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BE(?J}Z) S n ik 0 with F=F(x,x)= w(f)x? gives:
d d, dx
d—§(2wx£)-0=0% dflwdfl—

which is equivalent to the differential formulation (BV-problem)



12.4

Apply transformation:
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Bt Oeax2 /a{ S 5419
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x= x(&,0)
b= t(f, 0) =0
..73= Xe
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Given the coordinate transformation X:. X(}/@)) “'::9

wsing the chninrule the following can be obtained

du

‘T g
dude  dudt

drdf i d8
diudy  du

S tw = U Xp U

Thus Qé:ue—ux XO 1))

Anothier use of the clnincule gives

du

U{ = d{
dudr dadt
drdé  dtdE

dudr

i ~Wx Xe

Thus u . _ (:;-g &
5

Using (2) with (1) gives

Uy
%30

Given the hyperbolic PDE o, + c(z)uy = f(u) und (2) and (3), this PDE cau be
transformed into ug + Brg = yug + ¢.
With

U,(,__—. ('(0 -

= £
[j - va
e r(E0)

£

g=f(u).

The Jacobian of this coordinate transformation can be given by
dr dx ir dr
J= '&i m,’ = [!‘TE L) .
£ % 0 1
The corresponding determinant can be given by

de d
Dmu)=|§ b

The method of charasteristics gives

e

ﬁ = L(.L)
dt

el

Working with the new coordinates £ and 8, rewriting using thewr depeilence gives
the above system too.




“**Define the ‘grid size ratio’

(‘local stretching factor’):

r .— =
XiuE e X; AX;

The truncation error T

wdstew. Bga

q

P

or the central finite differenceapproximation

s U 1ESU 2

Uy i &
is then given by
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12.8 2y

By simple chain rule differentiation we have that ...

Uy = Lpug + N uy,
u(z,y) = u(2(¢, n.uén) =

(e uy = §ue+nu,

How do we evaluate terms &, 9., ¢,, and 7, ?

£=§(xy) x = z(€,n)
n = n{z,y) y =y(€n)

(a)=Co o)) G)-Ce
o SIS I Gl REET Gl

J = Zeya — Tamy

-

us = 9§ (yang ~ peng)

uy = §(=zug+xeuy)
and Uyy = 8;‘; (u,) = ({: % + s %) u,

1 ]
3 uqb?-uegﬁ u,

=

By =

Finally, —(u,, + 1y,) = f, becomes

{‘}}l‘ (auge ~ 2bug, + cugy+dag +cug) = j]

a, b, ¢, d, and e depend on the mapping.
e =M a = axg = 2bzg, + g,

a=z:+y',", ]
d= l‘%‘g B = ayge — 2bye, + CUnq

b= z¢xy + Yeby
. gl
c=xl 4
We note that in this equation all partial derivatives, including the mapping co-
efficients, a, b, ¢, d, and e, are with respect to ¢ and y).
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Recall that Laplace’s equation in R? in terms of the usual (ic., Cartesian)
(x, y) coordinate system is:

Pu &u

b—;i+b—}—’.l-=ll,r.(+ll”,=0. (1)

The Cartesian coordinates can be represented by the polar coordinates as follows:
x= S)cos(? )
fsm?
Let us first compute the partial dcrwauvcs of x,y w.r.(.f.?:
=cos sin
p "3’ Bl 3)
sm? ‘? fcos?

6 .
To do so, let’s compute — first, We will use the Chain Rule since (x,y) are
functions of (S)?) as showr:m (2).

du dudx audy
df Drdf Gvaf

= g-l-cos?+—-sm? using (3)

= COS?E_ + i 1?3‘: (4)

a_
a
o¢

a*1 . d a
Now. let's’compute 3—: Noticing that both a—lf and 5—‘—‘ are Tunctions of (x, )
}I

\




N

and using (3), we have

u a Gu d du
? N s?a ox Pa ay

(_(?_Q_zia_x _a._gy_d_y) (d&ud\' dduay)
?avdxdf 6y0v6f ardyar Oyayéf

cos ra— + 2cos?sm? s 6 f 3 (5)

- &
Similarly, let’s compute

o°u

7

du dudx Adudy

E7 a B?+6y09
- —(-fsmf)»f—-(fcosf)
= ~pringizs +peo 5!’3"
R RN e e 0
- pesppe ?(61333; 5}?&3;) pngy et 55y 5 a0y )
-;cos¢—-gsin9(5—2(—9smf)+ 3 a fcos?)
- PS"‘?E' + fcosp( (—psmf) +=— fcosP]

. . . 0%u 2, 0%U
= -P(cosfa + smfa) + f‘ (sm ?a—; - 2cos?smp——ax 3 +cos fa-;-z-)
Dividing both sides by p? and using (4), we have
10%u _ 1du 22021
_f’z sz 6 +sin ?6 2cos?smfa 0 +cos fﬁ (6)
Finally, adding (5) and (6), using the obvious relation cos ?4— sin? ?: 1, we have
Pu 104 10u d%*u d*u

PP

which can be cleaned up as:

Fi ﬂ+02u 62u lau lazu_
1‘?.x‘__c')‘xz 0y op ‘paf Pzdﬁz._

-

Hence, Laplace's equation (1) becomes:

Heg+ lyy= l?r-i- %“j’*‘ —é—l»: 0.




