Theorem 1. The Capuro fractional derivative Dg withm - 1 < a < m is consistent with the
integer-order derivative J= for m € N.

Proof. Forg € C™+([0, c0]), we write:
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9 1 = mdarr 0+ 7™ 20" 0) + [ (z - s)m-0glm+1)(g)ds]
o and taking the limi: a € R = m € Nwithm - 1 < o € m yields:
= plyla™0) + f7 g™+ ) (s)ds)
= gt"N0) + g™(z) - 9!™(0) = LA(x).
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Suppose i = w/k, k is & positive integer. Using a second order difference
approximation, we get

oDZu(z,t)

_ 1 /’ 1 d*ule, t) e
P2=-a) )y (-0 g2 ©
B 1 A-l/(JH)h’l_ua?u(I. :'“(h
r'2-a) pur ) 922 '
~ 1 %U(T“U“ L)h,t) - 2u(z - i)+ u(z - (j+ 1)k )
(2 - o) prd he
(j+1)h
X/ 21=ed,
Ih
he A
= -——-——--.r(3 =) Z[U(I ~ (7= 1Dht) = 2u(z ~ )+ G+ 1) )]
: 1=0

X [(J + 1)'.’—0 __J-'l -nl.

© OQ\IL(QL oﬁuowa )wsh«,é (e OQ%H'JL(\&M
' (_‘a\ a{’?bd ®: (or DEO((, ) to a /6»1‘—&41
S°§ corbmation o 5(/.»\0%7&9
. (,C) S‘uloS'}r'thf Mfg Wl '(CDS(("P{;“’UP’&CLE] |
(,0‘) Pi"‘% 84%’%4-— hnchim ook a\lo m
Md‘@a’*z an o My o ﬂ—g—r d ,74
%p%b — M’%f;f{% of emives - ) Tk

Y Another imponant propenty, which we often use in this thesis, is [‘({,) V7. This prop
(_Q erty helps us to calculate fractional order derivatives and integrals easier. Some other Gamma
function values are (6):

' 2) oo

(3 37~ 23635

)= 1o LIS
I(3) = L /7 ~ 0.886226 (1.15)

r(‘-i) TV = 1.320340
[(3) = @7 =3.323350 cter tero.




108 Lamma tunction & (2) ¢S dehined:
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which is known to converpe in the complex plane for Re(z) > U (see Figure 1.1)
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FIGURE L.1: The Gamma (unclion along part of the reab axis,

1.2.2  Some propetties of the Gamma function
One of the most important praperties of the Gamma function is:
[z + 1) = 2(2), (1.8)

which can be easily checked us follows
0 o)
Mz4+1)= / e dl = e ) + :/ eV dL = T (3). 1.9)
0 o

Itis obvious that (1) = 1. We cun conclude from (1.8):

N2)=10()=1=1,
I(3)=20(2) =21 =2,
F(1) =303) =32t =3, (1.10)
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The Mittag-Lefller function (1.18) for different o and 8 values
We oblain the exponential funciion foro = 1ond 8 | (E, ).
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nother important formulu in fractional calculus is the Mittag Leffler function {26]. The Mittag-
¢fMer function shows its importantunce in physics, biology. engineering and applied sciences
1d it has u direct involvement in problems, The Mittag-Leffler function is a fundamental so-
ttion of fractional differential equations and fractional order integral equations, The most no-
seable general property of the Mittag-Leffler function is dealing with Laplace transform and
symptotic expansions of these funciions. The Mittag-Leffter function has two definitions in the
terature;

% A
Ea(:)=§lm, a € C, Refo) >0, (117
and
o Wk
Eopl(2) = Az:?l Mok 73" o,Ae€C, Re(o) >0, Re(B) > 0. (1.18)
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