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Well-posed vs ill-posed [1]

The problem of reconstructing the image of an object and its
surroundings is ill-posed (i.e., there is no uniqueness or stability of
solutions), our brain is capable of solving it rather quickly.

This is due to the brain’s ability to use its extensive previous
experience (a priori information).

A quick glance at a person is enough to determine if he or she is a
child or a senior, but it is usually not enough to determine the
person’s age with an error of at most five years.
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Well-posed vs ill-posed [2]

What are inverse and ill-posed problems?

While there is no universal formal definition for inverse problems,
an “ill-posed problem” is a problem that either has no solutions in
the desired class, or has many (two or more) solutions, or the
solution procedure is unstable (i.e., arbitrarily small errors in the
measurement data may lead to indefinitely large errors in the
solutions).

Most difficulties in solving ill-posed problems are caused by the
solution instability. Therefore, the term “ill-posed problems” is
often used for unstable problems.
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Well-posed vs ill-posed [3]

What is an ill-posed problem?

A problem is ill-posed if it does not satisfy the 3 conditions of a
well-posed problem:

» Existence: There exists a solution.

» Uniqueness: The solution is unique.

» Stability: The solution depends continuously on initial
conditions.

The inverse of a well-posed problem is generally ill-posed.
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Well-posed vs ill-posed [4]

Parabolic PDEs: well-posed vs. ill-posed

Paul Andries Zegeling
Lecture 1

Heat equation

(Reversed time)

ur— uyx =0

u(x,0) = f(x)

u(0,t) = u(m, t)=0
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Well-posed vs ill-posed [5]

Parabolic PDEs: well-posed vs. ill-posed - cont.

Given the Fourier series we found for f(x) = —x, [—1,1] at k =3,
here’s what the graph of u(x, t) looks like:

Heat equation (Reversed time)
Ug— Uy, =0 U+ U =0
10lL
1 19
0 0
-1 2 -1 2
Lo 1o -1 10
A reasonable approximation | Huh...?
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Well-posed vs ill-posed [6]

Why heat equation with reverse time is ill-posed

As we increase k, one graph becomes more accurate, while the
other becomes more and more chaotic. kK = 15:

Heat equation (Reversed time)
U — U, =0

1 \
0
-1
= 2
Lo 10
More accurate Chaos!
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Well-posed vs ill-posed [7]

‘Well-posed problems

Ill-posed problems

Arithmetic

Multiplication by a small number A

Division by a small number

Aq=f g=A"'f (A<D
Algebra
L . g=A"'f,
M“l"pm:“’ib;' amatrix Ajis an ill-conditioned,
= degenerate or rectangular m X n-matrix
Calculus
Integration 5 L.
- Differentiation
1@ = 1O+ [ ate)de a@) = (@)
0
Differential equations

The Sturm—Liouville problem
u’(z) — q(z)u(z) = Iu(z),
u(0) — hu'(0) =0,
w(l) — Hu'(1) =0

The inverse Sturm-Liouville problem.
Find g(z) using spectral data
{Ans llunl}
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FDs versus FEs
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Notation and definitions
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Boundary conditions
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Basic (linear) examples [1]
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Basic (linear) examples [2]
o) ot )
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Basic (linear) examples [3]
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Basic (linear) examples [4]
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Some nonlinear examples [1]
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Some nonlinear examples [2]
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Some nonlinear examples [3]
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Classification [1]
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Classification [2]
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Classification [3]
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*Canonical form [1]
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*Canonical form [2]
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PDE examples [1]: Fourier and linear PDEs !

The most basic of all problems involving partial differential equations are linear PDEs with constant

coefficients posed on unbounded domains. Such problems are translation-invariant, and as a result,

their solutions can be found by the Fourier transform.

For

ample, here are three linear constant-coefficient equations in one spag
w = ug, U = —Uzz — Uzzeas Uy = Uz 1)

Inserting the ansatz u(z, t) = exp(ikz + f (k)t) gives a relation between k and f(k)—the dispersion
relation,

[y =ik, )=k =K',  f(k)=
The corresponding solutions for real k are
u(a,t) = ekTHkt (g p) = kTt RRNE (g ) = gk tk 2)

tells us that in the space L? defined by the norm [Jul| = (/% |u(z)[? dz)"/2, all

solutions to (1) can be obtained uperpositions of the solutions (2):

Fourier anal;

. .
u(z,t) :/ ii(k, £)e* dk :/ ii(k, )=+ 0 g, 3)

where i(k,t) denotes the Fourier transform of u(z,t) with respect to z. In other words, d(k,t)
evolves for each k according to the trivial ordinary differential equation i, = f(k)a with solution

a(k,t) = exp(f(k)t)i(k,0). Thus we see that for linear equations with constant coefficients on

unbounded domains, when we take the Fourier transform,

o Differential operators become polynomials in k, and

o The PDE becomes an uncoupled system of ODEs, one ODE for cach k

1
® Nick Trefethen, Oxford University
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PDE examples [2]: forward heat equation

Fig. 2: Heat equation
on a square of width 1

t = 0.0004

The physics underlying this = NN NN
Vi behaviour is that of random walks AN
— A or, in the continuous limit, Brownian mo-

“f = LAAN. tion. For example, suppose you toss a coin tN
times and win or lose 1/v/N dollars with each toss. Your

profit follows a binomial distribution that converges to the Gaus-

sian ¢==/4/\/Axt in the limit N — oc. Arbitrarily large profits are possible, but anything much

bigger than V7 is very unlikely. This v effect is at the root of much of the field of statistics, and

it was the basis of Einstein’s epochal paper on Brownian motion in his annus mirabilis 1905.
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PDE examples [3]: backward heat equation

Fig. 1: Loss of smoothness

t=0
t=1
t=2

uy = —Au.
? t>2
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PDE examples [4]: wave equation

Uy = ."3!-‘.

The wave equation describes linear, nondispersive wave propa-
ion. For example, Figure 1 pr
t show the outward spread of

ents a pe

r of images

th reular pulse
in 2D. At t = 0 we begin with a cone

of radius 0.1 with u(0) = 0.

Att
to a concentric ring of
outer radius ex-

actly 2.1.

2, the cone has spread

Fig. 1: Prop:
of a circular pulse

t=0
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PDE examples [5]: wave equation in 1d

In one dimension the wave equation (— ref) takes the form

(1)

cal system governed

the simplest second order hyperbolic PDE. The standard example of a phys
by the wave equation is a vibrating ideal elastic string (such as a guitar string) fixed at both
ends. If the string is distorted, or plucked, at some initial time and then allowed to vibrate, the
displacement of the resulting transverse wave will be a solution of (1). This equation also models
many other physical problems, such as propagation of sound waves in a tube.

An initial value problem can be posed by combining (1) with initial conditions
u(z,0) = f(z), w(z,0)=g(zx).

The unique solution to this problem can be expressed by d’Alembert’s formula,
1 1 et
u(zt) = 3@+ 0+ flz 0]+ ;/ g(y) dy.
2 Jome

Alternativel solutions
to (1) can be w

tion

any initial dat
en as a linea

combina-

u(e,t) = Flz + 1) + Gz — 1),

where F represents a left-going and G
right-going wave,
the special case in which the left-going and
right-going waves are

i
////'///”/’/”” T
)
)T
//j/ ///////;/';///,
)

Alembert’s solution is

)
)

7

1 1
F@) =3/ + 5 [ oy,

Loy
=5/ -3 [ sty

Fig. 1: Propagation in a single direction
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beam equation

Uyt = —Ugrrz-

Fig. 1: Wave propagation with ¢ = +4, ¢, = 8
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Schrodinger equation

The Schrodinger equation, the basis of quantum mechanies, was discovered by Erwin Schriodinger
during his skiing holiday at the end of 1925 and analyzed by him in a series of papers published in
Annalen der Physik in 1926. By the end of that year, the face of physics had changed. Schrédinger
won the Nobel Prize in Physics in 1933.

) h .
ih W(r, 1) = [’EAH' (r)} T(r,t) (1)

where i = /—1, W is called the wave function and h is Planck’s constant divided by 27. Since our
convention in this book is to take u as the dependent variable and strip away constants, we shall
take the time-dependent Schrédinger equation instead to be

iy = [-A+ V(r)]u. (2)

Paul Andries Zegeli epartment of Mathematics, Utrech
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Gray-Scott model

The Gray-Scott equations were formulated originally by Gray and Scott in 1983; we shall not discuss
their original chemical motivation:

w = €, Au —uv® + F(1 —u), v = eaAv 4+ uv® — (k+ F)v. (1)

Fig. 2. Dependence
on k and F.

nent of Mathematics, Utrecl
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Korteweg-de Vries equation

M*?«xm :

1x107°

,A—A"
_/\_/\,—
ALA o
Up + vy + Ugpzy = 0.

-3
Fig. 1: Soliton interactions
Department of Mathematics, Utrecht
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PDE examples [10]: sine-Gordon model

Ut — Upp = SINU.

80

Fig. 3: Two breathers

ent of Mathematics, Utrecht
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PDE examples [11]: compacton equations

ug + (u"") + (u")gzz = 0.

ent of Mathematics, Utrecht
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PDE examples [12]: Boussinesq equation

U — Ugy = Uggrr T (’H,

%)

Iy

Paul Andries Zegeling

Fig. 2: soliton interactions
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PDE examples [13]: blow-up with u” nonlinearity

Up = Upy + 1P

E
0 05 1 o 05 1
Fig. 2: o = 6.84: decay to 0 Fig. 3: a = 6.85: blow-up
(t=0,0.1,0.2,...,1 from top to bottom) (t =0,0.8,0.805,0.810, ... ,0.840 from

bottom to top)

ent of Mathematics, Utrecht
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PDE examples [14]: blow-up with e” nonlinearity

t=3.54466

10 t=3.5446

t=3544

t=354
5 J

t=35
t=3
L}
U = Urr + A€ 0
-1 0 1
Fig. 1: blowup at t &~ 3.54466

with A = 1 and zero initial data.

ent of Mathematics, Utrecht
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PDE examples [15]: advection-diffusion

Fig. 1: Solution with a(z,t) = 1, e = 10~

ent of Mathematics, Utrecht
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PDE examples [16]: porous media

ug = A(u™).

Fig. 1: 1D Barenblatt-Pattle solution
(r=02,m=2)

ent of Mathematics, Utrecht
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PDE examples [17]: Fisher equation

wy = Dugy + ru (l — ”,) .
K

Fig. 1: Formation of traveling wave

ent of Mathematics, Utrecht
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PDE examples [18]: Allen-Cahn equation

Up = Ugy + U — u’.

+1

-1

Fig. 1: Metastable fronts (schematic)
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PDE examples [19]: Cahn-Hilliard equation

Fig. 1: Solutions in 2D for small, medium, and large ¢

Paul Andries Zegeling Department of Mathematics, Utrecht University
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0]: Perona-Malik model

u =V - (g(|Vu|) Vu),

noisy initial data heat_equation Perona—Malik
ey j
1
t=0 t=0.03 t=0.03
0
0 2 1 6 0 2 1 6 0 2 1 6
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PDE examples [21]: Kuramoto-Sivashinsky model

U + BUy = —Upr — Uzrry-

Fig. 2: Chaotic structure emerging from smooth initial data

Paul Andries Zegeling Department of Mathematics, Utrecht University
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PDE examples [22]: Burgers' equation

The simplest nonlinear example of a conservation law is the inviscid Burgers equation,

u,+(%u2), =0, (2)

i.e., u+uu, = 0. This equation appears in studies of gas dynamics and traffic flow, and it serv
a prototype for nonlinear hyperbolic equations and conservation laws in general. It is the inviscid
limit of the Burgers equation (— ref)

u,+(§u“’),. = €Uy, (3)

Fig. 1: Formation of a shack

Paul Andries Zegeling Department of Mathematics, Utrecht University
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PDE examples [23]: Ginzburg-Landau equations

2 uweC

up = (1 4+ i)y +u— (14 ip)u|u

z 05 0.008
1

Fig. 2: Burst and collapse for a quintic complex GinzburgLandau equation
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examples [24]: Klein-Gordon model

Fig. 1: Klein- Gordon (left) and wave equations (right)




examples & applications
0000000000000000000000008000000

PDEs in two space dimensions [1]

ou_y Aw

Paul Andries Zegeling Department of Mathematics, Utrec
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PDEs in two space dimensions [2]

o Solhon = 'wﬁabz\% m(mm-ukm?&gﬁppe Vtzo)
Y M{Wu‘w”’&)ﬂw: u{=Au+g
tromapot tm + W+ U+ PUy =0
P CMWM& T Ll Y

1 1 1
05- o.s. 05-
0 0 0

Paul Andries Zegeling Department of Mathematics, Utrecht
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PDEs in two space dimensions [3]

« hypebobic PDE

. dwe@opwﬂ ‘whinlpool®

Paul Andries Zegeling Department of Mathematics, Utrecht University

Lecture 1



examples & applications
000000000000000000000000000 8000

PDEs in two space dimensions [4]

?ﬁ =g Au - u?ﬂ _uéﬂ
2t f o Bg
LSnmLLpanzmd;er -

_tore=o & pausbolic for €30
o« Hgpabolic PDE (monbieon)
¢ W'W«m
o I:w&ﬂ«&am

Paul Andries Zegeling Department of Mathematics, Utrecht University
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PDEs in two space dimensions [5]

Hhe same PDE , but with diffost
(}uﬁaL candibing and Lounduy conddions

smallore

0 05 1

very small SO&A&L&M WM
i Hep tramaitions,
o on phyatcal
porometel i PDE muadel

Paul Andries Zegeling Department of Mathematics, Utrecht University
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PDEs in two space dimensions [6]

?{%:D, Bu +5,(uv)
'%’: D, Ov +5, (4, )

. Pa/m@o&.c PDE (s)
« Wackion - diffuaion 434%-6’me«;
g © sphituig pulees

Paul Andries Zegeling Department of Mathematics, Utrecht University
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Application areas

& weather prediction & climate models
5 chemical reactions
A ecology, biology, ...
A traffic flow
financial models
T geology, hydrology, ...
languages, archaeology
& fluid flow, MHD
b water flows, rivers, oceans, ...
® image processing, visualization
Y ETCETERA..NI
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Fourier series method [1]

deek o dolikin of He frmm uixbiz X Tl) ©
1./
nd
Exanele : J%wc%wm o 1d !
w ~ Hompoatue
f”{:o('quX , s(éfa’ﬂ){>;\) Lh'ﬁeuj*ﬂrg‘@m
u(‘),é\';o 5 U(L’?H::O ) t>6 /EC; u°’\‘uz;+rdtehp&"w
- e

‘I) /f\,m«\@' u{: X{¥)~—f ([5) ) QKKS X)][K)T(é]
IO
£T(E) X (=)

~N—
function e £ Lunchan a-f %

anust4ld fo Lt awd =
Cmsidieion
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Fourier series method [2]

5 T X c oot {*fé) -« ET) =
— = — »
dFTE) T X (x) X(x)~c Xta) =
2 apply BCsr weoy= X T =0 & w(Lb)=X(LyTi=o YE>o

BT =0 than uixh = or, f X()=X()=o
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i X
S)((x) —c X(») =
X(o) = X(L)_
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TN~ X Cscm (Ax) +Cg 46 (Ax) ._’76,=o
@ LY+ Sin(AL) =c
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6
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// g,
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Fourier series method [3]

A
3) Ic - _ Ly { )(:
“frly [ ) =P T, b= .
Te o« T =0

A1V
= U (xEy= )(n(x\ T, (b= a, M;(EX) L e «(T)
= é‘f;ﬁ%(nwx) hei23
‘&\MA_MBWM ?Dl: l(nrr
“Superpustte, L ()= Zu (xb)= zc 'y Cea ()

priserple nz;

TC u(lx0)= Z- Cn%(%)——qo(x) ) x e [o,L7]
n=)

e
meexsme seres @xpansion

L
S e %E“a(x)ﬁv;("%x)alx ?c sin (")
o
e Have M«l e POE_3
a(xbfvfc Sh(TX) o (7)
n=i
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Fourier transform

= X*L 7
Uy (X) [;ITMEKLW7?W

e _ xR
= Mo(?)e [Z23 dx

Rnethor EXOJM;F& |(,( +Cu, =0 @ W 0= Uy(x)

F(w)= u(we)—V: S u(xé)e “x
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Fourier transform method [3]

De
5 &y By &7

vt $-fampom D U Gxb = i S

"% (w)e dw

ﬂl

d\o(w) eLw(X—d:)otw

= U, (x~ck)
Note r [ & ol &l viso

" each Prumnee componat mainkaiis its ot

mi th M
&nwﬂ_m‘,&h& and & ndrr/’eo(sw% Iy
6 “'Mg
w9

o t=2

S :
i —_——— < re
x
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Outlook to Lecture 2

' exercises for Lecture 1 (see webpage!)

T"  finite difference approximations of derivatives
Y method of undetermined coefficients

@ finite difference matrices and their eigenvalues

treatment of boundary conditions

B X

non-uniform grids & transformations

sl boundary-value models (stationary)

Paul Andries Zegeling Department of Mathematics, Utrecht University
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