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1 Introduction

Physical systems that involve an infinite number of degrees of freedom are usually described
by some sort of field theory. Almost all systems in nature involve an extremely large number
of degrees of freedom. A droplet of water contains of the order of 10%° molecules and while
each water molecule can in many applications be described as a point particle, each molecule
has itself a complicated structure which reveals itself at molecular length scales. To deal
with this large number of degrees of freedom, which for all practical purposes is infinite, we
often regard a system as continuous, in spite of the fact that, at certain distance scales, it
is discrete. Another example is a violin string, which can be understood as a continuous
system and whose vibrations are described by a function (called the ‘displacement field’)
defined along the string that specifies its (transverse) displacement from equilibrium. This
mechanical system is not described by specifying the equations of motion directly for each
atom, but instead the displacement field is used as the dynamical variable, which, being
continuous, comprises an infinite number of degrees of freedom. In classical physics field
theory is obviously important for continuous systems. But also electromagnetic phenomena
are described on the basis of a field theory. In Maxwell’s theory of electromagnetism the
basic dynamical variables are the electric and magnetic fields. In terms of these fields one
can both understand the electromagnetic forces between charges and the phenomenon of
electromagnetic radiation.

The methods of classical mechanics can be suitably formulated so that they can be used
for continuous systems. However, to give a quantum-mechanical treatment of field theory is
much more difficult and requires new concepts. Some of these concepts are straightforward
generalizations of the quantum-mechanical treatment of systems based on a finite number
of degrees of freedom, but others are much less obvious. At the quantum-mechanical level,
the infinite number of degrees of freedom may give rise to divergences which appear when
quantum operators are defined at the same point in space. These short-distance singularities
require special care; a possible consequence of them is that the physical relevance of a
calculated result can not always be taken for granted. Likewise, also the physical meaning
of the dynamical variables is not always obvious.

In these lectures we introduce concepts and methods used in quantum field theory. The
lectures are not directly aimed at a particular application in physics, as quantum field theory
plays a role in many of them, such as in condensed matter physics, nuclear physics, particle
physics and string theory. But there is a certain unity in the methods that we use in all of
these disciplines, although they may carry different names or they may be used in different

ways depending on the context. In these notes we are still somewhat biased in that we will



usually deal with relativistic field theories.

A central role in these lectures is played by the path integral representation of quantum
field theory, which we will derive and use for both bosonic and for fermionic fields. Another
topic is the use of diagrammatic representations of the path integral. We try to keep the
context as simple as possible and this is the reason why we will often return to systems of
a finite number of degrees of freedom, to bring out the underlying principles as clearly as
possible. For instance, we discuss quantum tunneling by means of instantons, but we will
do this for a single particle, thus making contact with ‘standard’ quantum mechanics.

At the end of each chapter we present a number of exercises, where the student can verify
whether he/she has understood the material presented in that chapter and is able to apply
it in more practical situations.

Obviously, these lectures are but an introduction to the subject and the material that is
covered is very incomplete. We have added a list of useful textbooks for further reading at
the end.

2 Path integrals and quantum mechanics

In quantum mechanics the time evolution of states is governed by the Schrodinger equation

10, 1) = H(P, Q)b 1) 2.1)

where H(P, () is the Hamiltonian, and P and @ are the coordinate and the momentum
operator (in this chapter we restrict ourselves to a single one-dimensional particle, so that
we have only one coordinate and one momentum operator). The Schrédinger equation shows
that there exists an evolution operator that relates states at time ¢ to states at an earlier
time ', equal to

Ut t) = exp[—%H(t — . (2.2)

The operators P and @ satisfy the well-known Heisenberg commutation relations
@, P| = ih. (2.3)

Consider now a basis for the quantum mechanical Hilbert space consisting of states |¢) which
are the eigenstates of the position operator () with eigenvalue ¢ taken at some given time.
These states are time-independent and will in general not coincide with eigenstates of the

Hamiltonian. The states |¢) form a complete and orthonormal set, so that

(1lg2) = 0(q1 — q2) , /dq lg)(al = 1. (2.4)



Similar equations hold for the states |p), which are the eigenstates of the momentum operator
P.

From these results it follows that the wave function of a particle with momentum p is

equal to
1 ;
lp) = 2:5)
and the momentum operator reads P = —ihd/0q. Using the ordering convention where

momentum operators P are written to the left of position operators () in the Hamilton
H(P,Q), we have

(p|H(P,Q)lq) = e M H(p, q) (2.6)

V2rh
where H(p, q) is a function of p and ¢ associated with the ordering prescription.

The above equations were defined in the so-called Schrodinger picture, where states are
time-dependent while operators are in general time-independent. Alternatively, one can

make use of the Heisenberg picture. Here states are time-independent and can be defined by

|¢>H = ‘wat = 0>S = e%Ht W%ﬂs, (27)

(instead of ¢ = 0 one may also choose some other reference time) whereas operators bare

generally time-dependent and they are given by
Ap(t) = entt Ag et (2.8)

Of course, these states are determined up to phase factors, but their precise definition is of
no concern. Subsequently we consider a state |¢);, which at ¢t = ¢, is an eigenstate of the
Schrodinger position operator () with eigenvalue ¢. In the Schrodinger picture, this state

can be written as

(I9))s = " #1"]g), (2.9)

while in the Heisenberg picture we have

(12)e)r = €] q). (2.10)

Observe that (2.10) is an eigenstate of Qg (t;) with eigenvalue ¢q. Define now the transition

function between two such states,

W(Q27t2§Q17t1) = t2<Q2|q1>t1> (2-11)

which can be written as

W(g, ta;q1, 1) = <Q2|€_%H(t2_tl)|fh>a (2.12)
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and thus corresponds to matrix elements of the evolution operator. We now observe that W

satisfies the following two properties. The first one is the product rule,

/dqQ W(qs, t3; q2,t2) W(ga, to; 1, t1) = Wi(gs, t3;q1,t1). (2.13)
The second one is an initial condition,

The first result (2.13) follows directly from the completeness of the states |g2), while the
second result (2.14) follows from (2.12) and (2.4).

We will now discuss an alternative representation for W in the form of a so-called path
integral. For that purpose we evaluate W by means of a limiting procedure. We first divide
a time interval (to,ty) into N intervals (t;,¢;11) with ¢;41 —t; = A, so that ty — g = NA,

and furthermore we write ¢; = q(¢;). Then W (qn,tn; qo, to) can be written as

Wign,tn;qo, to) = /dQN—1 = '/d(h Wign,tnsgn—1,tn—1) - - W(q1, t1;qo, t0).  (2.15)
For small values of A we may write
W(gis1,ti + Ny qin ty) = <%+1’€7%H(P’Q)A|Qi>

_ / dps (gssapi) (sl P2 )

Q

1 1
s [ oo (Gl = ) = Haal) . (210

where we made use of (2.6) and of the fact that A is small. Substituting (2.16) into (2.15)

yields
‘ B dpo dpn -1
W(QN7 tN; qo, to) - / qu_l / dQI 27Th / 27Th

1

exp (%A Z {w — H(p;, CM}) : (2.17)

1=0

Observe that we have N — 1 ¢; integrals and N p; integrals.

We now make the assumption that

P2
H = om V(Q), (2.18)
and therefore H(p;, q;) = 5; + V' (g;). The exponent in (2.17) can then be written as
2
Pz(qu QZ) . 2177;1 . V(%) _
1 dit1 — 4 P om Qi+1 — G ?
= om (pi - mT) + 5 (T) — V(). (2.19)
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With this result the integrals over p; in (2.17) are just Gaussian integrals,

o0 2 T
e = 4 — 2.20
[ et f (2.20)

apart from the fact that a is imaginary in this case a = iA/(2mh). Ignoring this subtlety !

for the moment let us perform the p; integrals by means of (2.20), so that W becomes

m N/2
Wign,tn;qo, to) = /qu—1"'/dQ1 (2m’hA>
2
xexp( AZ (q’“ q) —V(g) ) (2.21)

Taking the limit N — oo, A — 0, while keeping NA = ty — t; fixed, the exponent in

(1.20) tends to o
esp {3 [ ar () - viaen) . 222

to

This can be written as exp {£S[q(t)]}, where S is the (classical) action defined as the time
integral of the Lagrangian L = T — V. Observe that the action is not a function, but a so-
called functional, which assigns a number to each trajectory ¢(t). Of course, by discretizing
the time, as we did previously, the action can be regarded as a function of the N +1 variables
¢; = q(t;). Furthermore, the integration over dg; approaches an integration over all possible
functions q(t) with boundary values ¢(t;2) = ¢12. Such an integral is called a path integral
and we may write

W(qa, to; qu, 1) = / Dy(t) et SOl (2.23)

i,

This is the path integral representation of W. Observe that this representation satisfies the
product rule (2.13).

In the path integral (2.23) the factor exp (%S [q(t)]) thus assigns a weight to every ”path”
or trajectory described by the function ¢(¢). In contrast with the usual integration of func-
tions, the path integral is an integration of functionals. It is not easy to give a general
and more rigorous definition of a path integral. Such a definition depends on the class of
functionals that appear in the integrand. The expression that results from the limiting pro-
cedure (cf. (1.20)) is one particular way to define a path integral. It is known as the Wiener
measure, and is usually defined by the requirement that [ dgs W(qi,t1;ga,t2) = 1 when the
action is that of a free particle. Indeed, it is easy to verify that the N integrals in (1.20) over
o, - - - »qn—1 yield 1 in the case that V(g;) = 0. It turns out, that this definition applies also

LObserve that (2.20) still holds provided Rea > 0.



to more general functionals S that consist of a standard kinetic term and a large class of po-
tentials V' (at least, in the Euclidean theory, where one does not have the troublesome factor
of 7 in the exponential; see chapter 5). For this class trajectories that are not sufficiently
smooth, will be suppressed in the integral.

An important advantage of the path-integral formalism as compared to the canonical
operator approach, is that it is manifestly Lorentz invariant (see chapter 4). The reason is
that the action is a Lorentz scalar, at least for relativistically invariant theories. Another
advantage is that the path integral can also be used in those cases where the time variable can
not be globally defined. This may happen when the (field) theory is defined in a space-time
of nontrivial topology.

We will now demonstrate some properties of W. First let {|n)} be a complete set of
eigenstates of H: H|n) = E,|n). In the g representation, where (q|n) = ¢,(q), we then find

the following expression for W

Wige, ta; 1, 1) = Z ©n(q2) on(a1) e~ wEn(ta=h) (2.24)

It is easily checked that (2.13) and (2.14) are indeed valid for this representation of W, as
a result of the fact that the eigenstates |n) form a complete orthonormal set. Observe that
(2.24) is precisely the evolution operator in the Schrédinger representation, so that wave
functions (g, t) satisfy

(g, t) = /dq' Wig,t;q',to) (', to). (2.25)
Therefore W must itself satisfy the Schrodinger equation, as follows indeed from (2.24),
ih%W(%,tQ; Qi t1) = iﬁz (—%En) Onlqe) F (1) enBnti=2)
= > Hupula) phla) e
};qzw(fh, tyqu,th), (2.26)
where H, is the Hamilton operator in the coordinate representation.

Problem 2.1 : How will (2.23) change for a system described by the Hamiltonian H =
2 £(Q) + V(Q)? Show that the classical action will now contain modifications of order ,

2m

as a result of the integrations over the p;.

Problem 2.2 : The free relativistic particle

When a free particle travels from one point to another, the obvious relativistic invariant is the
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proper time, i.e. the time that it takes measured in the rest frame of the particle. During
an infinitesimal amount of time dt a particle with velocity q is displaced over a distance
dq = qdt. As is well-known, the corresponding time interval is shorter in the particle rest
frame, and equal to d7 = Wdt, where c is the velocity of light. If we integrate the
proper time during the particle motion we have a relativistic invariant. Hence we assume a

Lagrangian

L= —mc*\/1—(q/c)?. (2.27)

Show that the momentum and energy are given by

_ oL mq
P78 T @oe
2
E - qp-L- M (2.28)

V1-(a/e)*
and satisfy the relation £? = p2c2+m?c*. To study the Lorentz transformations is somewhat
involved, as we are not dealing with space-time coordinates, but with trajectories q(¢). Under
Lorentz transformations both q and the time ¢ transform, and an infinitesimal transformation
takes the form q'(¢') = q(t) +cvt with ¢/ =t +c¢ (v-q(t)). This is enough to establish that
dr is invariant and so is the action. On the other hand, the Hamiltonian is not invariant as

p and E transform as a four-vector.

3 The classical limit

In the path integral one sums over all possible trajectories of a particle irrespective of whether
these trajectories follow from the classical equations of motion. However, in the limit 4 — 0
one expects that the relevant contribution comes from the classical trajectory followed by

the particle. To see how this comes about, consider the path integral,
W /Dq eiSla) (3.1)

and note that for 7 — 0 the integrand exp(%S) becomes a rapidly oscillating ” function” (or
rather a functional) of ¢(t). Therefore the integral (3.1) will tend to vanish. The dominant
contributions to the integral come from those ¢(¢) at which S approaches an extremum:
0S[q(t)] = 0. This we recognize as Hamilton’s principle, according to which the classical
path is described by that function ¢o(¢) for which the action has an extremum (note that we
are discussing paths that are all subject to the same boundary condition: ¢(t12) = q12). As

is well known, this function must then satisfy the Euler-Lagrange equations.
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The fact that we are dealing with a functional, rather than a function, makes our manip-
ulations more involved, and we will have functional derivatives, rather than ordinary deriva-
tives. Normally a derivative of a function f(z) is generated by a displacement z — x + dz,
so that 6 f(x) = f'(x) dx. For a functional F[f(x)] the functional derivative is generated by
f(z) — f(z) + 6 f(x) and the variation of F' takes the form,

OF[f]

SFf] = /dx Sy ). (3.2)
This defines the functional derivative. Alternatively the functional derivative can be under-
stood by discretizing = into N parameters f; = f(z;), so that F[f] becomes a function F(z;)
of N variables. The integral in (3.2) is then replaced by a sum: dF =Y. (0F/0f;) 6 f;. We
have already used this approach in the previous chapter. Let us now return to the path

integral (3.1)
In quantum mechanics the classical path is somewhat smeared out; the deviations of the
classical path are expected to be of order v/A. To study the quantum-mechanical corrections,

let us expand the action about some solution gy(t) of the equation of motion,

Sla@®)] = Slgo(t)]
. / dt' dt, —5; Sla(t)]

(q(t1) — q0(t1))(q(t5) — qo(t3))

2 (t1)9q(t5) la=qo

1 / / / 535[q<t)} / / / / / /
+ é/dtldtzdtg 3q(t))0q(th)dq(th) q:qO(Q(tl) —qo(t1))(q(t5) — qo(t5))(a(t5) — qo(t3))
- (3.3)

Note that we suppressed the term proportional to 6S[q(t)]/dq(t}) because qq is a solution of
the equation of motion, so that §S[qo(¢)] = 0. Substituting (3.3) into (3.1), W becomes

W = exp (%S[qo(t)]) (3.4)

i 0%Sq(t)]
x [ Dgex {—/dt’dt’— ) — qo(t)) (q(th) — go(t. +}
[ Paesn {5 [ e, S0 (att) - ao)a(t) — ()
where the terms in parentheses represent the quantum-mechanical corrections. It is conve-
nient to replace the integration variables q(t) by qo(t) + v/hg(t), so that, up to an irrelevant

normalization factor which can be absorbed into the integration measure,

W /quXp (%{S[qo(t)]

hof ., 62S[g(t) N o4

+3 /dtldtg ALTAL q(t1) q(t3) (3.5)
p3/2 R 63S[q(t)] , ’ /

o s BT o ) 2B 1) - ).
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Observe that the new integration variable ¢(t) satisfies the boundary conditions ¢(t;2) = 0.
The functional derivatives of the action are taken at the classical solution and are therefore
not affected by the change of variables.

Let us now recall the following equalities,

00 1
/ del . d'fn e—(a:,Ax) _ W”/?(det 14)_57 (36)

[e.e]

det A = 6lndetA — eTr In A (37)

Y

where A is an n X n matrix and
]

It is possible to use analogous expressions for functions. One replaces the continuous time
variable by a finite number of discrete points, just as in the limiting procedure employed in the
previous chapter. Integrals then take the form of sums and, for instance, the term containing
625/0q(th)dq(th) in (3.4) can be written as (g, Sq), where S;; is a matrix proportional to
6%5/0q(t;)dq(t;) and ¢; = q(t;). Using the analogue of (3.6-3.7), W can be written as

6%S[q(t)] n 0(h2)}), (3.9)

v 1, / / / /
W x exp<ﬁ {S[qo(t)] + 517 4(0) /dtlalt2 o(t) —t3) In AT AL
where 0(t] — t}) establishes that the trace is taken; 0(0) represents the inverse separation
distance between the discrete time points before taking the continuum limit. In this limit
we thus encounter a divergence. In practice we will try to avoid expressions like these and
try to rewrite determinants as much as possible in terms of Gaussian integrals. (Observe
that in this result we have absorbed certain gg-independent multiplicative terms in the path

integral.) Of course, we can also write the above formula as

528[q(t)] 12 g ;
Sq(t)5q(th) )] eXp(ﬁ {Sla(®)] + O(h )}), (3.10)

where we have introduced the determinant of a functional differential operator (subject to the

W oc [ det (

q=40

appropriate boundary conditions; therefore this operator usually has a discrete eigenvalue
spectrum).

Let us now derive the following useful result. If the action is at most quadratic in ¢(t),
we only have the second-order term proportional to §2S[q(t)]/dq(t})dq(th) in (3.5), which is
independent of ¢; and g;. Furthermore the boundary condition (¢(¢;2) = 0) in the path
integral (3.5) does not refer to ¢; » either. Therefore the full dependence on ¢ o is contained

in the classical result Sy = S[qo], so that W reduces to
)
W(g2, t2;q1,t1) = f(t1,12) exp (ﬁ&l) . (3.11)

12



In most theories the Lagrangian does not depend explicitly on the time. In that case the
path integral depends only on the difference t5 — ¢;. This conclusion is in accord with the

representation (2.24). Hence we may write

W (g2, t2;q1,t1) = f(ta —t1) exp (%Scl) : (3.12)

The function f can be determined by various methods. Either one imposes the product
rule (2.13) (although this may lead to technical difficulties in view of the factor ¢ in the
exponent) or one derives a first-order differential equation for f which follows from the
Schrodinger equation (2.26), in which case one needs (2.14) to fix the overall normalization
of f. If one of the eigenfunctions of the Schrodinger equation is explicitly known, one may
also determine f from (2.25).

We will now describe the transition from classical mechanics to quantum mechanics in a
more formal manner (which was first proposed by Dirac). In classical mechanics, the equa-
tions of motion follow from Hamilton’s principle, according to which the classical trajectory

is the one for which the action acquires an extremum,
65[q(t)] = 0, (3.13)

where

Sla(@)] = /dt L(g, q) (3.14)

is the action, and L(q(t),q(t)) is the Lagrangian of the system. The conjugate momentum
is defined by

b

L

pP=4- 3.15
7 (3.15)
and the differential equation corresponding to (3.13) is the Euler-Lagrange equation
d oL
—p=—. 3.16
dt dq (3.16)
The Hamiltonian is given by
H(p,q) =pd— L(g,q)- (3.17)
Note that the Hamiltonian is a function of the phase-space variables p and ¢. From
OH OH
0H = —dq+—29
dq ¢t dp b
oL oL
— pg (——)5'——5, 3.18
pq+ 95)00~ 54 % (3.18)
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we deduce that the Euler-Lagrange equations can be expressed in terms of Hamilton’s equa-

tions o1 Py
= ;P 3.19
This equation can be written with the help of so-called Poisson brackets,
dq dp
2 —(q. H X —(p.H 3.20
U qm, P, (3:20)
where the Poisson bracket for two functions A(p, q) and B(p, q) is defined as
0AOB 0AOB
AB)=—— — ——. 3.21
(AB) =G - S (3.21)
Note that
(¢:p) =1, (3.22)
and that the time evolution of some function u of the coordinate and momentum, u(q(t), p(t);t),
is given by
du ou
— = H)+ —. 2
W )+ 2 (3.23)

In quantum mechanics the coordinates and momenta become operators and the Poisson

brackets are replaced by (i) ™! times the commutator. Therefore we obtain in the Heisenberg

picture,
[Q(t), P(t)]i=v = ih (3.24)
and ar . o
- = FlUH+ o (3.25)

where U is some operator depending on (Q(t), P(¢t) and ¢. This result is in one-to-one
correspondence with the classical result (3.23). This feature is the motivation for using the
Heisenberg picture in field theory.

The Feynman path integral leads to an alternative description of quantum mechanics,
where the time evolution is encoded in the transition function,

1

W et ) = [ Dy oxp (o)) (3.26)

Problem 3.1 : The free particle
The Lagrangian is given by
L= Ltmg. (3.27)

14



The equation of motion implies that the velocity must be constant. Therefore the velocity

equals

. Q2= q
Cte—t
It is now easy to calculate the action for a solution of the equation of motion subject to the
proper boundary conditions,

t2 m (qs — q1 2 m 2
= I = — . 2
Se /t1 dt 5 < > 2t )(Q2 ¢) (3.28)

to —ty 92—t

According to (3.12) the path integral takes the form

o im(QQ—%)Q
W = f(t tl)exp{Qh — },

where f can be determined by imposing the Schrédinger equation (2.26). This leads to the
following differential equation for f,

of f

Oty 20ty — 1) =0.

Show that, up to a multiplicative constant, this leads to

m im (g2 — 1)’
Wi toa 1 [ m_fim(e—a)’ 3.29
(g2, t25 g1, 1) 2rih(ts — 1) eXp{Zh P } ( )

Problem 3.2 :
Check by using (2.14) that (3.29) is properly normalized and verify the product rule (2.13).

Problem 3.3 : The harmonic oscillator

From the Lagrangian

L =1img — tmw’q?, (3.30)
one easily proves the following results. The classical solution for ¢(t) is given by

1
t:.—( inw(t —t;) — ¢ sinw(t — ¢ ) 3.31
q(t) sinw(ts — 1) Gz sinw( 1) — @i sinw( 2) ( )
whereas the corresponding classical action equals

mw

Scl

= 24 g2 to —t;) — 2 . 3.32
2 sinw(ts — 1) {(Q1 +q3) cosw(ta —t1) Q1Q2} ( )

The path integral is again of the form (3.12). Show that it satisfies the Schrédinger equation

f(t2—751)=\/ e

2mihsinw(ty — t1)’

when

15



so that

mw
((J2> 2; 41, 1) \/QWihSinw(t2 - tl)

1mw 9 9
lo—1t1) —2 .(3.33
conp { g (6 ) cosalta — ) — 2] (339

Explain the singularities that arise when ¢y, — t; = n7w/w.

Problem 3.4 : The evolution operator
Verify the validity of (2.25) for the harmonic oscillator with (g, t) the groundstate wave
function, using (3.33),

1
. mw\ 2 mw .
0(a.1) = pola) exp(—Yiwt) = (T ) " exp (—Fa* — biwt ).

This confirms that W is thus the evolution operator in the coordinate representation.

Problem 3.5 : The Gel'fand-Yaglom method
From (3.5) it follows that the transition function for a particle on a line with potential energy

V(q) can be approximated by (semi-classical approximation),

W ~ F(ty,to) exp {%S[q()(t)]} 7

where the prefactor is given by the path integral

m \N/2
F(tN,to) = /dC]N_l .. /dql (2 hA) h(N_l)/2 (334)

2
Xexp{zAZ [ qu ) —%%2%2]}7

with g = qo = 0 and mw?(t) = d*V (q) /dq? | y(t)=qo(t)- L0 calculate such path integrals there

exists a general method due to Gel’fand and Yaglom. Their method is as follows.
Show that the exponent in the integrand can be written as
m
2A i Aij (w) 4,
where ¢; are the components of an (N — 1)-component vector (gn_1,...,q) and A;;(w) are
the elements of an (N — 1) x (N — 1) matrix equal to

2 — A%W3% -1 0
~1 2 — A%, —1
Avaw) = 0 —1 2 — A%
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Performing the integrations we thus find the result

1
. [ m )
F(tN, tO) = ]\}I_I)I;O oIl [det AN,l(w) 2 .

Observe that this expression depends on ¢o(t) through the w;.

We now introduce

Uy =A det Ay(w).

Show that Wy obeys the difference equation
Uy =(2-A%w3) Uy — Uy,

with ¥; = A(2 — A%w?) and ¥y = Uy + A + O(A?). In the continuum limit we therefore
obtain PU(t 1)
t7 250 2
—p =¥ ()W (t, to) .
with the initial conditions W(¢,tg) = 0 and d¥(t,y)/dt = 1 for t = t;. Moreover, the desired
expression for A det A(w) then equals ¥(¢y), thus

m
F = —
(v to) 2mih W (ty, to)

Problem 3.6 : Show that the Gel'fand-Yaglom method leads also to the results (3.29) and
(3.33) in the case w(t) = 0 or w(t) = w, respectively.

Problem 3.7 Verify the correctness of (3.9) by uniformly scaling the operator §25/dq(t})dq(t})
by a constant. Evaluate the effect of this scaling both directly and by returning to the corre-
sponding term in (3.5). To obtain agreement, it is important to regard the various quantities

as (infinite-dimensional) matrices.

Problem 3.8 : The path integral in phase space

Consider the transition function W(qn,tn;qo,t0) = +yx{(qn|qo)s, for a particle on a line.
According to (2.17) it can be written as a path integral over phase space. In this path
integral, we are dealing with N p-integrations, but only N — 1 g-integrations. Therefore it
is natural to consider instead the transition function W (pn,tn;qo,t0) = ¢y (Pn|G0)t,, Which

can be obtained by making use of (2.5).

i) From (2.17) derive a discrete expression for W (py, tn; qo, to) and subsequently take the
continuum limit N — oo to obtain a phase-space path integral based on two paths,
p(t) and ¢(t). Specify the boundary conditions for both these paths.
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From here you are supposed to only make use of the continuum expressions for the transition
function. This expression is very similar to that for the fermionic path integral, which we
will introduce in a later chapter. Note, in particular, that the action contains a boundary

term and is only linear in time derivatives.

ii) Determine the ‘action’ S[p(t),q(t)] that appears in the exponent of the integrand of
the path-integral representation for W (p',t’; ¢, t). Don’t forget the boundary term.

iii) Show, using the previous result, that the classical limit & — 0 gives rise to Hamilton’s

equations with corresponding boundary conditions for p(t) en ¢(t).

iv) Express the transition function W (p”,t";q,t) in terms of the transition functions
W(p", t";q,t') and W(p',t';q,t) with t” > t' > t. Make use of the completeness of
the states {|p)} and {|q)}.

v) Derive from W (p',t';q,t) (or again from (2.17)) a path integral expression for
W(q',t';p,t) = v(q|p):. Extract again the relevant action and specify the the boundary
conditions for the path integrations over p(t) and q().

vi) Prove by means of the above action that the classical limit & — 0 gives rise to Hamil-

ton’s equations with corresponding boundary conditions for p(¢) and ¢(t).

vii) Finally, prove that the evolution operator is unitary. (Note: this requires to prove the
relation [W(p/,t';q,t)* = W(q, t;p',t).)

Problem 3.9 : Jacobi identity for Poisson brackets and commutators
In (3.21) we introduced the Poisson bracket. Show that it satisfies the Jacobi identity,
(4, (B,C)) + (B, (C, A)) + (C, (4, B)) = 0. (3.35)

Subsequently show that the same identity is satisfied for commutators of matrices.

4 Continuous systems

Until now we have discussed a system with a finite number of degrees of freedom. The
transition to an infinite number of degrees of freedom is necessary for the treatment of
continuous systems, such as a vibrating solid, since their motion is described by specifying

the position coordinates of all points of the solid. The continuum case can be understood
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as the appropriate limit of a system with a finite number of discrete coordinates. (The text
below is taken from De Wit & Smith).

We illustrate this procedure for an elastic rod of fixed length [, undergoing small longitu-
dinal vibrations. The continuous rod can be approximated by a set of discrete coordinates
representing a long chain of n equal mass particles spaced a distance a apart and connected
by uniform massless springs having force constants k. The total length of the system equals
[ = (n+1)a. If the displacement of the i-th particle from its equilibrium position is measured

by the quantity ¢; then the kinetic energy of this one-dimensional lattice is
T=1> me?, (4.1)
i=1

where m is the mass of each particle. The potential energy is the sum of n 4+ 1 potential
energies of each spring as the result of being stretched or compressed from its equilibrium
length (note that ¢y = ¢p1 = 0),

3D k(i1 — ), (4.2)

where k is some constant. The force on the ith particle follows from the potential via

E = k((biJrl - (bl) - k<¢l - (bifl) = k(¢i+1 + Qbifl - 2¢'L> .

The force thus decomposes into two parts; the force exerted by the spring on the right of
the ith particle, equal to k(¢;+1 — ¢;), and the force exerted by the spring on the left, equal
to k(¢; — ¢i—1). Combining (4.1) and (4.2) gives the Lagrangian

n

L=T-V =35> m¢ -1 kb —¢). (4.3)
=1 =0

The corresponding Euler-Lagrange equations yield Newton’s law mqbZ = F;.

In order to describe the elastic rod we must take the continuum limit of the system
discussed above. Hence we increase the number of particles to infinity (n — o0) keeping
the total length [ = (n + 1)a, and the mass per unit length = m/a fixed. Furthermore
Y = ka must be kept fixed as well; this follows from Hooke’s law, which tells us that the
extension of the rod per unit length is directly proportional to the force exerted on the rod,
with Young’s modulus being the constant of proportionality. In the discrete case the force

between two particles is F' = k(¢;11 — ¢;), and the extension of the interparticle spacing per
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unit length is (¢;41 — ¢;)/a; hence we identify Y = ka as Young’s modulus which should be
kept constant in the continuum limit.
Rewriting the Lagrangian (4.3) as
—~ (M, - Giv1 — i\ 2
L=1>"a(%6) = 1> alka) (=2 (4.4)

- - a
=1 =0

it is straightforward to take the limit @ — 0, n — oo with [ = (n+1)a, p = m/a and Y = ka
fixed. The continuous position coordinate x now replaces the label 7, and ¢; becomes a
function of z, i.e. ¢, — ¢(x). Hence the Lagrangian becomes an integral over the length of
the rod

L=} [ delud? ~v(@.0), (45)

where we have used

lim Gir1 ~ O lim dz+a) = ¢lz) = 99 = 0,0.

a—0 a a—0 a al’

Also the equation of motion for the coordinate ¢; can be obtained by this limiting procedure.

Starting from

; i i—1 — 2¢;
a a
and using
. Qi1 T i1 — 20 o _
CILE»% a? T ox? T Oea
the equation of motion becomes

We see from this example that x is a continuous variable replacing the discrete label 7. Just
as there is a generalized coordinate ¢; for each i, there is a generalized coordinate ¢(z) for
each z, i.e. the finite number of coordinates ¢; has been replaced by a function of x. In fact
¢ depends also on time, so we are dealing with a function of two variables. This function
¢(x,t) is called the displacement field, and (b = 0;¢ and 0,¢ are its partial derivatives with
respect to time and position.

The Lagrangian (4.5) appears as an integral over = of
L= 1ud® — 1Y (0,0, (4.8)
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which is called the Lagrangian density. In this case it is a function of ¢(x,t) and its first-
order derivatives 0y¢(x,t) and 0,¢(x,t), but one can easily envisage further generalizations.
It has become common practice in field theory to simply call the Lagrangian density the
Lagrangian, as the space integral of the Lagrangian density will no longer play a role. What
is relevant is the action, which can now be written as an integral over both space and time,

Slé(x, 1)] = /t St /0 Az L(6(x. 1), &, 1), Dud(, 1)) (4.9)

It is a functional of ¢(x,t), i.e. it assigns a number to any function of space and time.
It is possible to obtain the equations of motion for ¢(z,t) directly from Hamilton’s prin-
ciple by following the same arguments as in the previous chapter. One then investigates the

change in the action under an infinitesimal change in the fields

¢z, t) = d(x,t) + dp(x, 1),
Op(x,t) — Op(x,t) + %&b(w, t), (4.10)

0
0u6(,1) — 0.0(.1) + 5—00(2,1),

leading to

5516w, 0)] = Slo(x,1) + 06(w, 1] - S[o(x, 1)
t2 ! oL oL 0
= [ [ arlgigtenn+ gmas e
oL 0
e A ) 1

Integrating the second and third terms by parts

/: o gfqb) §t5¢ - 8t¢> / : )5¢,
[ s = / )
leads to
” / dt/ dxéd) 3¢ f%( (%f¢)>_%(a(%f¢)>}
“f | T /: T (412)
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Hamilton’s principle requires that the action be stationary with respect to infinitesimal
variations of the fields that leave the field values at the initial and final time unaffected, i.e.
¢(x,t1) = ¢1(x) and @(x,t3) = Pa(x). Therefore we have do(t1,x) = do(ta, ) = 0. On the
other hand, because the rod is clamped, the displacement at the endpoints must be zero,
ie. 0¢(x,t) =0 for z = 0 and x = [. Under these circumstances the last two terms in (4.12)
vanish, and Hamilton’s principle gives

D) L) -2
ot \0(0e9) 9(0:¢)/  0¢

_I_
Ox
This is the Euler-Lagrange equation for a continuous system. As a check one can insert

(4.13)

the Lagrangian (4.8) into (4.13) to derive the equation of motion, which indeed gives (4.7).

Note that with a suitable choice of units we can write the Lagrangian (4.8) as
L=—3(0:0)+ 2(0:0)*. (4.14)

The generalization to continuous systems in more space dimensions is now straightforward,
and one can simply extend the definitions of the Lagrangian and the Euler-Lagrange equa-
tions. For example, in two dimensions one may start with a two-dimensional system of
springs. The displacement of the particle at the site labelled by (7, j) is measured by the
quantity ¢;;(¢), which is a two-dimensional vector. In the limit when we go to a continu-
ous system this becomes the two-dimensional displacement field ¢;;(z,y,t), of a membrane

subjected to small vibrations in the (z,y) plane.

Problem 4.1 : A vibrating membrane
Consider a membrane (for instance of a drum) and let the field ¢(z,y,t) measure the dis-
placement of the membrane in the direction orthogonal to the membrane. Argue that for

small oscillations the relevant Lagrangian density takes the form
L =—3Y(0:0)" = 5Y(0,0)" + 5u(0:0)", (4.15)

in rescaled units. Give possible reasons for suppressing a term proportional to 9,0,¢ and
for choosing equal coefficient for the first two terms. Derive the corresponding Euler-
Lagrange equations. Write down the normal modes (characterized by a well-defined fre-
quency) for a square membrane where 0 < z,y < L. Thes normal modes can be written
as sink,x sinkyy cos(wt + «), where the k,, k, are the wave numbers and w denotes the
frequency. Express these in terms of Y and p and find the propagation velocity of these

(transverse) waves.
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5 Field theory

As we have seen above, the action S in field theory is no longer a function of a finite number
of coordinates, but of fields. These fields are functions defined in a d-dimensional space-time,
parametrized by the time ¢ and by d — 1 spatial coordinates. Henceforth we use a d-vector
notation, z* = (Z,t). Usually we will consider Lorentz invariant field theories. There are
many such theories, but the simplest ones are based on scalar fields ¢(Z,t). Here the field
is the dynamical variable and the coordinates & should be regarded as lables; they simply

specify ¢ at a given point in space. For instance, a standard action for a single scalar field
o(z) = ¢(,t) is given by

S) = [ e {00 - i)}
— /dt/ddl L(00) — H(V9)? — m?e?}, (5.1)

which is indeed Lorentz invariant, owing to the fact that we adopted a metric with signature
(—1,1,...,1), corresponding to the Lorentz-invariant inner product 2z = #? — t*. Observe
that here, and throughout these notes, we choose units where ¢ = 1. The field equation (or

equation of motion) corresponding to (5.1) is the Klein-Gordon equation,
(02 —m?)¢ = 0. (5.2)

The action (5.1) describes a free scalar field; interactions will be described by terms of higher
order in ¢.
The expression in parentheses in (5.1) is called the Lagrangian density, denoted by L,

because its integral over space defines the Lagrangian,

/dt/dd ! ,0u0(2)) = /dtL. (5.3)

In order to see that the action (5.1) describes an infinite number of degrees of freedom,

we may decompose the field ¢(Z,t) in terms of a complete set of functions Y (%),
= oalt) YA(E). (5.4)
A

When {A} is a continuous set, the sum is replaced by an integral. For instance, we may

have

—

o3 = (2m) 7 [ og(t) 7. (5.5)
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Substituting this expansion into (5.1) we get

stol = [ ae{ [ @tk [l - @+ mioctor] . (5:5)

where we used that for a real scalar field [¢;(t)]* = ¢ (), as can be seen from (5.5). We
recognize (5.6) as the action for an infinite set of independent harmonic oscillators with
frequencies V k2 + m?2. (See problem 1.1.)

Let us therefore momentarily return to the case of a single harmonic oscillator. The
Lagrangian is equal to

L =im¢’ — imw’q’. (5.7)
Defining the canonical momentum in the standard way,

oL .
p=— =mq, (5.8)
q
the Hamiltonian reads (from now on it should be clear from the context when p and ¢ are

operators, and we will no longer indicate this by using P and Q)
2

H=pj— L= f_m + Imw’e. (5.9)

We introduce the raising and lowering operators, a' and a,

a = \/271n—hw (mw q-+ z'p) )
al = ZTlnhw (mw q— z'p). (5.10)

The canonical commutation relations (3.24) imply that
[a,al] = 1. (5.11)

Clearly, a is not an hermitean operators, unlike p and ¢. Using the inverse of (5.10),

h T
oo T (),
2mw
: h ;
S Y e (a —a >, (5.12)

we rewrite the Hamiltonian as

H=1hw(aa" +a'a) = hw(a'a+ 1). (5.13)



In the Heisenberg picture we have time-dependent operators a(t) and a'(t),

a(t) = ertltq e it af(t) = entaqt e~ 711t
which satisfy
da i dat i
— =—_[H — = —[H,a].

Note that, since [H,a] = —hwa and [H, a'] = hw a', we can easily derive that
a(t) = ae ™", aT(t) =al et

Obviously in this picture we have the same decomposition as in (5.12),

d) = (o (alt) + (1),
h (a(t)—aw)).

2mw

p(t) = —imw

(5.14)

(5.15)

(5.16)

(5.17)

Note that the operators ¢(t) and p(t) satisfy the classical equations of motion, m¢ = p and

p = —mw?q. It is straightforward to calculate the commutators of the Heisenberg operators.
First note that [a(t),a(t')] = [a(t),al(#)] = 0 and [a(t), a’(¥')] = expiw(t’ — t), so that we

derive
). 0] = 5 (lalt), ' (1) + o' (1) a(t))
hi .
= —msmw(t—t’).
Analogously,

lq(t), p(t')] = ihcosw(t — t').

(5.18)

(5.19)

For t = t', (5.18) vanishes and (5.19) yields ¢h, which are the expected equal-time results.

We now return to the field theory defined by (5.1). The canonical momentum is defined

by the functional derivative of the Lagrangian (regarded as a functional over ¢ and ¢),

OL[¢, ]

(%, t) = — .

0p(Z,t)

For the case at hand, this yields

The Hamiltonian equals

Hip,m] =

(5.20)

(5.21)

(5.22)



and is a functional of ¢(%,t) and 7 (Z,t). Similar to what was done for a simple system
depending on one degree of freedom (see the text following (3.17)) we may establish that

the variation of the Hamiltonian reads

SH = /d‘“ {57T¢+[7T—_¢} ¢_a¢ }

_ /dd_lx {%—Hdw —¢5¢} (5.23)

where, in the second line, we used the FEuler-Lagrange equations.

Since this field theory describes just an infinite set of harmonic oscillators, its quantization
is obvious. In analogy with (5.17) the field, which now represents an operator acting on a
quantum-mechanical Hilbert space, can be decomposed in creation and absorption operators.

In the Heisenberg picture we thus find (see also problem 5.1)

= h dd lk etk =1 TN ikt
qb(x,t) _ / W)d 1/ 2k ik-z kot+a (k’)@ k +k‘ot}’

(—' t) _ h dd lk k‘ (E) il_éf—ikot_ T(E) —ik-Z+ikot (5 24)
w(Z,t) = 2m) \/ﬁ —iko) e a'(k)e , .

where the frequencies are given by kg = V/ k2 +m2. The reason for the factor (2ko)~"/2 in
the integrands is follows from substituting m = 1 and w = kg in the expressions for a single
harmonic oscillator. Note that ¢(Z, ) is a solution of the field equation (5.2), so that the field
satisfies the classical equation of motion. Canonical commution relations are now effected
by

[p(2,1), m(&' t))iepy = ih 6" (T — T), (5.25)

which is equivalent to

[a(k),al (k)] = 65 (k — k). (5.26)

We may also consider the analogue of (5.18) and compute the commutator for the field
operators at different space-time points. When these two points, say (Z,t¢) and (Z',t'), are
separated by a space-like distance, so that (£ — ') > (t — t')?, this commutator should
vanish, because we can always transform to another Lorentz frame such that the two points
are at equal time. Let us verify that this is indeed the case. Using (5.24) we evaluate (cf.

(5.18))

h dd_lk dd_lk, ik-Z—ik ik!.2! 14t it g
IL_",t : f/,t/ _ etk @1 ot—ik - +ikgt k ,(IT k'
0@ 0,060 = o | e a(F). ol (k)

_|_e—1k Z+ikot+ik - ' —ik{t’ [CLT(E),(I(E/)]},

26



2%k [ d*k ,
= (27r)d1/ 5T sink-(z — 2'). (5.27)

In this integral, the scalar product k-(z — 2') = k - (£ — &0 — ko(t — #') is Lorentz invariant.

di—1k
2ko

(5.27) is a Lorentz invariant function. If x — 2’ is a space-like vector, we can exploit the

Furthermore, it can be shown that the integral [ is also Lorentz invariant, so that
Lorentz invariance of (5.27) by performing a Lorentz transformation such that ¢ becomes
equal to t’. Then it is obvious that (5.27) vanishes because the integrand is odd in k.

So we conclude that [¢(z), ¢(2’)] = 0 whenever x and 2’ are separated by a space-like
distance. This phenomenon is known as local commutativity, a fundamental property that
any relativistic field theory should satisfy. Local quantum operators taken at points that are
not causally connected, commute.

We started by introducing field theories as a system of infinitly many degrees of freedom.
However, there is a dual interpretation which is known under the term ‘second quantization’.
By first quantization one means the usual quantum mechanics, used to describe a system
with a finite number of degrees of freedom. For instance, take a free particle, whose states
are described in terms of a wave number or a momentum vector, say p. Both classically and
quantum-mechanically the energy of this state is determined in terms of the momentum and
denoted by Ej;. The precise dependence of Ej5 on p'is not important. For instance, for a free
relativistic particle of mass ¢ we would have E; = \/m , while in the nonrelativistic
case we have Ey = %ﬁ 2 /i Now one introduces a Hilbert space, called Fock space, consisting
of states that describe an arbitrary number of free particles. Assuming that the particles
are bosons, the multiparticle states should be symmetric under interchange. Therefore it is
sufficient to specify the occupation numbers ny which give the number of particles with the
same momentum p. The vacuum (or groundstate) of the Fock space is denoted by |0), and
is the state that contains no particles. Then we have the one-particle states [p’), the two-
particle states |p’,p”), and so on. Using the occupation numbers, we can generally denote
these states by

Mgy, Ny Ny - - -),  With ng =0,1,2,..., (5.28)

where p; are the possible momenta. The energy of these states is given by
E(”ﬁz) = Z ng, Ep, . (529)

In the Fock space we can define creation and annihilation operators, which increase or

decrease the occupation numbers by 1. They are defined by

a(pj-)\nﬁl,nﬁz,...,nﬁi,..) = /Ny nﬁl,nﬁz,...,nﬁi—l,...>,

aT(ﬁi)|nﬁl,nﬁz,...,nﬁi,...> = /ng +1|nz,ng,...,n5 +1,...). (5.30)
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With this definition, one can show that

la (), a' (7)) = 0. (5.31)

The energy of the multiparticle states (cf. 3.27) are given by the eigenvalues of the Hamil-

tonian

Hy = 3" ol (7) a(F}) E. (5.32)

It is easy to introduce interactions into this theory by including terms of higher order in
the operators a and a'. For instance, the term
Hi = Y (5 + 7 — e — 1) Vigre @' () @' (55) a(p) a (7)), (5.33)
ivgikl
describes a four-particle interaction in which two particles are annihilated and two other
particles are created. The delta function in (5.33) ensures momentum conservation.

The key observation is that the energy spectrum for the multiparticle states coincides with
the spectrum of a system of infinitely many harmonic oscillators with frequencies 7! Ej,.
Using the operators a and a' we can now write down fields ¢(Z,t) by using the expression
(5.24) with k = i~ and ko = h~! E5. The above results can then be cast in the form of a
field theory, which, upon quantization, leads to the same Fock space operators as above. For
a system of relativistic particles, where E; = \/m , this system of harmonic oscillators
is precisely described by the field theory defined by (5.1), with m = p/h. In particular, the

Hamiltonian Hj is equal to (5.22), up to an infinite “zero-point” energy

(0| H|0) = Z N R (5.34)

This is one of the characteristic infinities that emerge in quantum field theory, caused by
the presence of an infinite number of degrees of freedom. We will return to these infinities

in due course.

Problem 5.1 : The complex harmonic oscillator
To exhibit the derivation of (5.24) from the Schrédinger picture, consider the theory (5.1)
in one space dimension. For simplicity, assume that the space dimension is compactified to

a circle of length L. Show that the field ¢ can be expanded in a Fourier series
o(z,t) o(k,t) exp(ikx),
Y

with & equal to 27/L times a (positive or negative) integer. Subsequently, write down the
Lagrangian.
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Now restrict yourself to two Fourier modes with a fixed value of |k|, so that the infinite
Fourier sum is replaced by a sum over two terms with +k, where we choose k positive. Define
¢ = ¢ and ¢_;, = @', so that the Lagrangian reads

L= ot — w?pol. (W = k* +m?)

For this system of a finite number of degrees of freedom, find the expression for the canon-
ical momenta 7 and 7', associated with ¢ and ¢!, respectively. Then write the canonical
commutation relations and give the Hamiltonian. Express ¢, ¢', 7 and 7' in terms of the

operators

\/21%<w¢+iﬂ>, b= @(m@m),

and their hermitean conjugates. Derive the commutation relations for a, a', b and b" and

a =

write down the Hamiltonian in terms of these operators. What does this system correspond
to?

Derive the operators a, a', b and b in the Heisenberg picture. Reconstruct the field
¢(z,t) by writing the full Fourier sum. Take the limit L. — oo and compare to the first line
in (5.24). Do the same for the canonical momenta. Here we note the Fourier transform in d

space-time dimensions (note the sign in the exponential)

(1) = (27)" 5" / 4V (R 1) e

Problem 5.2 : Taking the continuum limit

Express the Hamiltonian (5.22) in terms of the operators a(k) and af(k). In view of the
above presentation it is convenient to consider the field theory (5.1) in a large but finite
((d — 1)-dimensional) box of volume V' and impose periodic boundary conditions. Then we

decompose (cf. 3.23),

. 1 =\ iRz h D iRd—i 2\ g
670 = o ST = 3y {alBy e e (5
k k

- _ 1 7 —ikZ® __ h . T\ ik-Z—ikot T\ —ik-Z+ikot
(¥, t) = Wi Zw(kr,t)e = Z: 1/ 2‘/7{?0( iko) {a(k) e a'(k)e } :
2 k

where 7(k, t) = 85/0d(k,t). Determine the commutator [¢(k, t), m(K, t')]—y from (5.25) and
check the expression for [a(k),al(K')]. Give again the Hamiltonian and compare the result

with (5.32) and (5.34). Consider the continuum results by making use of the correspondence

14 d— (27T)d_1 d—1/7. 17
ZHW/OJ 'k, opp — % 8Nk — k). (5.36)

k
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Problem 5.3 : Prove that the integral measure [ d% [2(k2 +m?)"/2]™" is Lorentz invariant.
This can be done in two ways. First perform a Lorentz transformation (see e.g. De Wit &
Smith, appendix A) and express d%’ [2(k"2 + m2)"/2] ™" in terms of the original momenta.
Secondly, rewrite the integral as an integral over four momenta k and ko by including & (k? +
m?) 0(ko) in the integrand.

Problem 5.4 : Show that (0|o (7, t) ¢(7,t)|0) is divergent.

Problem 5.5 : Wave functions versus fields

Give arguments why a field and a wave function are two different concepts, so that (5.2)
should not be regarded as a relativistic generalization of the Schrédinger equation. (This
point is even more pressing for fermions where the relativistic wave equation — the Dirac
equation — is also a first-order differential equation, just as the Schrodinger equation.) For
comparison, consider the single harmonic oscillator and confront the second-order differential
equation for the operator ¢(t) in the Heisenberg picture with the first-order Schrédinger
equation. Derive the Schrodinger equation in the “coordinate” representation where we
have wave functions W(¢(k),t) depending on the “coordinates” ¢(k) and the time ¢. For
convenience, consider again the theory (5.1) in a box with periodic boundary conditions.
Write down the correct expression for the momenta W(E) in this representation and give the
Hamiltonian. Show that the ground state wave function Wo(¢(k),t), which corresponds to
the vacuum (i.e. the state with zero occupation numbers) of the Fock space, takes the form

(make use of problem 3.1)

Uo(b(k), 1) = exp { 3 ( - —ng(;%)qs(—zz) — ity B2+ m2 4 1 [#} ) } .

Note the presence of the zero-point energy.

Problem 5.6 : A particle on a circle

Consider a particle of mass m, moving on a circle C' of radius R in the (z,y)-plane. The
circle is parametrised by (z,y) = (Rcos ¢, Rsin¢) and 0 < ¢ < 27. The particle experiences
a force described by a periodic potential V(¢) = V(¢ +27), so that the classical action reads

Sl¢l = / dt{%mﬂﬁ(%f - V<¢>} :

i) Show that the Hamiltonian of the particle equals

p;

2mR2

H(p¢,¢) = +V(¢) s
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with p, the momentum conjugate to ¢. After quantization p, and ¢ are operators
satisfying the commutation relation [¢,ps] = ih. How does p, therefore act on the
wave function W(¢,t)? Specify the boundary conditions for W(¢,t) and determine the
eigenvalues of the momentum operator ps. Finally give the time-dependent Schrodinger

equation for the wave function.

By means of the above Hamiltonian we would like to derive a path integral expression for the
transition function We (o, ta; o, to) = (dn|e HEN—10)/R| 40 We follow the standard proce-
dure and divide the time interval ¢ —ty into N pieces of ‘length’ A = (ty —t¢)/N, applying
the completeness relation fo% do; |¢:){¢;| =1 at any time instant t; (1 =1,2,..., N —1). In

this way we obtain as a first result
We(on, tn; dosto) = H / d¢z ¢j‘€_iHA/h|¢j—l> : (5.37)

Subsequently we must determine the matrix element (¢;|e*#2/%¢; ). For this purpose we
use the Poisson resummation formula

o0

Z 0z —n)= Z e?mite (5.38)

n=-—o0o f{=—00
Note that the resummation formula expresses the fact that the phase factors on the right-

hand side only interfere constructively when the phases are equal to a multiple of 2.

ii) Show with help of (5.38) that, after neglecting O(A?) corrections,

, dk
ey ) = 3 [ Bt et s

£j=—o00

Now we also introduce the transition function W (¢y, tx; ¢o, o) for a particle of ‘mass’ mR?
that moves subject to the same periodic potential V' (¢) along the full ¢-axis. (This means
that now —oo < ¢ < 00.)

iii) Prove, by substitution of the previous result in (5.37) and by using the path integral
expression for W (on,ty; do, to),

We(én, t; dosto) = Z W(on + 2mln, tn; dos lo) -

{N=—00

Can you physically explain this formula? (Note: ¢y is known as the winding number.)
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Finally consider the special case of a free particle (V(¢) = 0). Then

W(¢N7 th ¢U7 tO) =

mR? ox imR? (dn — ¢p)?
omihlty —to) P\ 20 ix—to J

Because the transition function W is periodic in ¢ — ¢, we can expand We in the Fourier

series
ein(on—do)

Wo(on,tns do,to) = Y Cltn — to) o

iv) Determine the coefficients C,,(tx — to) by means of a Fourier transform of the result of
part iii) and determine with the help of this the eigenvalues of the Hamiltonian. Here,
make use of (2.20).

Problem 5.7 : Electromagnetic fields
Consider the Lagrange density for the free photon field A,,(Z, 1),

£=—3(Fu)? = =104, —0,4,)". (539)

i) Determine, by considering the variation of the action under A, — A, + §A,, the
classical equations of motion for A, in their Lorentz covariant form, 0*(9,A,—0,A4,) =
0. Write them in terms of the electric field E = VAy — OA/t and the magnetic field
B=VxA.
Suggestion: you may want to use the vector identity Ax (B xC) = (A-C)B—(A-B)C.
What kind of (space- and time-dependent) gauge symmetry do the Lagrange density

and the equations of motion for A, possess?

We want to quantize the above theory. This requires that we first choose a (so-called) gauge
condition (as we will discuss later in these lectures). In what follows we choose the so-called

temporal gauge, defined by the condition Ay = 0.

ii) Give the Lagrange density in this gauge and determine again the classical equations
of motion. Note that, in comparison with part i), one equation is missing. We return
to this shortly.

iii) The Lagrange density in the temporal gauge still contains a residual gauge symmetry.
Give this symmetry or derive it from the original symmetry of the original Lagrange

density. In addition, write the transformations for /T(/% t), the Fourier transform of

—

A1),
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iv) Determine the canonically conjugate momentum 7 corresponding to A and express it
in terms of E. Give the Hamiltonian in terms of E and B.

Suggestion: the following identity may be convenient, (ﬁ X ff) . (6 x A) = 0;A;0;A; —
OiAj @A,

v) What are the commutation relations of the ‘momenta’ 7(k) and the ’coordinates’ A(k)?
What are, in the coordinate representation, the momentum operators and the Hamil-
tonian. Formulate the time-dependent Schrodinger equation for the wave functional
W[E(E), t]. Assumer that the quantization is performed in a finite box of volume V| so

that the k assume discrete values.

In question ii), we had found that, at the classical level in the temporal gauge, the equation
V-E=0is missing. In order to perform the quantization of the Maxwell theory in a correct
way, we must therefore explicitly include this equation. We do this by imposing it as a

‘constraint’ on the wave functional.

vi) Give the above ‘constraint’ on the wave functional in the coordinate representation. In
iii) we determined how A(k) transforms under gauge transformations corresponding to

the temporal gauge. Use this to show that the ‘constraint’ guarantees that W[A(k), ]

is invariant under an infinitesimal gauge transformation.

We will now try to determine the wave functional for the ground state by solving the time-
independent Schrodinger equation.

vii) Derive in the usual manner, i.e. from the time-dependent Schrédinger equation, the

- =

time-independent Schrodinger equation for a wave functional W[A(k)].

In view of our experience with harmonic oscillators we expect that the wave functional

-

Wo[A(K)] belonging to the ground state will be a Gaussian functional. Therefore we write
Wo[A(k)] = Coexpq > Ai(—k) Gy(k) A;(k) ¢ . (5.40)

viii) Determine first from the ‘constraint’ of vii) the form of Gy;(k).

Suggestion: indicate first which tensorial structure you expect for Gj;.

ix) Subsequently, solve the time-independent Schrédinger equation. In other words, de-
termine the ground-state wave functional (you may ignore its normalization) and the
(infinite) ground-state energy. Could you have written down the answer for the latter

directly? If so, explain your answer.
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Problem 5.8 : Winding and momentum states

Consider a field theory in a one-dimensional space corresponding to a circle with circumfer-

ence L, described by a real scalar field ¢(z,t) with action

i)

i)

iii)

iv)

vi)

= [t [ ar @y - s0.07] (5.41)

Argue that the field ¢ can be expanded as
¢ z, t Z(b 27rzk:):/L (542)
\/_

where k is an integer. Is ¢y, real?

Write the action in terms of the ¢. As expected we are then dealing with an (in-
finite) sum of known quantum-mechanical systems. In this sum we distinguish two
contributions, i.e. i.e., S = Sy + Sesc, Where Sy = [dt 3(8yp)? and S comprises
the contribution of the oscillations described by the ¢, with k& # 0. Determine the

conjugate momentum 7 of ¢, and give the canonical commutation relations.

Determine the spectrum of the conjugate momenta 7, (in other words, their possible
eigenvalues). Clarify your answer on the basis of your knowledge of the quantum-

mechanical system described by ¢y.. In particular, consider the momentum 7 conjugate
to ¢0.

Give the Hamiltonian. Give also the corresponding expression in the ‘coordinate’

representation.

Consider now the case that the field ¢ itself characterizes the position on a circle with
radius R, so that we identify ¢ with ¢ 4+ 27R. Argue that the decomposition of ¢
should be changed now into

27rmR & o2mika/L
oz, t) = Z on(t) . (5.43)

k* 0
What are the possible values for the number m? What is their significance? Try to

clarify your answer with a figure. Check that 0,¢ is continuous over the circle.

Give the action again and distinguish as before between the two terms Sy and Syec.
Give the expressions of the conjugate momenta 7 of ¢, and write down the canonical

commutation relations.
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vii)

viii)

From the periodicity of ¢, derive a condition for ¢g. What is now the spectrum of the

momenta? Pay again attention to the conjugate momentum 7.

Give the Hamiltonian and the ground-state energy. Let us concentrate on the con-
tributions of the Hamiltonian that are not caused by the oscillations described by ¢y

with k # 0. Determine the eigenvalues of this (nontrivial) part of the Hamiltonian,

Eo(m,n) =

1 2,,2
[h” + (27R)*m? . (5.44)

2L L R?
Describe what happens to these eigenvalues when we change R into h/27R. in the

context of string theory this phenomenon is known as T-duality.

Problem 5.9 : Maxwell theory in 1 4+ 1 space-time dimensions

Consider the action of Maxwell theory in two spacetime dimensions,

S[A] = / drdt (3E2 +0F+ T4 A,) (5.45)

Here Fi, is the field strength defined by Fi, = 0,A, — 0,A:, where the two-vector A, =

(A, A,) comprised the potentials, and J#* = (J*, J*) is some external current. Note that, in

two space-time dimensions, there exists no magnetic field whereas the electric field equals

E = —F},. The term proportional to the constant # has no analogue in higher dimensions

(at least, not in a Lorentz invariant setting).

i)

i)

iii)

iv)

Prove that the electric field is invariant under gauge transformations of the form 04, =
0,A(t, ). Derive the field equations for A, and write them as first-order equations for
E. Show that the current J* must be conserved. In the absence of the current, give

the solutions for E.

Use the gauge transformations to set A;(t,x) = 0. Give the gauge parameter A(¢,x)
that is required for this, expressed as an integral over A;. Write down the resulting
Lagrangian in the A, = 0 gauge, which depends only on A,. Observe that we still have
a residual invariance under gauge transformations with functions A(z) that depend

only on z and no longer on t.

Write down the field equations in this gauge and note that there is one field equation
less in this case. For the moment ignore this equation which will have to be imposed
eventually as the so-called Gauss constraint. Write down the canonical momentum
7(t, x) associated to A,(t,z) and show how it is related to E(t, z).

Write down the canonical commutation relations for A,(z) and 7(y) (in the Schrodinger

picture, so that we suppress the time dependence).
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v) Write down the Hamiltonian and define the wave function in the ‘coordinate’ repre-
sentation. Here and henceforth we suppress the external current J*. Give the form of

the momentum in this representation. What is the lowest-energy state?

vi) Let us now return to the Gauss constraint. Show that, for arbitrary functions A(z),

Q[A(z)] = [ dx A(z) O,7(x) vanishes classically but not as an operator.
vii) Consider Q[A] as an operator and calculate the commutator [@, A.(y)]. Interpret the

result. Argue now that physical wave functions should be annihilated by the operator

(2. What are the physically relevant wavefunctions?

6 Correlation functions

In principle, one would like to calculate the same kind of quantities in quantum field theory
that one considers in the context of more conventional quantum mechanics. Hence one
is interested in the determination of energy levels, scattering amplitudes and the like. In
general, however, the calculations of these quantities are cumbersome in field theory and one
often has to rely on perturbation theory. The way in which one extracts physically relevant
quantities depends often on the context. The reason is that the direct physical significance
of the quantum field is not necessarily obvious, as one can always apply field redefinitions.
Therefore the intermediate results of the theory often take the form of correlation functions.
These quantities can carry different names depending again on the context and play an
important role. They are the topic of this chapter.

As a first attempt to define correlation functions, let us consider
@l q@) q(t) - |q1)e, for ta >t >t > >, (6.1)

where |g;), is the eigenstate of the position operator at ¢t = ¢;. Both states and operators
are taken in the Heisenberg picture. To facilitate the notation, let us introduce a so-called

time-ordered product,

T(q(t) q(t")--)
The correlation function G(t,t,...) may then be defined by

G r,.. )= BeT®at)  Jlay (6.3)

t2<QQ‘QI>t1

g q(t)---, if t>t'>- ete (6.2)

When the time-ordered product contains n operators ¢ at independent times, G(t,t',...) is

called the n-point correlation function. Of course, there is always the possibility of modifiying
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a correlation function by products of lower-n correlation functions. Such modifications are
indicated by the dots in (6.3). Later on we intend to make a specific choice for these
modifications, but for the moment we leave them unspecified.

Using the completeness of the states |q); for fixed value of ¢, we can rewrite (6.3) as

fdQqu/ .. t2<Q2‘Q>t q t<Q‘q/>t, q/ t’<q/| o |Q1>t1
w{@2]01) 1,
[Dq qt) q(t') - - - e+ Sla®)

G(tt,...)

= - A4
[ Dq #5140 ’ (64)

where both path integrals are defined with boundary conditions
q(t) = @, q(ta) = qo. (6.5)

Correlation functions are not restricted to products of the ¢(¢), but can also contain so-
called composite operators, ”functions” of the operators ¢(t) taken at the same instant of
time. However, in field theory the definition of such operators requires special care, because
products of fields become singular when taken at the same space-time point. We return to
this aspect in due course.

As an example let us consider the correlation functions for the harmonic oscillator, first

in the operator formalism and then by means of path integral techniques.

6.1 Harmonic oscillator correlation functions; operators

We consider the two-point correlation function defined above in the context of the opera-
tor formalism. Here it is customary to adopt different boundary conditions. Rather than
the states |q1)¢, and |g2)s,, we will choose the groundstates |0);, and |0);,. Because the

grou