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Basic thoughts (" motivation”)

positive integers : 1,2, 3,... = negative integers: ..., —3, -2, —1
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Fractional-order PDEs: applications [1]

e Geo-hydrology (non-Fickian laws)

e Finance (Lévy-flights, non-Markovian models)

e Visco-elasticity, Rheology, ...

e Electro-physiology of the heart
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Applications [2]

Article
Fractional Diffusion Models for the Atmosphere
of Mars

2
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Abstract: The dust aerosols floating in the atmosphere of Mars cause an attenuation of the solar
radiation traversing the atmosphere that cannot be modeled through the use of classical diffusion
processes. However, the definition of a type of fractional diffusion equation offers a more accurate
model for this dynamic and the second order moment of this equation allows one to establish a
connection between the fractional equation and the Angstrom law that models the attenuation of
the solar radiation. In this work we consider both one and three dimensional wavelength-fractional
diffusion equations, and we obtain the analytical solutions and numerical methods using two different
approaches of the fractional derivative.
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Applications [3]

Mathematical Models and Methods in Applied Sciences [}
Vol. 28, No. 9 (2018) 1857-{I880] \\hs
(© The Author(s)

DOI: 10.1142/50218202518400030

Crime modeling with truncated Lévy flights
for residential burglary models
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Applications [4]

M.M. Meerschaert, C. Tadjeran/Journal of Computational and Applied Mathematics 172 (2004) 65-77 175

Bromide conentration
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Fig. 1. Concentration of bromide tracer (gm/’mz) at extraction well. Fractional radial flow model (25) with vo=4.0, do=2.4
andsa="116 (thick line) captures early breakthrough better than classical radial flow model with vy = 3.5, do = 5.0 and
o =2 (thin line).
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Applications [5]

Tails comparison at t = 0.1 (semilog scale)

10-1 4
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—— Normal diffusion
Fractional diffusion (alpha=1.5)

log(u)

10-11 4
10-13 4

10—15 4

-20 -15 -10 -5 0 5 10 15 20

Paul Andries Zegeling ity, The Netherlands

Introduction Scientific Compu



Applications [6]: the tautochrone curve

& Appiications Places System (S @@ @ 11:56 AM Q)
)

ia, the free encyclopedia - Mozilla Firefox

Fle Edit View History Bookmarks Tools Help

<« - ® @ (W nttp.i/en wikipedia orgiwiki/Tautochrone_curve -] Tautochrone a)
New features @ Log in / create account ||
7
e
cQ Article  Discussion Read Edit View history Q
Yo
G
Tautochrone curve

WIKIPEDIA

The Fres Encyclopedia oM Wikipedia, the free encyclopedia

A tautochrone or isochrone curve (from Greek prefices tauto- meaning same or iso- equal, and chrono time)

Main page is the curve for which the time taken by an object sliding WIthout friction in uniform gravity to its lowest point is
Contents independent of its starting peint. The curve is a cycloid, and the time is equal to i times the square root of the
Featured content radius over the acceleration of gravity.

Current events

Random article Contents (hide1

1 The tautochrone problem
2 Lagrangian solution
» Toolbox 3 "Virtual gravity" solution
4 Abel's solution
5 References
~ Languages 6 Bibliography Four points run over a cycloid from different &7
positions, but they arrive at the bottom at the

» Interaction

} Print/export

Deutsch 7 External links
Frangais same time. The blue arrows show the points®
M acceleration along the curve. On the top is the
s The tautochrone problem [edit]  time-position diagram

olski

Portugués The tautochrone problem, the attempt to identify this curve, was solved by Christiaan Huygens in 1659. He proved

YKpaiHceKka geometrically in his Horologium oscillatorium, originally published in 1673, that the curve was a cycloid.

imes of descent, in which a body arrives at the lowest

*On a cycloid whose axis is erected on the perpendicular and whose vertex is located at the by

point at the vertex after having departed from any point on the cycloid, are equal to each other
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The tautochrone: Abel’'s mechanical problem

Abel, 1823 (integral equation)

1 [ y(s) _ hix “
)/0 ds =h(x), 0<a<l

M« (x —s)l—@
- PR NIy Y. C MRS
o/ Ml—a)dx Jog (x—s) AL
~> see later

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands

Introduction Scientific Computing



Fourier's definition of a fractional derivative

Fourier (1822):

dp d
27T//R2 ) cos(p(x — 7)) dp dvy

nm
— —)dpd
an 2”//11@ v)p" cos(p(x — ) + 2) pdy, neN

QT
— )+ — eR
pes (x) =5 //2 ~¥)p® cos(p(x — ) 5 ) dp dv, «
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Brownian motions vs Lévy flights [1]

One " particle”:
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Brownian motions vs Lévy flights [2]

Many " particles”:

Brownian motions Levy flights Levy flights
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Brownian motions vs Lévy flights [3]
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Reaction-diffusion vs fractional reaction-diffusion

Spreading of the plague, 1345-1351 Lévy flights in modern epidemic spreading
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The Gamma-function I
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The Gamma-function I'(x) [2]

Euler 1730, Legendre 1809 I'(x), Gauss IN(x):

M(x) = /OOO > le7t dt = /01[— In(t)]tdt,x >0

satisfies the functional equation:

[f(x+1)=xf(x), f(1) =1, x> 0|
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The Gamma-function I'(x) [3]

20

-20
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The Gamma-function '(x) [4]

The function I'(x) is not the unique solution of the functional
equation. Other solutions are, e.g.:

cos(2mmx)l(x), me N

H(x) = 11 2 i( In( r((1 X)) Hadamard (1894)

L(x) = ... Luschny (2006)
etcetera...

The Bohr-Mollerup theorem (1922): the Gamma function '(x) is
the unique solution of the functional equation, if we also demand
that f(x) is logarithmically convex.
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Mittag-Leffler function [1]

The Mittag-Leffler function:

7k

Ea = -7 7 . a0 ) R )

(2) ;F(ak+1) aeC, Re(a) >0

A generalization with two parameters:

[e.e] Zk

E = T —— R R :
2 (2) ; ek g “PeC Re(e) >0, Re(8) >0

0

Note that: E;1(z) = €*.
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Mittag-Leffler function [2]

The solution of the fractional differential equation

{ Dfu(t) = —Adu(t), 0<a<l
u(0) = wp

reads
u(t) = up Eq(—\t%)
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Mittag-Leffler function [3]
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A mysterious " contradiction” (?)

_ k! k—n _  T(k+1

y(x) = X:dx"_mx ”—ﬁx ,k>n

1)
d%y _  T(k+1l)  k— >0
> WC}“/ = mx « ,k Z o € R_
@ k

yX)=e = fr = ==Y =
2)

> ko r(;:i:l), a € RZ% [x]; BUT, on the other hand:

kfn _

y(x)=e"=3120 k' = &
k n
> ke Ork 1) 7 dx"‘

=D e 0 i1 (kkn)l
= D k0 RS a+1)7é[*]
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Cauchy-formula for repeated integration

Tf(x) = F(x)
TH(x)= [*_f(s) ds
TH(x) = [, TH(s) ds

Tf(x)=[* T " (s) ds

for f € S(R), i.e. P(x )Z—%O if x = —o0

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands

Introduction Scientific Computing



Fractional integral of order a > 0

I"f(x) := Mjl)!/_;(xs)”_lf(s) ds|n'=T(n+1)forneN

It can be shown that: J"f =1"f, n € N.

: 1 f(s)
Zo . @ =]
Define for « € R=" : | J%f(x) : (o) / ds

—00 (X _ S)lia

JoJE = JEJY = Jo+B Ya, 8> 0
JO=1T

(" the semi-group property of fractional differ-integral operators”)

Property: {
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Fractional derivative of order o < m

>0 .| Fo ol X f(s)
a € R20 1| J%f(x) == 10 /_Oo =)= ds

Define the " fractional” -derivative:

DU(x) = T f(x)), m>a, feS(R)

dxm
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Fractional derivatives: Caputo & Riemann-Liouville

The " Caputo”-derivative:

D2 (x) = T (L f(x)), x>0

dxm

and the " Riemann-Liouville-derivative” :

rf(x) = :Tn;(Jomfa(f(x))), x>0

Here: J§f(x) := ﬁ Jo (x =s)*(s) ds, x>0

Note: D¢(constant) = 0 & Dg, (constant) ~ x~“ # 0
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" Consistency” of Caputo-derivative

For f € C™*1([o, L]), VL > O:

Df(x) =

£(m) (s
(m— a) fO (x— s)l(r3 a)dS
= a){ (x— s)a (m (S |§26<+fox%f(m+l)(5)ds}

— Tm—at1) a+1){0+xm af( ) )+f0X(X—S)m_O‘f(m+1)(S)dS}

(take limit: @« € R - m € N)

_ rEll){f(m)(O) + Jo Fm ) (s)ds}
—f m)(o) + f(m)(x) — f(m)(o) = %(X)
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" Caputo” vs "Riemann-Liouville” [1]

(Luchko & Gorenflo, 1999, th.2.3, p.213)

Let f € L}(]0,00)) N C™([0,00)) and m — 1 < o < m for some
m € N. Then:

Al

ruf(x) = Def(x) + Tltk—a)

Xk~ (x> 0)

k=0

Notation: f(K)(0%) = limyjo F9)(x)

Corollary: [if F9)(07) =0, k =0,1,...,m— 1, then D%, = D¢
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Griinwald-Letnikov-definition [1]

F1(x) — limp o FCH=10)
limp, 0 w_“m’u%o flxthp)—f(x)

F'(x) = limpy 0 CR— "

Take h = hy = hy = £(x) = limj_,g FOF2N=2FCEh)+1()

By induction:

FN(x) = lim — S (-m ( ”m > f(x —mh), neN
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Griinwald-Letnikov-definition [2]

£ (x) = lim 1,;(—1)'" < :’n ) f(x — mh), ne N

Note: < nm ) = m!(r?im)!’ replace "!"-terms by "I -values

[o]
Define: | D¢, f(x) = lim — Z(—

h—0 ho

Ma+1)

F(x — mh
(e —m+1) &~ M)

Podlubny, 1999:

f e CHR20) := {f € C™1([0,00)) & f(x) = 0 for x < 0}
= D¢, f(x) = D, f(x) = Dgf(x) = Df(x)
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The fractional Laplacian

For 0 < a < 2, in one dimension:

AV e 2T TG4 D) [ )~ ulx+)
A=y LT b

Theorem (« # 1):

dy

(D)) = e (P + D)
a=2 (A)E =2
a=1: —(—A)% # :I:%
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The left space-fractional heat equation: «-variation

wu_DU ,dyo, xedmal gt
ot
u(x,e)= Uy(x) 2

<o
«=2 (heat equation) v \ 5;5\‘5
>0 t=o
1K C2  (feactional) %
. E=o
d=4 (transport equation) t>o %—2:\
é 2\ ':-:g
0 <& ¢4 C(gractional) 2 !;~;\
+
! q
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A uniform discretization for D}

Forl<a<?2:
D ulx
- r(2 a) Jo' (Xi_//s()sa),l ds
~ F(3 @) Z J+1 = xj?—a}”ffjﬂ—h;;;ﬁu,-,j,l
= G- > g (- 4 1) ) (Ui =2 by
= rmagie Dy P = U= 127 Huijen = 205+ uij1}

Paul Andries Zegelin;
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Left-fractional vs left-fractional heat equation

(%u(x, t) = DyS.u(x, t) %u(x7 t) = D}?'Izhtu(x, t)
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Space-fractional heat equation

(%u(x, t) = —(=A)2u(x, t) a=2 vs 1.25
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Left-fractional heat equation: lim,_,;

0.0 02 04 06 08 1.0
10 SE— 10
| \
1
il “\“
it
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04 w{ 04
|
" L v
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Left-fractional Fisher PDE

%u(x, t) =0 D pu(x,t) +v u(x, t)(1 — u(x, t)) a=15

0.88

0.22

0.00

0.0 0.2 04 0.6 0.8 1.0
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Right-fractional Fisher PDE

D u(x, t) = 8 Digpeu(x,t) +7 u(x, )(1— u(x,t))  a=15

7
//m\\‘

0.8 7 ,{

08 T
/

E} ) / //
//
0.4 A
/ //

SV

0.2

0.0 0.2 0.4 0.6 0.8 1.0
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Space-fractional Fisher PDE
(x,t) = =0 (—=A) 2 u(x, t) +7 u(x, t)(1 — u(x, t))

a=1.5

*

A

N

e —
——

|

\
\\\

—
—

///

e
1

\\\

I

—
I ——

—
—

|

;U
ot
08
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Thecase a =1

is given by:

[Hu](x) = u(x) * % = % p.v. /00 u(_y) dy
Definition: p.v. [?_f(x) dx = lim_o+[[ 5 f(x) dx + [ f(x) dx]

Example: p.v. [% dx—||m€_>0[f o= dx—l—fOo Lax=0

lused in signal processing
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Thecase a =1

Properties of H.:

? H=-7T, H=F'=1H =%
0 15)
(f,HE) 2wy = 0, fllem) = IFfllew) = IHfll2®)

H(cos(x)) = sin(x), H(sinc)(x) = %tsincz(%),

- € —£ -

etcetera....
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Finite-difference matrices [1]

¥Wke—a;gmmu metniced -gm with pedsdic BCy
o a E@ﬂm—glvi stencid
23, I»&— T ‘(}'“\ 1-‘.-“11' 1269!

1 o NxN (constant 82
) =;A—3; —[Hg,}.\za‘lyg(‘ o R x e
{ KeR IS »é«ﬂ-) jz-g
NV
a D 1 —01‘1* -8-4 = 5 2
Y=o Yio=— [T O cenbrel Piile dfforomess ; emm= O((BX))
2% U B A0, )
-10 ac.

("uPufl\d“)

Z

Ao file deffouin e 0 (caxf)
(" downutind”) ‘

ST E 0(@,()’) 5 Note:|D - 1(D,+D)

5 i 2 > £
¥=-1] D, ;—AI<°7;\\9°) fowemd P diffoaects; eman - & (lex )
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Finite-difference matrices [2]

: LTt I AL

=24 G
comsr D, =D - [T | rena- 0 (@4
BX e ., —
¢ s 1%/ (XD

o )
" <-€'é“—ftzei‘"'> A0, )el

oy ona =0 ((4xy)
w6
; 01" -4,1
omd gaL o pwpee, [TH | D D D 1 Jlio.a‘/x Er
: z 4y ek e £x) W SIS
Dﬂxz =D2 L _9 ‘\‘.

e
L RS
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Fractional heat equation with square roots of matrices [1]

- Euler-Foward
system of ODEs : ? ip=Mu (4) = Eulu Bacluiad
C(0=T, el
T mabar “(o=€ i,
with elements "expm'
3, (me Anpwwmai on ”le;é“
> L
Dot~ 8 = =)
4 r‘gﬁ&
f CE)=-\D, vl HEF
N axo eteters

% T
@ (t)=-V-D; ) 5,
R
20 sgrem’

4y

; R EF

2@ =Wy ae)

Qo) - T S5
7 o) Teqrem
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Fractional heat equation with square roots of matrices [2]

A [ {(_D G
Thwrem uoa("“ ﬁ*
14a €2

2L ek e
=5 F ax) ='%{D&€/Cu+%muﬂ

; (&) . --—{ Vo, +Vlo, Jaw

w(E) ”x%ttm

\Er—

eteddtra
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Fractional heat equation with square roots of matrices [3]

Left: approximation of fractional derivative D3/2 and EF in time
Right: EXP in time and -SQRT(D3) in space

dx = 0.0754, dt = 0005, T-variation, FTCS, space-fractional heat dx = 0.0754, exp of sart of matrix, T-variation, space-fractional heat
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Blow-up and Sundman-transformation [1]

ODE A i—_zé

w(o) =1

>
0y
W
(7 2

/_\‘ Moon
S Euler-Forwacd LSl [u']
ot constant at

{ ()= fue)]

_____ <. z
W™= st (i) o blowigp'
el a1

»

é _bram taom 3 W with 8T costat = A ron-unigorm!
WLMQM Wﬁ ( ) disteibuted 1
£l i
i st Dpeitet o ieD == oy
PR Bt @ M @Y st
I

Department of Mathemat

(ot constaut)
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Blow-up and Sundman-transformation [2]

Karl Frithiof Sundman (1873 — 1949) was a Finnish mathematician.
(Source: Wikipedia; May 9, 2026)

o 45F)pys‘xr\luwm"s
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Blow-up and Sundman-transformation [3]

ODE

1 ,u0=1 levmf]{ %%:u u(ol= 1T7>PM{§“E»u ulo=1
du_y
o
o\

dv
S (o)l=
dt

=i HREG if:u ,Ter=1
i ot
Ly ulo-14 du_\ ul9=4
A4 Ai ar dt i
oo Ay
e g o Lyt

y é(lt):'t
L/Ee‘: = unifomm st

Bl
({:’,’U'), H:Z,“l) ,(el(‘ )v’" (o(ia‘ma\ Situation)

=W u[w
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Blow-up and Sundman-transformation [4]

OPTION 1, OPTION 2, OPTION 3
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