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Theorie en opgaven

THE FOUILIER
TR,ANSFORM AND ITS
APPLICATIOI\IS

.4 ge*eralnalnn t¡tode not for tlze uam pleasw'e qf generahzttg but in order
to solue prturnusly cttshng problena zs alutays o truitlul general*al.zon.

_HENRI LEBËSGUI:

In previous €hrlpters rvc usecl Pour'ier serics ard orlkogonal expnnsions
as toûls ùo solve bounrlary value problerns over bounded regions such

âs intervals. rectèngles, clisks, and spheres. As you carr imaginc, ihe
modelilg of certain physical phenomena *'ill give rise naturally to
bounclar¡' value problems ove¡' unbounded regions. For cxanrple, to
desc¡ibe the temperalure riisiribution in a very long iusulated rvire,

.yor.l cü.n srippose lhâc the lcngth ol the rvi¡e is infinite, which givcs
tise to ê bouudarl' value problenr over ¡¡n ilfinite lir¡e. To solve this
new type ol problenr ive rvill gs¡s¡¿lize the notion of Foulie¡ series by
cleveloping Liie Fourier transfo¡m, The a.pplicat,ions tlìab we prc"sent

are as diversc nnd rich a,s the oncs rve stucliecl rvilh Fourier series.

The meùhods of this chaptcr', alltrough mainl¡' tailored for Lhe Fnur'ie¡
transfornr, are also suitable rvith other transforms-ior exarnple, [lre
lbt¡rier cosire ând siue bransforms (Seciions 7.6,7.7) ¿ncl the Laplace
and l-Ia¡¡kel trânsloLms {Chapter 8).

In additiorr tri building on itleas fionr previous chåpters, thc laüier
r¡ections of this chaptcr i$ection 7.8-7.10) iniroduce nerv advanced top-
ics, such as generâli?ed fr¡nctions. Green's fr¡r¡ctions. and tlre mclhocl
of irnages. 'Ihese topics har'e irnportant applications, both ¿t the l,heo-

rctical a¡rd praclieal levels. For example, Green's htnctiotrs can be used

to cie¡ive lormrrlas like t,hc Poissou integrÐl formula lron Seetion 7.ó,
rvhich explers ¿he solution ol a boundary value problenr in ternls of
the ini|ial und boundtry d¿la. The stucly of Green's funetions rvill be
coltinued in Chapter l2 wibh tlre help of Lools from complex an;rlysis.
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390 Chaprer 7 The Foru'ier Tt¿nsforrn ancl lts Applicutrons

7.L The Fourier Integral Representation
To help us ur¡rJerstand anrl eppreciate the üopics of bhis section, lc[ us recall
fì'om Sec¡ion 2.3 bhe Fourier series rcprese¡rlatio¡r ùheorem. Given a 2Þ
perioclic funcùion /, we have

(1) /ir) =*o+Ð
?lÎt n1f

r¿,1 cos 
--r 

+ 0il sln .-.r
rl= I

p p

s

where

1ao-fr

n,, = 1 [' ¡ulrrr!3.L,tt, å^ : 1 [' lo¡*in tt¿d¿.
PJ-p' p PJ-p-', p

Now srr¡rpose lhat / is dcfined on l,he e¡rtire real line bufi is noü periodic.
Can rve re¡rrescn[ / lry a Fourier series? Il iurns or¡t lhat we no longer have
a Fourier series representatiorr, but a Fourier integral rcpresenbation. Ttre
&nswer is given by the following important theorcm,

fo Í{t¡ur,
¿^p

Suppose th¿rt. f ir picccrvise smool,b o¡r evcry fi¡rite ilrtcrr'¿rl anrl l,hat

Ji. l¡trllr/c < co. Thcn / has the follorving Fourier integral rel)re.
senùation

1Ø(2) f (*) = Jo [rl(ø) cost.'r + B(u) sinø*] d^r (-æ < r ( oo),

wltere, for all u :0,

(3) .4(r.,) - + I:/(t) cosøt rtr; B(w) : * ff Jg)siuut,dn.

J(¡+)+J{"-)
2

THEOR.EM 1

FOUITIER
INTEGIlAL

rl.EPn,ÞSENTATION

Re[er to Section 2.2 for tl¡e
defi rrition of. Ttr,eeelu;-s e sn¿ooth.

The integrol in (2) convclgos to /(r) if / is continuÕlni &t s ancl to
otlter"wisc.

|lote the similarity bctween the F<¡urier integral (2) and the fburicr series
(1)" Tlre srrm irr (1) is replaced by an integral in (2), ¿rnd [he irrtcg,rals fronr
"-p to p that define Ll¡e Fourier coefficier¡Ls ale re¡rlaced by inte.grals fronr
*co bo oo in (3). Also, in {3), thc "Fot¡ricr coeffieie¡rts" are computed
oi/er a continuous r&ngë a, ì 0, rvlrereas bhe Fourier coefficicnts of a perio<lic
lur¡cçion are cornputed over a discrete r&üge of values n = 0, 1, 2, . , . .

Às rvith Forrrier series, for Theorem l to l¡otrri we imposec.l sufficienl, corr-
clitions on /, inclrrding thc condi[i<.ui

!: i /(r) ld¡ < oo,

3



Scction ?.1 Tl¡r: þ'orrn(,r Integrirl ftcJxc:crrlRtio¡¡ 391

rvhich is expre$sed by sirying bhtrt / is integralrle on tlte entire real linc.
This condilioìì âlso enslrriìs lhc existence of thc imploper integrirls defining
;l(a;) anct B(u) in {3).

We ç'ill omit the ¡rroof oi Theorenl l. which invr¡lves icle¿rs simiÌar to
titc¡se in tlre proof of Lhe Fourier series replesentatien iheorrìxr (see {f]). The
f'ac¡ tha¡ the series in (1) is chirnged into an integral in lhe Fourier series

represenla.iion as flre periocl lends to infiniüy can be rnotivated as follorvs.
Suppose rhat J is arr irrtcgrable fulcbiorr ûn tlre reir.l lirre. R,estricb f to a

lìnilc interval {*p,p). Tnke lhc part, of / lhâl is inside (*p,p} *nd exlend
it periodicall.y erufside bhis interval. The periotlic exte¡¡sio¡r ðgrees wilh ./
on (-p,p) and has ¿r Fo¡.¡rier scries as in (t), rvhiclr replesenls /(r) fbr e
in (-¡r.p). The r¡treslion norv is, What happens lo bhis re¡rrcsctrL:rlion as

l *i oo'/ To ansrver tlris c¡uestion, lel us investigaie fhe Fourier coeflicietrts
as p - oo. Sincc f is integrable, it follorvs lhal o¡ -, 0 ¡-s p *, co. Âlso,
lve car clr¿rv a con¡reclio¡r betrveen irr, &rrd år, ancl ,,1(a,') ancl ð{ar) as follorvs.

The irrtegrability of / iur¡:ties that, the integrals in (3) can be approxlmaterl
by nrelely iniegratingover the ilarge) finite inlerval (-p,p). The clifference
is just, the lail e¡¡ds of bhc irrtegrals, rvhich ca¡r l.¡c nl¿rde ¿rbiLrarily slnall.
Thus, lor large p, rve c¡n wri[e

1 1.t'Ô n'Ìr
on È j I ¡(t) cosrl-ll dt, = A(w,l L',t (bv (3)),' pJ... "" p

rr.hs.lc t,,,, : þm)l'¡t and A,^, = l. Sirnilar-ly, {.¡,, t B{ø,,) A¡s. Plugging
ll¡ese r,¿lues into (i), wc sec that for verY large ¡r, ne have

(4) 
"f 

(c) o i iuir,l cosr¿'f,r: + å?(-,,)sinø,,r) 4.,;.

Wc havc convenientl.y r¡sed a nol¿{,ion thal suggesis Lh¿l lhc sum ìn (4) is
a lìiernann sum. Tlris sum samples the inüegrand of {2) at equally spnced

¡roints r.;, n'ith & partition size Àr.r being precisely rlre distance l¡elrveen tu'o
consecuLive ø,,. The f¿cl that n goes to infì*it.-v in (4) indicates thal, this
Iliemann sum is nol ovcr ¿r finile iuierval but (rcgardless of p) s¡:uns lhe
el¡tire rronrrega[ive i¿-¿xis. As p * oo, Ar,, - 0 artd this Riet¡ranrì sulrì

cônyerges to lhe integt'al it.r ø, given by (2).

EXAIVIPI,E 1 A Fouriel integral representation
fi¡rd lhe Foulicr irrlegral rcprescntalio¡r ol il¡e flr¡¡ction

,,,^,_l I illrl st,J\'"/-ì 0 otircrrvisc.

Solution From (3),

A(uj = : l:f{t) cosr,.,trir =
1 rl fsin'-,f I t 2sinc'_ I t:t¡sal.dt = {_i =-_x J-t L n, l_, rtt
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392 Chupter ? ?he Fourier Transform urd Its Âpplicationr-

(Strictly speaking, we shou¡d trcat ihc c¿Lsc u : 0 seporately. Horvever, s$ )¡ou can
check, ihe forrnula ltrat rve obtained for ,,1(ø) is valid il¡ thc lir¡¡il as t¡ -{ 0.) Since

/(r) is cven, B(ur) = û. For l¡i * t bhe fulrctior¡ is conli¡nurus uml Tlreore¡n 1 gives

f (rr: | /* 
-r*", 

a"

For s = tl, points o[discontinuity of f, Theorem 1 yialds the v¿lrre l/2 lor the
last iniegral. Thus rvc Ì¡ave thc Fourier intcgral repre*nhLion o[ J

? [* sinucosa-c ,u = { l¡z li[l : l]o.lo w "*-lo, ifi.u¡>r. r
In Example I we h¿vc rrscd rhe eveuness of / to infer that B(ø) = 6 ¡s.
all r¡. Sirnilarly, if / is ocltl, bhen A(u) - 0 for all r¿. Thesc observa[io¡¡s
simplify the computal,ion of l,he Fourier integral rcplesentations of even ancl

odd funcüions.

'l'heorenr I ean be used to evaluate inleresting improper intcgrals. þbr
exâ.mplc, scl,l,ing r : 0 ir¡ bl¡e integral reFresent.¡Ì,bion of Example I yields
the irnporlan[ integral

(5) /*1Ig dr-*!,
ln u \4w-'r'

kr¡owrr tu the Dirichlet integral, after bhe German maühematiciar¡ Peter
Gustave Lejeune lJirichlet (1805-185f)).

EXAMPLE 2
Sl¡c¡w that

Computing integrals viu the For¡rier irrtegral

if lrl < nl?,
ii lr,l > r/?.

,t

r,'os,t

-t:lZ 0 nlT

Figure f .f("') in Ëxanr¡rle 2

', ["* #cosø.rcl¡.r = { ;o'*

,r

Solutio¡¡ Le{, /(r) denolc. the function definerl on blre right side ol Llris eqlrality, as

shown in Figure 1. lt is even and vsnishes oul,side tl¡e irrtcrval l*o/2,r/21. Thus
.B(ø) = 0 frrr ¿¡ll ø ] 0, *nd

"/2¡l{,¡) cos ø cr¡s r¿¡ d¡,i
?l

t
If

I
7r

I
7f

!,

T
n/2

siul(t -r_r¡)r/21

ltu

(b,v evenness)

(Tt'ig identi¡r)

(for 
"r I 1)

icos(l r r.r)r + cas{l - altld.t

t
t

. sirr[(r - u\r l2l1
' 1-¿.' I

cos(r..'n/2) . cos(ørl2)'¡ 2cos(ar12)
t +.." * -l -;l - ;n-;T
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Scctio¡r ?.1 lhe Foulier lntegral Reprcscnlaiion 393

Thccaset¿-1shr¡ultl l.¡etre*ieclse¡rarately. ltyieldsA(l) =112(chcckit!). As
Figrrre ! shorvs, thc graph of A(r.r) is coniinuous at l, ã 1. In facb, you cirn t:h{'cl(

t,lrat, linr--r A(u): A{ì) = l/2. Norv using (2), u/e gel

Sil.r)

nl2

.r

-nl2

Bec¿nse of ils h'ec¡uent occurrenceì tlre funciion Si{ø) is tabulatecl ¿rnd is
¿v¿rilal"¡le ¿Lr & sl,ândard ft¡nctio¡l in most cornputer systenrs. See Figure 3

lb.- its graph. From (5), il fbllou's that,

2ln
.)

tl
Repr*cing r(") !,y,,,,i:ll,; Ij: *#,-;
Partial Fourier Integrals and the Gibbs Phenor¡lcrrorr
In analogy rvil,h t,hc pirrtial sums of -bburier series, rl'e clefir¡e the partial
Fourier irl,egral of / b.y

!, 
tr

(6) S"(r) = I þ("t)cosr.;r + B{w) sinørJdo, (ior rz > 0),
Jo

w.here á{ø) and B{r..') are given }¡V {3). lVitT¡ lhis ¡rotnlicxr, Thecre¡n I
sl¿rte;

linr ,S"{r) - ¡(''t)-t {þ-)
Like l'bu¡'ier series, .J;;;;r ¿ircon¡¡nl¡ty thc Fouricr inregr:rl cxhibit,s
a Gibbs phenonrenon. To iilust,rate t.his phcnonrenon, te inLrodtrcc lhe sine
integral furrction

tT si(;r) : {'* o' (*oo < ' < â?)''Jo¿

0 I

l¡igrrre 2 A(u) is continuous

Figure 3 Cilaph ol' Si{*}
Eve¡r Lhough lhere is no ex-
pression ol Si{a) iu ternrs of
clemenlâr',y fttrrcliorr$, yoll cír.r
still campute its nurnerical
valrrcs rtsi¡lg ¿ powcl se¡ics c.x-

pansion (st:c Exelcise 23(c)).

J

sin I 7i_d.t= _
t2l,*

6

(8) linr Si(r') :
1-æ



394 Chnpter 7 The Fourier 'l'ransfo¡m and lts Appltcrtionc

EXAMPLD 3 Gibbs phenomenon for parùial Fourler integrals

(u) Show th¿t the partial Fouricr integral ol the functiorr in Example I can be

writien ¿s

S,,(z) : ]tt,trl, + r)) +Si(rz(r - r))l .

g

Figure 4 Âpproximation hry

parüial Fourier integrals ond
Gihbs pherronlenon.

¡1"t'*"t 
s¡lr, 

¿,, + /'tt-'t 
*i rr]

(b) To illustrate the representation of ¡,he function by its Fourier Integral, plo[
sevcral pariial Fourier integrols and discuss tl¡eir behavior nç¿rr [he poifits r Ë tl.
Solutior¡ We have from Exarrrple f and (6)

.9r(r')
slnø cosk J

du
UJ

sinø(l +:u) IdLù+-tt 1l ,{" 
*"'*g - ''r,

(Lci u = r.,'(f f r) in tlrc firsl irrtegral, ¿rnd'u : ø(l r) in thesecond.)

9ru
;J,

*t;

I
ît

I
It lSi(ø(l + *)) .¡ Si(v(l - {))1, l¡y {r)

(b) In Figule,l rve have plolbed tlre graphs of .5,(,r), for ø * I,4,7,10, using
the sine integral function and tlre formula given by (a). Observe how the purtial
integrals approximate the function in l way rerniniscenl. of the approximat,ion of a
pcriodlc function by its l¿ourier series, In parùicular, note the Gibbs phenomcnon at
ilre points of discontinuity of / where the partial integrnls ovcrshoot their limiiing
val¡res. r

v*10
V=?

- v=4

v

I

,t

-t (,

(



Seclion 7.1 the Fourier lutegral Represratation í195

Exercises 7.1

Jir:) = s'lrl.

f{*\ =
1

0

J(:u) = 2-r if
-t'

I il-¿<c<c,
ll otherrvise,

.-l<r<1,
<:¡t < 2,

1-12 if-t 1(1,
.f{ø) = 0

-l <:r < I,
.f{*} = T< 12,

r)= if-l<s(1,
otlerwise.

l{s} =

r¿ ) ():

{

ã.

7

8.

8.

1CI.

"f(") =

{

otherwise,

0
¡

if û<c< I

{;

,Í

{;

9.

{;
<*<*1,

11,

{b} Use

1Ð

sin.u if'{.} ( ;
J(s) = 0 oiherwise.

13. {ai Use Exarnpb I to

t
t

if r) 1,

oiherwise,

l,*
¡;*rts anrl {a} to

f"*
.¿,

stn- EJ

t,J2

du

,t

-4

.r'

14. identity si¡rtø+cos?1,¡ = I *rrl

l'* sil¡4 ¿'*''

I 

-d'u;
Jo

ß(b) to obù¿rin

{Hint: sin: r.r = Ëi¡¡ 
I u .l' cos? {.¡sint r^r = sln{ ¿¿ + } sinz ar.J

I



398 Ckaptcr 7 The For¡rier frr¡n$fornr ¿nd I[s Applicutiorrs

7,2 The Fourier Tlansform
We will use the complex exponcnLial funct.ion io rvrite the fburicr integral
represental,ion of Secbiorr 7. I in cornplex form. This nerv rcplesentation fea-

tures an imporlant pair of tra¡rsfornrs: the Fourier trànsform and its inverse
Fourier Lral¡sform. As you rvill see in bhis section, tlre concept of transform
pairs provides a convenicnt. way to st¿ie lhe funclamental operational prop-
crlies of the Fourier transforrn, which are very useful in solving boundary
value pl'oblems.

Consider Ê corllinuous piecervise smooth integratrle funclion /. Staruing
rvith lhe Fr¡urier integral representation, rve l¡avs

1 /rc$ /"m
/(r) = ; J, J._*f 

(t) (cosøtcoskrr + sinkrú sinøc) rltdw

(cos(a - {r) = cos ¡¡ cos ö * sin a ein ô)

Ë J(ú)cosr,.,(r - t) dl.rla

1

(cosru = i(e"'+ c-'"))

f ejþtuþ-t't * u-iu(t*r)) dÍ du

f(¿)e''r*-Ð dt ttw * * lr* /* /{r)"-'u("-tt cftdu,

[[ rve clrarrge r¿ to -r¿ in the seco¡rd berm ¿¡rd adjrrst the limìts on ¡¡ fiom
*oo to 0, wc obbain, after adcting the trvo iutegrals,

i(n) - i /- [* ,rrrr''"-'t dt d,¿
¿T J 'oa J -æ 

i@l

s #ll-r*# Ë.f(r)* '*¿dt du"

This is Lhc complex form of the Fourier integral rcpresentation, rvhiclr

fe¿ìtures the following transform pair:

l,*
1

7r

= * l,* !**
: 1 /*/*

Zzr Jo J-*

FOURIER
TRANSFOI¿M

INVERSE FOUR.IDR
TRANSFORM

1@): # f_f(rlx '*tdr (-x,< ûr <,rl)

"f(¡) = *{:ciu'f¡,¡rtu 
(-oocr<o.,)

(l)

and

{?}

11



Section 7.2 Tke Fourier Translornr 399

?hele arc ûthcr conve niions for the P<¡urier [ransfornl. lbr ex;rnrple, rve cor¡ld
choose Î(r): ?h.lå f (*}e*tatd,t ¿rncl tl¡e¡¡ the inverse Fcrurier transfor¡u

becomcs Í(z) * Jå "'"iir)du. ln the clefinilion of irvc h¿ve rnecl r âs a
variable of integration, irstead of f. The symbcls -F{/Xr,¡) a¡rcl ,F*'(.fX¡)
are also used Lo clerrote the Foulier transfbrm anci its inverse. respecbivel-r,.

Sonretimes, to bc more specilic, rve rvill write Jr{/(r))(r.,r) inslead of :f $}@}.
;\ccording üo 'l'heorern I of Sectiolr 7.1, if J is nob conLinuous at, r:, ihe left
siilc o[ (2) is to be re¡rlaced by (/{:r+) + lþ-))lL The integral for t,he

ir¡verse llourier' franslorm may noi cxist as â trvo-sided improper int,egral;
in gcr:cral, ihis integral should be cornputed as a Cauchy principal value:

J{r:) : -uL linru** J'T""i"f¡*1dø (see [ll, Section lr.t).
Pirtting u = 0 in (1), rve fincl that

1(o): *f:rþ)d,.

4.v

Tbus the vallre of the Fourier transtbrm å1, ø' s 0 is equal lo the signed orea
[-¡etween the graph oll(*) and [lrc:r-axis, rnultiplied by a lactor oî ll*E .

EXAIvIPLE t AFor¡riertransfcrm
{a) Finrl the Fr¡r¡ricr ir¡rnsfcrr¡rr r¡f ihe func|ion in Figrrrc 1, g,ivcn lry

l(r) = f t iflr
\ o irlø

ul
a,

.f
Wlr¿rt, is l'{0)? (b) Exprcss / ¡u; an invetsc Foulier tra¡rsfor¡n.

Soll¡tion Ëol i..' f 0 we have

I(,) = ¡r, l^t(t)¿-,.* ,tr: # t",,e-,.,,1,

-*u-''"1" - ,fT"t"o*{2riu l-" V¡ u

Fcrr r^.¡ = 0 rve have i{O) : # .1:,, l.rt *utfiÇ. Since

lirn i(c..,) ti,,1 lfUo* = nrl!= i(o),ø_0 u_OV?I. A Vã

i¿ i<¡llorv.s rttrrt i1r.,¡ is co¡rtinur¡rrs at ä {Figure 2), and we rnay write

-(a û

Figure 1 Gra¡:h of J irr Ex-
ample 1.

ltrt
u t{un

nl¿ (r)

0

Figurr: 2 Graph of J in Ëx-
anrple i.

sltt <w

12

^tîf(r) = ri:Y?i u Ior all ¿,¡.



400 Chapter 7 The Fourier Tt¿ns[or¡n and lts Applications

(b) T<l cxpress ,l a* {r¡¡ inverse Fourier ûransfornr, we use (2) and get

/(,) : à l:,,-" rflYe u, - * l* "*,!!e a.

I f*. .sintr¡ . I /* cos¡^røsinau: - I (cosor*isinøø)-dt't=- I 

-du,

;rJ-* a rJ_* u

because silr,.rr $ is an odd funcùion of u and so its integral is zero.
Not surprisrngly, wlren o.* l, lhis represerrl,at,ion coineides rvilh thc integral

rcprcselrtotion rve found in lixample I of Seccion 7.1. I

4'-,r

The Fourier transform in Exarnple 1 is contirruous on the entire real llne
even l,horrgh the funct,ion lras junrp discorrüirruilies ât .¡; s *¿¡. In fac[, it
can be shown tliat tlre Fourier transform of an integrable funciion is alurags

continuous.
Tn our next exam¡rle we will use the absolute value of cornplex numbers.

Let us recull tbat iÎ z = a * ib, then l;l = 6€Ç12. In parlicular, if
? : €*"üt, Lhen

i* '"'l : lcos(r'ar) - isin(rar)l = cos?{rar) + sin2(rr..') = I

EXAMPLE 2 Computing Fourier transforms
Find the Fourier translorm of thc fr¡nction ln Figure 3,

0l
Figure 3 Graplr of / in Ex'
ample 2.

.f (r¡):

(r)

-5

f(r) =

-:

flzrit + rr.r)

e-' ifø>0,
0 ifrg0.

"r í
t

S<¡lutio¡¡ We Ìr¿rve

îþ:l = å /* a-.-e-.úæ¿,, = -L /*"-"{r+,-)¿,
1/2n Ju {2r Jo

-r læ
e- rd¡e -¡ |

{Zn(r + iu) lo

Since lc '"1 : 1, il, [ollorvs {.hat lim*-,* lc-c(t+iøl¡ = linr¡-ooe-" :0, ar¡d so

i(,): 1-í¿¿

-

,l2r(l -t-u?)

¡

2x

5 Figure ,l shorvs l,he graplr oi the absolul,e value of /. Here agaln, ib is worLh noting
lhat f and | / ¿re both continrrolts evcn thorrgh J i.t not" I

Ilxamplc 2 illtrsl,rates a noleworthy fact that lhe Fourier transfolm may
hc complcx-valued even though the function is real-valued. Also, tlre Fourier
tlansform is cont,inur.lus bul, no[ integrable, nob eve¡r as an improper two-
siclecl intcgr¡rl. Irl thls cÈ$c, the integral in (2) tor the inverse Fourier trans-
ftrrur should be contputerl as a Cauclry principal value, lndccd, you can

Figurc 4 Crtph el'lJl irr Ëx"
anrple ?.

13



Sect¡rlr 7.? The F<¡¡ricr f.rnn.cfornr 401

cireck üharf, at ï = 0, rvetlo have lf2 = (/{0+i+/(0-))/2, ând the Carrchy
principal value o[ the inverse Fourier t,r:rnsform yields

JilL# |",,î{'}o,,' 
: :x;E [-,

: itå*, U-

l-iw

- 

ttt.!

t/2n(t + ç¡'t1

1

I *¿¡e
dw-i

*{l

a1
1+,"Þn*J:

1

2

THEOR,EM 1

LINEARITY

THEOREIVT 2
FOURIDR

TRÀNSFOR¡VTS OF
DERIVATIVES

As clefined t l.^i1), the Forr¡'ier transform taltes a lu¡¡ction / and procluces

â ne\!' hrncbion J'. ancl Lhe invcrse tr¿rrsforlrr recovers the original funclion
/ fronr /. 'l'his process m:rkcs of transform pairs a porverfni tool in solving
partial diflerential equatiorrs, As ive rvill sce in l,he follorving secbiotts, tlre
idea is lo "Forrrier trsnsfoLn¡" a given equation iutc¡ one lhât rnay be e¿sier
io solve. After solvirig the transfornred ec¡uation involving i rve recover the
solr¡biol of the original problenr rvith the inversc lransfc¡rnr. Tr¡ assist us i¡r
harrclling lhc transk¡rrled eqrtarions, w€ deveiop tlre opelahional propcrties
of lhe Fourier branslor¡n.

O¡rerational Properties
1Ve shall invesligaLc thc l¡cl¡avior c¡f l.he Fourier lransforrn i¡r connectiorr
n'ith lhe conrnron operaticns on funciions: line¡¡r' con¡bilaliorr, translatior.r,
clilation, cliflerentiation, rnull,iplic¿l,'¡on hy pol¡'nornials, and convc¡lution.

The Fourier l,ra¡rslbr¡l¡ is ¿ liue¿rr o¡reration; fhat is, for arry irttegrtble fiutc-
tions J arrcl g and rtry real uurtrlrets H rmd b,

F{"f + t's} : aF(Í} + bF(s) .

Proof B-rercise i8.

(i) .Suppose J(:r:) is picecrvisc s¡¡rooth. f(:r:) ancl /'(r:) are intcgr*bk:, *tttl
f{,r') * tl as lr:l + oor tltcr¡

ft.f') = ia F{f} .

{ii) Il in r¡cltlitior¡ ltt(n} is integrnble, trnd /t{*) is piecewisc s¡¡tool;h ancl -.' 0
trs l.r:l --" oo, tltett

Flf") = ¡uF(Í') -'",'fU) .

(iii) hr general, it / aud ¡t*)(ø) (È = 1, 2, . . ., n - 1) are piecewisc s¡noslh
ancl terrd to û as l*l - *, and / and i¡s deriv:rtives of order up to 'tt, nre
iutegruble. bhen

Fç{nt|= gw),,,rl|}.

I
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402 Chsptar ? The Fourier T!¿nsforrlr and Its Ap¡:licalions

Proof Parts iii) and (iii) ¿re oblainc<Ì by rcpcahttl ir¡rplicatiorrs of (i). To prr:vc
(r), n'e trse fhe definition of F(t') and integratc by ¡r*rts. To sirnplify tlro proof. rve

suppose furlhcr t,h;r! J is snrootl¡. 'fhcn

F$'!(r) lf*_t
lz".l ^

f' (u)e- ''' {l

T}IEOREM 3
DERTVATIVES OF

FOURIER,
TRANSFORMS

CONVOTUTION

fr llt'r '-'"1:* - i-'') ./* /t')"-'-" "]
0 t ìuF(l) (sincc J(.r) * 0 ¿s l¡'l . oc, nrul ìr-:'u- : 1)

(i) Suppose /(*) ancl r/(r) are irrtegrable; thcrr

F(rî{n\)(u) = ¿ R tu} : ¡ *r*trr,,
(ii) ln general, if f(r) arrd *"/(rc) trro integrablc, tlrur

F(u" !(.n)): t" [Î]"'' (')

Sketch of Proof Part (ii) follorvs fnrm (i) To urotivate (i) rve rvill ¿rr,¡rlr¡¡c tlrat
rve cÈn ctriflerenti.rte rrncle¡' the integlal. Thcn

and (i) follows upon mrrlti¡rlyirrg both sirles b¡' i. 'Iiris proof is valicl if fbr cr-rrnr¡rlc /
is smooth and vanishes outside a finite intcrval. For ¿tn ¿rbitrar¡' li¡trctir¡n;[, rvc ciur
approxinrrrte J by furrctir.rrrs th¿t ûr€. b¡nootl¡ ancl v¡r¡risll orrtsitle a [initt,ir¡tervirl.
Thc details are treyorrtl t,he lr:vcl of this book rrrrd rvill t¡c untitttxl. I
Convolution of F\r¡lctions
lVe expand our list, of operational properties by introclucing ihe convolut,io¡r
of two func[ions / ancl g by

.f* ,{"r"-'-7 trt.= * l:/þ)fre-'*",tr

ffi ll^^rtt"lr-,ar 
dt , -ir(¡.J(r)l(ø),

J' * s(¡') = # !]_ro - t)q(t) (tt.

I ^1f

[fJ {,}
{, I

da Jzn

(3)

i- ..:
(The far:tor ;,à tu rnerely lbr co¡rvenience. [f rve tlrr.rp il froln il¡e drñuitiol¡
of the convolut,ion, it rvill reappear in ils Fbrllier l;r'anslbr¡rr. ! Tlrc convoluLiorr
of / and g is a binarry operation, wl¡ich combi¡res lr¿ì,nslutiorr. nrultiplicft[iorl
of functions, and irrüegration. Its effec[ on the furrcbions J' and g is difficult tcr

15



Seclion ?.? The Fourier Translorl¡r 403

explain directly, às the f'ollorving exantples illustrate. (Ib does have a sirnple
descri¡rtiort in ternrs of the Fourier lranslornr, as rve will see in Theorenll.)
Lei us iìrsf observe that convolution is a comrnutaiive operabion; blrat is,

/ * S(¿) - .ç * "f 
(r). This follorvs by rnaking a change ol vari¿bles {l *, ¿ - 

"¡in (3) (Exercisc 55).

EXAIVIPLE 3 Convolution with the cosi¡re
Suppcrst: thaL / ls irrtegrablc t¡rd evert (/(-t,) = f {r) for all e) ¿r¡rd let 9(¿) = cos aø

Shorv [hat, for all real numbers a: f t gþ): cos(o¡')iio).

Sc¡lution F¡:om Nhe defini¿io¡r a¡rd the fact lhat, f * ll: g * 1t, we lrave

.[**

,{_
Sirrce / is eve¡¡, the product J{¿)sinat is odd; hence J'}/(t) sin al.¡lt- {J. ¿rnd s¡¡

!,sþ) = cos(ae) hl**
cos(¿¿) + {*

{2t J_æ

cos(crc) hf:
EXAMPLE 4 Convolutiorr as an åverage
Forr¿= 1,2,..., letg^(;r) *rtrG4 if lrl < 1/rr andg,(¿) =0or,herrvise. Suppose
that / is conti¡rr¡r¡us on {-oo, oo} and lc¡ -Ë denote an ant.ideriv¿tive of f, Show
lhat

I r s"(t\ * rþ+ t/u)-:,!9'- r'/::)'

Solulion R'om the definition, we have

I * s^tt) # l:!{x '- t)s"(t)0, : ï l'- j,'^tu t)dt

^ ¡xl-lln

i J,_,,," l(L)dt: ,trt. + r/n) i?(c -' r1n))'

wlre¡Ê ç,e l¡ave used the rlrange i¡f variables t * x - I in the second inleglal. 'l'hus
lhe desiled resulb lollorvs. I

We ment,ir¡n som€ notervorth¡' properties c¡f tlre convoluNion in Exanrple 4.

The interv¿rlof integration, ir *L/n, æ*1/n.), in f,he exprcssion /xgn{r) =
i l:::l:,' f tt\dt is cencerecl ¿t r: and has length 2f'n. Thus rhe convolution

"f 
*tn(r) is the average of ¡hc funcbion / over fhe i¡rterral l,c *1f n,, t,+l/'n.).

As ille length of ¡he interval shrinks to 0 (ùlrat is, as n * Ë), we expect this

I

f * of.¿l :
tlZn

I*
,Æ

/(t) cos;a(rr - L)\dt

/it)l cos{cr)cos{ot) {- sin{cr)siu{cli] dt.

/{t) cos(at) dú

J{¿)[cos(a¿) * rsin(ol)l dt

"f{f )"-"" ¿/t = cos{¿¿¿)i(o) r

16



404 Chlprer 7 The Fourrer Tu¡¡rsfornr a¡¡d Its A¡r¡rlicntiorrs

THBOREM 4
FOURIER.

TRANSFORIVIS OF
CONVOLUTIONS

averàge to converge to f (r). In other terms, \\,e expecü lirrrr,--, / * g,,(r) =
/ir.). This is indeed the case, sirrcc we h¿rve

lirn /+sn(¡) : -lirrl^f(1l(r + r/r) - F(e - Iln))
rt<¡c n-æ ¿'

= I l,rn ¡F('r'+ 1/¿) F(r) * ^F(r + (:l/n)) - r'(r)1
2 tiiìiol t¡tt' ' ( tlr¡) J

: F,(r),

lry dcfiniüion of the delivaiive. BuN f/(r) = /(,¡), by ihe fundanrental theo-
rem of ctlculus; and so lirnrr-,so f *5"þ) = "f(r),

The fact t h¿lt the convolutiolr of / rvith a sequ€nce of firnciir¡ns couver{les

to / rvill bc at ühe hcart of soluilons o[ inrporüarrt boundary vrrlue problerrs,
such as the Dirichlebproblem in the upper half-plane and the heat ecluatlon
ot'the real line. [n each one of these problenrs, bhe sequerrce of f'unctions, or
kcrnels, rvill be clifferent but, it will share properties similar to thc following
properLics of the sequence {9"} in Exarnple 4:

. go(¿) > 0 for all ¡. The ¿rea undcr lhe graph of 9,,{ø} and above the
¡-¿r-xis is equal ra ç%, for all n t 1. That is, /i*g"(") ch = tEtr.
tr'loreovcr, the are¿ is nrore ancl lnore cor¡centrated arou¡rcl 0. That, is,

lirn,,-.* L'ig,,(t,)idr * 0 if 0 is no[ in [a, bj.

o Or¡ ihe tburier bransform siclc, we hrrve litnn** î,,(r) : I f'or all r.¡

(Exercise 8).

Convolutions can be tedious to compuüe cllrectly fronr clcfìnition {3). One
way to avoid a direct corrrputation is to use the follorving imporüant property
of cr:nvolr¡lions and the For¡rier trtnsfbrnr. 'I'he process is illrrstrated b¡
Example 5 below.

Suppose thnt / and .q arc integrable; then

F(î"s)=F(f)ffu)

Theorem 4 is e.rpressed by s.rying that tl¡e Fourier tra¡rsfonl takes con-
voltrl,ions i r¡to products.

Proof Usirrg (3) anrl (1), ¡r¡trl then interclrarrgirtg tlte c¡tdr-.r of itrt,cgrnüion, rvc ¡ict

r(J * s\tw) : #- I:h l**tr,- r)e-'=r rtt s(t\ ttt
rr.ñr¡ñ

L I -L I !(rt]e-''' ùtr,-"'t¡¡(t)dt,'6 .l -* ,,8 J *
ir¿ ., ¡ - t. rlr¿. ¡1.¡')

* f{Í}(uJffuXu} ' I

17
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EXAMPLE 5 Fourier transfornr of a convolution

Consielel l.he frrnction .f(") : I if lrl < I ¿nd 0 othelrvise. 'fhe grnph of tbis
fr¡nciion is shorvn in Figure 5. From Example l, rve have

_l û, r

Figrrre 5 Gnrph ol J

',11"

l\te rvani to com¡rute .f + .f, thc convoluiion of / with itsclf. Llsteacl of corrr¡lrting
rìirectly fronr i3i. rve u,ill use Tireorenr -{ as follorvs. We havc

2 sitr? ro,f(!+f\(a)-"1(r.l)2 :--
tr a-

Usirrg tlre irrvcrsc Fuurier trarrsfbnn, rvilh llrc lrcl¡: of the tablc of Fouriel' tr¡urs[ornls
in Ap¡:enrli.r B, t'e lind

ì.. Erinullu):r/--.y7t a

/ 2 sinl u,, \
[;-;o-7

(4) ,*
l* l* o-"' d.z;: {î

!\¡e l¡ave computed this integrtl i¡l Seclion 4.7, E.xercise 35, in conlreclion
will¡ ttre g¡]mma function. LeL us give here a. more direct, proof, lVe sc¡uare
bhe inte.gral, use polar coor<.linabes {r'2 = r:2 *'y2, dt,dy = rr|rdg), ancl gel,

l:" "" u. f:e-''¡'úu: f:l:- qc2+r1¿¿dy

lr* lr* e-,trttrctt : 
ln"" 

- lu-',1* ,e

t l,'" do : tr,

/*/(.r:)=f*l
ifl*l <2
iflrll2

Tlre graplr of f *, J (*) i¡¡ sh¡rrvn irr Figurc 6. Nutr. that, J * J is cotrtinlo!¡s even

thurrgh J ir. not. I
'l'hc rest ûf t,lìis sec|ion is devoted to studying [he Gaussian function
,f(r) = e -"'2 drncl its Foluier trânsfor¡n. Tl¡is fu¡rcbion plays a key role in the
soluiiorrof the heatequabion on lhe line (Section 7.,1). rv\¡e ueed ihe {'amous

intproper integlal

{ JÆ('- 
*')

J -J( r)

.r

-2

Figure fì Glaplr of f t, f

0 )

¡z

arrcl (4) lbllo*,s upon tal<ing square roots
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THÉOR'EM 6
TRANSTOR.M OF
THD GAUSSIAN

Let a > 0. lü'e h¿rvc

("-+) þ,,=h"-*

o * ll,, yfl o* * o,t

Proof Wc give a¡¡ iudirect proof bn-scd on tlre operal,ional propcrties of the Fourier

tr'¿nsfornt. Lct /(*) = e-oi- A silnplc verificatiou shotvs ihat f satisfies the
fir¡t order linear cliffercntinl ccluation

"f'(r)+ o*/(,uJ - g.

Takrng Fourisr tr¿lnsforn¡s nncl rrsing Thtorerns l, 2, ancl 3, we get

tl^
af (a) + a ]'fl(u) = {) .

'lhrrs f uriisfier ¿r similtlr firsf ortlcr lir¡enr orclirrar.l, rlifTcrrtttial equation. $lrirrg
this eqrral,ion in J, wc fintl

îl*i - ¡l***,
rvl¡c're .¿l lt ¡ur ¡¡rbiturry corrsirrnt, To conrplete ül¡e pr'ûrf, wc mr.¡st sho¡v thn{
.A = J=. We hnvr,vd

A .fiO) =
I t: úr"*^

'/Trr
e

å /* e-n'tI,
,/a¡t J -*

1

\/a
Re¡rlacing o,lty 2a in Theorern 5 yields

(by (¿))-

(5) e'ac' (r) =
¡/2a

-"; (a > o).(. )
1

'l'aking c¿ = I irr'fheot'em 5 gives

F
2\ 2r_ I ¡ , _!g-1 l(ur)=e ¿.

'l'lrls renrarkable identity stè0es that { # i" i,o ow¡t Fourier transforn¡. Is
tlris the ouly fturclion rvith this proper[y? See Exercise 59 for ¿rn ¿]usrver.

'fhec¡rcnr 5 c¿rn be used to cornpute s.onre interesling irrcegra.ls.

( ('
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OXÀIvIIrLA t A special improper integral
l\tìf,ing explici,rly thc Fol¡r:ier ïr¿nsfornl irr Theoren 5, rr,e finrl thal

I /* -rjl , 1 1'* -sd , ¡ -¿
ãJ_*¿ 

: (cosrrrr*¡silr¿drjo*=ffi.1 .*t 
¿ cosrrrar=Jãe 2".

Tnltirq u - 1 ¿r.nel ¿ = 2, we get the interesting identity
¡&
I "-"" 

cosrrÍ¿ == rÆe-*. rJ_n

I¡r the next, sec[ion, we clevelop the Forlrier transform rnethocl for solving
partial differeltial ec¡rations sn lhe real line. We rvill t¡se this r¡e{,hod to
solve boundary v*lue problems åssoeìûted wiüh the lreal, ¿nd wave equalions,
anct a variety oi other irnportatrl pr*blems o¡r lhe real line and regions in [he
l¡vo rJimensiortal space,

i¡s rcßl-u{tl&ed, plot it: atl¿crvise

6,tt.

7

1-l¿l if¡*13t,
fJ otherrvise.

4.8. .Lei g"{.s} be æ i¡r
for all ¿¿"

9. Çonrpute i(O) ¡n

{

2,r if0<;r<10,
J(.zi: tltlrer:rrise.

î(r1 = {
r - l"J if l:ul ( o..

Ô ¡ t-

0 otherrvise,

wiwrg rù >

â;(ø) a¡r¿ shorv that linr,'-*S;'(iu) = 1

1t. Reclprocity fr¡r br:&¡rsfrrrrn.

7 by lookir¡g ti tlrc graph of f{.r}.

¡*t¡Xr) = f{-¿),
r-'{/X*'}.
w-here jre{J} =

exploin vhy .F{J)(r) =

is even if end if jE?(/Xr) = J(s); / is oeld if

t

(a) Fronr blle of lhc
Use (a) thc r.eclprocity

2A

:a J.


