO — exp {; [at [at s Ge.) J(t’)} , (6.49)

with the two-point correlation function (q(t) ¢(t')) = G(¢,t’) given by equation (6.11). Using
the results of problems 4.1 and 4.3, show that in this case (0|T(¢(t) q(¢'))|0) = G(¢,t’) and
that

OIT (q(t) g(t") 4(t") q(t"))[0) = G(t, ) G(t", ")+ Gt ") G(F . t")+ G (8, ") G(t',1"). (6.50)
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Argue generally why there is no ambiguity in the value of G(¢,t') at equal times t = t'. Is
the same true for (0|7(¢(t) p(t'))|0)? (cf. problem 6.2).

Problem 5.5 : Anharmonic socillator

Consider now an anharmonic oscillator with Hamiltonian
2
p L9y 1 2 4
H=—+- — 6.51
2m—l—2qu ~|—2€2qu, (6.51)
where the last term is a small perturbation. Prove that in lowest-order perturbation theory

the groundstate energy of the anharmonic oscillator equals
fiw  mw? Tiw ( . 3 h >

(6.52)

b= o Ol (a(t) a() a0 a()I0) = 5 (1+ 5=

7 FEuclidean Theory

In the previous chapters we have discussed path integrals in quantum mechanics and quantum

field theory and we encountered Gaussian integrals such as,

/Dq exp{;_l/dt [%qu — émwzqﬂ}, (7.1)

i
[ Do exp {h [t 400 - ;m%ﬂ}. (7.2)
The exponential functions in the integrand have purely imaginary exponents, so that the
integrals are ill-defined. Omne way to deal with this problem is to add a small negative

2 so that the integrals convergeS. At the end one puts the

imaginary term to w? or m
imaginary part to zero. This is in line with the 7 modification in the correlation functions
(cf. 4.14). Another way (which is not unrelated) is to perform an analytic continuation
of the time variable ¢ to imaginary time. Therefore we define the so-called Euclidean time
variable 7 by

T =1it. (7.3)
The term Euclidean is derived from the fact that the Lorentz-invariant length 72 — ¢? is
replaced by the Euclidean length #2 + 72. The correlation functions in Minkowski space
are then defined by analytic continuation from the corresponding functions evaluated in
Euclidean space. To see how such an analytic continuation must be performed, consider the

two-point correlation function

Zh 0o e—ikot

(a®)a(0) = 5— [ dko

2mm J-o K —w? +ic’

(7.4)

6We recall that Gaussian integrals ffooo dx exp(—ax?) can also be defined for complex a provided that
Rea > 0.
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Now the ie term prescribes how one should deal with the poles on the integration countour.
This is related to the time direction (and thus to causality), because the ic modification was
induced by the time ordering of the operators in the correlation functions (see the discussion
in the previous chapter). Often one has to deal with (momentum) integrals that contain the
correlation functions and one can then avoid the poles by rotating the integration contour
away from the real axis. Such a rotation is called a Wick rotation. It rotates the integration
contour along the real axis to an integration along the imaginary kg-axis by closing these
contours in the upper-right and lower-left quadrants and using Cauchy’s theorem. Obviously
one can only rotate such that one avoids the poles at ky = +(w—ic), as these would give rise to
extra contributions. Therefore the ie-modification prescribes how the analytic continuation
should be done.

Let us consider the Wick rotation in some detail and establish some of the rules. (The
reader may also consult De Wit & Smith section 8.2.) The integration contour integrals
such as (7.4) is thus rotated counter-clockwise over 7/2, so that kg is purely imaginary and
related to the real "Euclidean” variable by ko = ikg. The Wick rotation then leads to”

/ dky — [ dko =i / dkp. (7.5)
Consistency requires that delta functions change according to
d(ko) — —id(kg). (7.6)

Hence the analytic continuation of (7.4) leads to

h 00 ef’ikET

l(=im)q(0) = o—— | dkEW- (7.7)

2mm

From the Dirac representation of the delta function, one deduces from (7.6) that the Wick
rotation for the time variable should be taken in the opposite direction (so that tky = Tkg).
A clockwise rotation leads to (7.3), so that

) dt — —2/ dr,
t) — io(7). (7.8)

With these rules the exponents in (7.1) and (7.2) change according to

—S /dT —Ym(dgq/dr)?* - %muﬂq?} = ——S%q], (7.9)

h

"For indefinite integrals the integration variable kz can always be changed into —kg, so that the sign in

the relation between kg and kg is not very important. However, for a finite integration range the sign is
important as it will define the boundary values of the integration contour after the Wick rotation.
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1

/ dap {~3(0,0)" = 1(V9)* — dm*¢*} = —-57[g). (7.10)

The Euclidean action S is thus real and positive, so that the Gaussian integration is well
defined. It is customary to define also a Euclidean Lagrangian (density) from the action by

means of the relation

d
- / drLE(q(7), (7)) with ¢ = ch' (7.11)
T
Just as in chapter 2 we can derive a path-integral representation for the transition func-
tion,
E
WE(g2, 72;q1,71) = (qole” wH (=) 1) = /q(n)qu Dq(T) e Sl (7.12)
q(m2)=q2

The usefulness of this expression, which is a path integral over a real exponential factor and
not over a phase factor, will become clear in due course.

Let us now briefly consider the expressions for the Euclidean path integral for the free
particle and the harmonic oscillator. For the free particle (cf. problem 3.1) we have LF =

img®. One easily finds
m

SE— ™ ()2, 7.13
cl 2(7_2 _ 7_1) <QQ ql) ( )
and ( v
B m —m(qg2 — ¢
0% ) — = 7 14
(427201, 71) 21h(Ty — 1) exp{ 2h(1y — 1) } ’ (7.14)

which is clearly the analytic continuation of the result found in problem 3.1.
For the harmonic oscillator (cf. problem 3.3) we have LF = Img¢® + imw?q®>. The
solution to the Euler-Lagrange equation is ¢o(7) = Asinhw(7 — 79), which contains two

arbitrary constants A and 7. With the usual boundary conditions this becomes

¢ sinhw(7 — 1) — ¢y sinhw(7 — )

(7) = sinhw(my — 71) (7.15)

From this classical solution we calculate the classical action SZ, which determines the g¢-

dependence of the transition matrix
WE == f(Tl - 7_2>e—55[q]/h. (716)
As explained in chapter 3, the function f can be determined in various ways, and one finds

WE — . mw exp —nw [(q% + q%) COShw(TQ — 7—1) — 2(]1(]2] ) (717)
2rh sinh w(my — 71) 2hsinhw(ry — 1)

By analytic continuation this is related to the results derived in problem 3.3.
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The Euclidean theory is also interesting in its own right and Euclidean path integrals
have many interesting applications in physics. One of them is in equilibrium statistical

mechanics. To see this, consider the Euclidean version of (2.24),

WE(ga, o5 q1,71) = Z<Q2|n>€_E”(T2_Tl)/h<”|Q1>

n

= > eul@) Phlar) e, (7.18)

with
T2 —T1

="

This expression is proportional to a matrix element of the density operator pg for a statistical

(7.19)

ensemble with temperature T' = (k3)~1,

ps =

e 5, [y e (n

2
7. . (7.20)

which satisfies pg = pg and (q|pslq) > 0 for all |¢). The normalization factor Zz is just the
partition function, defined by

Zg=> e n (7.21)

(which gives Zs = ¥, N,e PP in case of a degeneracy N, of the energy level E,). This

expression can also be written as
7= [daval@) ila)e ™ = [~ daydes Wola ) 00— @), (722)

where in the second equation we used (7.18). In this way we find a path-integral represen-

tation for the partition function,

1 8
Z:/ Dy ex _7/ dr LP } 7.23
5= S oreaom D1 p{ n ) (¢,9) (7.23)

where we now integrate over all periodic paths, i.e. functions ¢(7) that satisfy ¢(0) =
q(hf). The original real-time coordinate is thus replaced by a a compactified imaginary-
time coordinate, whose range extends over hf3.

To illustrate the above result, take, for instance, L¥ = %mcf + V(q) and consider the
path integral for high temperature. (More precisely, for temperatures such that i is small
as compared to the typical scale set by the variations of the potential.) In that case the paths

cannot deviate too much from their boundary values, since this will induce large values for

8In the limit of zero temperature (3 — oo) the groundstate dominates the partition sum (7.21) and we
are dealing with the Euclidean theory whose analytic continuation leads to the Minkowski theory.
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the kinetic energy which suppresses the integrand in (7.23). Hence we may approximate
Jo? dr V(q(r)) by hBV (La1 + go]), so that

W (42,185 41,0) ~ exp { =BV (3la1 + o)) } /Dq exp {—; /Ow drémq‘Q} : (7.24)

The calculation of the path integral is now simple. From (7.14) we find

exp {W} . (7.25)

W (a2, 15 01,0) = exp {_ﬁv(%[fh + QQ])} 27:7";25

Zy = |—2 / dg e PV, 7.96
ﬁ 27Th2 qe ( )

which is just the partition function based on the Boltzmann distribution.

Using (7.22) then gives

We will now calculate the partition function of the harmonic oscillator from (7.17). How-
ever, we will allow ourselves a small extension and evaluate (7.23) for both periodic and

()

antiperiodic paths. The partition function will be denoted by Z5 corresponding to the

boundary condition ¢(h3) = £¢(0). (We will motivate that extension later in these lec-
tures). The result is

SE / / { —mw(cosh Bhw F 1) q }
(A 2mh smh ﬁhw h sinh Shw
B wh sinh Ghw
B \/ 277 smh Bhw \/mw cosh fhw F 1)

ﬁhw/2 —ﬁhw/2 . (7.27)
Therefore
(1) e —Bhw(ntd)
Zy" = Ze (7.28)
and

(Z e~ Phe(n—3) >_1 . (7.29)

We see that the partition function for periodic boundary conditions is that of a quantum
harmonic oscillator, as expected. It turns out that the inverse partition function for antiperi-
odic boundary conditions equals the partition function of a ”fermionic” harmonic oscillator
(which has a groundstate with energy —%hw and an excited state with energy %hw) It is
not easy to explain why we get the inverse partition function. This has to do with the fact
that fermionic path integrals require the use of so-called anticommuting c-numbers. The

significance of this statement will be explained in due course.
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We end this chapter by computing the euclidean correlation function for the harmonic
oscillator in the operator formulation. The canonical momentum was defined in terms of the
real-time (Minkowski) theory,
dq

1) = h ] = —. 7.30
plt) = Z2L where =4 (7.30)

In the imaginary-time formulation, the relation between p and ¢ reads

0L"(q,4) dg
=7 ——" here ¢= —. 7.31
p=i—p -+ where ="n (7.31)
Quantum-mechanically, p and ¢ are still represented by the same (Schrodinger) operators
satisfying the standard commutation relation [q, p] = i h. In the Heisenberg picture we have

to deal with the operators

sHT —%HT +HT —%HT (732)

which can be decomposed in terms of creation and annihilation operators a(7) = a exp(—wT)

and af(7) = a' exp(w7) in the usual manner (cf. (5.17)),

d7) = oo (alr) +al(r)),

h (a(7) = af (7). (7.33)

2mw

p(r) = —imw

Observe that p(7) satifies p = 9m . The reality conditions in the Minkowski case (¢'(t) =
q(t), etc.) have to be replaced by the so-called reflection positivity conditions,

o)t =q(=71), p(r)" =p(-7). (7.34)

Note that the factor ¢ in (7.31) is crucial for the reality of p(7).
Now we are ready to compute correlation functions in the Euclidean formalism. For the

harmonic oscillator the two-point function is computed as in chapter 6,
(0|7 (q(7) ¢(7'))[0)~,
7{010)7,
h

= 5 {0 =) 1o )t (7.35)

G(r,7") =

We use again the integral representation (6.13) of the #-function to find

h —1 = 1 o / Lo /
G n_ " / d —i(g—iw)(7—7") +i(g—iw)(T—1") ) 7.36
(r.7) 2mw 271 J—oo qq + i€ <6 te ) (7.36)

50



We shift the integration contour a distance w into the upper half of the complex ¢-plane. As

we don’t encounter poles in the integrand, which falls off at infinity, we thus obtain

B oo mialr—r)
G(r,7") = — ‘

—_. 7.37
27 J oo 1 q? + w? (7.37)
This is precisely (7.7), which was derived by analytic continuation of the real-time correlation
function.

The above Euclidean correlation functions pertain to the case of zero temperature. At
finite temperature the correlation functions take the form of ensemble averages. For instance,

the two-point function reads (0 < 7,7 < h [3)

Ga(r,7') = Tr [ps Tr(a(r) a(r")| = Tr [ps a(r)] Tr [psa(+)] | (7.38)

where T, denotes the ordering with respect to the Euclidean time variable 7. One can show
that this correlation functions corresponds to the derivative of the logarithm of the partition
function (which equals the free energy times —f3) with respect to an external source (see
problem 5.5).

Problem 7.1 :
Following the derivation in chapter 2, present the corresponding derivation of the Euclidean
path integral (7.12).

Problem 7.2 :
Consider the limit of (7.17) for T' = 75 — 71 — oo and derive the groundstate energy and
wave function of the harmonic oscillator. Try to do the same for (7.14) and explain why

matters are more subtle in this case.

Problem 7.3 :
Prove that G(r,7’) as given in (7.37) is a solution of (02 — w?)G(7,7') = =L §(7 — 7).

Problem 7.4 :

The correlation function Gg is defined in (7.38) with 7 and 7’ belonging to the interval
(0,h3). Show that it actually depends on the difference 7 — 7/, which is thus restricted to
the interval —Af3 < 7 — 7" < hB3. Prove that Gy takes the same value for 7 — 7/ = —hf3,
0, hB. Restrict 7 — 7 to the left-half of the interval (so —hfS < 7 — 7’ < 0) and prove the
periodicity property Gz(7 — 7') = Gg(T — 7' + h ).

Problem 7.5 :

o1



Write down the path-integral representation for Zg in the presence of a source term [ dr J(7) ¢(7).
Argue that J must be periodic and show that the correlation function (7.38) corresponds
to the second derivative of In Zg with respect to the external source. Subsequently, argue
that the correlation function can be expanded in terms of functions periodic in 7 — 7/ with
frequencies equal to w,, = mn/(h ) where n are even integers. These frequencies are known

as the Matsubara frequencies.

Problem 7.6 :
Using the 7-periodicity property, derive, for the harmonic oscillator, an expansion of Gg(7T —
7') in terms of the even Matsubara frequencies along the lines of what we did in chapter 6

(i.e., expand the variables ¢(7) in terms of periodic functions). Show that it satisfies

(@ ) Calr ) =~ i(r ),

for 0 < 7,7/ < h 8. Moreover, prove that in the zero-temperature limit, by converting the

sum into an integral, one obtains (7.37).

Problem 7.7 : Flux periodicity

Consider an electrically charged particle with mass m and charge ¢ moving on a circle C' of
radius R in the (z,y)-plane. Inside the circle is a magnetic field such that the flux encircled
by C'is equal to ®. The circle is parametrized by (x,y) = (Rcosf, Rsinf) and 0 < 6 < 2.

The classical action then reads
Sulf] = / dt{mR?6* + qROA}

with A = ®/27 R the magnitude of the vector potential along the circle due to the enclosed
flux. (Observe that the second term in the right-hand side equals (in cartesian coordinates)
precisely the well-known interaction term [ dt ¢ z ff(f), which is responsible for the Lorentz

force.)

i) Give the expression for the momentum py and show that the Hamiltonian takes the

form

(pg — h®/Do)?
2m 2 ’

with &g = h/q the flux quantum for this problem. After quantisation py and 6 are two

H(pe,e) =

operators satisfying the commutation relation [0, pg| = ih. How does py act therefore
on the wavefunction (6, ¢)? Specify the boundary conditions on ¥ (6, ¢) and determine

the eigenfunctions and eigenvalues of the operator py.
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ii) Determine the eigenvalues of the Hamiltonian. What is your conclusion concerning the
energy spectrum {E,(®)} and {E, (P + $g)}?

With this Hamiltonian we can now derive a path-integral expression for the transition func-
tion We e (01,t1;00,t0) = (01]e HE1=%)/7|9;) in the usual way. Following the same steps as

in problem 3.6, the result takes the form

Weo(b1,t1;00,t0) = > Wby + 210, t15 600, 1)
f=—00
where Wa(01,t1; 00, t) is the transition function for a particle with 'mass’ mR? and charge
q that freely moves along the entire #-axis. This means that —oo < 6 < oo, while the

path-integral expression for W (01, t1; 6y, to) takes the form
W¢(017t1;00at0) = /DQ eiSq)[G]/ﬁ )
with Sg[f] the classical action defined above.

iii) Using the explicit form of the action, show that
Wao (01, t1; 00, to) = @002 We_ (61,1360, t0) - (7.39)

Use the expression for the path integral for a free particle (cf. problem 3.1) to determine
the corresponding partition function Zz(®). To do this, first present the expression for

the partition function as a sum over ¢ and determine the periodicity of Z(®).

iv) Subsequently, use the Poisson resummation rule (5.37) (integrated over a suitably cho-
sen function) and rewrite the previous result. Argue now that the resulting expression

is in agreement with your conclusions in i) and ii).

8 Tunneling and instantons

Tunneling is one of the most interesting phenomena in quantum mechanics, which cannot
be described in perturbation theory in h. It turns out that the Euclidean path integrals
introduced in the previous chapter offer a convenient framework for obtaining quantitative
results, at least in the semiclassical approximation. In certain cases this involves dealing
with so-called instanton solutions, as we will demonstrate shortly. Our starting point is the

path-integral representation of the Euclidean transition function,

—LH(rp—7 -1 T
WE(QZaTQ; Q177-1) = <QQ|€ e 1)|q1> - a(m1)=a1 DQ(T) € r ) ' (81)
q(T2)=q2
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From this expression we intend to extract information about the energies and certain matrix
elements by considering the limit of large T. We will restrict ourselves to the Euclidean
Lagrangian L¥ = %q’Q + V(q). In the semiclassical approximation we need the classical

trajectory. Hence we must consider solutions of the equations of motion, which read

%

j= 0 (8.2)

We assume that V' (g) is bounded from below and by adding a suitable constant we ensure
that its minimum value is precisely equal to zero. Hence V(g) > 0. One easily verifies (e.g.
by multiplying the above equation with ¢) that %q’Q —V(q) is a constant of the motion. Hence
we write

%(f - V(Q) = E? (83)

with E a constant. Note that E is the energy for a particle moving in the (negative) potential

—V(q). Obviously
Gg=+/2(E+V(q), (8.4)

which can be integrated and yields the solution

q2 dq
T, — T =% : (8.5)
“ 2B+ V(g)
The Euclidean action SZ[qo] corresponding to the classical path go(7),
Seildl =/ dr(3d® +V(g), (8.6)
71

is obviously nonnegative for any trajectory, provided that 7, > 7. When the initial and
final times, 71 and 7, tend to oo, then the action will diverge, unless the endpoints (71 2)
correspond to absolute minima of the potential (where V' = 0), and the velocity will tend to
zero. This implies that finite action solutions for infinite time intervals must have £ = 0, at
least for solutions of the equation of motion (8.2). The action for solutions can be written
in a variety of ways,

Silao) = /:2 dT(QQ - E) =—FE(ra—7)+ /:2 dr ¢ (8.7)

1

= [ ar(ldV2AE + V(g) - ) = ~E(r - ) +sand [ dg 2B+ V(e).

q1

In the last expression we assumed that ¢ is of the same sign throughout the trajectory.
In the semiclassical approximation, discussed in chapter 3, we expand about a classical

trajectory with boundary values ¢(712) = ¢12, keeping terms quadratic in the deviations

o4



from this trajectory over which we subsequently integrate (cf. (3.5),(3.10)). Formally this
integral leads to a determinant of a differential operator. Up to certain normalizations we
thus find

—1/2 E

W2 (g2, mai g, m) o< [det (= 02+ V" (qo(r)))| " e Sl {14 O(h)}, (8.8)

where V" = 9*V/0¢* and the differential operator in the determinant acts on functions that
vanish at the boundaries 71 2. It is now clear why we are interested in classical paths with
finite action, because otherwise, the above expression will simply vanish. It is sometimes
convenient to consider ratios of determinants to avoid some of the subtleties with normal-
ization factors. Therefore one often divides the above determinant by the determinant of
a similar operator, but now with V" replaced by a suitably chosen constant (such as the
value of V” taken at a minimum of the potential). The latter determinant is known from
the explicit expression for the transition function of the harmonic oscillator (7.17). Setting

Ty = —71 = T/2 we rewrite (8.8) as

w
W (g2, 725 q1,m1) = 4/ S h ST K e Selao()l/h {1 + O(ﬁ)} : (8.9)

det ( — 02 + w?)
det (=02 +V"(qo(7)))

The factor K depends on T" and on w. In principle w is chosen such that K remains finite

where

(8.10)

in the limit for large T". Later we will see that subtleties may arise when 7" tends to infinity,
but for the moment we ignore possible complications and continue.

To elucidate our strategy let us first consider a simple example of a potential with a
single minimum, say at ¢ = a, so that V(a) = 0. We consider the Euclidean path integral
for boundary values qg; = ¢o = a. There is only a single solution connecting these endpoints,
namely ¢(7) = a, which has vanishing action. Any other classical trajectory starting at
¢1 = a will have a certain velocity and thus a finite energy at ¢ = a; however, once the
particle moves away from ¢ = a it will never return and acquire more and more kinetic
energy and thus increase its action until it reaches the endpoint ¢, which cannot be equal
to a.

Choosing w? = V"(a), the factor K equals unity and we find

w T—o0 w —w
WE(G,T/Q;G/, —T/2):\/m — “%6 T/2. (811)

This shows that the groundstate energy is equal to %hw, up to higher orders in h, while the
overlap of |a) with the groundstate |0) satisfies [{a|0)| = [w/mR]'/4. This result is obtained

in the semiclassical approximation and is exact for the harmonic oscillator (cf. problem 7.2).
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Figure 1: A double-well potential V' (¢) and the instanton solution, which gives the classical
trajectory for a particle moving between the maxima of —V(g) in a time interval 7T'.

8.1 The double-well potential

Let us now consider the more complicated case of a double-well symmetric potential, V(q) =
V(—q), with minima at ¢ = £a. Just as above we will choose the boundary values ¢ 2
equal to the positions of the classical minima. Hence two different transition functions are

of interest, namely

W(xa,T/2;+a,—T/2) = (xale "T/" +a),
W(+a,T/2;Fa,~T/2) = (Fale " Fa), (8.12)

where we identified certain matrix elements by virtue of the reflection symmetry ¢ < —q.
Because this is a symmetry of the Hamiltonian, energy eigenfunctions ¢ (¢q) must be either
symmetric or antisymmetric in ¢q. Classically there are two independent groundstates ¢ = +a.
Without tunneling, these states would acquire the same semiclassical energy equal to %hw,
where w? = V"(a) = V"(—a). However, due to quantum tunneling the two states will
mix and this causes a shift in the energy levels, such that the symmetric state acquires the
lowest energy. Our goal is to calculate these shifts in the energy levels in the semiclassical
approximation.

Let us first keep T finite. In that case there is again a unique classical solution with
¢1 = ¢2 = *a, which is equal to ¢(7) = a. This solution has zero energy and zero action.
Also there is always a solution with ¢; = —q2 = Fa, which is shown in Fig. 1. This solution
is known as the instanton®. The corresponding solution —¢(7) is called anti-instanton. Let
us first discuss some of its properties. For finite T" the classical trajectory connecting the two

maxima in —V'(¢) must carry a finite energy, simply because the particle should move away

9In the limit 7 — oo the instanton solution may be regarded as a finite-energy static soliton in 1 + 1
dimensions. To see this, let g also depend on a real time variable ¢ and interprete 7 as a spatial coordinate.
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from the maximum with a nonzero velocity. For the instanton this velocity equals vV2F,| so

that the endpoints of the solution are approached linearly, i.e.
q(1) = £a+ V2E(r F3T), for 71— +iT. (8.13)

A number of features changes when 7" becomes infinite. In that case the velocity at ¢ = +a
must vanish, because otherwise the particle will reach the other maximum in a finite time
(after which it continues to move beyond the second maximum and will never return). So
E must be zero. This implies that the particle reaches the endpoints at ¢ = +a in an
exponentially slow manner. We can determine this from (8.5). Assuming that we choose 7
and 7, > 7y to be large enough so that the particle moves closely to one of the two maxima.

Then we may approximate the potential around ¢ = +a by V = %aﬂ(q Fa)?, so that

1 pal=) d 1
Tg—ﬁ%j:—/ i :——IHLW. (8.14)
wlyrm) aFq  w  aFq(n)
This leads to (|7] > 1)
q(1) = j:a{l - ce‘whq , (8.15)

with ¢ some positive constant. The action (8.7) remains finite in the 7" — oo limit and
receives its contribution mainly from the center of the instanton solution, where the velocity
differs substantially from zero. An explicit solution is discussed in problem 8.1.

There is a subtlety in the T" — oo limit, because if T is really infinite, then there is no
reason to insist that the instanton solution goes through the origin. Stated differently, the
fact that the boundaries in 7 have been shifted to infinity implies that we regain translational
symmetry in 7. If go(7) is a solution, then also go(7+ k), with k some arbitrary finite constant

must be a solution of (8.2). Hence we are dealing with a continuous set of solutions and we

Consider then the action
Statt.) = [ dear (400 - 0.0 - V(0).

For static solutions ¢ satisfies the equation of motion 92¢ = V’(gq), which is just (8.2), and defines some
extended object in one dimension. Its energy equals [ dr (8-¢)?, with the integral extended to the whole -
interval. (Previously this quantity was identified with the action, (cf. (8.7)), where the integration constant
E (which is not the energy of the extended object) must vanish in order that the energy be finite.) The
energy of the extended object receives its relevant contributions from the region around 7 = 0, where the
derivative differs appreciably from zero, so that the energy density is concentrated here. Hence we describe
a extended object localized at 7 = 0. However, 7 is just the Euclidean time variable, so that in some sense
we are describing a (somewhat smeared out) “event” at 7 = 0. This motivated the name “instanton”, or
“pseudoparticle”, for this solution.

In a field theory in 1 time dimension and d— 1 space dimensions we can thus define instantons as finite-action
solutions of the d-dimensional Euclidean version of the theory. These solutions can be regarded as static
finite-energy solutions of a theory in 1 time and d space dimensions.

57



can thus consider two solutions that are arbitrarily close, i.e., ¢ = qo + dq. Subsituting both
sides into the differential equation (8.2), assuming that both ¢’ and ¢y satisfy the equation,

and retaining terms linear in dg, we find that g must satisfy the differential equation
[ = 92+ V"(ao(7))]q(r) = 0. (8.16)

The function d¢(7) is called a zero-mode, because it represents an eigenfunction of the differ-
ential operator with zero eigenvalue. So whenever we have a continuous set of solutions there
is an associated set of zero modes that satisfy the above equation. Continuous degeneracies
always appear whenever a system has a continuous symmetry. In the case at hand, the
symmetry is provided by the translations in 7 and the zero-mode solution takes the form
dq = o, simply because qo(T+ K) ~ qo(7) + kG(7) + O(£?). Indeed, one easily verifies that o
is a solution of the differential equation (8.16). As long as T is finite, the zero-mode solution
poses no difficulty; the shifted solutions do not satisfy the appropriate boundary condition
and ¢o does not vanish at 7 = £7/2.1° Obviously the presence of the boundary conditions
suppresses the degeneracy, but when T is infinite this suppression does not take place.

Hence if the time interval is really infinite then there are many solutions that move
between maxima of —V'(¢) in an infinite time interval. First of all, the (anti-)instanton
solution itself can we shifted arbitrarily, but furthermore we can glue together a set of
instanton and anti-instanton solutions, separated by infinite (or at least large compared to
1/w) time intervals. While there is precisely one exact classical solution when the time
interval is finite, there is an infinite number of approximate solutions that become closer and
closer to an exact solution in the 7" — oo limit. Furthermore, the ratio of determinants K
defined in (6.9) will diverge, because the differential operator in the numerator has zero-
modes whose eigenvalues vanish as shown in (8.16).

We should stress that these two features, the degeneracy of the solutions and the pres-
ence of the zero-modes, are intimately connected. Both seem to lead to divergences, but as
it turns out their combined effect will remain finite. With this in mind let us proceed and
evaluate first the one-instanton contributions. We thus want to determine the semiclassi-
cal contribution of one-instanton solutions to the functional integral with boundary values
q(—o0) = —a and ¢(o0) = a. For an infinite time interval, we are confronted by an infinite
variety of instanton solutions, which we can characterize by the time 7y at which the solution
is zero. We will call 79 the “position” of the instanton. Previously, with a finite symmetric
time interval (—7/2,7/2), the instanton’s position was necessarily equal to 7 = 0, because

of symmetry reasons. However, for an infinite time interval we can shift 7 to 7 — 79 and

1ORemember that we are taking the determinant of a differential operator acting on functions that vanish
on the boundary.
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obtain an instanton at .
Now we want to extract the integration over the instanton position outside the functional
integral. We do this by means of the following trivial identity,
o0
| an li(m)l a(a(ro)) = 1. (8.17)

which holds for any function ¢(7y) that vanishes precisely once along the infinite 7-axis.
As we will be considering a path integral with boundary values ¢ = 4+a at 7 = 400, we
know that any function must have an odd number of zeroes. By restricting the semiclassical
corrections to the one-instanton sector, we assume precisely one zero. Later we shall include
other solutions.

Inserting this identity under the functional integral, interchanging the order of 7y inte-
gration with the path-inegral and identifying ¢ in (8.17) with the function ¢(7) in the path
integral, we obtain the following result,

W(a,o0; —a, —o0) = /OO dro /

q(—o0)=—a
q(c0)=a

Dq(r) 8(q(0)) |(0)] e 75 10 (8.18)

The path integral thus extends over all possible trajectories between ¢ = Fa at 7 = Foo
which vanish (once) at a given time 7. According to (8.18) the path integral factorizes into
two parts, one associated with paths running from ¢(—oc0) = —a to ¢(79) = 0, and the other
one corresponding to paths running from ¢(79) = 0 to ¢(co0) = a. These two path integrals
can subsequently be evaluated in the semiclassical approximation. Because of the boundary
value at 7y, there are no problems with degenerate solutions and corresponding zero-modes.

In principle, the semiclassical approximation is rather straightforward. Because of the
symmetry of the potential the classical action associated with the positive or the negative
branch of the instanton solution is equal to one-half of the action of a full instanton. In
what follows, we denote the action of a full instanton by Sy, so that the semiclassical results
equals exp(—%So /h), times a determinant factor corresponding to the integral over the small
deviations about the classical instanton solution. We write this determinant in a form that is
familiar from the Gel’fand-Yaglom representation (see problem 3.5), but now in the context

of Euclidean time 7. For instance, for the time interval (9, 79 + 7'/2) we write

=2rh V(o +T/2,7), (8.19)

q0(70)=0; go(T/2)=a

det | — 02 + V" (go(7))]

and there are similar expressions for different boundary values. We return to the definition
and the subsequent evaluation of ¥ shortly. For the moment we note that we need a similar
expression for the time-interval (79 — 7'/2, 7). Furthermore, we also have to incorporate

the factor |¢(7)| that appears in (8.18), but as deviations of the classical trajectories induce
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corrections of order v, we can approximate it by its classical value. According to (8.4),

this value is equal to 1/2V'(0). Hence we write

/q(—oo>=—a Dq(7) 6(q(70)) |4(0)| o™ rFlm] = 27154 U(m + T/Q,ix(\l(f]zm,m —T/2) e
(8.20)

At this point we should first discuss the definition and evaluation of the function ¥ (7, 7’),

q(o0)=a

which is a function of the (Euclidean) time difference 7 — 7. It is defined by the following

conditions,

dw

T=T1' ’ dr

— 24V (q(r)]¥(r, ) =0, ¥

=1. (8.21)

T=T7'

Hence V¥ satisfies a time-independent Schrodinger equation with 7 playing the role of the
coordinate and the 7-dependent potential given by V”(qy(7)). Note that this potential is a
function of 7 through a given instanton path go(7). For reference purposes, let us assume
that go(7) is the (anti)instanton solution centered at 7 = 7y in the middle of a 7-interval of
size T', where T is supposed to tend to infinity. Therefore the potential V”(qo(7)) behaves
as follows. It is symmetric in (7 — 7) and for |7 — 7| > 1 it tends to a positive constant
w? = V’(a). Around 7 = 79 it exhibits a dip. It becomes negative and its minimum at
T =1 is equal to V"(0).

The second-order differential equation (8.21) has two independent solutions. We will
define these two independent solutions and use them extensively to decompose the various
solutions of the differential equations with various boundary and/or normalization condi-
tions. One solution that we have already encountered, is proportional to the zero-mode
solution. It is symmetric in 7 — 79 and we define it by ¢(7) = Go(7)/qo(70), so that its value
at 7 = 79 is normalized to unity. The second independent solution can therefore be chosen
antisymmetric in 7 — 7o. We denote it by ¢ (7) and we normalize it by requiring () = 1.
Obviously ¢ itself vanishes at 7 = 75. The so-called Wronskian associated with these so-
lutions, defined by g0¢ — ¢, is constant and its value is equal to unity, as one can verify
at 7 = 79. Asymptotically, solutions to the differential equation behave as exp[+w(T — 79)].
However, we know that the zero-mode solution ¢ vanishes asymptotically (this is qualita-
tively clear, but follows explicitly from (8.15)), so that we expect the second solution 1 to

contain an exponentially increasing factor. Therefore, the two solutions satisfy the following

properties
o(1g) =1, o(19) =0, o(t) = Cy ewImT=ml for |7 — 70| — 00, (8.22)
Y(m) =0, U(ro) =1, U(1) ~ sgn(r — 1) C_ e’ ™1 for |7 — 1| — o0
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From the value of the Wronskian we derive that C'y and C_ are not independent and satisfy
the condition 2w C'y C_ = 1.

Armed with this information we determine straigthforwardly, in the limit 7" — oo, the
two functions ¥ in (8.20).

(g +T/2,m) ~ C_e*T/? U(ro, 70 —1T/2) =~ L T2, (8.23)
2wCy
The first result is rather obvious. To determine second one one first writes the solution
for U(r,79 — T/2) near 7 ~ 79 — T'/2, which is equal to w™'sinh|w(r — 79 + T'/2)]. This
solution decomposes into ¢ and ¢ and by matching the exponential factors far away from
the instanton locations, one can determine the explicit decomposition,

ewT/2 —wT/2

(1) + <
2wC'y T 2wC_

U(r, 70 —T/2) = (7). (8.24)

When choosing 7 = 79, the second term proportional to 1 vanishes so that one obtains the
required result (8.23). Of course, for a specific example the above results can be worked out
explicitly, as we will see in problem 8.2. Later on in this chapter, we will have to consider a
similar matching for the multi-instanton solutions.

After this digression we continue the determination of (8.20). First we rewrite the corre-

[ W T2 So . s /R
— — K o/ 2
mh ¢ 2mh © (8.25)

Subsequently we establish that W (7o + T/2,70) ¥(79, 70 — T/2) ~ C? exp(wT), and we use

this result to rewrite the (positive) factor K’ as

K' = lim V(())J e’ :J 40Ny (8.26)

sponding expression as

T—oo QJS() \IJ(TQ—l—T/Q,To) \I/(To,To—T/Q) SUUJCE

Integrating (8.25) over the instanton position 7y leads to an extra factor T,

W(a,o0; —a, —00) = Tlim % e T/? 250h K'T e/ (8.27)
—oo V T T

Clearly this answer does not depend exponentially on 7', due to the degeneracy of the one-
instanton solutions, so that we cannot extract a value for the energy.

Before continuing let us explain the reasons for extracting the prefactor |/Sy/(27h) in
(8.25). The factor v/Sp in the numerator is precisely the norm of the zero-mode ¢y, as can
be seen from (8.7) upon subtituting £ = 0. The factor v/27% in the denominator arises

because of the fact that we were dealing with a path integral in which the paths are fixed at
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some intermediate value (namely at 75). Each integration over a point of the path at a given
time carries a factor 1/v/27h, as is shown in (2.21). These factors are almost completely
cancelled by the appropriate measure of the path integral. The very same factor in (8.19) is
a remnant of this. Compared to a path integral over unrestricted paths, a path integral over
paths fixed at some intermediary time, carries a relative factor 1/ V2mh. When integrating
over the intermediary position, the correponding Gaussian integral yields a factor v/27h, so
that the relative factor disappears.

The multi-instanton solutions can now be treated in the same way. Hence we consider
the contribution in the path integral of paths ¢(7) that cross the 7-axis 2n + 1 times and ap-
proximate them by an alternating sequence of n+ 1 instanton and n anti-instanton solutions.
Here we assume that the instantons remain localized and separated by infinite time intervals,
the so-called dilute-instanton approzimation. Again we use the trick based on (8.17) to write
the path integral as an integral over instanton positions 7p K 7 < -+ K Top_o K Ty, and
anti-instanton positions 7 < 73 <K -+ <K To,_1. Keeping the (anti-)instanton positions fixed

for the moment, we are interested in the functional integral

/f1<—<>o>:—a Dq(7) (éé(Q(Ti)) |Q(Tz>|) o5 )], (8.28)

q(o0)=a

This integral can be evaluated and gives rise to the following result

(1) ntl (QV(O))2n+1 e—(2n+1)50/h (8 29)
27Th \I/(T/2,7'2n> \I/(Tgn,Tgn_l)"'\I/<7'1,Tg> \I/(Tg,—T/2) ’ ’

To further determine this expression we need an expression for V(7;,1, 7;), where 7; and 7,4,
denote two consecutive, widely separated (anti-)instanton postitions. It can be obtained
by considering W(7,7;) at an intermediate value between de instanton and anti-instanton
and comparing its form by extrapolating from both sides. Obviously ¥ (7,7;) = (1) =~
C_ expl|w(T —7;)], where the subscript ¢ indicates that the functiony; is defined with respect
to the i-th (anti)instanton, and one must be able to write this as a linear combination for
the functions ;41 and 1;;1, but now defined with respect to the (anti)instanton at 7;,.

Matching the exponentials e*” leads to

C_ efu)ﬁ‘

U(r, i) = O, e—wmim

Pit1(T) + arhipi (1), (8.30)
where « is some unknown coefficient. From this expression one derives

U(Tig1,7i) & 2w C2 T —mi) (8.31)
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Substituting this result we obtain the following result for (8.28),

2n+1

So

W T2
¢ 21h

mh
where K’ was defined earlier in (8.26).

Subequently we integrate over the 2n + 1 (anti-)instanton positions. However, we have

K'e=So/h , (8.32)

to take into account that every instanton must be followed by an anti-instanton, and vice

versa, until one reaches the end. Hence the integral takes the form

/T/Qd /TQn d /T2 d /n q 1 2ntl (8 33)
~T/2 Ton -T/2 Tan—t ~T/2 m ~T/2 0= (2n 4+ 1)! ' '

Substituting this expression into the path integral and summing over all multi-instanton

configurations gives rise to

So
2mh

W(a,o0; —a, —o0) = lim e~ wT/2 Z 2n+ {

T—o00

2n+1
K’ Te_SO/h] . (8.34)

Of course, the same result is obtained when interchanging the endpoints and considering
paths running from ¢ = a to ¢ = —a. But multi-instanton solutions contribute also when
the endpoints are identical, except that the numbers of instantons and anti-instantons must

then be equal, so that the sum runs over even powers of T,

2n

W(a,00;a,—00) = lim %G_WT/Q Z( K'T _So/ﬁ] . (8.35)

T—oo \ T ¢ (2n)!

1 { So
2h

Note that we included the zero-instanton contribution.
Both results (8.34) and (8.35) can be summed and we obtain

W (a, 00; +a, —o0) = Thm z ie_“’T/Q

X{eXp ,/ K’Te*SO/h j:exp ,/ K’ So/h}. (8.36)

After this summation the result depends exponentially on 7" and we can extract the results
for the energy and the wave functions. We clearly distinguish two exponential factors cor-
responding to two different intermediate states in the evolution operator. One corresponds
to the ground state, which we expect to be symmetric. The other one, corresponding to an
exited state, is antisymmetric in ¢ — —g. We denotes these states by |S) and |A) and we
use that (—alS) = (a|S) and (—a|A) = —(a|A). In this way we extract the correponding
energy levels denoted by Fg and F 4,

[ So
_ l / —So/h
Ei = shwFh Py K'e : (8.37)
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As expected, the ground state (with energy Fyg) is symmetric under the reflection symmetry
q — —q (cf. problem 8.3). Observes that these answers cannot be obtained form standard

perturbation theory, which would yield a power series in h.

8.2 The periodic potential

As a third application we consider the periodic potential with minima at ¢ = na, with n an
integer, where periodicity interval of the potential is equal to a. Then the eigenstates of the
Hamiltonian can be chosen such that they are simultaneously eigenstates of the translation
operator 7, which shifts the coordinate ¢ to ¢+ a. This translation operator commutes with
the Himoltonian and must be a unitary operator, so that its eigenvalues can be written as a
phase factor. Hence we expect that eigenfunctions v(g) will be quasi-periodic, i.e., they will
satisfy (g + Na) = exp(i6N) 1)(q) for some angle 6. This property will be confirmed below.
Let us now repeat the semiclassical instanton approximation. Using the same steps as

above, we can sum over the solutions consisting of instanton and anti-instantons. However,
in this case there is no correlation in the ordering of instantons and anti-instantons as
an instanton does not have to be followed by an anti-instanton. The integration over n,
instanton and n_ anti-instanton positions yields therefore a factor

T+ T

ny! n_l’

The transition function between two states |fa) and |(£ + N)a) therefore takes the form

ny+n_

> 1
W((¢{+ N)a,o0; la, —00) = lim %e‘“’Tﬂ > { S0 K'T e 50/h

T—oo V ny =y Nl LY 27h

(8.38)

Using the following representation of the Kronecker-delta for integers n,

1o
no = 5 /_ g, (8.39)

and inserting it into the above expression with n replaced by N —n, + n_, we can perform
the sums in (8.38) under the #-integral by summing over unrestricted integers ni. The

instantons and anti-instantons thus yield a factor

exp[ iK'Te_SO/h:Fw , (8.40)

2mh
respectively. The final result takes the form

W((¢+ N)a,oo; la, —o0) = lim d e_“’T/2

T—oo

x—/ de e“gNexp 20039\/ K' _SO/FL (8.41)
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In (8.41) we distinguish a variety of exponential factors associated with continuous band

Ey = shw — 277,0089\/ K' —So/R (8.42)

Denote the corresponding eigenstates by |6) and insert a complete set of eigenstates into

of energies

((l+ N)a|exp(—HT/h)|la). In the approximation that we are working with, only the states
|6) contribute, as is obvious from (8.41), so that we conclude

(€ + N)a|6) (6]¢a) = % o | (8.43)

or

=

(€ + N)ald) = &N (alf), and |(€a|9)|:{:fj. (8.44)

We conclude that we are dealing with a continuous band of eigenstates with energy (8.42),
characterized by an angle #, which has a two-fold degeneracy. This band structure is very
characteristic in solid-state physics and is, for instance, extremely relevant when describing

the behaviour of electrons in solids.

Problem 8.1 :

Consider the (anti-)instanton solutions for the double-well potential

— 2 2y2
Vig) = g 5(a" =), (8.45)

and show that (for 7' = o00) it takes the form
¢(7) = atanh [1w(r — 70)], (8.46)

where 79 is the instanton “position” (the time where the velocity is maximal and ¢ vanishes).

Finally show that the action equals SF[q(7)] = 2wa®.

Problem 8.2 :
Reconsider the Gel’fand-Yaglom method for the calculation of determinants for the Euclidean
case (cf. problem 3.5). As before the semiclassical result takes the form F(7/,7) exp(—S/h),
with S the action corresponding to the classical path. The prefactor is equal to

1

F(r,7) = ——,
2RV (T, ")

where W is proportional to the determinant of the differential operator [— 92 4+ V"(qo(7))] for

functions that vanish at the boundary. Prove that ¥ is a solution of the differential equation

— 02+ V" (qo(r)| ¥ (7, 7) =0, (8.47)
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with boundary conditions W (7/,7") = 0 and 0,¥(7,7')|,—~ = 1. Discuss the large-time

behaviour.

Problem 8.3 :

Consider (8.36) and the matrix elements of exp(—HT/h) in the two-dimensional space
spanned by the states | = a). Insert a complete set of eigenstates and argue that only two of
them, denoted by |S) and |A), contribute. Identify their corresponding energies with (8.37).
Find the overlap of the eigenfunctions with the states | £+ a) and show that (a|S) = (—alS),
(a|A) = —(—a]A) and |(a]S)| = |(a|A)| = [w/(4xh)]"*. Interpret this result.

Problem 8.4 :
Show that V" in the instanton background corresponding to the potential (8.45) takes the
form
V// w2 (3 2 2) 1,2 9 3 (8 48)
=— —a%) = ;w2 — :
2a2 ! 2 cosh? tw(T — 7o)

We consider the differential equation (8.47). This is just like solving the Schrodinger equation
with (8.48) as a potential for which we must determine the zero-energy solution. One such
solution is already known, as it correponds to the zero-mode. Show that it equals (with

certain normalization)
1

cosh?(w(T —79)/2)

This is the true groundstate wave function for the potential (8.48). It is nowhere zero and

p(r) =

vanishes exponentially at infinity. Show that it satisfies the following properties
o(r) =1, o(19) =0, o(T) ~ 4™l for  — +00.

Prove that all zero-energy solutions behave asymptotically as exp(fw7) and can be chosen
symmetric or antisymmetric under (7—7y) — —(7—7p). We are interested in the independent

solution ¢ (but only for large and positive 7) that satisfies the boundary conditions

w(To) =0, ?ﬁ(To) =1.

Show that any two solutions with equal eigenvalues, say f and g, have a constant Wronskian

fg— f g. For ¢ and v use this observation to prove that
gy =1

Solve this equation at large 7 to obtain an asymptotic prediction for ).
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With the help of the above results show that the Gel’fand-Yaglom function ¥ behaves as
1
\II(T() + T/2, 7'0) ~ % GWT/Q.

Determine also W(1y, 79 — 7'/2) by matching the solution at 7 ~ 79 — 7'/2 to a linear com-

bination of ¢ and/or ¢. Calculate the constant K’ and, using the result for the instanton

action found in problem 6.1, derive that the energies of the lowest-lying states are equal to
hw3a?

Es = JhwF2 e swa/h
A ™

Problem 8.5 :
Consider a particle in a two-dimensional plane and denote its position ¢ in polar coordinates
by ¢(cos8,sin@). The particle is constrained to move on the circle ¢ = R and the Euclidean

action of the particle is, therefore, simply
PG = [ dr 1@? = [ ar LR0)°

We want to calculate the transition function W (6y,7T/2;6,,—1/2) in the semiclassical ap-
proximation (which is exact here). What are the classical paths that contribute to this
transition function? Calculate the classical action for each of them.

Using the (real-time) result of problem 3.6, part iii), write down the exact transition
function. Identify the contribution from the the various paths and observe that the prefactor
depends on T', and not on #; and 65, as expected.

The exponential factors do not obviously yield the expected behaviour for large T. Use the
Poisson resummation formula (5.37) such that the expected form is obtained and identify the
contribution from the energy eigenvalues and the wave functions. Consider the dependence
on #, — 0 for large and small T" and explain the result.

Next consider a relativistic field theory for a complex scalar field ¢(x) = |¢(z)|e?@),
which is also constrained to take values on the circle |¢(z)| = R/v/2. The relevant Euclidean
action is now

Sﬂ@:/&m@WW¢=/&x5ﬂ@m?
We want to calculate again the transition function W0y, T/2;60,,—T/2), where 0; and 6,
are constant (i.e., they do not depend on the space coordinates), in the semiclassical ap-
proximation (which is exact). Determine again the classical paths subject to these boundary
conditions and the corresponding value of the action. Assume a finite volume V' of space at

this point.
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Observing that the result obtained is almost entirely the same as that found above for
a single particle, try to justify the prefactor in the transition function, and use the Poisson
resummation formula exactly as above. Then take the limit V' — oco. What is now your
conclusion about the (fy — 6;)-dependence of the transition function in general and the

groundstate wave function in particular?

9 Perturbation theory

For most actions S we cannot explicitly calculate the path integral. However, we will show
that we can describe the path integral in perturbation theory in terms of an infinite series of
so-called Feynman diagrams. Consider an action S which is not only quadratic in the fields

but also includes higher-order terms. We write

S[9] = Sol¢] + Sil¢], (9.1)

where Sy[¢] denotes the part of S quadratic in ¢, while S;[¢] contains the higher-order terms.
The path integral W can be written as

W= [D6 exp {55000l fexp {5116} (9.2)
In chapter 4 the following identity was derived
[Doesp {silol + 7o = {3010}, (9.3)

where A is the two-point function of the free theory, determined by Sy. Clearly the two-point
function is directly proportional to the inverse of the quadratic term in the action. Note

that we use a compact notation, where
J-¢= /dx J(x)p(x) and (J,AJ) = /d:c dy J(z) Az, y) J(y). (9.4)

If the quadratic term in the action is equal to %(qb, Ag¢) then A = ih A='. The two-point
function A is often called the propagator. The path-integral measure D¢ is normalized such
that [ D¢ exp[sSo] = 1.

Using (9.3) we get

[ D600 onep{gsiidl} = [Doe e wsifol + 6}
= 8(?]188% exp{%(J,AJ)}

J=0

J=0
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To compute (9.2) we expand exp {%SI[(b]} as a power series in terms of the fields; (9.2) can
be written as

W= exp {;5, [8/8J]} exp {1(J,A0)} (9.6)

To be more specific and to clarify what is meant by S;[0/0J] we discuss an example

J=0

based on the action

S = / d'z (Lo +Ao'(z)) (9.7)
where L, is the quadratic part of L. The coupling constant A must be taken negative in
order that the potential be bounded from below. Then (9.2) becomes

W= [Doexp {; [t /\gb4(x)} exp {;So[gzﬁ]} . (9.8)

The first term, exp{%S 1}, can be expanded as a power series

exp{;SI[qS]} = 1+Zg\/ddmgb4 T {/dd } +--- (9.9)

We focus on [ D¢ [ d?x ¢*(z) exp {So[d]}, treating higher-order terms as perturbations. With
(9.5) this is equal to

/ddx (aja(x)>4exp % (J, AJ /dd <8J )4 exp{;/ddyddzj(y)A(y,z) J(z)}

(9.10)

Using gj(gg = §%(z — y) one easily finds this to be equal to

/ddx {3A2(J:,x) + 6A(x, x) (/ d%y A(x,y)J(y)>2 + (/ d%y A(x,y)J(y))4}
X exp {;/ddz d*2 J(z) Az, 2) J(z’)} : (9.11)

The correspondence with Feynman diagrams is given by associating to each propagator

A(x,y) a line with end points labelled by x and y, to each source term J(z) a cross labelled
by = and to each term originating from ¢™(x) an n-point vertex labelled by = (an n-point
vertex is a point where n lines join. Furthermore, one should integrate over the variables
associated with the internal lines. In terms of Feynman diagrams the expression (9.11) is
shown in Fig. 2. The coefficients of the three terms in (9.11) are combinatorial factors
which are related to the number of ways in which a diagram can be formed by connecting
propagators and vertices. Indeed, there are three different ways to connect the four lines of
the vertex by two propagators and six different ways to connect only two lines.

Observe that we did not put the source equal to zero in (9.11). Only the first term there-

fore represents a contribution to the path integral (9.8). The subsequent terms contribute,
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Figure 2: Diagrammatic representation of (7.11).

however, to the two- and four-point correlation function, which follow from taking further
derivatives with respect to J(z), before putting J(x) to zero.

In principle it is straightforward to work out all these expressions including the com-
binatorial factors. In practice these manipulations are summarized in a number of simple
rules, the so-called Feynman rules, which succinctly specify the correspondence between a
diagram and its mathematical expression and prescribe in simple terms how to obtain the
combinatorial factors, without necessarily having to refer to long expressions such as the
ones above. These rules can be applied to any field theory. We refer to De Wit & Smith (in
particular to chapter 2) for further details.

In (9.11) one observes that propagators appear whose space-time arguments coincide.
They are caused by the fact that in (9.10) and (9.11) we are considering correlation functions
of fields taken at the same point in space-time. We have already observed, at the end of
chapter 3 (cf. problem 3.3), that such products become singular. The same phenomenon
happens here. To see this consider the propagator for Klein-Gordon theory, which follows
directly from (6.14) by integrating over all the different harmonic oscillators described by
the field theory. Hence

A eiE.(f—g)—iko(xo—yo)
Alz,y) = - / ! = ' (9.12)
i(2m)d —kZ + k2 +m? — ic

Obviously A satisfies the equation

?

7 <V2 —0f - m2) Az, y) = =64z —y). (9.13)
For x = y we find
h 1
Az, ) = - dk = , 9.14
(&) 2(27T>d/ —k& + k2 4+ m? —ie (9-14)

which diverges unless we are in d = 1 dimensions, where we are dealing with just one

harmonic oscillator. The singularity is thus caused by the fact that, in field theory, we are
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dealing with an infinite number of harmonic oscillators (the singularity is called ”ultraviolet”
because it is associated with large momenta; observe that the degree of divergence grows
with the dimension).

Let us first study these singularities in a little more detail. Because of Lorentz invariance,
the propagator is not only singular for z = y, but everywhere on the light cone (thus for
(x —y)? = 0). Therefore we switch to the Euclidean case, where the singularity occurs only

at x = y. In d dimensions we thus consider the following differential equation,

(@2 — mg) Az —y) = —h %z —y). (9.15)
Writing r =| & — ¢/ |, we use the ansatz
h f(mr
Az —y) = 0 :H) 7 (9.16)
where o)
2m

is the surface area of a unit sphere S9! embedded in d dimensions. This ansatz implies that

the dimensionless function f must satisfy the equation

£ (mr) — dﬂ::’ Flmr) — fmr) =0.  (r>0) (9.18)

Equation (9.18) is a modified Bessel equation (cf. problem 7.4). Integrating (9.15) over a

ball of radius R centered at the origin, we obtain

d'z (07 —m?) A(x) = —h. (9.19)

Br

Using Gauss’ law we rewrite the first term as a surface integral. In this way we find
R
14 (d—2) f(mR) — mR f'(mR) + m2/ drr f(mr) = 0. (9.20)
0

Upon differentiation with respect to R one finds again (9.18). Assuming that f is regular at
the origin and that d # 2, one readily concludes that f(0) = —(d —2)~".

For m = 0 we thus recover the Coulomb potential in d dimensions,

h 1 1
Ax—y)= — p 21
e =T (7 9.21)
Problem 9.1 :
For d = 1 prove that the solution of (9.15) equals
R
Ar) = -— el 4+ Crem 4 Cyemm, (9.22)

2m
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where C and Cy are arbitrary constants. Give physical arguments why one should choose

Cy = Cy = 0. Consider also the case m = 0.

Problem 9.2 :
For d = 2 we assume that r f(mr) is regular near the origin. Show that (9.20) then leads to

h
Alx —y) = - Inm|z —y|, (9.23)

for © — y ~ 0, while for large values of |z — y| we have an exponential damping factor
proportional to exp(—m|z — y|). Convert to complex coordinates z = x + iy and write
the massless equation in terms of these coordinates. Show that the general solution away
from x —y = 0 can be written as the sum of two arbitrary functions f(z) and g¢(z), i.e.
a holomorphic and an antiholomorphic function. Argue that the special solution of the

inhomogenous equation
h
Alz —y) = o lnplz —yl, (9.24)
T

with p an arbitrary constant, is indeed of that form. This is the Coulomb potential in two

dimensions. Demonstrate that the above result is consistent with the limit d — 2 of (9.21).

Problem 9.3 :
Solve (9.18) and (9.19) at R = 0 for d = 3 and prove that the most general solution for A(z)
follows from

f(mr)=e"™ + A sinhmr,
where A is an arbitrary constant. For A = 0 one obtains the Yukawa potential

—mr

(&

Ags = —h (9.25)

Anr

Give a systematic comparison of the short and long distance behaviour of the propagators

in various dimensions, both for m # 0 and m = 0.

Problem 9.4 : Green's functions with non-zero mass

Consider the expression for A in d Euclidean dimensions,

7o
ik-&

. h 4, €
A0 = oyt | "

Show that it can be written as

— h o —s(k24m2)+ik-&
A(x):(%r)d/o ds /ddke (kSAm7)+ikE
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Perform the integral over the component of k parallel to 7 and over the transverse components

of k. Prove the following result (r = |Z|),

d—2

B [ 2]

The modified Bessel functions are defined by
x¥ o ds 22
K,(z)= i1 /0 1 OXP [— 5 — 45] :
Show that 27" K, (x) satisfies the differential equation (9.18) for appropriately chosen v. The
asymptotic behaviour of K, is given by

00 T . 4?2 — 1 B
K,(z) "~ Vo€ (1+ o + O(x 2)),

K,(x) °~° QV_:(”)(HO(@).

Verify the asymptotic statements made in the text.

Problem 9.5 : Loops in connected graphs

Consider the path integral W = exp {%Sf[a/aj]} exp {%(J, AJ)} |7—0. The expansion of
exp {%S 1} into a power series leads to an expansion of W, which can be represented by
Feynman graphs. Similar expansions are obtained for the n-point Green’s functions (cor-
relation functions) by differentiating n more times with respect to the source J(z;), before
putting J to zero. Here x; are the space-time coordinates (i = 1,...,n) associated with the
Green’s function. The corresponding diagrams then have n external lines, i.e. propagators
that emanate from a vertex at space-time point x;, with no other propagators attached. The
other side of this propagator is then connected to the main body of the diagram. Obviously,
we call a diagram connected when it can not be divided into two parts without cutting one
of the lines.

For a field theory with translational symmetry it is convenient to perform a Fourier trans-
formation and to consider the Feynman graphs in momentum space. The Green’s functions
then depend on n momenta (subject to energy-momentum conservation). Connected dia-
grams can be classified by the number of loops L, the number of independent momentum
integrations once energy-momentum conservation has been imposed at every vertex.

Show that a connected graph with V' vertices and I internal and E external lines has
I —V +1loops. The Feynman graphs are proportional to some power of &, which is related
to the number of loops. To determine this power, argue that propagators are of order h and

vertices of order 1/h. Show that as a result connected Feynman graphs are proportional to
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RITEZV = BETE1 and conclude that a loop expansion of a diagram with E external lines

corresponds to an expansion in orders of h.

Problem 9.6 : Functional of connected graphs
In the case of a free field theory coupled to an external source we have seen that (apart from
a normalization factor) W = exp {%(J, AJ )} and that InW = $(J, AJ) therefore consists of

x. The fact that In W can be written as a sum of only

only a connected diagram x
connected diagrams turns out to be a general property for any field theory.

To see this consider some generic theory with an interaction Lagrangian g £;. Possible
interactions with external sources may be included in it. A general graph can always be
written as the product of powers of the expressions for connected graphs. Let us denote
the contribution of a given connected graph [i] by ¢% I'[i], where s; defines the number of
vertices of the graph (which equals the power of the coupling constant g). For simplicity,
assume that there is only one kind of vertex. Note that g% I'[i] contains all combinatorial
factors, i.e. the ones that are encountered when the full diagram is precisely equal to the
single connected graph [i]. Prove now that a general (dis)connected contribution to W that
contains n; diagrams of type [i] is equal to
(g Tli])™

P({ni}) =11

)

Y

Since W is the sum of all the above contributions for all possible graphs, it follows that
o= (g i)™ 55 P
WZZF({W})ZH(ZR,, =expqy g Tl
(n:} i \ni=0 i i

Hence, In W is just the sum of the connected diagrams. How do connected diagrams depend
on the total volume of the system? (Suppress external sources here). Argue that In W rather

than W itself is the quantity that is of physcial interest.

Problem 9.7 :
To show explicitly in a nontrivial example that In W consists of the sum of only connected

diagrams, we consider the path integral
Wi = [ Do exp{~1(6,270) + 1(0, Jo)} (9:26)

where (¢, J¢) = [d% J(x)¢*(x). Show that W; is proportional to (det(A~! — J))~1/2 by

performing the Gaussian integral. Making use of equation (3.7), prove subsequently that

Wi;=W;_, exp {—%Tr In(1 — Aj)} :
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Now consider the Feynman diagrams corresponding to (9.26), with propagators A and
vertices describing the coupling to .J. How many loops do these diagrams have? Write down
the connected Feynman diagram with n sources J, including its combinatorial factor. Show
that its result coincides with the above equation when extracting the n-th order term of the

logarithm. Is this consistent with the result proven in problem 7.67

Problem 9.8 : Consider a field theory with two real fields, ¢ en A, described by the Lagrangian
L=—50,0)° —3m*¢* = X¢* — A+ A(* + g ¢%) .

1. Give the propagators and vertices. Determine the dimension of the fields and the

coupling-constant and mass parameters A, g, u? and m?.

2. Calculate the self-energy diagrams in the tree approximation and give the masses
for the physical particles described in this approximation. Subsequently give the full
propagators in the tree approximation and use these in the next three questions.

3. Calculate the (three) self-energy diagrams for the field ¢ in the one-loop approximation.
Give the mass-shift of ¢ in that approximation. (Note: do not try to evaluate the

integrals.) For which value of g does the mass shift vanish?

4. Calculate the mass shift for the field A in the one-loop approximation. What do you

conclude?

5. Solve the equations of motion for A en substitute the result into the Lagrangian, which
will then depend only on ¢. Show that this corresponds to integrating out the field A
in the path integral.

6. Evaluate now again the mass of the field ¢ in tree approximation and compare the

result with that of question 2 above.

7. Calculate again the self-energy diagrams in the one-loop approximation? Compare the

result with that obtained in question 3.

Problem 9.9 : The large-N limit
Consider the action for N real scalar fields ¢; (i = 1...N) and one real scalar field o, given
by

S|, o] /d4 { (0u94) —mequ +JZ¢ +ico } (9.27)

i) Give the expressions for the propagators and the vertices of the action.
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i)

iii)

iv)

Calculate the selfenergy diagrams for the fields ¢; and o with one closed loop (do not
evaluate the corresponding momentum integrals). Argue by considering the inverse
(connected) 2-point correlation function (use the Dyson equation) in the one-loop ap-

proximation that these results are valid for large values of c.

Calculate the one-loop diagram with a single external o-line. Express the result into

the (divergent) momentum integral
d*p 1
T(m?) = | . 9.28

How does the result depend on N7

We are interested in the (connected) correlation functions of the fields ¢;. To that
order introduce a source term J; for every field ¢;. The relevante correlation functions
are then given by

fr— 6 ... 6

(Diy (1) ... b, (z0)) In Z[J;] . (9.29)

Ji=0

Determine the value of ¢ such that this theory is equivalent with the one given by an
action without the field o, but with a four-point coupling between the ¢; fields with
coupling strength —g/N.

Subsequently we assume that ¢ is equal to this special value that you found in iv). Now we

consider the limit of large N with ¢ constant for all correlation functions (9.29).

v)

vi)

vil

Consider diagrams with only external ¢-lines, coupled via internal o-line, but with-
out loops formed ezclusively by ¢-propagators. Show that only the disconnected tree

diagrams contribute in the limit N — oo.

Add a loop of exclusively internal ¢-propagators. This loop couples through o-lines
to the rest of the diagram. Show which diagrams contribute in the limit N — oo.
Generalize this argument to several ¢-loops and prove that, in the limit N — oo, only
the two-point connected correlation functions (9.29) are nonzero. The theory therefore

behaves as a free field theory in this limit.

Prove, in the N — oo limit, that the quantum corrections only give rise to changes
in the ¢-mass. Denote this modified mass by M. Show that M satisfies the following
equation,

M? =m?+4gT(M?). (9.30)
Do this by first expanding the right-hand side to g with the aid of the one-loop result.

Subsequently, show that both sides of the equation describe the same diagrams.
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viii) Give, for large N, the leading expression for the full propagator belonging to the field
0. This expression contains again a divergent integral, which depends on M?2. In this
approximation, can you say something about whether o can correspond to a possible

physical particle?

10 More on Feynman diagrams

Here we follow sections 2.4, 2.5 and 2.6 of De Wit & Smith. We also consider part of the
problems at the end of chapter 2.

Problem 10.1 : Auxiliary fields
Consider the following Lagrangian of real fields A and F' in four spacetime dimensions,

L="Lo+ Lo+ Ly, (10.1)

where
Lo=—-20,A0"A+iF*, L, =mFA, L,=gFA*. (10.2)
i) Show that, classically, this theory is equivalent to a self-interacting theory of one real

scalar.

ii) Due to the A-F mixing introduced in L,, the quadratic part of the Lagrangian L
is not diagonal in field space. Therefore, the propagators form a 2 x 2-matrix with
off-diagonal entries. Show that the propagators for this model read

AG?) = (AAA(p2) AAF(p2)> :i(l 1 ( 1 —m>‘ (103

Ara(p®) Apr(p?) 2m)tp? +m? \ —m —p?

iii) Write down the Feynman rules corresponding to £. Represent the AA-propagator by

a straight line, the F'F-propagator by a wiggly line. The propagators Asr and Apx
are represented by lines which are straight at the end associated with the A-field and
turn wiggly at the end associated with the F-field.

We note that the Lagrangian has special properties, as is reflected for example in the fact

that
0 1 0

L, =
om 29 0A
Such properties lead to intricate relations among the diagrams generated by £. We will

L, (10.4)

derive such a relation in the following. We introduce sources for the fields A and F' and the

path-integral representation for the generating functional

Z[J] :/DADFeXp {z’/d4y£+/d4y(JAA+JFF) . (10.5)
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iv) Derive the relation

82[ zm/d4

/ Aty Ja(y) (10.6)

(Hint: use that the path integral over a (functlonal) derivative with respect to a field
vanishes,
o
Dy ——Glp] =0, 10.7
| ¢ 552660 (10.7)
as well as

/DngH /dx —0, (10.8)
for functionals G[¢] and H ¢

v) Rewrite the identity (10.6) in terms of the generating functional of connected correlation

functions W|[J] = In Z[J].

From above identities one can now deduce many non-trivial relations between different
graphs. To pick out the specific graphs contributing to a correlation function one func-
tionally differentiates with respect to the sources and then sets the sources to zero. Let us
define
Dya(w1,75) = i g WlJa, Jr]
d0Ja(z1) 8 Ja(x2)
4] ) 4]

5]1:(.1‘1) 5JA(ZE2) (5JA<1’3)
(

vi) What do Daa(x1,22) and I'paa(z1, 29, x3) represent? Draw the tree diagrams that

)

Ja=0=JF

WJa, JF]

Lpaa(xy, xg, x3) (10.9)

Ja=0=JF

contribute to these two functions. (Hint: Don’t forget that there is a off-diagonal piece

in the propagator which induces a mixing between the fields.)

We now turn to a specific example of the sort of relations that hold between different con-

nected correlation functions,

0

m
gy Daalon,m2) = = 52 [ @y Traaty, o1, 22) (10.10)

vii) Prove the relation (10.10) by making use of the result found in v). Why does the
relation (10.10) hold to all orders in perturbation theory?

We note that upon Fourier transformation the quantities defined in (10.9) read
/d4331 Aty PrITR2T2 D)y (11, 1) =

(2m)* 5@ (p1 + p2) Daa(pr, p2) -

/d4:1:1 dtay g ePr o1t P22 s TS D) ) (1) 1y 13) =
(2m)* 6 (p1 + p2 + p3) Tpaa(pi. p2.ps) . (10.11)
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The §-functions arise due to translational invariance.

viii) Prove that the relation (10.10) in momentum space is given by

0

m
—D —p)=——1T 0 —n). 10.12
B 44(p, —p) 2% raa(0,p, —p) ( )

ix) Verify the relation (10.12) explicitely at tree-level approximation using the set of Feyn-
man rules deduced in iii). You may ignore factors of i(27)%.

Problem 10.2 : Field rederinitions
Consider a real scalar field ¢ coupled to an external field H in four spacetime dimensions.
The Lagrangian is given by

Li=—5(99)° — ym?*¢* — g ¢[2(09)* + m*¢°] — g°¢°[2(0¢)* + ym*¢°] + Ho.  (10.13)
In this exercise we will restrict ourselves to tree diagrams.
i) Write down the Feynman rules for this theory.

ii) Calculate the connected tree diagram(s) that involve two H-fields (without external ¢
lines). Call the resulting expression D(p1,p2), where p; and ps denote the incoming

momenta associated with the H-fields.

iii) Calculate the connected tree diagram(s) involving three H-fields (without external ¢
lines). Call the resulting expression T'(py, p2, p3), where py, po and p3 are the incoming
momenta associated with the H-fields.

We want to compare this result to the result one obtains in a theory where the H-field has
an extra coupling to ¢?,

Lo=L1+g¢*H. (10.14)

Due to the additional interaction term in £, there is a new vertex.

iv) Argue that there are no contributions from the new vertex to the connected diagrams
D(py, pa) calculated in ii).

v) There are now new connected tree diagrams involving three H-fields due to the new
®?H vertex. Show that these new diagram(s) cancel against T'(py, p2, p3) evaluated in

iii).
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vi) Explain the results obtained under iv) and v) by arguing that £, is related to a free
field theory by a field-redefinition in the latter of the form ¢ — a ¢ 4 b@>. Determine
the values of a and b.

Hint: consider the path integral representation
W[H] = /ch of J 1o+ 1ol (10.15)

where

Lo=—1(0¢)" — 1 m’¢*. (10.16)

You may ignore any subtleties involving a Jacobian that might arise when performing

a field-redefinition in this expression.

vii) For the theory defined by L;, draw the connected tree-diagrams that involve four
H-fields.

viii) Argue now (without performing a calculation) that these diagrams will exactly can-
cel against contributions coming from the extra tree-diagrams that involve the ¢?H

vertices in Lo. Draw these diagrams.

We now consider two interacting field theories, L3(¢) and L4(¢), that are related by a local
field redefinition of the form ¢ — a ¢+b@?+c@®+---. To calculate the correlation functions
of the fields ¢ we can add an external source J, coupled to ¢, to both £3 and L4,

£3 — £3+J§Z§, (1017)

and differentiate with respect to J in the usual fashion (setting J to zero afterwards).

ix) Argue that the 4-point functions corresponding to L3 and L, differ by terms that
correspond to diagrams that involve extra source interactions ¢"J with n > 1, where
J is the source used to generate the correlation functions. Indicate the three kinds
of diagrams that involve these vertices and that contribute to the 4-point function.

(recall that we only consider tree diagrams).

x) Suppose now that we put the diagrams of the 4-point function “on the mass shell”.
By this we mean that we multiply each external line with p? + m?, where p; is the
momentum associated with that line. After thus having removed the propagator poles
associated with the external lines, we take p? — —m?. Show that the 4-point functions
corresponding to L3 and L4 are now equal, i.e. the extra diagrams based on the ¢™J

vertices do not contribute here.
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xi) Can you describe in words what you think is the significance of the result proven in
x). Furthermore, argue that the Jacobian that we suppressed in vi) when performing

a field redefinition in (10.15) may be regarded as a closed-loop effect.

11 Fermionic harmonic oscillator states

Consider a simple extension of the harmonic oscillator, described by the following Hamilto-
nian
P +imw?¢® — Lhw 0
| P ’ 2 . (11.1)
0 f—m + smw? ¢* + 3hw
Note that this Hamiltonian does not describe two harmonic oscillators, nor a harmonic
oscillator in two dimensions. From the harmonic oscillator spectrum it is clear that we have
a groundstate of vanishing energy, while each of the excited states is doubly degenerate and
has energy equal to Aw, 2hw, 3hw, . ... The corresponding wave functions have therefore two
components. The degeneracy is indicative of a symmetry (called supersymmetry), which we
shall discuss elsewhere. Now we concentrate on the Hamiltonian itself.
First we introduce the usual creation and annihilation operators a and a' in terms of p

and ¢. To describe the extension to the two-component system we introduce two further

b:(o 1), bT:<O 0). (11.2)
0 0 10

It is our intention to interpret these operators again as creation and annihilation operators.

operators,

Before doing so, we note the following properties,
V=0b2=0, {bb}=bb+bb=1. (11.3)
In terms of these operators the Hamiltonian takes a rather symmetric form,
H=hw(a a+0bb), (11.4)

(the operators a and a' act uniformly on both components of the wave function, so that they
are proportional to the two-by-two identity matrix). The interpretation of creation/annihilation

operators is based on
[H,a| = —hwa, [H,b] = —hwb), (11.5)

so that, when acting on an eigenstate of the Hamiltonian, a and b lower the energy by hw,

while their hermitean conjugates raise the energy by this amount. The Hamiltonian can also
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be written as )
b
H= o + %muﬂ @+ %mw [@Z)T, Y], (11.6)

where 1 = \/% b.

Eventually we want to extend this system to a field theory. As we discussed earlier, a
(free) field theory can be regarded as a theory describing an infinite number of harmonic
oscillators. With this in mind, we generalize the above system to an arbitrary number N of

harmonic oscillators, each extended to a 2 x 2 matrix. In that case we have creation and an-

nihilation operators a;, b;, az and b} , where i = 1,2,..., N, satisfying the (anti)commutation
relations

[aiaaj] = [al,aj] =0, [ai,a;] = 51';‘, (11'7)

{bi, b} = (b, 0} = 0, {bi,0]} =05 (11.8)

The Hamiltonian

2
=3 o

=1

T Lmw? @ + Lmw [, v} (11.9)

describes N harmonic oscillators with a 2% x 2V matrix extension. The latter because
N operators v; with the required anticommutation relations can only be realized in a 2V-
dimensional space. The excited states in this theory exhibit again a degeneracy. However,
this degeneracy is due to our choice of parameters and the resulting supersymmetry can
be broken rather easily, for instance by changing the factor in front of the v term. For
the purpose of this chapter supersymmetry is not important, but it makes the discussion
somewhat more elegant.

In view of the anticommutation relations, the states produced by applying the creation
operators b] are antisymmetric under exchange: defining states |, j) = b} b}|0>, where |0) is
some state that is not annihilated be the creation operators, we have |i,j) = —|j,4). This
implies that the states associated with the operators bg are to be interpreted as fermions.
When extending the above models to a field theory, they should be viewed in the context of
second quantization, as explained in chapter 3. The conclusion is that such a field-theoretic
extension will describe particles with Fermi-Dirac statistics.

For the moment we postpone the extension to a relativistic field theory and first discuss
how to deal with systems with anticommuting coordinates and momenta, with the aim
of eventually setting up a path integral formulation for fermions. We will therefore first
develop the classical Lagrangian and Hamiltonian formulations in terms of coordinates that
are anticommuting. Naively, it is clear that the following Lagrangian would lead to the
Hamiltonian (9.6),

L=1m@ —ime® ¢ +imyT —mwl . (11.10)
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In the Lagrangian the quantities ¢ and v are taken as anticommuting and we ignored
a possible constant term. When passing to the Hamiltonian the coordinate v will play
the role of the canonical momentum and the time derivative of 1 cancels. There exists an
appropriate canonical bracket, which after quantization, leads to operators 1) and 1! whose
anticommutator is proportional to the identity. Before exhibiting this in detail we introduce

so-called anticommuting c-numbers.

Problem 11.1 :
Write down the two-component wave functions (in the coordinate representation) for the

three lowest-energy states corresponding to the Hamiltonian (11.1).

Problem 11.2:

Consider the case N = 2, where we have four-component wave functions. Construct the
four-component space by choosing |0,0) as the state that is annihilated by both b; and b,.
Argue that such a state can always be found. By acting on it with bI and bg construct the
four remaining states |1,0), [0,1) and |1,1). Write the operators b; and b} as four-by-four
matrices and write down the Hamiltonian (11.6) in matrix form. Write down the wave

function for the groundstate and the first excited states.

Problem 11.3 :
It is possible to construct operators that give transitions between the degenerate states.
Show that the so-called supercharges,

Q1 = Vhw(atb+abd),
Q, = ivVhw(a'b—abh),

commute with the Hamiltonian and must therefore be such operators. Somewhat unexpect-
edly, it thus turns out that we are dealing with two independent supersymmetries. Show
that both supercharges annihilate the groundstate. Write the bosonic and fermionic states in
terms of products of creation operators acting on the groundstate, and show that (); changes

a bosonic state into a fermionic one, and vice versa. Finally show that
{Qi.Q;} =2H ;. (11.11)

Prove from this result that zero-energy states must be annihilated by ();. Can you construct
a conserved bosonic operator other than the Hamiltonian? Can you give an interpretation
of this operator?
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Problem 11.4 :
Generalize the various results of chapter 1 to argue that the path integral for the Hamiltonian

(11.1), which now takes the form of a two-by-two matrix, takes the form

mw
W t . t pr—
(q2,t25q1,t1) \/27m'h sinw(ty — t1)

mw ) )
X ty — 1) — 2
b {27’1 sinw(ty — t1) [(ql +¢3) cosw(ty — 1) Q1Q2} }
1
*iw(tg—tl)
| L, : (11.12)
0 €—§zw(t2—t1)

Evaluate now the partition function for this model at finite temperature and show that it is
given by Zgr) /Zé_), where Zéi) was defined in chapter 5. Reread the text following (5.28).

What is your conclusion?

12 Anticommuting c-numbers

In this chapter we briefly introduce the mathematical concepts that form the basis for the
so-called anticommuting c-numbers and exhibit how to perform practical calculations with
them.

The Grassmann Algebra :
Anticommuting c-numbers can be discussed within the context of Grassman algebras. We

start by considering anticommuting c-numbers 6; satisfying

The numbers 6; are taken to be real, i.e. 63 = 0;. Under conjugation the order of anticom-
muting c-numbers is reversed. For instance, we have (6,0;)" = 6,0, = —0,0;.

On the basis of n such anticommuting objects one defines an n-dimensional Grassmann
algebra with n generators 6y, ...,0,. Each element P(6) of the algebra can be decomposed

in the following way

PO) =p© +6,p") +3 6,6, p7 + - 40,0, 101" (12.2)

i>j

where summation over repeated indices is implied. The total number of independent terms
in (12.2) is at most 2". A monomial ¢;, ...0;, is called a monomial of degree p. Monomials

of odd (even) degree are anticommuting (commuting) objects. The square of a monomial
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vanishes unless its degree is zero, in which case we have an ordinary c-number. Monomials
of degree higher than the dimension of the Grassmann algebra vanish identically. It is not
difficult to define differentiation and integration on the Grassmann algebra. As we shall see

below, the application of functional methods to fermions does not require major modification.

Differentiation on the Grassmann algebra ;

We distinguish two different derivatives on the Grassmann algebra, called right and left
derivatives. The derivative of a general element of the algebra is obtained by differentiating
its monomials and resumming the result. To calculate the right (left) derivative with respect
to 6; we must, in every monomial, permute 6; to the right (left) and then drop it. If €[7] is
the sign of the permutation needed to bring 6; to the right (left), and €[i] = 0 when 6; does
not occur in the monomial, then the right (left) derivative of a monomial can be written in

the following way,

0

50 (i1 -+ 05, 0,05, -+ 0i,,) = elin] (0103, 0iy, - 0:,) - (12.3)
Uk

Unless specified otherwise, we shall always use left derivatives.

Although the expression P(f) for an element of the Grassmann algebra is not a function
of 6 in the strict mathematical sense, most of the properties of left and right derivatives of
P(60) are similar to the properties of derivatives of ordinary functions. For example if §6;
denotes an additional “infinitesimal” anticommuting c-number we can symbolically write for

(12.3)

5, 1
g P(0) = Jim E{P(Gl, 05+ 60;,...0,) = P(6y,..., 0. 0,)} . (12.4)

The chain rule holds in the same form as for commuting numbers

0 o P
aeip(o‘(e» = 37;@.04%9) @,P(Oé), (12.5)

where P is an element of a Grassmann algebra on the basis of the a’s, and « is an element
of a Grassmann algebra with the 0’s as its generators. However, the order in which one
writes the terms in (12.5) is important for anticommuting parameters; for right derivatives,
the order of the two terms is interchanged! Also Leibniz’ rule has a direct analogue. For

instance, for left derivatives we have

55 (10)50) = (5550) 50 £ 10)  500)) (126)

where the plus (minus) sign is valid for an even (odd) “function” f(6).
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Integration over the Grassmann algebra :
We construct the analogue of the indefinite one-dimensional integral (for a suitable class of

functions)
[ o f@)
for the case of anticommuting c-numbers, which we denote by

/de P(9).

As a starting point for its construction we require that the following property of the integral

over commuting parameters,

/_def(x):/_joda:f(x+a), (12.7)

which is valid for any finite a, holds also for an integral over anticommuting parameters.
Also we assume that the standard rules for taking linear combinations of integrals remain
valid. We now consider a one-dimensional integral. A general element of the one-dimensional

Grassmann algebra is decomposed as
Pl)=a+06b, (12.8)

with a and b arbitrary, and 6 anticommuting. The expression analogous to (12.7) for anti-

commuting numbers is

/de P(0) = /dOP(0+a), (12.9)
for any anticommuting «. Substituting (12.8) into (12.9), we find that the latter requires

/de ab=0, (12.10)
for any a and b. Hence we must define
/dé’ [any element not depending on 6] = 0. (12.11)
Consequently we are left with the integral over 8, which we simply normalize to unity,
/deez 1. (12.12)

Multiple integrals can be understood as iterated integrals, leading to the anticommuting
symbols!! df;. Integration over anticommuting numbers turns out to be equivalent to taking

the left derivative

/ 6 P(6) = 8‘99 ). (12.13)

Tt is possible to set up differential forms with both commuting and anticommuting coordinates. In that
case the forms dx are anticommuting and the forms df are commuting.
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Also the rules of partial integration apply for integrals over anticommuting parameters. In
analogy with

00 0
de — —
| dw o f(a) =0,
one can easily show that

)
/de —5P(0) = 0. (12.14)

Gaussian integrals and the superdeterminant :

In the previous discussions on path integrals, generalized Gaussian integrals played an impor-
tant role. We now discuss their evaluation for anticommuting variables. The generalization
of a Gaussian integral over complex commuting variables,

/(H dzidzi) exp(— (2, Az)) = (det A)~", (12.15)

; 211

is easy to find.'? Using the integration rule for anticommuting quantities one derives straight-

forwardly
/ (H db; d@}) exp(0, Af) = det A. (12.16)

Note that A is required to be a positive-definite hermitean matrix in order that the integral
(12.15) converges, whereas (12.16) is valid for arbitrary A.
It is also possible to define Gaussian integrals over real variables. We give the result
without further derivation
1

dx; 1 _
/(Hm> exp (= 3(, Ar)) = Jad (12.17)
/(Hd@) exp (5(0,49)) = £VdetA. (12.18)

In this case the matrix A should be symmetric and positive definite in (12.17) and anti-
symmetric in (12.18). The quantity (det A)'/2, with A antisymmetric, is sometimes called
a Pfaffian in the mathematical literature. One can show that the Pfaffian is a monomial in
each of the eigenvalues of the matrix, a property which is obvious from (12.18).

Gaussian integrals can be used to define the determinant of a matrix acting in superspace,
the space of commuting and anticommuting coordinates. Vectors in this space are decom-
posed in terms of commuting and anticommuting variables, x and 6, respectively. Linear

transformations in superspace can be written as matrices acting on these coordinates,

O-EEHE

12Use z = o + iy and dzdz/2i = dx dy.
87




where the submatrices A and B have commuting, and C' and D have anticommuting ele-

ments. One can now construct the so-called superdeterminant of a superspace matrix M

M = A D 12.20
—@73) (12.20)

by calculating a generalized Gaussian integral over commuting and anticommuting variables,

1 B dzdz
det M 271

This integral can be evaluated formally by making a shift in integration variables,

dfdf exp(—(z, Az) — (z,D0) — (0,Cz) — (0, B)) . (12.21)

0 —0—B'Cz,
0 — 0—zDB™".
Subsequently, using (12.15) and (12.16) leads to the following result for the superdeterminant

det(A— DB~'C) det A
det B ~ det(B—CA-'D)’

det M = (12.22)

The second form can be obtained by performing a similar shift, but now in the integration
variables z and zZ. Both results for the superdeterminant become plausible when we write

M as a product of two matrices,

A 0 1 A7ID
M= ( ) ( ) , (12.23)
C 1 0 B-CA™'D
or, alternatively,
1 D A—-DB™'C 0
M= ( ) ( ) . (12.24)
0 B B~C 1

Precisely as for the conventional determinant one has a product rule for the superdeter-

minant

det(M1M2> = det M1 det M2 . (1225)

To show this we first introduce the notion of the supertrace,
TTM=TrA-TrB, (12.26)

where the trace operation on the right-hand side is the conventional one applied to the
submatrices A and B. Owing to the minus sign in front of the submatrix B, which acts
exclusively in the anticommuting sector, the supertrace satisfies the characteristic cyclicity
property of a trace,

Tr(M; Ms) = Tr(MyM,) . (12.27)
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This allows one to straightforwardly derive (see problem 10.2)
Trin(My M) = Trln My + Trln M, . (12.28)

We now write M as the product of two triangular matrices according to (12.23) or (12.24),
and use (12.28) to construct Trln M. This then shows that

Trin M = Indet M , (12.29)

with det M as defined by (12.22). This then suffices to establish the product rule (12.25)
by means of (12.28). Here we note that the exponent and the logarithm of a matrix in
superspace are defined by series expansions, precisely as for ordinary matrices.

An important aspect of determinants is that they occur in the definition of the Jaco-
bian of a transformation. A similar situation exists for superdeterminants. Indeed for a

transformation in superspace

(x,60) — (x(2,6),0(2,0)), (12.30)
we may write
/da: 6 P(z,6) = /dge 40 J(2(,0)) P(2(#,0),6(z, ), (12.31)
where
Or Oz
A SO0V o 90
J(x(2,0),0(2,0)) = £det o o8 | (12.32)
0t 90

In (12.31) the fermionic derivatives are right derivatives. The correctness of (12.31) is entirely
obvious for linear transformations. For instance, we may redefine the integration variables
(z,0) of the Gaussian integral (12.21) according to a linear transformation (12.19) and recover
(12.32) by using the product rule. But (12.32) holds for general nonsingular transformation

as well.

Problem 12.1 :
Prove that the determinant of an n x n antisymmetric matrix vanishes when n is odd. Derive
the same result on the basis of (12.18).

Problem 12.2:
Prove the cyclicity property (12.27). Use the Campbell-Baker-Hausdorff formula for ordinary

matrices

(exp A)(exp B) = exp(A + B + repeated commutators of A and B),
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to show the validity of (12.28).

Problem 12.3 :

An intermediate step in the proof of (12.32) is to show that it holds for an integral over a
two-dimensional Grassmann algebra. Parametrize the transformation Qi(él, é2) according to
(12.2), and demonstrate the validity of (12.32) by explicit calculation. Show also the validity

of (12.32) for an integral over one commuting and one anticommuting parameter.

13 Phase space with commuting and anticommuting
coordinates and quantization

Consider a system with Lagrangian L depending on a commuting coordinate ¢ and two

anticommuting coordinates, ¢ and d,
L(g, . ¢, é,d) = Smg? + idé — V(d,c,q). (13.1)

Naively one defines the action for given ‘trajectories’ ¢(t), d(t) and c(t) as the time integral
of the above Lagrangian and applies Hamilton’s principle to obtain the equations of motion.
Requiring the action to be stationary under changes of ¢(t), ¢(t) and d(t), ignoring the various

boundary terms that arise in the variation of the action, leads to the following differential

equations,
oV
1+ — = 0 13.2
.oV
d+— = 0 13.3
ov
c—— = 0 13.4

where the suffix R (L) on the fermionic derivatives denotes right(left)-differentiation. Ob-
viously, the Lagrangian and the equations of motion can only be interpreted in the context
of a Grassmann algebra, as introduced in the previous chapter. However, there is a subtlety
with the boundary conditions and thus with the application of Hamilton’s principle for the
fermionic trajectories, because the Lagrangian (13.1) contains terms that are at most linear
in the time derivative of the fermionic coordinates. The corresponding equations of motion
(13.3-13.4) are therefore first-order differential equations, whose solution becomes unique
once the trajectory is specified at one instant of time. So unlike for the coordinate ¢(t),
where one has a second-order differential equation, whose determination requires to fix the

trajectory at two different instants of time, Hamilton’s principle can only be consistently
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applied for the fermionic coordinates provided one fixes only one of the endpoints for the
trajectories specified by ¢(t) and d(t). More explicitly, suppose we consider trajectories at
times t satisfying t; < t < t5 and we fix q(t1) = q1, q(t2) = @2, d(t2) = dy and c(t1) = ¢.
The solutions of (13.2-13.4) are then uniquely determined. The endpoint values d(¢;) and
c(ts) are left unrestricted and will follow from the classical equations of motion. The action,
whose variation subject to these boundary conditions leads to the equations of motion, is

equal to
Slq(t),d(t), c(t)] = —id(ts2) c(ts) + /; dt L(q,q,c,¢,d). (13.5)

We now proceed with the canonical formulation of the theory. Canonical momenta are

defined in the usual manner,

_oL oL (13.6)

P="5 Ot

Hence p. = d, whereas the canonical momentum associated with d vanishes.!?
The Hamiltonian is defined by

H=pj+ip.é—L. (13.7)

Because the Lagrangian is at most linear in the time derivatives of the fermionic coordinates,

the Hamiltonian takes the simple form,

2

p
H(Qap7 C, pc) = % + V(p07 C, q) . (138)

Hamilton’s equations can be derived straightforwardly!* from the Euler-Lagrange equations,

= = —7— =1
dt  9q’ dt Orc’ orpe’

(13.9)

by considering the change of H under a variation of p,q, ¢, p.,c and ¢. When collecting all
the terms, the variations proportional to d¢ and d¢ cancel by virtue of (13.6). Using (13.9),
the result then takes the form,

SH = —pdq+ 6p + idp. ¢ — ipedc (13.10)

13The conditions p. = d and pg = 0 impose constraints on the phase space. We solve these constraints
by simply restricting the phase space coordinates to ¢, p, ¢ and d, but note that there exists a general and
more elaborate theory of phase-space constraints, originally introduced by Dirac.

4 Remember that the Lagrangian is a function of coordinates and velocities, while the Hamiltonian is a
function of coordinates and momenta. Consequently, partial derivatives of the Lagrangian and the Hamil-
tonian are not the same, although one conventionally uses the same notation.
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which yields Hamilton’s equations,

. OH . OH
p= 78(]’ q_iap’
0H 0H
o S ' 13.11
pC ZaRC) (& Zach (3 )

Assuming that the variation in (13.9) are determined by their time evolution, we can sub-
stitute (13.11) and show that the Hamiltonian is a constant of the motion, as expected.

As usual Hamilton’s equations describe the time evolution in phase space, but here in a
phase space consisting of both commuting and anticommuting coordinates. Consider now
a function u(q(t),p(t),c(t), p.(t);t) of coordinates and momenta, with possibly an explicit

dependence on t. The time derivative of such a function can be written in the usual form,

du ou
o = wH) (13.12)

where the bracket (A, B) is a generalization of the usual Poisson bracket and can be defined
as 9AOB 0ADB  0A 9B . DA 9B
(AB)= — — — ———1 —1 —.

dq dp  Op Oq  OrcOrp.  Ogpe Orc

This bracket applies to ‘functions’ A and B that can be commuting or anticommuting, but

(13.13)

obvious care is required in the order of writing the various terms. It obviously takes its

values in the Grassmann algebra. We note the following relations,
(AvB)T = _(BT?AT)a (B7A) = _(_)AB (A7 B)7 (1314)

where in the exponent AB is the product of the degrees of A and B, so that (—)F equals
—1 when both A and B are anticommuting (i.e. of odd degree), while in all other cases it is
equal to +1. We return to the precise definition of hermitean conjugation shortly. To derive
the relation above, one may for instance assume that ¢ and p. are real. Note, however, that
right and left derivatives must be conjugate to each other.

When applied to the phase space coordinates the only nonvanishing brackets are,

(,p) =1,  (¢pc) =—i. (13.15)

Quantization is now implemented by replacing the phase-space coordinates by operators and
the bracket by (ih)~! times the corresponding (anti)commutators,

1 AB
(A.B) — —{AB — (-)** BA}. (13.16)
In particular this yields the canonical (anti)commutation relations,
lg.p) =ili,  {c,pc}=h, (13.17)

92



while all other (anti)commutators vanish.

So in this way we naturally arive at the same kind of theory described in chapter 9. We
should point out that at this point it may seem natural to associate hermitean operators to
c and p,., because both the ‘kinetic term’ ip.¢ in the Lagrangian (13.1) and the boundary

term —ip.(t2) c(t2) in the action (13.5), are real under
' =c, Pl = pe. (13.18)

This conjugation is compatible with the anticommutation relation {¢,p.} = h. However,

there is a second type of conjugation, namely
¢ =p., pl=c, (13.19)

which is also compatible with the anticommutator, while the contribution in the action from
the kinetic term changes only by boundary terms. As it turns out, this is the conjugation
that is physically relevant. For the matrix representation of the anticommutator introduced
in chapter 9, this was indeed the case as ¢ and p, correspond to b and b defined in (11.2).
This is imposed on us because ¢ and p, are nilpotent operators.

Hence we have now reobtained the matrix model of chapter 9 starting with an extended
dynamical system based on both commuting and anticommuting coordinates and momenta.
Whether or not one chooses to make use of the matrix formulation is now a matter of
convenience. We should stress that in this way we cannot formulate arbitrary matrix Hamil-
tonians, but only the ones that eventually admit an interpretation in terms of bosons and

fermions. In the next chapter we derive the path integral formulation for the anticommuting
fields.

Problem 15.1 :

Reconsider the path integral (1.16), which involves an integral over the trajectories ¢(t) and
p(t). Specify the boundary conditions and consider the expression in the continuum limit.
Show that Hamilton’s principle leads to the Hamilton equations for p and ¢, with these

boundary conditions.

Problem 13.2 :

Consider a theory based on five real fields, denoted by a five-component vector

=, |. (13.20)



The action has a form reminiscent of the Dirac action for fermions,
S = —%/d‘lx B(39, + M )P, (13.21)

and is thus at most linear in spacetime derivatives. Here, however the fields are commuting
and therefore describe bosons. The conjugate vector is defined by ® = &%y, with n a
symmetric 5 x 5 matrix (n7 = n) satisfying n* = 1, and ®7 denotes the transposed of the
vector .

The four matrices §* and the matrix n are given by

0000 —1 00000 00000
0000 O 00001 00000
g=fo oo o0 of, gt=f0o 00 0 o0, =000 0 1],
0000 O 00000 00000
1 000 O 01000 00100
00000 -1 0 0 0 0
00000 0 1 00 O
g2={0 000 0], n=[0 01 0 0
00001 0 001 0
00010 0 00 0 —1

i) Give the mass dimension of the parameter M and the field ®. Verify that the matrices
(n (") are antisymmetric. Show that y(8*p = —pBHx for two arbitrary five-component

vectors x and p.

ii) Derive the equations of motion for ®. Use them to express ®g, &1, Py, and P3 in terms
of ®, and give the equation satisfied by ®,. What are the degrees of freedom that this

Langrangian describes?

The phase space, described in terms of the coordinates ®; and their canonically conjugate

momenta, is reduced by a number of constraints. We now consider these constraints.

iii) Determine the canonically conjugate momentum for each of the fields ®;. Note that,
because the Langrangian does not contain any time derivatives of ®;, &, and ®3, their
canonically conjugate momenta are zero. For this reason, we can solve for these three

fields using their equations of motion.

iv) The relevant phase space quantities are hence ®q and ®4, and their conjugate momenta.
Show that these quantities are subject to a constraint as well. As a result, the effective
phase space is smaller. Give the dimension of the effective phase space and argue that

this result is in agreement with the result obtained in ii).
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v) There exist many relations among products of matrices $*. Show that GG is
proportional to S for arbitrary values of p. A more general relation (which you are

not asked to prove) is
BrBY BN+ BB = B + By (13.22)

where n*” is the Minkowski metric. Derive from this relation an identity for 163, where
p = ("p,. Using this identity and the equations of motion (in matrix form, i.e. not the
component form), show that each of the components of ® satisfies the Klein-Gordon

equation.

vi) Show that the propagator of the field ® (which can be defined as the vacuum expecta-
tion value of the time-ordered product of ®(x) and ®(y) in momentum space), is given
by

1 1 ip(ip — M) + p* + M?

A pu—
Q i(2m)* p? + M2 —ie M ’

(13.23)

vii) The propagator has a singularity for p*> = —M?. What can you say about the residue
of the 5 x 5 matrix ? Analyse the residue by choosing p* = (0,7°) and studying the
propagator in the limit p® — £M. Explain the result.

We now add a complex scalar field scalar o to the model, accompanied by an interaction
with the field ®, which has a form similar to the interaction of a gauge field with o, i.e.

S = /d% 18,02 + m?|o[? + ieV* [0(0,0) — (8,071 | - (13.24)
Here V* is given by V# = ®3*u with u a constant 5-component vector.

viii) Draw the two 1-loop self energy diagrams of the o field. Argue that one of them does
not contribute.

Problem 15.3 :
We consider a field theory for a complex anti-commuting field ¢(z). We have already seen
in chapter 9 that a natural term in the Lagrangian will be [ d% ¢'(z)idy)(x), but we still
need to find a term depending on the gradients of ().

In the non-relativistic limit we know that the energy of a (spinless) fermion with mo-
mentum § and mass m is equal to E(p) = p?/2m. Argue that this requirement leads to the

Lagrangian

LT, 4p) = /de i (E, 1) {zat + ;Z} V(T t) (13.25)
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by showing that the field-equation for ¢ (%, t) has the plane-wave solutions ¢ (p) exp|ip’- & —

For a relativistic fermion we must also include the spin of the particle and 1(x) becomes
a spinor (i.e. a vector in spin-space, whose dimension will be specified later on). We still
expect the term [ d% ¢ (x)i0;)(x), where the components of the spinor fields are contracted
as in a complex inner product, but the gradient term must be modified because the energy
of a particle with momentum p and mass m is now equal to /9% + m2. To see how this can

be achieved consider the Lagrangian
LT, ) = / Pz §1(x) {0, + ia'd, — pm} () (13.26)

with o and 3 matrices in spin-space. What is the field-equation for v (z) and 1 (p), respec-
tively? Derive from the latter that the correct relativistic energy is obtained if {a, o/} = 2§,
{a?, 3} = 0 and {3, 3} = 2. Finally, show that by introducing the Dirac matrices 7° = —i3
and 7' = —if3a’, the Lagrangian can be rewritten as

L(B,v) = = [ &% (@) {0, + m} (a) (13.27)

where (1) = ¥i(2)8 = i (x)7° = ¥iy,. Calculate also {v*,7}. Finally write down a
plane-wave expansion, analogous to (3.23), for solutions of the field equation that follows
from (13.27). This equation is the celebrated Dirac equation. (For more details, consult
sections 5.1-3 of Field Theory in Particle Physics, where also the Lorentz invariance of the

action corresponding to the Lagrangian (13.27) is shown.)

Problem 13.4 :
Consider the following fermionic field theory in one space and one time dimension with the
Lagrangian

Lo = / dz it (2, 8) (9, + 0. )v (1) . (13.28)
i) Write down the field equation and give its (plane-wave) solutions.

ii) Derive how the fermion fields should transform in order that this Lagrangian density
(or the action) be invariant under Lorentz transformations. Use here that under a

Lorentz transformation with 5 = v/c, we have

ryp_ |LED
@t = 1:|:ﬂ<mit)’

In addition we introduce an interaction with an electromagnetic field A, via
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This leads to a Lagrangian that we will denote by L;. The electric charge is defined by the

coupling of the fermions to the field A;, and is thus given by

Q= /dx Wt (1) . (13.29)

We now assume that the spatial coordinate x parametrizes a circle with circumference L;

the z-integrations then extend from 0 tot L.!> Furthermore we assume A, = 0 and restrict

A, to a constant value, so that ® = LA, equals the magnetic flux through the circle. At

this stage it is possible to prove that a time-independent A, can always be chosen equal to

a constant in a certain interval by using a suitable gauge transformation. We will not derive

this, but consequences of this fact will become apparent in the results below.

iii)

iv)

vi)

vii)

Argue that the field ¢ can be expanded in the following Fourier series
1
¢($7t) = = ¢<k,t) eXp(lk’l’) )
VI
where k is equal to 27/L times an integer n (which can be of either sign).

Write down the Lagrangian L, the Hamiltonian and the charge ) in terms of the
Fourier modes. Prove that the charge does not depend on the time by using the field

equations.

Determine the conjugate momenta and the anticommutation relations for (k) and
¥T(k) in the Schrodinger representation. Consider the commutation relations of the
Hamiltonian with (k) and ¢'(k). Identify creation and annihilation operators (such

that creation operators increase the energy of a state).

Argue that the wave function in the ’coordinate representation’ is a ‘function’ of the an-
ticommuting coordinates (k). Define the momentum and write down the Schrédinger
equation in the coordinate representation (cf. Problem 3.5). Give the ground-state

wave function.

Give the decomposition of the Heisenberg field ¢ (x,t) as a Fourier series in terms of
the creation and annihilation operators found above. For A, = 0, justify the following

decomposition for the Heisenberg field (in the L — oo limit)

(x,t) = \/Z/OOO dk [a(k:) pika—iwt | bT(k:) e—z‘kxﬂ'wt} ’

with w = k > 0, and identify the operators a(k) and b(k) in terms of the ¥ (k).

®In the limit L — oo we can use >, — (L/2m) [0 dk. We also remind you of the relation

> o exp(2minz) = Y, 6(z — 1), where on both sides of the equation the sum extends over all integers.
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viii)

ix)

xi)

xii)

Calculate the anticommutator of the Heisenberg fields 1 (zy, 1) and 9 (z9,t;) in the
special case that A, = 0. Consider this result in the limit L — oo and prove that it is

in agreement with Lorentz invariance.

Consider again (for A, # 0) the Hamiltonian in terms of the creation and annihilation
operators and show that the energy spectrum does not change under & — & + 27.
Give an expression for the (infinite) energy of the groundstate, i.e., the state of lowest
energy, which depends on the flux ®. Sketch the energy of the one-particle states (with
respect to the energy of the groundstate) as a function of k, first for ® = 0 and then

for a value of ® between 0 and 27. Stress the qualitative differences.

Consider the charge operator and give the expression for the (infinite) charge of the
groundstate. Give also the charge of the one-particle states (with respect to the charge

of the groundstate).

The infinite energy and charge of the groundstate is characteristic for a system with
infinitely many degrees of freedom. Of course, these expressions are not really well
defined. In practice one ignores these infinite contributions and there are good argu-
ments that justify this. However, in this case the expressions depend on the value of
the flux . Show that the charge of the groundstate is insensitive to small changes in
the value of ®, but changes with an amount A when we let the flux increase from 0

to 2. Determine the value for AQ.

Add a second fermion field, but now with Lagrangian

Determine the value of AQ for the combined system described by L; + L.

Problem 13.5 :
In this exercise we will derive the plane-wave expansion for a Dirac field (¢, Z) in three

spacetime dimensions and canonically quantize it. Consider the Lagrangian density describ-

ing a free massive fermion in three spacetime dimensions (we take ¢, the velocity of light,

equal to ¢ = 1),

L=iyt o +¢loyd -V —mylogy, (13.30)

16We should add that systems with AQ # 0 are called anomalous and give rise to a violation of charge

conservation.
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where o; are the Pauli matrices satisfying o;0; = d;; 1 +1 €;;,0%, and conventially represented

by
0 1 0 — 10
g1 = ( > s 09 = ( ) 5 03 = ( > . (1331)
10 ¢t 0 0 -1

The vector arrow denotes vectors in the two spatial dimensions, .e.,

—

T=(r1,m2), P=(p1.p2), V=(0,0), &= (01,0). (13.32)

and the inner product is the usual one, ¥ - = x1y; + x2yo. Note that ¢ is a spinor with

two components.
i) Derive the field equations for ¥ (¢, #) and ¥ (¢, 7).

ii) Consider plane wave solutions ¥(t, Z) ~ 1 (7) e”*~ ! and show that they must satisfy

the equation
( Do ip1 + p2
1Py

— D2 —Po
Show that, to have non-trivial solutions () to the above equation, py must satisfy

po = tw(p), where w(p)=+/p2+m?. (13.34)

Argue that this indicates that the theory based on (13.30) is relativistically invariant.

) B = m (@) (13.33)

iii) Assume that the field is placed in a box with volume V' and that periodic boundary

conditions are imposed. Argue that ¢ (¢, Z) can be expanded as
1 -
Ve

Give the possible values of the momenta p and write down the Lagrangian in terms of
P(t,p) and PI(t,p).

iv) Determine the conjugate momentum = (¢,p’) of (¢, 7) and prove that the Hamiltonian
is given by

H:Z¢T(taﬁ> 03(_i6'ﬁ+ m)w(taﬁ) (1336)

Show that o3(—id - 7+ m) is hermitean (so that the Hamiltonian is hermitean) and

argue that its eigenvalues are equal to +w(p), where w(p’) was defined in (13.34).
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v) We now choose a basis for ¢(¢, p') in such a way that the Hamiltonian becomes diagonal.
The eigenvectors of o3(—id - p+ m) with eigenvalue w(p’) and —w(p’) are denoted by

ue(p) and v, (p), respectively. They take the form

1 ip1 + P2
ua(P) = vVm+w (zm pQ) ;o v@)=vVmtw| mtw | (13.37)
m—+ w 1

Show that these eigenvectors are orthogonal and normalized according to
viu=ulv =0, uly = vlv = 2w. (13.38)
(We note in passing that u'ozu = 2m and viozv = —2m.)

Using u(p’) and v(p) we decompose the two-component field ¥, (¢, p’) according to

%@m=¢ih4mmmm+a@m%@ﬂ. (13.39)

Subsequently we proceed to quantize the system in the Schrodinger picture, promoting the
modes of ¥ to time-independent operators 1, (), and the modes of the conjugate momentum

to momentum operators 7(p). The conjugate momentum was already considered in iv).

vi) Impose the canonical quantization conditions and give the value of the anti-commutators,

{bal@). 0@} . {L@), v} and  {wl(),viE)} . (13.40)

Here a, 3 = 1,2 denote spinor components. Subsequently derive the anti-commutation

relations for the Schrédinger picture operators . () and ¢l (), making use of (13.38).

vii) Express the Hamilton operator H in terms of ck () and ci (7). Evaluate the commu-
tator between the Hamiltonian H and the operators ¢l (§) and c.(§); identify which
of these operators play the role of annihilation operators (a(p’), b(p)) and of creation
operators (a' (), b' (7). Convert now to the Heisenberg picture with operators a(t, ),

b(t,p), a'(t, ) and b'(¢,7) and determine the time dependence of these operators.

viii) Express the quantum field ¥ (¢,Z) in terms of the Schrodinger picture creation and
annihilation operators. Give the corresponding expression in the large volume limit.
Does this result satisfy the field equation and why (not)?

ix) Give the energy of the ground state (0| H|0). Discuss the size and the sign for given p.
Did you expect this result?
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14 Path integrals for fermions

Let us return to the model of chapter 8 and consider the path integral. There are several
ways in which one can proceed. First we may stay within the matrix formulation with two-
component wave functions. We can follow the same steps as in chapter 1, taking into account
that we have a matrix Hamiltonian and that the states carry an extra quantum number.
Obviously the transition function then takes the form of a two-by-two matrix and we have

Wias toian ) = [, Pa) PP esp {5 [ ar [plr) o) — (1), )]} (141)

q(t1)=a1
q(t2)=a2

We remind the reader (cf. 1.16) that the boundary conditions on p(t) are such that we
integrate over p(t;), while p(ty) is left unrestricted (so that the result satifies the product
rule(1.12); cf. exercise 2.8).

Formally this is the same result as found before except that we are dealing with two-by-
two matrices. We already evaluated the corresponding expressions for the model of chapter
9 in problem 9.4. However, we prefer to avoid a matrix formulation here. Ultimately we are
interested in a field theory consisting of an infinite number of oscillators, so that the matrices
will become infinite-dimensional and impossible to deal with. Our goal is therefore to find
a description in terms of anticommuting variables, such that the anticommuting degrees of
freedom can be treated in parallel with the commuting ones and no matrices are necessary.
The material presented in the previous chapters makes it rather straightforward to set up
such a formulation.

First we introduce a way of dealing with matrices where matrix multiplication is imple-
mented by means of integrals over anticommuting c-numbers. Consider two-by-two matrices

A;j, where ¢, 7 = 0,1. To each matrix we associate an element of the Grassmann algebra,
A(O_é,O() = A(]O +56A10 +A01OC+5(AHOC, (142)

where o and & are two anticommuting c-numbers. Multiplication of two matrices A and B

is now implemented by performing the following integral over anticommuting c-numbers,

/ dfda ¢*® A(a,a) B(3,8) = (AB)(a, 3). (14.3)

In other words, the above integral over the product of two Grassmann algebra elements
associated with matrices A and B yields the element of the Grassmann algebra corresponding
to the matrix product AB. This result is easy to verify by writing out the expression for the

integral and using the results for integrals over anticommuting c-numbers.
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Note that the Grassmann-algebra valued form corresponding to the unit matrix is equal
to
1— 1(a,a)=1+aa=e*". (14.4)

We also need the following expression in the limit where € is small,

( Ago Aoy )
€
Ay Apo+ A

This result follows straightforwardly from a power series expansion of the exponential.

exp — exp {d a+ eA(a, a)} +O(e?) . (14.5)

Also the ordinary trace over the matrix can be evaluated as an integral, as well as the
graded trace, introduced in chapter 9, where certain entries of the matrix contribute with

opposite sign. The reader can easily verify the following results
Tr(A) = Agy + Ay = — / dada e°% A(a, ), (14.6)
Tr (=) A) = Ago — Apy = /d@ da e A(@, o) . (14.7)

Finally we note that hermitean conjugation of the matrix is consistent with hermitean
conjugation of the corresponding element of the Grassmann algebra (according to the pre-

scription given in chapter 9), where af = @ and a' = . This leads to
(AN(a, a) = (A(a, )" (14.8)

For a unitary matrix we thus have

/ dFda e A(a, a) (A(3, )t = . (14.9)

Rather than setting up a path integral expression for the matrix valued Hamiltonian,
we start from the corresponding Grassmann-algebra valued expression, which we denote by
W (qa,ta, @25 q1,t1,1). The approach is the same as in chapter 1. We divide a time interval
(to,tn) into N intervals (¢;,t;41) with ¢;.1 — ¢; = A, so that txy — tg = NA. Then we
approximate the path integral by a product of path integrals with small time increments A,

so that W(qn,tn, @n; qo, to, g) can be written as
Wign,tn, an; qo, to, o) = /dQN—l“‘/d(h /d@NA dOéNA"'/d@l doy

N-1
X (H 60‘””) Wign,tn, an; qn-1,tn—1,an-1) - Wiqi, t1, @15 o, to, ). (14.10)
=1

The matrix product is correctly implemented by virtue of (12.3). The Hamiltonian is now a

two-by-two matrix, which depends on the operators P and (), which we decompose according
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to (12.2). For small values of A we may write
W (qit1, tiv1, Qis1; Gy t, @) = <Qi+1’€&i“aﬁ%H(P’Q’d”l’ai)A\qz) (14.11)

A ([ (@i Hoo(P, Q)lai) (gir1|Hoi (P, Q)]s
~ (Gi+1]gi) 1 — 7 ’
(Gi+1|Hio(P, Q)¢:)  (gi+1|Hoo( P, Q) + Hi1 (P, Q)|g:)
so that for vanishing H we obtain the unit matrix. As a consequence of this parametrization
Hyq represents the part of the Hamiltonian that acts uniformly on the two-dimensional vector
space (cf. 12.5).17 Inserting a complete set of eigenstates of the momentum operator then
leads to

W = /dpi <Qi+1|pi><p¢|65”“O‘i_%H(P’Q’a”l’O”)A|q¢) (14.12)

Q

dp; _ 1 B
/ﬁ exp (Oéi+1 o; + 7 pi(qiv1 — @) — H(ps, @i, Qi1 ai)A]) :

where the two-component character resides in the Grassmann-valued character of the Hamil-
tonian, so that there is no need for indicating the two-component nature of the states. As
before we made use of (1.7) and of the fact that A is small.

Putting the previous expressions together we thus obtain (observe that there is no de-

pendence on ag and ay)

AN — i g = N dp
W(gn,tn, an; o to, o) = [ [ dgi dasdes ] 57 (14.13)
=1 i=0

N
X exp <07N ay — Z a;(a; — az‘—l))
i=1

i A= [pigi — @
X exp <hA > [p (q+i %) —H(pz‘,%,aiﬂ,ai)b

=0
N-1 N-1 dp
- d ZC172d 7 / :
[T f dacaacan IT [ 55

= [ihay i+t1 — i\Git1 — i
X exp (O_éN an + %A Z [Z oc+1(ozA+1 ) + aile JZ %) - H(pian'7O_4i+1704i>]> :
=0

The boundary conditions on the fermionic path are in accord with the description given in

the previous chapter and the boundary term ayay coincides with the corresponding term

17Observe that the matrix Hamiltonian, such as given in (11.1), does not correspond directly to the
Grassmann-parameter representation H (P, Q, &;+1, «;) according to (12.2); instead the relationship proceeds
through (14.11).
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in the action (13.5). Observe that this term, which actually vanishes against a similar term,

is important for establishing the decomposition rule,

/dCI2 d3da e? W (qs, ts, @; qo, ta, @) Wiqa, ta, By qu,t1, B) = Wigs, ts, & q1, 1, B) . (14.14)

The continuum limit is now straightforward and after rescaling of & and « with a factor
hilﬂ, we have

W(Q27t27d2;€h7t17a1>:/D /D27rh /D\ﬁ_ / \/(_ (14.15)
xexp (3 [Fiatt)ate) + [ e ia) a(0) + p(0)d00) — Hp(0), a(2),a00,000)]|)

t1

where the various trajectories have the following characteristic properties:

git) =q, q(t2) =q, olty)=w, a(t)=as, (14.16)

and there is no integration over p(ts), a(ts) and &(t;) (which are not contained in the
integrand), while we do integrate over p(t;). Obviously, the term in the exponent, including
the boundary term, is precisely the action defined earlier in (13.5). This garantuees that the
h — 0 limit leads to the correct classical results. In the Hamiltonian, we have absorbed the
Vi from the rescaling of the fermionic coordinates into the definition of the matrix elements
of H.

Let us momentarily return to the discrete version. It is possible to obtain the expression
for the trace (with respect to the original matrix indices) of the path integral by using
(12.6). Hence we integrate (14.13) over ay and ag with an exponential factor — exp(—apay).
Therefore the exponent in (14.13) will explicitly contain the following combination of terms

N-1
—an(—ap —ay-1) — ai(a; — ).
i=1
The trace over the bosonic states is implemented by taking the integral over gy = qq, as was

shown in (5.21). Close inspection now shows that the combined trace coincides with

N-1 N=L
TrTW = — /dldO_éldOél / :
g ¢ H 2rh
= Zhaz+1 iyl — i) | Pildiv1 — @) -
X exp Z A + A — H(pi, G Qi1 i) | ] -
=0
for antiperiodic fermionic paths, i.e. paths satisfying ay = —ap and ay = —ag, and periodic

bosonic paths with gy = qo. After converting to the Euclidean case, we can thus obtain
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a closed expression for the partition function for a theory where the original Hamiltonian
is a matrix, in which the matrix degrees of freedom are incorporated by anticommuting
coordinates and momenta, whose treatment is very analogous to the treatment of commuting
coordinates and momenta.

With these results, we can evaluate the fermionic path integral and set up a perturbation
expansion in terms of Feynman diagrams, precisely as for the bosonic theories. Of course,
one must be aware of various minus signs that show up in actual calculations, due to the
anticommuting nature of the fermionic coordinates or fields. We mention two of them.

First consider the definition of fermionic correlation functions. On the basis of the path
integral representation the correlation function should exhibit the fact that the fermion

operators are anticommuting. More explicitly, it is clear that one should have

(a(t) alt)) = —(at) alt)), (14.17)
for a correlation function defined by

_ [Doa(t)a(t) ersl?

. 14.18

(a(t) a(t))

where ¢ generically denotes all the variables in the path integral. For the operator definition

the minus sign in (14.18) implies that one must take a modified time-ordered product,
T(a(t)a(t)) =00t —t)alt)a(t) -0 —t)a(t')alt). (14.19)

Secondly, in the evaluation of Feynman diagrams it turns out that a closed loop associated
with a fermion line acquires an overall minus sign. We will discuss an example of this in
problem 12.4.

Problem 14.1 :

Consider the Hamiltonian H (@, o) = hw av, which corresponds in matrix notation to

H:OO,
0 hw

and calculate the transition function W(ay,ty;ao,to) by first explicitly performing the
integrations [ day_1dan_1 ... [ dajda; in the path integral (14.13) and then taking the limit
N — oo and A — 0 such that NA =ty — ¢y remains fixed. (It is convenient to perform the
integrals starting from the left, i.e. from o and @ with the highest index values.) Compare
the result with equation (11.12) and explain the differences. Calculate the transition function

also by immediately making use of the continuum limit of the path integral, i.e. find the
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classical trajectories a(t) and a(t), write the transition function as f(ty — to)e*e/" and
determine f(tx — to), for instance by requiring that the evolution operator for one of the
states takes the expected form (semiclassical approximation). Note once more the relevance
of the boundary term at ¢ = t5. (Comment: in the continuum limit the Hamiltonian reads

H(a,a) = waa, because of the rescaling of the fermionic coordinates by v/%.)

Problem 14.2 :
We have seen in chapter 8 that the Hamiltonian of the fermionic harmonic oscillator is
H = hwb'b, which has the eigenstates |0) and |1) = b7|0). In matrix notation the transition

function is therefore
Wij(twito) = (ile HUn—t)/P|5)

We now introduce the so-called coherent states |a) = exp(—ab')|0) = |0) + |1)a, where « is
again an anti-commuting number that also anticommutes with the operators b and bf. Prove
that these coherent states obey bla) = ala), (o/|a) = e and [dada e |a){a| = 1.

Furthermore, show now that
W (an, tn; g, to) = (ay|e HENT0)/R1 40,
Can you understand on the basis of these results that the action,
S[a, ] = —iha(ta)alts) + ;2 dt {ihac — H(G,a)} |
1

appearing in the path integral for W (ay, ty; ao, to), is not hermitian if one uses the physically
relevant conjugation introduced in equation (13.19)7 (Hint: To facilitate matters, consider
the path integral in the special case H = 0.) Determine also ST[@, a] and explain why this
is the desired result by writing a path integral representation for complex conjugate matrix

element of the evolution operator.

Problem 14.3 :

Calculate, using the fermionic harmonic oscillator Hamiltonian H = hw b'b and the modified
time-ordered product of (14.19), the two-point correlation function G(¢,t') = (b(t) b (')).
Here b(t) and b(t) are the usual annihilation and creation operators in the Heisenberg
picture and the average is with respect to the groundstate |0). Show that it can be written

as o
o0 e_lq(t_t )

Gt 1) = — / I
() 211 J—co qq—w+ie
Therefore, G(t,t') now obeys the first-order differential equation (i0; — w) G(t,t') = i0(t—t') .
Obtain the same result by path-integral methods, i.e. by functional differentiation of the
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logarithm of

= /DdDa exp (;S[@,Oz] + /dt {J(t)a(t) +54(t)J(t)}> :

Problem 14.4 :
Consider a theory based on the Lagrangian

Slg, a,a] = —%m §* + %mwQ ¢ +iad — (W + gq)aa

and calculate the contribution from a closed fermion loop to the two-point correlation func-
tion (q(t) q(t')). (Ignore that the actual integral vanishes). Pay particular attention to the
overall sign and analyze how a closed-fermion loop is always accompanied by an extra minus

sign. For this purpose one may use the representation (6.7).

Problem 14.5:
Write the partition function for the (Euclidean) harmonic oscillator with antiperiodic bound-

ary conditions as

~1/2
() _ m s o
Zy ' = /APDq(T)eXp (_h/o dr q(T){— @+w }Q(T) o | det op {— @jtw }
Also consider the corresponding expression of the fermionic partition function

fermion =~ 1 hé
Zg = | Da(r) Da(r)exp | ——

dr a(r) [;7_ + w}a(ﬂ) ox det ap {i

ar —i—w]

0

15 Regularization and renormalization

The momentum integrals we have to perform in the calculation of Feynman diagrams are
often divergent. We distinguish two kinds of divergences: ultraviolet divergences (UV),
where the divergence comes from the behaviour at large integration momenta and infrared
divergences (IR) caused by singular behaviour of the integrands at small momenta. The
latter usually arise when the fields are massless. The UV divergences can be characterized

by their so-called superficial degree of divergence. An integral of the type

/ddp = +m2) , (15.1)

is called finite when 2a— (3 > d, logarithmically divergent when 2a— 3 = d, linearly divergent

when 2o — = d — 1, and so on.
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In the presence of divergences we need a mathematical prescription to deal with the
integrands and to perform algebraic manipulations on the Feynman diagrams. Such a pre-
scription is called a regularization method. The method can usually be implemented by

making certain modifications to the Lagrangian. We mention four methods.

1. Higher-derivative reqularization:
We can introduce higher-derivative terms into the Lagrangian, for instance by intro-

ducing the term
L=—¢1(0¢)? in additon to L= —(5u¢)2

Then the propagators are modified according to

1 £

2T a2 )

q *(¢* +¢§)

which makes most of the integrals finite. In the limit & — oo these divergences reap-
pear. In theories where an invariance principle relates the kinetic term to the inter-
actions, such as a gauge theory or a so-called non-linear sigma model, this method

usually renders the theory finite beyond but not at the one-loop level.

2. Pauli-Villars regularization:
In this regularization method we add massive regulator fields to the Lagrangian, some
with the “wrong” metric and/or statistics. A field ¢ will usually be replaced in the

interaction Lagrangian by a linear combination involving regulator fields ¢;,
¢— ¢+ Z Gi

The masses, metric and statistics of the regulator fields ¢; are chosen such that the sum
of the diagrams containing both the original and the regulator fields become finite. The
divergences reappear in the limit that the regulator masses are taken to infinity. To use
this method we must choose the same momentum parametrization for corresponding
diagrams that involve the original field and the regulator fields. Otherwise the result
of this regularization may become ambiguous, due to the fact that one is not allowed
to shift the integration variables in certain divergent integrals. In this method special

care is required to preserve symmetries of the original theory.

3. Analytic reqularization:
Here the propagators are changed by replacing (p? + m?)~! by (p? + m?)~* with A
complex. The integrals are then defined by making an analytic continuation in A. To

preserve symmetries in this approach is often problematic.
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4. Dimensional reqularization
In most theories nothing refers specifically to the number d of space-time dimensions.
The integrals are defined by an analytic continuation from a region in the parameter d
where the integrals do exist. Divergences then emerge as poles at d = 4. The method
is applicable to a large class of theories. It has problems in the presence of symme-
tries that explicitly depend on the dimension, e.g. chiral symmetry, supersymmetry,

conformal symmetry. We refer to De Wit & Smith for an introduction to this method.

After having introduced a regulator scheme we can rigorously deal with the amplitudes.
However, at the end of the calculation we wish to remove the regulators again, for instance,
by letting the mass of the regulator fields go infinity (in Pauli-Villars) or by finally taking
the limit d — 4 (in dimensional regularization). In this way we still recover the original
infinities, and our next task is to remove or absorb them in order to get finite physical quan-
tities. The method for this is called renormalization: one absorbs the infinities of the theory
in a well-defined manner into the original parameters of the theory. The renormalization
procedure is described in chapter 7 of De Wit & Smith. The reader may be worried that
different regularization methods yield different answers, but these (finite) differences can be
consistently removed by finite renormalizations, so that at the end the results will coincide
(at least in perturbation theory).

Here we give a more formal treatment of renormalization theory. We start with some

definitions.

1. A one-particle irreducible graph (1PI) is a graph which cannot be divided into two

disconnected pieces by cutting only one internal line.

2. Superficial degree of divergence (Dr) of a 1PI diagram I' is the overall divergence that
one naively extracts by counting powers of integration momenta. This is the leading
power in A if we make the replacement p — Ap (external momenta are kept fixed).
For one-loop diagrams it is the highest possible degree of divergence. Therefore for a
one-loop diagram, being superficially finite implies that it is UV finite, but being super-
ficially divergent does not imply that the actual expression is necessarily divergent. At
higher loops a superficially finite integral may still diverge in certain domains of the in-
tegration region, for instance those domains that correspond to divergent subdiagrams.

We will give an example of this in due course.

A 1PI diagram generally leads to an expression that involves a number of momentum inte-

grals (one for each propagator), momentum-conserving delta functions (one for each vertex)
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and an integrand that consists of a product of propagators and vertices, i.e.,

/d%---éd(p)...<p2im2...>, (15.2)

so that the number of integration variables equals the number of propagators I, the number
of d-functions equals the number of vertices V', and the last part between the curly brackets
denotes the product of all propagators and vertices. Because we are dealing with a con-
nected graph, all but one of the the J-functions can be integrated out. The remaining one
is a 0-function that only contains the external momenta, expressing energy-momentum con-
servation. Therefore the number of independent integration momenta is reduced by V — 1.

This number is equal to the number of loops L. so that we have
L=1-V+1. (15.3)

Let us now distinguish different types of internal lines, corresponding to different types
of fields ¢;. The number of internal lines (propagators) of type i in a given graph is denoted
by I;. The propagators are given by the diagonal terms in the Lagrangian quadratic in
the fields. (For simplicity we assume that we either diagonalize the kinetic terms or treat
off-diagonal terms as interactions). Because the term in the Lagrangian quadratic in the
fields that contains the highest number of derivatives is conventionally not multiplied by a
dimensional constant, it determines the dimension d; of the field ¢;. Let us assume that
the highest number of derivatives in the part of the Lagrangian quadratic in ¢; equals «;,
so that (schematically) we have a term Ly ~ ¢; 0% ¢; in the Lagrangian. As the action is
dimensionless (in units where i = 1) the Lagrangian has dimension [mass]¢. Therefore the

dimension of ¢; is equal to
d— a;
2
By defining the field dimension in this way the behaviour of the propagator for asymptotically

di:

(15.4)

large (Euclidean) momenta is gouverned by the dimension. The propagator associated with

¢; behaves as

1
Ai(p) ~ o = p*i~4 for p — oo. (15.5)

Consider a few examples. For the Klein-Gordon Lagrangian
L =—5(0u0)" — ym*¢”,

2

we have o = 2. So dy = %(d — 2) and the propagator behaves as p~ at large p. For the

Dirac Lagrangian

L=—y(@+m),
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1

we have o = 1. So dy = 5(d — 1) and the propagator behaves as p~' at large p. For the

1
2
Lagrangian

£ = —4(00) — 0,0 ~ e,

we have a = 4. So dy = %(d — 4) and the propagator behaves as p~* at large p.

Let us now consider the vertices. We label different types of vertices by v and denote the
number of these vertices by V,, such that the total number of vertices equals V = 3", V.
With each type of vertex we associate a coupling constant g,. Assuming that the vertex of

type a contains ng' fields ¢;, then the dimension of the vertex is given by

6o = Y _n{d; + number of space-time derivatives. (15.6)
i
With the above definitions it is clear that a propagator gives rise to 2d; — d and a vertex
to 0o — >_; nY d; momentum factors in the integrand. The number of momentum integrations
is fixed by the number L of closed loops. Therefore the superficial degree of divergence of

the diagram is equal to
Dr = dL+Y Va(0a - andi) + 3 1:(2d; — d)
= (Zl ~S Va+t 1l)d+§:va(i5a —andi) + 3 1,(2d; — d)
= d + > Valba —d) + 3 d; (26, -3 V;nf‘> . Z (15.7)

Subsequently we note that in a 1PI diagram the total number of fields ¢; emanating from
the vertices must be equal to the sum of the number of endpoints of the internal lines and

one of the endpoints of the external lines associated with ¢;. Thus we obtain the equality

Ei+2L =% nlV,, (15.8)

where F; is the number of external lines associated with the field ¢;. Using this relation then

leads to the result
Dr=d—> Vo(d—6,) = > E;d. (15.9)

This remarkably simple result expresses the superficial degree of divergence in terms of d—4,,
the dimension of the coupling constant g,, and the dimensions of the external fields (d;).
If Dr > 0 then the diagram I is called superficially divergent: Dr = 0 corresponds to a
logarithmic divergence, Dr = 1 to a linear one, etc. For Dr < 0 the diagram I" is called

superficially finite.
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Suppose now that the dimension of the interaction is not larger than d, i.e. § < d, so that
the theory has no coupling constants of negative dimensions. In that case the maximal degree
of divergence will not increase in higher orders of perturbation theory and depends only on
the number of external lines. Theories that satisfy this condition are called: renormalizable
by power counting. They are thus characterized by coupling constants with non-negative di-
mensions. Theories with coupling constants that are positive are called superrenormalizable,
because in that case the degree of divergence will decrease with the number of interactions.
On the other hand, in the presence of coupling constants of negative dimension (15.9) tells
us that the superficial degree of divergence will grow with the number of interactions. Then
short-distance behaviour becomes worse (i.e. more divergent) in higher orders of pertur-
bation theory. A well-known example is gravity in four space-time dimensions, which is
not renormalizable by power counting. The coupling constant is Newton’s constant, which
has negative dimension. A somewhat more subtle example is the Proca theory (see Prob-
lem 15.5).

Now that we can classify the graphs according to their superficial degree of divergence
we can discuss the renormalization procedure. First we expand the superficially divergent
1PI graphs in a Taylor series in the external momenta. Such an expansion will be of the
form

a+b,p" +cup'p’ + ... (15.10)

where the expansion coefficients now carry a superficial degree of divergence of D, D—1, D—2,
etc. The expansion about zero momenta may be troublesome, in particular in the presence
of massless particles, but this is a technical problem that we leave aside.

We are now in a position to state the subtraction procedure of Bogoliubov, which is defined

in a perturbation theory as an iterative procedure.

1. Calculate in perturbation theory, until one encounters a 1PI diagram I', whose su-
perficial degree of divergence, Dr, is larger than or equal to zero. We expand those

diagrams in a Taylor series in terms of the external momenta as described above.

2. Add to the Lagrangian extra terms (counterterms) chosen to precisely cancel (to this
order in perturbation theory) all the superficially divergent terms in the Taylor expan-
sion. These counterterms have the structure of the original diagrams shrunk to a point

and may contain a certain number of derivatives. Their dimension is given by

5ct:ZEid,-, ZEidle,... : ZEidHLDF. (15.11)

3. Continue the calculation using the modified Lagrangian.
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According to Hepp’s theorem this procedure eliminates all divergences, not only the super-
ficial ones.

To illustrate the renormalization procedure, let us once more consider the example of
the ¢* theory in four dimensions. We have only two classes of superficially divergent 1PI
diagrams For the selfenergy diagrams, which have D = 2, the first two terms in the Taylor
expansion, II(p) = A + Bp?, are superficially divergent; the constant A is quadratically
(D = 2), and the constant B logarithmically (D = 0) divergent. There is no three-point
function. For the four-point function we have only a superficially logarithmically divergent

constant C. Hence the counterterms take the form
Lo=—3A¢" —1B(0,0)" + 509",

where A, B and C' are expressed by power series in the coupling constant. However, these
terms already occur in the original Lagrangian, so that we can simply absorb these terms

into the original quantities, fields and coupling constants, of the theory,
‘Ctotal =L + £ct = _%(1 + B)(auqb)Q - %(mQ + A)¢2 - (>\ - i)0¢4 .

Such theories are called renormalizable: the infinities can be absorbed into the original
parameters, order by order in perturbation theory.

It is now clear that when a theory is not renormalizable by power counting, we have
to introduce more and more different counterterms when going to higher orders in pertur-
bation theory. Therefore such theories have no predictive power. They are called non-
renormalizable. Also, such theories require additions to the Lagrangian that have more
and more derivatives. This will have direct consequences for the unitarity and causality
properties of the theory.

We close with some more definitions. A Lagrangian is called strictly renormalizable if it
is renormalizable by power counting and it is the most general Lagrangian with interactions
of dimension § < d. A Lagrangian that is not of the most general form can still be renor-
malizable because fewer counterterms are required than indicated by the general argument.
This happens in the presence of a symmetry (or an approximate symmetry if the symmetry
breaking is sufficiently “soft”).

In the presence of symmetries it must be shown that the regularization and renormaliza-
tion preserves the symmetry. This is particularly difficult for non-linear symmetries. The
transformation properties of the fields introduce new vertices, which are not present in the
original Lagrangian. We have to allow counterterms for these vertices also which leads to a
renormalization of the transformation properties, and verify that this is consistent with the

renormalization of the Lagrangian. Such complications occur for instance in the non-linear
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O(N) sigma model, in two-dimensional gravitation, for the BRST transformation in gauge

symmetries and for certain supersymmetry models.

Problem 15.1 :

Consider a ¢ interaction in four space-time dimensions. Write down the superficially di-
vergent 1PI graphs. Consider the two-loop self-energy graphs, which are superficially finite.
Show that some of these graphs are still infinite and that this divergence is related to certain

subdiagrams. Do we need counterterms beyond two loops?

Problem 15.2 :
For the Lagrangian
L=—5(0u0)" — gm*¢* — A¢",

verify that
dy = 3(d—2).

The dimension of the ¢? term is thus equal to d — 2, and the dimension of the ¢* term equals
0 = 2d — 4. Because £ must have dimension d, the dimension of the coupling constant is
d — 04, so that dim[m?] = 2 (as expected) and dim[\] = 4 — d. Show that Dr = 4 — F.

Problem 15.5:
Consider interacting fermions ¢ and scalars ¢ in d dimensions with the interaction La-
grangian £; ~ (Y¢1p). We know already that dy = i(d — 2), dy = 3(d — 1), so that
0 =3d—2. Eq. (15.9) then gives

Dr =d+V(;l—2) —EwCl;l—E¢(1;2.
Argue that in four dimensions the superficial degree of divergence depends only on the
external lines. In four dimensions this theory needs also counterterms other than (i¢1)),

namely proportional to ¢, ¢ and ¢*, so it is not strictly renormalizable. In two dimensions

the theory is renormalizable when we allow shifting the ¢ field by an infinite constant.

Problem 15.4 :
Show that for a (¢)" theory in two dimensions the field dimension and the dimension of the

interaction terms are zero. This gives

Dr =2-=-2V.
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Therefore the superficially divergent diagrams are those with only a single interaction vertex.
Argue that the theory is not strictly renormalizable because the counterterms are of the form
N2, V=1, ... Consequently the theory

L=—3(0,0)% — 51°0° + Xoo™ + Mo™ 2+ A" 4

is strictly renormalizable. Can you say something about the possible renormalizability of

the SO(N) nonlinear sigma model in two dimensions, defined by the Lagrangian

-

(0u0)*

1w
2

(14+Ag2)2

where ¢ is an (N — 1)-dimensional vector of scalar fields (¢!, ..., " ~!). The above model

is called the SO(N) nonlinear sigma model because it is invariant under SO(N).

Problem 15.5 :
Argue that the following Lagrangian of a massive vector field is not renormalizable by power

counting in four dimensions.
L=—1(0.V) —0,V,)? = 1MV +ieV, " — (P + m)y.

Note that the dimension of the vector field is generically equal to 1, but since the longitudinal
component carries no derivatives in £, its dimension is equal to 2. Therefore the interaction

of this field component to the fermions has § = 5. The form of the propagator,

Nuw + Pupv/M?
p2 + M2

indeed behaves as (p)° for longitudinal components.

Problem 15.6 :
Consider a vector field A, coupled to a real scalar field ¢ and a spinor field ¢ in four

space-time dimensions, described by the Lagrangian
L=-Y0uA, = 0,A4,)" = 5(M[q)* (0 — igAL)e ™™ |" — (@ — igh + m)p.

Show that the Lagrangain is invariant under gauge transformations, under which A, trans-
forms according to A, — A, + 0,§ and expiqp/M en ¢ under suitably chosen phase
transformations. Here {(x) is an arbitrary function of space and time. Give both phase

transformations. Determine also how ¢ transforms.
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Give now all terms quadratic in the fields A, and ¢. Argue that the inverse propagator
takes the form of a 5 x 5 matrix and determine this matrix. Does the propagator exist? (Try
to motivate the answer in two different ways: both on the basis of the explicit matrix and
on the basis of a more general argument. )

Argue that ¢ = 0 is an admissable gauge condition. Determine now the propagator
for A,. What are the fysical bosonic states of given momentum described by the resulting
Lagrangian? (Note: we do not ask for a detailed derivation.)

Is the theory renormalizable by power counting and why (not)? Give the expression for
the fermion self-energy diagram in the one-loop approximation (note that there is just one
diagram different from zero) and determine the degree of divergence of the corresponding
integral. What kind of counterterms do you expect to need to absorb the infinities of the
integral? (Give qualitative arguments; do not calculate the integral or the coefficients of
these counterterms.)

We now choose another gauge condition. Previously we imposed a gauge condition by
adding a term —%()\8 - A)? to the Lagrangian. Now we choose a modification of this term,

namely

1
Ly = —5()\(%14“ + MM p)?.

Calculate again the propagators for A, and ¢. What are in this case the physical bosonic
states for given momentum described by the corresponding Lagrangian. Compare your result
with your previous answer and give your comments.

In the last formulation is the theory renormalizable by power counting and why (not)?
Give the expression for the fermion self-energy diagram in the one-loop approximation and
determine again the degree of divergence of the integral. In this case, what are the coun-
terterms that you need to absorb the infinities?

Determine the difference between the expressions for the fermion self-energy diagram in
the two gauges on the mass shell, i.e. sandwiched between spinors that satisfy the Dirac
equation (ip +m)u = 0 (this implies that p? + m? = 0). Did you expect this result and why
(not)?
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16 Further reading

Here we list a number of textbooks on quantum field theory. In the text we have referred a

number of times to and occasionally used text from:
e B. de Wit and J. Smith, Field theory in particle physics (Elsevier, 1986).

This book is aimed at particle physics and is intended for experimentalists and beginning
theorists. There are other many books on quantum field theory and applications, at various

levels. For the convenience of the reader we present a list below:

e A A. Abrikosov, L.P. Gorkov and [.LE. Dzyaloshinskii, Quantum Field Theoretical
Methods in Statistical Physics (second edition, Pergamon, Oxford, 1965).

e [.J.R. Aitchison and A. Hey, Gauge Theories in Particle Physics (Adam Hilger, Bristol,
1982).

e D. Bailin and A. Love, Introduction to Gauge Field Theory, Adam Hilger, Bristol,
1986.

e R. Balian and J. Zinn-Justin, Jean (eds.), Methods in Field Theory, NorthHolland,
Amsterdam, 1976. Proceedings of the 1975 Les Houches Summer School in Theoretical
Physics.

e V. B. Berestetskii, E. M. Lifshitz and L.P. Pitaevskii, Quantum Electrodynamics (sec-
ond edition, trans. J. B. Sykes and J. S. Bell), Pergamon, Oxford, 1982.

e J.D. Bjorken and S.D. Drell, Relativistic Quantum Mechanics (McGraw-Hil( New Vork,
1964).

e J.D. Bjorken and S.D. Drell, Relativistic Quantum Fields (McGraw-Hill, New Vork,
1965).

e D. Bleecker, Gauge Theory and Variational Principles (Addisoa-Wesley, Reading, MA|
1981).

e N.N. Bogoliubov and D.V. Shirkov, Introduction to the Theory of Quantized Fields,
3rd Ed. (Wiley, New Vork, 1979).

e N.N. Bogoliubov and D.V. Shirkov, Quantum Fields (Benjamin/Cummings, Reading,
MA, 1983).

117



T.-P. Cheng and L.-F. Li, Gauge Theory of Elementary Particle Physics (Oxford
University Press, New Y ork, 1984).

G. Parisi, Statistical Field Theory, Benjamin/Cummings, 1988.

A L. Fetter and J.D. Walecka, Quantum Theory of ManyParticle Systems, McGraw-
Hill, New York, 1971.

K. Huang, Quarks, Leptons and Gauge Fields (W orld Scientific, Singapore, 1981).
C. Itzykson and J.-B. Zuber, Quantum Field Theory (McGraw-Hill, New York, 1980).

J.M. Jauch and F. Rohrlich, The Theory of Photons and Electrons (second edition),
Springer-Verlag, Berlin, 1976.

M. Kaku, Quantum Field Theory: A Modern Introduction, Oxford University Press,
New York, 1993.

G. Kallén, Elementary Particle Physics (Addison-Wesiey, Reading, MA, 1964).

L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields (fourth revised English

edition, trans. Morton Hamermesh), (Pergamon, Oxford, 1975).

Ma, Shang-Keng, Modern Theory of Critical Phenomena, Benjamin/Cummings, 1976.
F. Mandl and G. Shaw, Quantum Field Theory (Wiley, New Vork, 1984).

C. Nash, Relativistic Quantum Fields (Academie, New York, 1978).

C. Quigg, Gauge Theories of the Strong, Weak and Electromagnetic Interactions (Ben-
jamin/Cummings, Reading, MA, 1983).

Pierre Ramond, Field Theory: A Modern Primer (second edition), Addison Wesley,
Redwood City, California, 1989.

L.H. Ryder, Quantum Field Theory (Cambridge University Press, 1985).

J. Sakurai, Invariance Principles and Elementary Particles (Princeton University Press,
1964).

J. Sakurai, Advanced Quantum Mechanics (Addison-Wesley, Reading, MA, 1973).

F. Scheck, Leptons, Hadrons and Nuclei (North-Holland, Amsterdam, 1983).
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H.E. Stanley, Introduction to Phase Transitions and Critical Phenomena, Oxford Uni-
versity Press, Oxford, 1971.

S.S. Schweber, QED and the Men Who Made It: Dyson, Feynman, Schwinger, and

Tomonaga, Princeton University Press, Princeton, 1994.
J. Schwinger, Particles and Sources (Gordon and Breach, New Vork, 1969).

J. Schwinger, Particles, Sourees and Fields, Vol. I (Addison-Wesley, Reading, MA,
1970).

G. Sterman, Introduction to Quantum Field Theory, (Cambridge University Press,
1993).

J.C. Taylor, Gauge Theories of Weak Interactions (Cambridge University Press, 1976).

F.J. Yndurdin, Quantum Chromodynamics, An Introduction to the Theory of Quarks
and Gluons (Springer, New Vork, 1983).

J. Zinn-Justin, Quantum Field Theoryand Critical Phenomena (second edition, Oxford
University Press,1993).
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